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ON GLOBAL INVERSE THEOREMS OF SZASZ AND
BASKAKOV OPERATORS

Z. DITZIAN

The Szasz and Baskakov approximation operators are given by

,gf(%)’“(m) Zf( )Pente) and

an v =5 AL) (P TE T et = £ (2 e

respectively. For continuous functions on [0, c0) with exponential growth
(.e. |1 f]la = sup, [f(x)e?] < M) the modulus of continuity is defined by

(1.3)  wa(f,8,4) = _Sup [fe) — 2f(c + h) + flo + 2h)|e**

=2<c0

(LY S,(f,x)

= sup |ASf(x)|e

2=8,022<0

where f € Lip* (a, 4) for some 0 < o £ 2 if wy(f, 6, 4) = Mo~ for all 6 < 1.
We shall find a necessary and sufficient condition on the rate of convergence
of 4,(f, x) (representing S,(f, x) or V,(f, x)) to f(x) for f(x) € Lip* (a, 4).
In a recent paper of M. Becker [1] such conditions were found for functions
of polynomial growth (where (1 + |x|¥)~! replaced ¢=4* in the above). M.
Becker explained the difficulties in treating functions of exponential growth.
For S,(f, x) he prcmised to treat C = (Mo C3 (the intersection of spaces
treated bere) that would not contain even the function ¢4% in a future paper.
Concerning the Baskakov operators, Becker states: ‘‘For the Baskakov opera-
tor the situation is even more difficult as V,(1/ws(t); x) (i.e. V,(ef?; x)) only
exists for x < (exp (8/n) — 1)~ Thus one has to restrict oneself to compact
intervals, so that one may regard polynomial growth as a frame best suited
for global (i.e. approximation on the whole [0, 0 )) results for the Baskakov
operators’’. Our interest stems from the above and from the fact that point-wise
convergence of 4,(f, x) to f(x) is known for functions of exponential growth
(but no faster growth). In fact I received later a preprint of a paper by M.
Becker, D. Kucharski and R. J. Nessel [2] also mentioned by the referee in
which the authors find a global inverse theorem for Szdsz operators
for C = MNig=o Cgand Mp>q Cs but C, is not treated there nor are the Baskakov
operators treated for any C,, for the same reason already quoted from {1].
Here as weil as in [1] the method of the proof is the ‘‘elementary’’ one, i.e.,
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interpolation spaces are not used. The ‘‘elementary’” method for proving
inverse theorems was introduced by Berens and Lorentz [3] who succeeded in
applying it only to the case 0 < @ < 1. In a similar context the author and
C. P. May [5] used it to prove a local inverse theorem for 0 < a < 2 and L,
functions. (The global case of that theorem is still open.) In numerous papers
Becker and others in collaboration with him used that method to obtain global
inverse theorems for 0 < @ < 2 and continuous tunctions (of which one can
mention [1] and [2] as well as a new proof of the inverse theorem of [3] using
the elementary method for 0 < a < 2).

2. Some preliminary estimates. In this section some preliminary esti-
mates will be gathered.

LemMA 2.1, For S,(f, x) defined by (1.1) we have

@ k
@1) S x) =Y e‘"”e’““"@f,—) = exp ((expf - 1)’”)

k=0

and
(2.2)  S,((u — x)%*™ x) =

{(x/n)et™ + x*(1 — e*")*} exp ((exp (4/n) — L)nx).
If we assume in addition that x < n, we have
(2.3)  S,(e**, x) < exp {(42/2)et} - e** forx < n  and
(2.4) S,((uw — x)2%*, x) = (x/n)e**(e* + A%**) exp

X {(42%/2)et} = M (x/n)e*® for x < n.

Proof. While (2.1) and (2.2) are the result of straightforward computation,
(2.3) and (2.4) follow (2.1) and (2.2) respectively, using the estimates

2
eA/"——léﬁ—eA/",eM"—l—A %(é)e“n and x =n

n n
(and n = 1).

IIA

LeEmMmA 2.2, For V,(f, x) defined by (1.2) we have

(25) Vn<6Au, x) — i (’I’l + z - 1>xk(1 + x)—n—kekA/n
k=0

= 1 +x(1—e™) " forx < (4" — 1)< 7’1‘

and

(2.6) Vo — x)2eAu, x) = (1 +x(1 — eA/n))—n_2 x(l:— x)

X l:e‘“" + ___x(l:— %) (n(e*™ — 1))2]forx <("-1t< %
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If we assume in addition that x < n/ n where n = Ymin (472, 1) and
n = 24, we have

(27)  Vu(e* x) Se-eforx Sn/nandn =24 and

x(l + x) Az

(2.8)  Valuw — x)%*™ x) < forx S pvmandn = 2A4.

Proof. Equalities (2.5) and (2.6) follow straightforward computation using
& n—l—k—l)k_( 1 )" _xet”
’;( b Z__I—Z and Z_l—i-x

for 1Z] < 1, thatis, forx < (eA” — 1)-! < n/A4. From (2.5) and (2.6) we will
derive (2.7) and (2.8) respectively (using also x < 5v/% and 7 = 24 to derive
14+ x1 —er™)]2 = M). We first show

(29) 1< (A +x(1—et) "4 < eforx < n+/nandn > 24.

It is enough to show that 0 < —Ax + n > e k~x*(e?/” — 1)* < 1. Using
et — 1 > A/n the left inequality follows. One can write x(e*™ — 1) <
xAn~let™ < In~12%'? < % which implies

—Ax + n Y kb (et — 1) < —Ax + nx(et” — 1)
+ (3/2)nx2(e“”" — 1)2

A2

—Ax + Ax + %5 nxy et + gnx2(A/n)232Am "11

23N + <1,
and completes the proof of (2.9). Using (2.9), we derive (2.7) and (2.8).

3. Estimates of 4,(f, x) and % A4,(f, x). Using Lemmas of Section 2, we
shall estimate 4,,(f, x) for functions of exponential growth.

THEOREM 3.1. For ||f||l4 = sup |f(x)|e~** < o0 we have
(B.1) e 7S, (f, %) = ||flla- e forx < m, and

(3.2) eV (f, x)| = ||fllae forx Enn,n=24 and
= 3(min (472, 1)).
If in addition || f"||4 < o0, we have

3.3) S (f,x) — f@) S [ lla- (x/n)(M + 1)/2 forx < n and
x(1 +x) (

B4) V) = @] < 11 ) fors v/ = 24
where M depends only on A.

Proof. Since S, (f, x) and V,(f, x) are positive functionals, we derive (3.1)
and (3.2) from (2.3) and (2.7) respectively, using |f(x)| = ||f]|.e**. We could
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have expressions for all x instead of (3.1) and for x < (e*/* — 1)~! instead of
(3.2) using (2.1) and (2.5) instead of (2.3) and (2.7) respectively, but the
added information would just complicate our expressions and not help in later
investigations. Using Taylor’s formula f(u) — f(x) = (4 — x)f'(x) + $(u —
x)2f" (&) (¢is between x and ) and S,((x — x), x) = V,((u — x),x) = 0, we
have
|4 (f, %) — f)| = [4.(3(u — 2)2f" (§))]
(An(f, ) 18 S,(f, x) or V,(f, x)).
We write | f" (£)| < |[f"]|.e*t < ||f”]] (e* + €*%). Using positivity and linearity’
we have
474, (F, %) — £ < |1f]|ae474,(3(x — u)2(e* + e4%), x) =
s ale2 4, ((x — u)?e*, x) + A, ((x — u)?, x)].
Using the estimates (2.4) and (2.8), we complete the proof.

We shall now estimate 4, (f, x).

THEOREM 3.2. For ||f||4 = sup, |e**f(x)] < ©0 and n = 3 min (472 1),
we have:

(3.5) eSS (f, %) = M(A)(n/x)||flla for 0 <x=n;
(3.6) S (f, )| £ MA)n¥|flla for 0<x = n;
(B7) eV, (0] £ Mm@+ )]l Sor
0<x =9\ m24 £n; and

(3.8) eV (f,x)| £ M(A)n||flla for x Znm 24 S

If in addition || f"||4 < o, we have
(3.9) S (f, %) = MA||f'la for x =n and
(3.10) eV, (f, %) £ M(D||t"|la for x <n+/m 24 = n.

Proof. We observe that for |f(x)| < Me*® we have

(311) S (f(u), x) = (n/%)2S,((w — x)*f(u), x)
+ i (n/x)2S, (uf(u), x) for 0<x =<n

and

1-|-2x

(3.12) V" (f(u),x) = (x(x’fl_ 1)) [Vn((u x)’f(u), x) —

x(x + + 1)

X Va((u — x)f (), x) — Va(f(u), x):l for0 <x < (*" —1)"%

Similar computations were done in other cases (see [1], [3] and [7, p. 1231]).
Since |S,(uf(u), x)| = || fllaSa(uet®, x) = ||fl||laxetmet7et® 2, x < n
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and [S,((w — x2)2f (), )| = [|f]|aS.((w — x)%**, x), we obtain (3.5) com-
bining (2.4) and (3.11,. For x = 1/n the Cauchy-Schwartz inequality yields

[Vl — %) f(w), ©)[ £ Val(w — )2/ f ()], )12 - V(| f(W)], %)

which together with (3.2), (3.12), (2.8) and an argument similar to the above
implies (3.7).
We recall also [8, Theorem 1, p. 475] (see also [9])

8.13) S (f,x) = n® X0 A2 f (R/n) Py (x) where
Aijpf(k/n) = f((k+ 1)/n) — f(k/n).
Since A1 ,.2f (R/n)| = 4]|f||4 - €4/, (3.1) implies (3.6). Using
n2Ay 2 f(k/n) = f'(E), k/n < £ < (B + 2)/n, we have
[n2A12f(k/n)| = |f" (E)e4tert < e/ (| f"|[ s /" < 24| || se*4

which combined with (3.1) implies (3.9).
Similarly (using again [8, p. 475] or [6])

(3.14) V" (f, %) = n(n + 1) 250 A1’ f(R/1) by ni2(x)
will, using (3.2) for V., imply (3.8) and (3.10).

4. The direct and inverse theorem. The main result is given by the follow-
ing theorem.

THEOREM 4.1. Let sup |f(x)e=4% = ||fl|la < o0, then for 0 < a < 2 the fol-
lowing are equivalent:

(4.1)  eS,(f,x) — f)| = Mi(x/n)*2 for x < n;
(4.2) eV, (f, x) — f(x)] £ Ma(x(1 + x)/n)*"2 for x < n\/n
where n = Y min (A2, 1) and n = 24 ; and

(4.3) f€ Lip* (a, 4) thatis e 27| f(x) — 2f(x + h)
4+ flx + 2B)|h* < M; for 0Zx <o and 0<h<1;

where the M ; do not depend on n or x.

Remark 4.1. Since the rate at which (x/n)*/2 or (x(1 4+ x)/n)*’? tend to zero
(in (4.1) and (4.2) respectively) is related to the smoothness, we naturally
restrict ourselves to x < % or x < nv/n. We also observe that for x > n or
x > n\/n better estimates follow from ||f||x < c0. We could replace (4.1) by

(44)  e*S,(fix) — f(x)| = My(x/n)*"* exp [n(exp (4/n) — 1)x — Ax]
0=x < o0,

but this harsher condition would not yield any new information on the smooth-
ness of f.
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Proof. We recall (see [1], [4]) the function f;(x) given by

4.5)  filx) = (2/6)2j; /2f0 * 2f(x + u 4+ v) — f(x + 2(u 4 v))]dudo.

f5(x) is a C? approximation of f. Obviously 5" (x) = §-2[8A;,2%f(x) — As2f(x)]
which, together with the definition, yields

(4.6) |If — filla S wa(f38,4) and |[|f"[[a S 967%we(f, 8, 4).
To show (4.1) or (4.2) implies (4.3) we write (compare also [1])
e f(x) — 2f(x + k) + f(x + 2A)]
< e[ f(x) — Au(f, ©)| + 2[f(x + k) — 4A.(f, x + h)|
+ [f(x 4 2h) — A, (f, x + 2B)|} + e=*[224,.(f, x)| =
Il + .[2, and
I = e**[A24,(f, %)
= e_Az(IAhZAn(f _fﬁ’ x)l + [Ah2An(f6rx)|) =Jy+ Jo.

For the Szész operator we have for fixed x and % satisfying x < » — 1 and
h = % the following estimates:

I = M(x 4+ 2k)/n)* £ M(max (3/n?, (x + 2h)/n))*’? using (4.1);

Jo = WIS, (f5, §)] = M(1*/8%)w:(f, 5, 4)

combining (4.6) and (3.9);
J1 = hZISn”(f —féy £)| § Mh2(n/E)ZU2(f, 6» A)

combining (3.5) and (4.6);
Jl = h2|Sn”<f - f&) 5)' é Mh2n2w2(fy 6? A)

combining (3.6) and (4.6);

and

Ji = e 82 (Su(f — fo,2))| = Mws(f, 6, 4)

combining (3.1) and (4.6).

Therefore J1 £ Mws(f, §, A) min (1, h*n?, h*n/t), but for ¢ = h, 38 > x + 2k
or i*n/t < h*3n/(x + 2h), and for £ < h, h*n/& > hn > min (1, h?n?) and so is
h23n/(x + 2h) > 3h*n/3kh > hn, and therefore

J1 £ Mw,(f, 8, 4) min (1, h?n?, h*3n/(x + 2k)) < 3Mh*w.(f, s, A)
X min (n%/3, n/(x + 2h)).

Let §,,°> = max (3/#%, (x + 2k/n)), then 6,41, > 25, for n = 5, and also
for every § < § and every x, # can be chosen such that £5, , < 6 < 6, ,, since
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for n = 6, there is # such that } < 4, , < } which, using 8,1, > 28, ., implies
the above. Therefore
e f(x) — 2f(x + b) + f(x + 2Ah)|
< MG, + Pwa(f, 8, A) (672 + 6,..72))
S Mai( + (B?/8%)we(f, 8, 4)).
Therefore for & < %, wo(f, k, 4) = M.(6* + (h2/8%)ws(f, 8, A)) which,
using H. Berens and G. G. Lorentz's technique [3, p. 695-696], completes the

proof for Sz4sz operators. Similarly for Baskakov operators we have the fol-
lowing estimates:

I £ M((x + 20) (1 + x + 2h)/n)"
< M(max (1/%2, (x + 21)(1 + x + 2h)/n))>"?
for x < 9/n using (4.2);
Jo = M(h2/8%)w:(f, 8, A) combining (3.10) and (4.6); and
J: £ Mws(f, 6, 4) min (1, n(n + 1)k? h*(n/E(1 + £)))
< Mih?ws(f, 8, A) min (n?, n/(x + 2h)(1 + x + 2k))
combining (4.6) with (3.7), (3.8) and (3.10) and following considerations
similar to those used for Szész operators. We set
8,22 = max (1/n?, (x + 2k) (1 + x + 2h)/n),
and since x 4+ 2k < nv/% for n = 1 min (472, 1), we have
(¢ 4+ 2h)(1 4+ x + 2h)/n < n* = +min (474 1).
We can show for § < min (1/44, 1/4) and every x that n > 24 can be
chosen such that 8,1, < 6 < 6, ,. Therefore
e[ f(x) — 2f(x + 2h) + f(x)| = M[s* + (B*/8%)w.(f, 6, 4)]

which, using the technique of [3, p. 696] again, concludes the proof.
To prove the direct result we write

e 4, (f, %) — f()] = e |4.(fs — f, %) + e[ fs(x) — fx)]
+ e A, (f5, %) — fs(x)| = I + I, + Is
One can estimate the I; by the following:
< = i .
I = Kana(f, 9, A>{f§§§ Z :\%evrvi«ie A,,S=" u;i,nfsi(:gﬁzfg)d a§d125.2);
I, = wy(f,8,4) using (4.6);
I3 £ Ky6~w,(f, 8, A) (x/n) for x < n where 4, = S,
using (4.6) and (3.3);
I; < Koo~ws(f, 8, 4) (x(1 + x)/n) for x < n+/n where 4, = TV,
using (4.6) and (3.4).
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Substituting 62 = x/n and 8% = x(1 + x)/n for 4, = S, and 4, = V, respec-
tively, we have wy(f, 8, 4) = Mé* completing the proof.

5. On Saturation. The global saturation result for Sz4sz or Baskakov
operators can be easily deduced from its local counterpart.

THEOREM 5.1. For ||f||4 < ©,S,(f, x) and V,(f, x) defined by (1.1) and (1.2)
respectively, the following are equivalent:

(A) e42S,(f, x) — f(x)| £ Mx/nforx En,n=1,2,...;
(B) e%| V. (f, x) — f(x)| £ Mx(1 4+ x)/n for x < nv/n,

7= tmin (47% 1) and n = 24; and

(C) f'(x) is locally absolutely continuous and |e=4*f" (x)| < M,
for all x.

Proof. We have already shown (C) = (A) and (C) = (B) (Theorem 3.1).
To show (A) = (C) ((B) = (C) follows similarly) we use the corresponding
local result [7] first on [k — 3, &+ 3]. [S.(f, %) — f(x)| £ Mx/net*e’*”?
implies /" € L[k, k + 1] and

| Lot k411 = limy, sup || (n/2)[S.(f, ) — fE) M otx-1/2k48/2
< Me®4/%4* since f'' is achieved in [7] as the weak* limit of

(n/x)[S(f, %) — f(x)].
Similarly, using the same theorem for [1/2*+1, 1/2"-%],» = 1,
[[(n/x) (Su(f, x) — f(x))||cra-v-1,2-v+2) S Me*
implies f"" € L,[27, 2="*1] and

[[£| ootz=v,2-»+1y = lim,, sup || (n/x) (S, (fix) — f(x))]|crz-r-1,2-v+2
< Me?A,

Remark. This very simple technique will yield the converse part of the global
saturation for positive exponential-type operators.
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