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Uniqueness of invariant means

on certain introverted spaces

Marvin W. Grossman

Let S be a topological semigroup with separately continuous
multiplication and H a uniformly closed invariant subspace of
LUC(S) (the space of left uniformly continuous bounded functions
on S ) that contains the constants. It is shown that if H is
left introverted and H admits a tight two-s;ded invariant mean
m , then for each h € H , m(h) is the unique constant function
in the norm closed convex hull of the left orbit of &
consequently, H has a unique left invariant mean. (In fact,

it is enough for H to admit a tight rig@t invariant mean and a
left invariant mean.) For certain S , a similar result is
obtained when H is a left compact-open introverted subspace of
LCC(S) (the space of left compact-open continuous functions on
S ).

Introduction

The following theorem, which is a generalization of the.uniqueness of
Haar measure on a compact topological group, is apparently well-known (see
for example, [3, p. 10] for the case when S has an identity and
H=W(S) ).

THEOREM. Let S be a topological semigroup with separately
continuous multiplication and H a uniformly closed invariant subspace of
W(8) (the space of weakly almost periodic functions on S ). If H
admits a two-gided invariant mean m , then for each h € H , m(h) is the
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unique comstant function in the norm closed convex hull of the right orbit
of h and the unique constant funmction in the norm closed convex hull of
the left orbit of h ; in particular, H has a wnique two-sided, left or

right invariant mean.

A quick proof, part of the folklore, of this theorem is as follows.

Let h € H and let K, be the norm (weakly) closed convex hull of the

right orbit R(A) of h . Then Kh is weakly compact (Krein-Smulian) and

m(h) 1is in the pointwise closed convex hull of R{k) (see for example,
[9, Theorem 1]). Since the pointwise topology is weaker than the wesk

topology, the pointwise and weak topologies coincide on Kh and therefore

m(h) is in the norm closed convex hull of R(h) . The argument for L(h)
is similar since L(k) 1is necessarily weakly relatively compact (for
example, [3]). The uniqueness assertions are then obvious (see the proof

of Theorem 1 below).

vIn this paper we obtain two theorems of the above type, one for tight
invariant means on introverted subspaces of LUC(S) and one for compact—
open continuous invariant means on compact-open introverted subspaces of
Lcc(s) (the compact-open analogue of LUC(S) ). The motivation for the
proofs of these theorems was an alternative argument of the author (in the
spirit of [3, pp.-10, 11]) for the theorem stated above under the
additional assumption that H 1is introverted. The basic tool employed was
a form of Day's fixed point theorem due to Argabright (see [17]1, [2]). For
the proofs of our main theorems we employ two fixed point results of the
latter type whose proofs are implicitly contained in the treatment of

Section 4 in [10].

1. Definitions and notations

Throughout this paper a topological semigroup is a semigroup equipped
with a Hausdorff topology for which multiplication is separately

continwous. If S5 is a topological semigroup, then RS OW(S)] denotes
the space of all (bounded) real-valued functions on § and C(S) (BC(S))

the space of all (bounded) continuous real-valued functions on S . If

f € R and s €5 , then fs,' % denote the functions defined on § by
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fé(a) = f(sa) and F£la) = flas) for all a €S . If f € RS , then

R(f) denotes the right orbit {f° :s €8} of f and L(f) the left

orbit {f; : 8 €5} of f. A linear subspace H of R? is invariant if

hy € H and h° €H for all h €H and all s €5 . An invariant
subspace H of m(S) is left (right) introverted if for every VY € H*

(the Banach dual of H ) and every h € H , ¢(hs) (W(#®}]} considered as

a function of s 1lies in H . Similarly, an invariant subspace H of Rs
is left (right) compact-open introverted if the latter condition holds
where H* 1is the dual space of H with H equipped with the compact-open

topology (the topology of uniform convergence on compacta).

The space of left wniformly continfous functions on S , denoted
LUC(S) , is the set of f in BC(S) such that the map s > fy is

continuous where BC(S) has the sup norm. The space of left compact-open
continuous functions on S , denoted LCC(S) , is the set of f in C(S)

such that the map s > fé is continuous where C(S) has the compact-open

topology. In a similar menner, one defines the space RUC(S) of right
wnt formly continuous functions on S and the space RCC(S) of right

compact-open continuous functions on S .

Let H be an invariant subspace of Rs that contains the constant
functions. A linear functional m on H is said to be a mean on H if
mh) 20 for all h €H with h =0 and m(l) =1 . m is a left

(right) invariant mean on H if m is a mean on # and m[hs) = m(h)

(m(®) = m(h)) for all h € H and all g €S . m is two-sided invariant
if m 1is both left and right invariant.

If K is a convex subset of a real locally convex Hausdorff space
E , then E(K) denotes the set of restrictions of the real-valued
continuous affine functions on E to K ; that is, E(X) = E*|K + R and
A(K) denotes the space of all real-valued continuous affine functions on
K . BE(K) and BA(X) denote respectively the bounded functions in E(X)

and A(K) . If S5 is a semigroup and K 1is a convex subset of E with
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the relative topology, then an (restricted) affine action of § on K

denoted (S, X) , is a map from S x X into K , (s, x) » s*x , such that

(1) sl°(32'x) = (slse)zx for all §,, 8, €S and all z € X ;

1’ "2
(2) for each s €S , themap x > s*x 1is a (restriction of a)

continuous affine map of X (E) into X (E) .

If (S, X) is an affine action of § on X and x € K , then

Tx : A(K) - RS is the map defined by Txf(s) = f(s*z) for all f € A(X)
and all s € S5 .

2. Two fixed point results

The two lemmas below were stated in [10]. Lemma 1 is a slight
generalization of a result of Khurana [13, Theorem 2.1]. We include a

proof for the sake of completeness (see the proof of Theorem 2.2 in [13]).

DEFINITION. Let X be a Hausdorff topological space and H a linear
space of bounded continuous real-valued.functions on X that contains the
constant functions. A mean M on H (M is linear, W(h) 20 for h 20

and u(1) = 1 ) i's said to be tight if for each uniformly bounded net {ha}
in A with ha + 0 uniformly on compact subsets of X , we have
u(ha] +0 . Amean U on H is O-additive if for each seguence

{n,} <8 with h 40 ,wehave ufn)-+o

LEMMA 1. Let X be a complete bounded convex subset of a locally
-eonvex Hausdorff space E . If u <is a tight mean on E(K) (respectively
)

BA(K) ], then there exists a wnique =z, in K such that u(f) = f(.ro]

0
for all f in E(K) (respectively BA(K) ).

Proof. Let E be the completion of E and equip E* with the weak

topology G(E*, E) . Define the linear functional fi : E* » R by
fil(g) = u(g|X) for all g € E* . We need only show that I is o(E*, E)-
€E

continuous. For then fi must be the evaluation functional at some :co

and since X is closed convex in F we must have z, €K . z, is unique

since E(K) separates points. (If p is a tight mean on BA(K) , then u

is the restriction of a finitely additive positive measure of total mass
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one on X (Hahn-Banach) and therefore by [14, Theorem 1] u(f) = f[xo)
for f in BA(K) as well.)

In order to show that {I is o(i'*, E)-continuous it suffices by [12,
FaY

p. 156] to verify that {I is continuous on every equicontinuous subset G

of E* . Let {ga} be anet in G and g € G such that 99 > 9 point-
wise on E‘ . Since X 1is bounded and ¢ 1is equicontinuous, {ga} is

uniformly bounded on KX . Since G is equicontinuous and 9y *+ g point-
wise on E > 9y 7 9 uniformly on totally bounded sets [712, p. 76]. Since

wois tignt, u(g,lk) + u(glk)

A slight modification of the proof of Lemma 1 yields

LEMMA 2. Let X be a complete convex subset of a locally convex
Hausdorff space E . If n is a mean on E(K) which is continyous when

E(K) has the compact-open topology, then there exists a wnique x, in K

such that wu(f) =f(xo) for all f in E(K) .

The following definitions are adapted from Mitchell [17] and
Argabright [2].

Let S be a topological semigroup and K a subset of C(S) . Let
(5, K) be a (restricted) affine action of S on X where K is a convex
subset with relative topology of a locally convex space E . The action
(S, k) is an E-representation of S, H on K by (restricted) continuous
affine maps if there is an « in K such that the map & > s*x is
continuous and Tx(4(K)) ¢ # (Tx(E(K)) < H) . The action (S, K) is a
bounded E-representation of S, H on K by (restricted) continuous
affine maps if there is ean z in K such that & + s°x 1is continuous and
Tz(BA(K)) ¢ B (Tz(BE(X)) < H} . Let K be a class of convex subsets of
locally convex Hausdorff spaces. The pair &, H has the common fized
point property on the sets in K with respect to E-representations by
(restricted) affine maps if for each K in K and E-representation
(S, XK) of S, H by (restricted) continuous affine maps, K has a common
fixed point for the action of S . The common fixed point property with

respect to bounded E-representations is defined similarly.

REMARK. Note that if K is compact and x € K with Tx(E(XK)) cH ,

https://doi.org/10.1017/50004972700042945 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700042945

114 Marvin W. Grossman

then necessarily s =+ s°x 1is continuous. Consequently, the above
definition of an E-representation is consistent with that given by
Argabright in [2].

The following two propositions are implicit in the proofs of
Proposition 4.7 and "(1) implies (2)" of Proposition 4.13 in [10]. The
technique of the proof appears throughout the literature (see, for example,

(7171, [2]). We include the proof since it is so short.

PROPOSITION 1. Let S be a topological semigroup and H an
invariant subspace of BC(S) that contains the constant functions. If H
admits a tight left invariant mean, then S, H has the common fixed point
property on complete bounded convex sets with respect to E-representations
by restricted affine maps and on complete bounded convexr sets with respect

to bounded FE-representation by affine maps.

Proof. Let (S, X) be an E-representation of S, H by restricted
continuous affine maps on the complete bounded convex set K . Let x € X
be such that & » s*x is continuous and Tx(E(k)) ¢ # . If
Tx* : H* >~ E(K)* is the adjoint of Tx and m is a tight left invariant
mean on H , then Tx*m is a tight mean on E&(X) which is invariant under

the action of § on K . Consequently, by Lemma 1, there is an T4 in X

such that f(s-xo] = flxy) for all f € E(X) and all s €5 . Since

E(X) separates points, S'xo =z, for all s € S . The argument is

similar for bounded F-representations by continuous affine maps.
Applying in the above proof Lemma 2 in place of Lemma 1, we obtain

PROPOSITION 2. Let S be a topological semigroup and H an
invariant subspace of C(S) that contains the constant functions. If H
admits a compact-open continuous left invariant mean, then S, H has the
common fixed point property on complete convex sets with respect to

E-representations by restricted affine maps.

REMARK. We note that if in Proposition 2, &5 is realcompact and for
every f € C(§) with f = O there exists % € # such that f < h , then
every mean on H 1is compact-open continuous. For every mean on # has an
extension to a mean on C(S) [I1§, p. 82] and every mean on C(S) 1is

necessarily compact-open continuous [6, Theorem 5.3].
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3. The main theorems

We now apply Propositions 1 and 2 to obtain our main results. The
proof of the following theorem is an adaptation of the proof of Lemma 5.1

in [4] to our present setting (ef. also [3, pp. 10, 11]).

THEOREM 1. Let S be a topological semigroup and H a uniformly
closed invariant subspace of LUC(S) (respectively RUC(S) ) that contains
the constant fumctions and is left (respectively right) introverted. If H
admits a tight two-sided invariant mean m , then for each h € H , m(h)
18 the unique constant function in the norm closed convex hull of L(h)
&%WwwdyRM)h in particular, H has a wnique left (respectively

right) tnvariant mean.

Proof. We assume H is right introverted and H < RUC(S) . The
proof for H left introverted with H © LUC(S) follows then by

considering the multiplication s, o s on S . If for every h

1°% 7 %%
in H the norm closed convex hull Kh of R(h) in H contains the

constant function m(h) , then necessarily H# has a unique right invariant
mean. For if Vv 1is a right invariant mean on H , then by linearity and
continuity of VvV we must have v(m(h)) = v(h) ; that is, m(h) = v(h)

We show, in fact, that m(h) is the unique function g in Kh such that

g = gs for all s €5 .

Fix h € H and let (S, h) denote the left action of § on Kh

defined by s°f = fs for all s €S and all f € Ky . Then (s, Kh) is

a restricted affine action of S on Kh (for fixed s €5 , the map
Filias fs on H 1is linear and norm continuous). Now let f € Kh and

consider the map Tf : E(Kh] +m(S) . Since f € RUC(S) , the map s *'js

is continuous and since H is right introverted with 1 € H , we have

Tf[E(Kh)] < A . Thus, (S, h) is an F-representation of S5, H by
restricted continuous affine maps on Kh - a complete norm bounded convex

subset of H . Since H admits a tight left invariant mean, the action

(S, h) has a common fixed point by Proposition 1; that is, there is a
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g € Kh such that g = gs for all s €5 .

Since Kh is the norm closed convex hull of R(h) , for each € > 0 ,

n s,
there exists a convex combination ) )\ih * such that
=1

=g . Ifwe fix x €S5S and € > 0 , then

- ]
g~ ) A.h
=1~ L o

no. s,
Ig(x) - 1 A Has)

=€ for all s €5 ; that is,

=1 -
n 5.
‘g(x) -0 Ai(hx) “I =€ . Ifwe apply m to the last inequality, we
=1
n
have 'g(x) - Z Xim(h) < € ; that is, |g(x)-m(k)| =€ . Consequently,
=1

m(h) = g(x) for all z €5 .

REMARKS. The above proof shows that in place of requiring H € LUC(S)
(Ruc(5)) it is sufficient to assume that the norm closed convex hull of
(k) [R(h)) meets LUC(S) (RUC(S)] for every h in H . Also, the
theorem is valid if H admits a tight right (left) invariant mean and s
left (right) invariant mean where m is taken to be a two-sided invariant
mean (necessarily unique) on H# . (Since H is either left or right
introverted, if A has a left invariant mean and a right invariant mean,
then H# has a two-sided invariant mean.) Under the additional assumption
that S has a right (left) identity it follows from the first part of the
proof (see Theorem 2) that if H admits a tight right (left) invariant
mean, then the norm closed convex hull of L(k) (R(h)) conteins a

constant function for each % in H .

It is of interest to note here & result of Granirer and Lau. In [9]
it is shown that if LUC(S) has a left invariant mean m , then for each
h € H, m(h) is in the compact-open closed convex hull of R(h)
Consequently, if LUC(S) admits a compact-open continuous right invariant
mean and a left invariant mean, then LUC(S) has a unique compact-open

continuous right invariant mean.

COROLLARY. Let S be a semigroup. If m(S) admits a 0-additive
right (respectively left) invariant mean and a left (respectively right)
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tnvariant mean, then m(S) has a wnique left (respectively right) invar-

iant mean.

Proof. If we equip S with the discrete®topology, then
LUC(S) = RUC(S) =m(S) . If S is countable, then every 0-additive mean
on m(S) 1is tight (for example, [1], p. 40]) and therefore Theorem 1
applies (see the above remarks). For general S a result of Granirer can
be used. Namely, if m(S) has a O-additive left invariant mean, then S
contains a finite group which is a left ideal [7, Theorem 4.2]. Thus,
every affine action of S on a convex subset of a vector space has a

common fixed point. The proof of Theorem 1 then remains valid for S .

REMARK. 1If in the corollary S has left (right) cancellation, then
S is a finite group [&, Corollary 2.11].

THEOREM 2. Let S be a topological semigroup with right (respect-
tvely left) identity e such that C(S) <8 complete in the compact-open
topology (in particular, S a completely regular k-space). Let H be a
compact-open closed invariant subspace of LCC(S) (respectively RCC(S) )
that contains the constant functions and is left (respectively right)
compact~open introverted. If H admite a compact-open continuous to-
sided invariant mean m , then ‘for each h € H , m(h) 1is the unique
constant function in the compact-open closed convex hull of L{(h)
(respectively R(h) ); in particular, H has a unique compact-open

continuous left (respectively right) invariant mean.

Proof. By applying Lemma 2 in place of Lemma 1, it follows exactly as
in the proof of Theorem 1 that for each % € H , there is a g € Kh [the

compact-open closed convex hull of R(h) ) with g = gs for all s €5 .
Consequently, g(e) = g(e-s) = g(s) for a1l s € S . It follows then
m(h) =g and m is the unique compact-open continuous right invariant

mean on H .

REMARKS. There exist spaces S for which C(S) is compact-open
complete but S is not a Kk-space [19, p. 363]. Again, it is enough to
essume that the compact-open closed convex hull of L(h) (R(h)) meets
Lcc(s) (RCC(S)) for every h in H . Of course, the argument shows that
if H admits a compact-open continuous right (left) invariant mean, then

the compact-open closed convex hull of L(k) (R(h)) contains a constant
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function for each A in H .

COROLLARY. Let S be a realcompact topological semigroup with
Jointly continuous product, right (respectively left) identity e and
C(S) complete in the compact-open topology. Let H be a compact-open
closed invariant subspace of C(S) such that H contains the constants,
is left (respectively right) compact-open introverted and satisfies: <if
Fec(s) with f=0, then there exists h ¢ H with f<h . If H
admits a two-sided invariant mean m , then for each h € H , m(h) 1is the
wnique comstant function in the compact-open closed convex hull of L(h)
(respectively R(R) ); in particular H has a wnique left (respectively

right) invariant mean.

Proof. Every mean on H 1is necessarily compact-open continuous (see
the remark in Section 2). Since multiplication on § is jointly

continuous, LCC(S) = RCC(S) = C(S) (for example, [15, Lemma L4.2]).

REMARKS. 1In the above corollary K can be taken to be C(C(S) since
LCC(S) = RCC(S) = ¢(S) implies that ((S) is both left and right compact-
open introverted. For the case H = ((S) Argabright in [!, Theorem 2.4]
showed without an identity or completeness restriction that if ((S)
admits a two~sided invariant mean, then C(S) has a unique left or right

invariant mean.

We also note that the corollary is applicable to discrete semigrrups

S of non-measurable cardinal. For they are realcompact in the discrete

topology [5, p. 163] and certainly RS is compact-open complete.
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