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Abstract

The paper presents new demonstrably convergent first-order iterative algorithms for
unconstrained discrete-time optimal control problems. The algorithms, which solve the
linear-quadratic problem in one iterative step, are particularly suited for solving nonlinear
problems with linear constraints via penalty function methods. The proofs of the
reduction of cost at each iteration and convergence of the algorithms are provided.

1. Introduction

The purpose of this paper is to provide a new computational technique for
solving discrete-time optimal control (or multi-stage decision) problems.
Discrete-time systems are described by difference equations and involve choices
or decisions at each of a finite set of times or stages. The optimal multi-stage
decision problem is then to minimize the cost associated with each sequence of
decisions.

Many economic and engineering problems in all sectors of business and
industry can be viewed as multi-stage decision processes. Examples of this type of
problem, where a finite change in control causes a finite change in the state of the
system, include ecological systems, inventory control, resource allocation, produc-
tion scheduling and the control of a system of water reservoirs.
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As differential equations are harder to solve than difference equations, discrete
approximations are sometimes used for solving continuous-time problems. Since
both continuous and discrete-time controls can be considered as points in
appropriate spaces, in view of the fact that the theory of functional analysis
reflects to a degree our abstractions of intuitive geometric properties, it is not
surprising that there are great similarities in the analyses for continuous and
discrete-time systems. In general, formulas for the discrete-time case turn out to
be somewhat more complex than their continuous-time counterparts, but are
easier to justify as problems regarding the existence of solutionsof differential
equations do not arise.

Although difference equations are easier to solve than the differential equa-
tions, optimization of discrete-time systems is still a formidable task when the
number of state and control variables and the number of stages and constraints is
large. In [8], for instance, the Tennessee Valley Authority, which manages a
system of 40 water reservoirs, reported that the maximum size of the severely
constrained problem of controlling a system of water reservoirs solved with the
existing numerical methods involved a system of 6 reservoirs. A general analytic
solution of the discrete-time problem does not exist and recourse must be made to
numerical methods. Dynamic programming, although impressive in comparison
with direct enumeration, is effective only when the number of variables is small.
Consequently, many iterative methods have been developed. Dyer and McRey-
nolds [1] devised a second order method known as the successive sweep (SV)
algorithm, Jacobson and Mayne [4] invented the differential dynamic program-
ming (DDP) and Gershwin and Jacobson [2} analysed DDP for constrained
problems and applied it to optimal orbit transfer. Since the SV algorithm [1] and
the second order DDP algorithms in [4] and [2] are generally not convergent as
they require the inversion of matrices which may be singular, Ohno [7] modified
the second order discrete-time algorithm for problems with and without con-
straints and proved its local convergence (when the starting point is sufficiently
close to the optimum). Recently, Wong and Teo [10] devised a computational
method for optimal control problems with discrete delays and bounded control
region.

The general characteristic of the existing first order methods, in comparison
with second order methods, is that they require a large number of iterations.
However, the second order methods require the computation of second order
derivatives which is time consuming and necessitates a large computer memory;
in fact, the computational effort per iterative step and memory requirements
increase as a cubic function of the number of state and control variables. It is

clear that a fast first order method would substantially increase our ability to
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solve large problems. One such technique is the algorithm in [9] developed by
Teo, Wong and Clements for solving time-lag optimal control problems with
control and terminal constraints. Control parametrization technique is for con-
tinuous time optimal control problems. However, it can also be applied to discrete
time optimal control problems.

The aim of this paper is to present a fast first-order method for discrete-time
systems. A number of rapidly convergent algorithms, known as LQRE, for
continuous-time optimal control problems, was presented in [6]. Here we show
that it is possible to develop discrete-time versions of the continuous-time LQRE
algorithms. As the continuous-time algorithm in [6] is a first order method with
the speed of convergence comparable to that of second order methods, its
discrete-time analog (which is a globally convergent first order algorithm and
converges on the linear-quadratic problem in one step) should be seen as a step in
that direction.

The organization of the paper is as follows. Section 2 contains the definition of
the problem. A statement of the proposed algorithm is given in Section 3. Section
4 is devoted to the proof of reduction in the value of the cost functional, whilst
giobal convergence of the algorithm to a point satisfying a first order necessary
condition for optimality is proved in Sections 5 and 6. Finally in Section 7 we
show how the discrete-time LQRE algorithm in conjunction with the penalty
function method can be applied to constrained problems in general and to
problems with linear constraints in particular.

2. Definitions and assumptions

Let N > 1 be a fixed integer, let U denote the space of admissible controls
defined as the set of all ordered N-tuples u £ (ug, 4y,...,uy_,), 4, € R™,
k=0,1,..,N—1,and let x & (xq, X;,...,Xy), X, € R", k = 0,1,...,N, denote
the state of a system governed by a first order ordinary difference equation

Xp1 =f(xpoup, k), k=0,1,...,N -1,
Xo = Xos  Xo Specified. (2.1)
The problem to be solved is the following,.
Minimize the cost functional J: U — R defined by

N-1

J(u) = EOL(x,(, ug, k) + F(xy) (2.2)

subject to the system equation (2.1).
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Note that #, and x, are m and n dimensional vectors.

In the sequel f(x,, u,, k) and L(x,, u,, k) will also be denoted by f,(x,, u,)
and L,(x,, u,), respectively. Since one can consider the above problem as a
multi-stage process, it is customary to refer to u, and x, as the control and state
of the system at stage k. We assume that F: R" — R is continuously differentia-
ble, that f: R" X R”" X N = R" and L: R" X R™ X N —» R are continuously
differentiable in the first two arguments and that the solution to the discrete-time
optimal control problem defined by (2.1) and (2.2) exists.

For the purpose of the analysis in this paper, it is convenient to write equations
(2.1) and (2.2) in a slightly different form. Let Q5: R” — R"*" be continuously
differentiable and let 4: R" X R™" X N - R"™" B: R*" X R X N = R"™*" Q.
R"XR"XN—> R P: R"XR"XN->R™"™ and R: R"X R" XN -
R™*™ be continuously differentiable in the first two arguments. In addition, let
Q(x, w, k), Qn(x) = 0 (positive semi-definite) and R(x, w, k) > 0 (positive defi-
nite) forall x € R", w € R"and k € I,,_, £ {0,1,...,N — 1}. Without any loss
of generality Q(x, w, k), Qn(x) and R(x, w, k) can be considered as being
symmetric. Then (2.1) and (2.2) can be rewritten as

Xpwr = A(X, Uy, k) xp + B(xy, uy, k)up + g(xg, uy, k), k€ly_y,

X0 = Xo>» (2.3)
and
N-1
J(“) = Z {%XZQ(XIU Uy, k)xk + “ZP(xk, Uy, k)xk
k=0

+%u[R(xk,uk,k)uk+q(xk,ztk,k)} + F(xy) (2.4)

where the symbol T denotes transpose of a vector or matrix and the functions g
and ¢ are defined by

g(X» w, k) éf(xs w, k) - A(Xs @, k)X - B(X, W, k)w’
q(x, @, k) £ L(x, 0, k) = 3x"Q(x, @, k)x
- P(x, w, k)x — 30"R(x, w, k)w.
If there is no confusion possible, to avoid cumbersome notation such as
X=Xy

A(xy, u, k), %(x,w,k) , etc.,

w=uy

we shall simply write

0
A, % , etc., respectively.
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3. Statement of the algorithm

Let X = (X, X;,...,%y), the solution of (2.1) (or, equivalently of (2.3)) for
some nominal control # = (%, #,,...,4y_,), denote a nominal state of the
system. Define S, € R"*", k € I,,_, as the solution of the matrix difference
equation

S¢ = Ok + A[S; 114, — WIV'W,; 8y =0n (3.1)
and let
h,€R", kely_,

be the solution of

- - e i— = of, 0 - de(x
hi =¢p— ‘pIVk-IWk + hpi A fk Vk 1Wk > hzrv = '—( v) (3.2)
dx dx
where
W, 2 (BIS; .14 + P,), (3.3)
Vi 2 Dy + B{S;. 1By, (3.4)
D, € R™*™is a positive definite matrix, and
e(x) = F(x) = $TOnx, (3.5)
B e
A ik S (3.6)
B e
LRy T W - X, (3.7)

.é.

3% [Qk(Xa w) + A7 (X, @) Ser14e(X, 0’)] Xk
wT[Bk(X’ @) 814k (x, @) + Py (x, ‘*’)] X
+ %“’T[Rk(X: @) + B{(x, @) Sk1Bi(x ‘*’)] w
+80(x, @)Sks1[ A (x; @) x + Bi(x, @)@ + gi(x, @)]
+q,(x, w). (3.8)
The bars above the symbols indicate that the respective quantities are evaluated
at x = X, and @ = %,. Also 4,(x, w), etc., denote A(x, w, k), etc., df,/9x and
df./%u denote the Jacobians, whilst 3p,/0x and 3p,/du are considered row

vectors. Observe that, for D, > 0, ¥, > 0.
In addition, define

pk(X?

T 2+ VIWx,, (3.9)
o1 -
UV R, Vi + 7, (3.10)
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and

N-1
A(@) & X {BlViBi)- (3.11)
k=0
Then the proposed algorithm can be stated as follows.
Discrete time LQRE algorithm

STEP 1. Select some nominal control #, compute the nominal state X according
to (2.1) and the value of the cost functional J(%) for that nominal control, given
by (2.2).

STEP 2. Solve equations (3.1) and (3.2). Compute A(#%) according to (3.11). Set
e = 1. If A(w) = O stop.

STeP 3. Apply control #: @, = u, + du,, k € I,_,, and compute the corre-
sponding state of the system %: X, = X, + 6x,, k € I, 2 {0,1,...,N}, where
Su, = —eB, — V, W, 8x,. Compute the cost J(ir).

Step 4. If J(&t) —J(u) + 3eA(u) <0, set X =%, u=a, u =, J()=J()
and go to Step 2. If the above criterion is not satisfied, set € to e/2 and go to Step
3.

ReMARK 3.1. Although the proofs in Sections 4, 5 and 6 hold for an arbitrary
D, > 0, unless otherwise stated, it will be assumed that D, = R,.

REMARK 3.2. All continuous-time LQRE algorithms presented in [6] have their
discrete-time analogs. Both first and second order algorithms can be obtained
depending on the manner in which A4 w Bis Qs Py B, and Q) are chosen. An
algorithm worth explicit mention is the discrete-time analog of FORE-3 [6], which
is a highly efficient first-order algorithm devised specifically for problems with
nonlinear dynamics and quadratic cost; in the discrete version of FORE-3 we set
A, = dfu,/dx, B, = 3f,/0u(Q, > 0, P,, R, > 0 and Q, > 0 are given when the
problem is specified).

4. Proof of reduction at each iteration

In this section we derive an expression (correct to the first order of 8x, and du,)
for the increment of the cost functional at each iteration of the proposed
algorithm and show that the increment represents a reduction in the value of the
cost functional.

From the identity

N-1
kZO {%(xz.+1§k+1xk+l - ngkxk)} - %x;S;NxN + %ng‘oxo =0
https://doi.org/10.1017/50334270000004409 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000004409

(71 Discrete-time optimal control 135

after x,,, and S, are substituted with the right-hand sides of (2.3) and (3.1), it
follows that

N-1
T—
) %{(Akxk + Bty + 81) Sp1(Apxy + Boug + 8¢)
_xl(ék + AeSi Ay — WkTVk‘IWk)xk}

_%X{/QNXN + %ngo)(o =0. (4.1)

Adding this zero quantity to the expression (2.4) we have
N-1
J(u)y= {%XZA[§k+1Akxk + 3x[ALS, 1 Bouy + Suy
k=0
+ 88k 1Akxi + 8BSk Btk + 18ISk 184
~3xT((Qc + A4S Ai) — WIV'W ) x,
+3x{Q X, + ui Pyxy + JuiR u, + ‘Ik} + 3x0Sox0 + e(xy)

where e is defined by (3.5).
Consequently,

J(#) = 3x3Soxo + e(Xy)
N-1
+ {3alRu, + u{BIS, .\ A X, + Ul P %,
k=0
+ 3 B8, Bty + BiSi 1 Ak Xy + ZiSi i1 B,

+18ISk B + G T AXIWVS kak}

and

J(a) = %xﬁoxo +e(xy)

+ Z {2xk WX — 3XT0 %, + XTALS, A %,
—4%TALS,  Aux + SalR iy + 0l B, Sp A%,
+apP %, + YulBIS, .\ B i, + g1Si 1A%,
~TS . ~TS - - T T -177 =
+ 808k Biity + 38IS 18k + Gk + IXRLWV kaxk}
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where A, B,, etc., stand for A4,(%,, i, ), B.(X,, it), etc., respectively. It follows
that

& =J(a) —J(@) =J(u + 6u) — J(u)
N-1
= e(x) = e(R) + T {puliao ) = pul(%00 )
k=0
—ﬁZVkﬁuk - XZWkauk - ﬁZWkﬁxk

Y, 0]82’(
0 0

T. O
+ 1562[[ 0" 0]62k}

+77V (Suy, + VW, dx, ) + 2[[

where
T2 U+ VIIWx,,
zf & [=[al],  8zf 2 [8x[oul],
Yo 2 (O + ASi1A) = (Qi + A4S 4i),
T.2Y,+ WVw,
and p,, k € Iy_; is a scalar function on R" X R™ defined by (3.8).
As A, and Q, are continuous in both arguments, Y, converges to 0 as

|6z,| — O, where | | is the Euclidean norm in R"*™. Expanding p, (%, it;) =
pi (X, + 8x,, #, + du,) about X, and %, in 8x, and 6u,, we have

N—1 5 i e
8 =e(xy)—e(Xy) + 2 {(ﬁ -alv, - x,fWk)é‘uk
k=0
+(%% - a,{Wk)sxk + 7TV, 0u, + ikTWksxk}
N-1
+ 2 0(8z,) (4.2)
k=0
where
rlY, 0 T, 0
ACIAE z[[ Ok 0]62k + %82[[ 0" 0]82k +6,(8z,).
and

10,(8z,)| _
8z,—=0  [6z,]
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Clearly,
o, (82, -0
2—0 102
Further by expanding e( X, ) about X 5 in 6x, (4.2) can be written in the form
de(%
o] = efiiN)SxN + oy (8xy)
N-1 B _ . N-1
+ X {B0uy + o%dx, + T Vidu, + TWodx, )+ 3 0(8z,) (43)
k=0 k=0

where ¢, and ¢, are defined by (3.6) and (3.7), respectively and
lirn|6:N|-~0 fon(8zx)1/162y] = 0.

On the other hand if &, € R" is defined as the solution of (3.2) and éx, is
considered as the solution of

afk 6 afk
ax du
where lims, ¢ [4(02,)|/182;] = 0, then, from the identity

8xp 0y = —8u, + n,(8z,), kely_,, 8x,=0, (4.4)

N-1
Rioxy — Ridxy + ¥ (RISx, — BL,8x,,) = O,

k=0
it follows that
_ N N-1 _ o _ a
‘de_(x—)'st + X {—d + YRV + hZ+1( afk + _f’s Vk IWk)sxk
k=0
- of, af,
+h[+1(3f8x,‘ + a—;ﬁuk + nk(azk))} = 0.
(4.5)
Adding (4.5) and (4.3), the expression for §J becomes
N-1 ;
8= Y { u, + YV W, dx, + hL,, fk&uk
k=0 du
_ af’ o _ _ N-1
+h[+1%’£ VW, ox, + 7l V,du, + f{Wkaxk} +( 2l +oy(8zy)
k=0
where r, £ 0,(8z,) + Al n,(8z,). Clearly, lims, .o |7]/182,| = 0. Let
Vk1+hZ+1afk b
and
N-1
re Y r,+oy(8zy).
k=0
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Then
N-1 o
&= X {BkTVk(auk + Vk-IWksxk)} +r. (4.6)
k=0
Finally, by setting
6“/( = —EB—k - Vk_IWksxk, € (=3 [0, 1]1 (4'7)
we have
N-L
6J=—€ Z {BZVkBk} +r, (4'8)
k=0
8J = —eA(#) +r (4.9)
where
N-1
A(u) = BiV.B.. (4.10)
k=0

If 8u, is chosen according to (4.7), §x,, the solution of
Xea1 F0xpq = [i{Zp + Oxp, 0 + 8uy),  ke€ly_,,0x,=0,

with X, k € Iy = {0,1,...,N} and @,, k € I_,, specified, is a continuous
function of &. Therefore, arguing along the lines similar to those in [6] for the
continuous case, it is not difficult to show that lim,_,|r|/e = 0.

Since V, is positive definite it is immediate from (4.8) that for B, # 0 and &
sufficiently small,

N-1
k=0

i.e. under the above assumptions the variation 8J represents a reduction in the
value of the cost functional. Clearly,

N1
Y BiVB.=0 (4.11)
k=0

or, equivalently,

Bi=0, kely, (4.12)

are necessary conditions for optimality. In the sequel any control which satisfies
(4.12) will be referred to as a desirable control or desirable point. (Note that if
B, =0 for k € I,_, is not satisfied, J(u) can be further reduced by the LQRE
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algorithm.) In Section 5, we shall show that the above condition is equivalent to
the first order necessary condition dH,/du = 0,k € I, _,.

REMARK 4.1. Using similar arguments to those in [6], page 877, it can easily be
shown that the discrete-time LQRE algorithm converges in one step on the
linear-quadratic problem defined in [1], page 42.

REMARK 4.2, Similarly, it can be shown that the discrete-time LQRE algorithm
exhibits one step convergence on the problem with the system dynamics and cost
functional given by

Xpy1 = Apx, + Beu, + a,, kely_i;x9=xg,
N-1

J(u)= 3 {%x,kaxk + ulP.x, + 2ulRyu, + bix, + clu, + dk}
k=0

1T T
+3xnOnxy + PyXy + Sns

where A, B;, 0, >0, P,, R, >0, Oy > 0, ay, by, ¢, dy, py and sy are con-
stants (independent of x, and u, ) of appropriate dimensions.

5. Criterion for optimality

For convenience “bars” above symbols will be dropped in this section. The

control u,
T _ T, T T = L, .. ymal gm0 ce.ym
w = [uo“l “N—l] = [“0 Tt Uy Uy Un-1 uN—l]
and the state of the system x,
T — T, T T| = ... L S v
X = [xoxl XN] = [xo xpx] Xy Xy XN]

can be considered as points in RY~" and R”. From the equation
X = freo1 (o o) = fuer (fema(xemzs a_2)s 1)
= feerfema (oo stz U y)

and from the assumptions concerning the differentiability of f,, k € I,,_,, it
follows then that x, is differentiable with respect to ug, uy,...,u,_, which, in
turn, implies that x, and x are differentiable in u. (Here 9x,,,/0u;, =0,k <i <
N-1)

Thus, J given by (2.2) is differentiable in ¥ € R¥™ and, consequently, in the
discrete-time case the Gateaux and Fréchet differentials coincide with ordinary
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differentials. Therefore, the first order necessary condition for optimality of
discrete-time systems can be stated as d/(u)/du = 0 or in an equivalent form
(OH,/3u)(xy, iy, Ayy) = 0, where Hy(x, @, Agiy) £ Li(x, @) + Ny 1 fi(X, @)
and A, is the solution of the difference equation A = (0H, /9x)(xy, tys Agiq)s
k € Iy_;, Ny = 0F(xy)/3x (. [1], page 67).

Let v, be the solution of the difference equation

af de( X
=St U Wt vamr,  kE€ly )= (de)' (5.1)
As 8x, is the solution of (4.4), from the identity
N-1
vdxg — v(8xy + 2 (Vl+l6xk+1 - Vlaxk) =0,
k=0

it follows that

N-1 af af
—vhéxy + 3 [V[+1(3f8xk + a—:6uk + nk)
k=0

—(¢{ + 7w, + 0], afk)8xk] = 0.

Adding this to the expression (4.3) for 8J, gives

N-1 N-1
df
8J = oy (8xy) + Z Vi ou Lyl + 1V 8u, + X [VZ+1"7k + ok(azk)]
k=0

or

N-1

8 = Y [¢l6u, + a,(82,)] + oy (8xy)

k=0

where
9/,
[A VZ+1ak +‘Pk+7'kTVk

and

a,(8z;) £ vi 1 (82,) + 0, (82,).
Since lim 5, ¢ |, (24 )1/18u| = 0 (¢f. (4.2), (4.3) and (4.4)) and the expansion
N1 aHk(xk’ Uy, )\(k+1))

8 =3 du
o ou k

(correct to the first order of du) is unique. It follows that

¢7 = OH, (x> U, A1)
k= ou .
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THEOREM 1. For the discrete-time control problem defined in Section 2, the
optimality criterion B, = 0 is equivalent to the criterion

aHkA T afk

Bu SV, YV V=0, kely .

PROOF. As V, > 0,

Bi =iVt + hin afk Vit+1l=0

yields
¢k+h[ﬂaf" +1(V,. =0 (5.2)
with h, defined by (3.2). From (5.2),
e (-

AW = ViV Wi+ i 3u “yoiw,

which implies that (3.2) can be written in the form
af, de(xy)
=L+ AW+ hp5  k€ly g hl=— 5

Comparing this with (5.1), we see that in this case h, = v, and, consequently,
dH,/du = 0 follows from (5.2). On the other hand if 0H, /du = »], 3f,/du + ¥}
+ 17V, = 0 is satisfied, 7, W, = —»], (3f,/Ou)V W, — YLV "W, and (5.1) can
be written in the form

e _ afk
0x
Comparing this with (3.2), it follows (by inspecnon) that in this case v, = h,.
Thus (5.2) follows from 9H,/du = 0. Since we have proved that both 8, = 0,
k € I,_, implies 0H, /9u =0, k € I,_, and 0H,/9u =0, k € I,_, implies
B, =0, k € I,,_,, the two criteria are equivalent.

vi=¢f —YiVi'W, + ”k+1( _IWk)

6. Proof of convergence

The LQRE algorithm for discrete-time systems utilizes the search function a:
U — U defined by

“T(i + 1) = aT(“(i)) = [aor(“o(i)) T a;’—-l(uN—l(i))]
where i denotes the iteration number and

a (u (i) = u (i) — e(i)Be() = Vi (DW, (i) dx, (i), kel
Define x as the solution of

xe1 = x0 + Ly(x, u) + F(fi(x¢, w)) = F(x,), kely_y, x3=F(xo),
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and let
yT 2 [y - wnls e 2 BIViBs kely_,

7= [xxT], ke,
T

T = |xIx]-- X;], %o = [ F(xo) Xol

fko(xkr Uy ) & x,? + Ly(xg, u,) + F(fk(xk’ “k)) — F(x), kely,
Ji(xu) = [fko(;‘k’“k)fkr(xk’”k)]’ kely.

Then on the assumption that the increment of the control is in the form (4.7), it
follows that

Xgt1 =ik(xk’ u, — €B, — f7/(-1W/<8"/<)’ kely_,; Xy = Xo-

With the above definitions, the convergence proof for the discrete case is a
verbatim repetition of the convergence analysis for continuous time systems in
Appendix III of [6], provided that

() U =£,[0,1] and W in [6] are formally replaced with RM™,
(i1) £7(0,1] is replaced with RV +Dn,

(ii)) Z7%"[0, 1] is replaced with RN+ Dnxm),

(iv) C[0, 1] with RV *+1,

Ml oo with |}, o

(vii) R, B'S, B, are replaced with V,, W,, B,,

and, in general, the value v(7) of any function v is replaced with its discrete-time
counterpart v,.

Note also that all the Fréchet derivatives referred to in Appendix III of [6],
reduce to ordinary derivatives in the discrete case.

Thus, Theorem 1 in [6] holds for the discrete-time problem and the sequence
{u(i)} constructed by the discrete-time LQRE algorithm is either finite and its
last element is desirable or else it is infinite and any accumulation pont of {u(i)}
is desirable. Under the assumption

(H1) If {u(i)} is any sequence of admissible controls and |u(i)| = oo, then
J(u(i)) = o
the sequence {u(i)} generated by the algorithm is bounded. Suppose that the
opposite is true, i.e. that the generated sequence {u(i)} is not bounded. Then
there exists a subsequence {u(i,)} of {u(i)} such that |u(i, )| = oo and, by virtue
of (H1), J(u(i;)) — oo which contradicts the fact that { J(u(i))} is a monotone
decreasing sequence as shown in Section 4. Thus, the generated sequence { u(i)}
must be bounded and there exists a closed bounded subset € of U = R¥™ such
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that u(i) € @ for all i. Since the set € is sequentially compact, the existence of
accumulation points of the infinite sequence {u(i)} is guaranteed and, conse-
quently, the convergence of the algorithm is proved.

7. Problems with constraints

Consider the problem defined in Section 2, i.e.

N-1
minimise J(u) = Y { L, (x,u;) + F(xy)},

(1)
Xpa1 = fi(xp, ug, up), k€lIy_y, Xy = Xos

subject to the constraint
Gilx,ue) =0,  kely,, (7.2)

where G,: R” X R™ — R? is continuously differentiable in both arguments. It is
assumed that an optimal solution exists. The problem can be solved by adding the
penalty function 3¢;Z¥ -0 G, (x,, u,)G,(x,, u;) to the cost functional and solv-
ing progressively the unconstrained approximating problem
N-1
minimise J,(u, K;) = 3 {Li(xp, ue) + 3G (xp, w ) Gi(xps )} + Fxy),
k=0

Xee1 = fk(xk’ “k)’ kely_,, X0 = Xo? (7.3)

for a sequence of positive scalars { ;} which tends to infinity. By (5.1) J,(u, X)
can be considered as a function of u € R™" and ¥, only and, consequently, the
results on convergence of penality function methods in [5] are directly applicable
in this case.

In theory at least, then, any globally convergent method for unconstrained
optimization of discrete-time systems could be used for solving the approximating
problem (7.3). However, for many algorithms that might be applied, the structure
of (7.3) becomes increasingly unfavourable as J¢; is increased which is reflected in
a poor convergence rate. In implementation of the penality function method it is,
therefore, very important to select an efficient algorithm for unconstrained
problems when the cost functional contains a penality term.

We shall now examine how the LQRE algorithm is affected when constraint
(7.2) is linear by the addition of the penalty term to the cost functional. Linear
constraints are extremely important from a practical viewpoint and they are also
simplest to analyse. Assume first that the unconstrained problem (7.1) has been
solved by means of the LQRE algorithm. Then, in order to solve the constrained
problem by the LQRE and penalty function method, we write the cost functional
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in (7.3) in the form
N-1
J(u, )=} {%lekxk + ug Pexy + SufRuy + g, (X, uk)}
k=0
+%9fi{G[(xk’“k)Gk(xk’“k)} +F(x1v) (7-4)

(cf. 2.4) where @, > 0, R, > 0 denote the matrices used for solving the uncon-
strained problem. (It is assumed that D, = R,; cf. (3.4) and Remark 3.1.) As the
constraints are linear, we have

x
Gi(xp, ) = [rknk][u:] - % =0,

thus
N-1

J(u, )=% {%xl(Qk + X TIT)x, + up(Py + KT, ) x,
k=0

+3ul(R, + T, ) uy, + gi(x,, uk)} + F(xy)(7.5)

where I, € R"*? TI, € R™*? and v, € R’ are constant matrices and vectors,
respectively and

q’'(x;, up) 2 qk(xk’ ug) + YkT'Yk - %-x/iYkTrkxk - %‘){;Ykrnkuk'

Since I''T, > 0 and 111, > O for arbitrary T, and II,, it follows that Q, +
X,T]T, > 0and R, + X;IITTI, > 0. Thus instead of Q, and R, which were used
for solving the unconstrained problem (7.1), to solve the approximating problem
(7.3) one may use Q; £ Q, + ¥;I[T, and R}, & R, + X, I1}II,. Consequently,
since the difference between g;(x,, ;) and g,(x,, u,) is only in the linear terms
(with regard to the LQRE algorithm), the structure of the cost functional in (7.3)
is as suitable as that of the cost functional in (7.1). Furthermore, if the problem
(7.1) is linear-quadratic and constraint (7.2) linear, LQRE solves the approximat-
ing problem in one iteration (¢f. Remark 4.2).
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