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Abstract

In this paper we prove that if a weight w satisfies the C+ condition, then the Lp(w) norm of a one-sided
singular integral is bounded by the Lp(w) norm of the one-sided Hardy-Littlewood maximal function,
for 1 < p < q < oo.
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1. Introduction

One-sided singular integrals were defined by Aimar, Forzani and Martin-Reyes
in [AFM] as singular integrals T+f whose kernel has support on (—oo, 0). In
the same paper they proved that a weight w satisfies / | T+f \pw < C f\f \pw, for
all / € Lp(w) if, the weight satisfies the one-sided A+ condition, introduced by
Sawyer [SI], that characterizes the boundedness of the one-sided Hardy-Littlewood
maximal operator M+f(x) = supA>0 h~l f*+h \f\.

A crucial step in the proof, is the fact that if w e A J,, then

(1.1) J\T+f\rw<cj[M+fYw,

for any 1 < r. We recall definitions of the A* classes: w e A+, 1 < p if there exists
a constant C such that for all a < b < c
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/w a wi~pi
where p+ p' = pp'. A weight w is in A J, if there exist positive constants C and
such that for any a < b < c and any measurable set E C (a, b),

These definitions and many properties of A+ and A£, can be found in [MPT]. A natural
question arises. Can we find conditions weaker than A^ that are sufficient for (1.1)?
In [S2] Sawyer considered the following condition, introduced first by Muckenhoupt
in [Mu].

There exists two positive constants C and e such that for every interval / e 05 and
every measurable subset E c / we have

(C,) j w < C 0^\ j[MX,Yw < oo,

where M is the Hardy-Littlewood maximal operator. Sawyer proved that for a standard
singular integral Tf, Cq is suficient for

/'\Tf\"w<C j[(1.2) /\Tf\"w<C j[MfYw

provided^>p. He does not require f[Mxi]p w <oo. Observe thatif f[Mxi]qw = oo
for some /, then f[MxAqw = oo for every interval J. Then for every / > 0 and
p < q we have that f[Mf]pw = oo. In this paper we introduce a one-sided version
of this condition CJ\ and prove that if q > p, then

f\T+f\pw<cj[M+f]pw.

The definition of C+ is as follows.

DEFINITION. A weight w satisfies C+ if there exist e > 0 and C > 0, so that for
any a < b < c, with c — b<b — a, and any measurable set E C (a, b), the following
holds
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Observe that if w e A£ then w e (~)p>l Cp. We give examples of weights that
satisfy Cp condition for all p > 1 but they do not satisfy A J, condition.

The class of one-sided singular integrals is a subclass of the standard singular
integrals and our theorem says that for this subclass we can obtain a more precise
result. On one hand, we obtain a smaller right hand side, with M+f instead of Mf.
On the other hand, the condition C+ is different from Cp. These facts make the proof
more complicated than in the standard case although it follows the same lines as the
paper by Sawyer.

Now we recall the definition of one-sided singular integrals studied in [AFM]. We
say that a function k in L'̂ CIR — {0}) is a Calder6n-Zygmund kernel if the following
properties are satisfied:

(a) There exists a finite constant B{ such that

f k{x)dx
Jf<\x\<N

for all e and all N with 0 < e < N. Furthermore limf_>o+ ff<ix,<N k(x) dx exists.
(b) There exists a finite constant B2 such that

l*(*)| < ft/I*I

for all * ,£0.
(c) There exists a finite constant fl3 such that

for allx and y with \x\ > 2\y\ > 0.
A one-sided singular integral is

T+f (x) = lim f k(x - y)f (y) dy,

where k is a Calder6n-Zygmund kernel, with support in K~. We also define

k(.x-y)f(y)dy.
Jxx+e

Examples of such kernels are given in [AFM].
We end this section with some notation. A weight w is a non-negative, locally

integrable function. If E is a measurable set, w(E) denotes the integral of w over E.
Throughout the paper the letter C represents a positive constant that may change from
time to time.
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2. Statement and proof of the result

THEOREM 1. Let T+f be a one-sided singular integral, 1 < p < q < oo and
assume that w satisfies C*, then

f\T+f\"w<c[[M+fY
JR JR

for all f such that the right hand side is finite.

REMARK. If w(x) = -e* then w e Af c A + c C+, p > 1. But f[Mx/Yw = oo,
and therefore w $ Cp, p > 1.

The proof is based on a series of lemmas that we now state and prove.

LEMMA 1. Let us assume that w satisfies C+, 1 < q < oo, then for any S > 0 there
exists C(8) such that for any disjoint family of intervals {Jj} contained in I = (a, b)
we have

(i) 1+XJ,YW < C(8)w(I)+8 l[M+
X,Vw

JR

and

(ii) f Y^M+XJs fw<C j [M+
Xi]"w.

JR J JR

PROOF. First, we claim that (i) implies (ii). Indeed,

j

w(I) + 8 I [M+pf/]'u> + / —• w
JR J(-oo.a) \" X)

< C(8)w(I) + 8 [[M+
Xl]

qw + I / . | / | \ w
JR J{-oo,a)(b-X)q

< C(8)w(I) + (8+I)
JK

< 2C(8) [ [M+
Xl]

qw + (8 + 1) [ [M+
XiYw.

JR. JR

To prove (i) we use the fact that there exists a > 0 such that for every X > 0 we have

(2.1) < Ce~ak\I\
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(for details see [FeSt]). We define a sequence of points as follows: x0 = a and for
i € N.JC,-—JC,-_I = b—Xii and consider the sets E[ = Ekn(Xi,xi+l). For* 6 (xhxi+i)
we may assume that Jt in £ \ \M+Xjt \

q(x) are all contained in (*,-, b). It follows
from (2.1) that

|£{| < Ce-°\b-Xi) = Ce-"\xi+1-xi+x).

If we now use condition C+ for the set E'x and the points JC,-, JCI+1, xi+2 we get

w(E{) < Ce-a

It is easy to see that £ ( > 1 M
+Xu,,xi+2) 5 CM+Xi and adding up we get

w(Ekni)<Ce-aU J[M+
Xl]

qw.

Therefore,

fY\.M+Xji]
qw= f f wdk+ [ f wdk

Jl j J0 JEiHl JXo JE^ni
00

w(Ekni)dk

ake dk![M+< kow(I) + CJ e-ake dk![M+Xi]qw

<C(S)w(I)+sjlM+xlVw,

if we choose Ao big enough. D

For the next lemma we need to define a new operator, M+q. Let / be a nonnegative
measurable function. Let us consider

where /(* are the connected components of Qk. Then

LEMMA 2. Let 1 < p < q < oo, w € Cf, and f non-negative, bounded and of
compact support. Then

J[M+q(M
+f)]w < cj[M+f]"w.
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PROOF. Let Qk = {x : M+f(x) > 2*} = \Jj Ik, where If are the connected
components of £2*. Let N > 1, note that Qk c Glk_N for all k. Given a connected
component of Qks, I?~N we estimate \Qk n 7*"*!. First, we pu t / = g + h with
g = fx,f-". Observe that if x e 7*"" = (a, b), then M+h(x) < M+f(b) < 2k~N.
Soif^: e fit n / , M , then

M+g(^) > Af+/ - Af+/i > 2* - 2*-" > - 2*.

Now using the fact that the operator M + is of weak type (1,1) with respect to Lebesgue
measure we get

: M+g(x) > i 2*} | < C2~kIg

(2.2) = C2~* / / < C2-k\I*-N\M+f(a) < C2~N\Ik-N\.

Let S(k) = 2k» £j f{M+
Xl;]

qw and S(k, N, i) = 2* Ey://c//- /[M+X/;]«^. Then

S(/:, TV, /) = 2kp T [ [M+
Xlf]"w + 2k

By Lemma 1

where 8 > 0 is chosen later. Now, by (2.2)

„ < a* r ^1!ILW < C2 r
J-ooib-x)* ~ ]_x (b-xy

< C2N{p-q)2p{k-N) f[M+Xif-"]"w.

So we get

S(k) = Y^S(k, N, i) < 0(8)2* J2^Ui~N) + V82Np + C2N{p-«)]S(k - N).

As p < q, we can choose 8 small and TV big enough such that

S(k) < C(8)2kpw(nk_N) + ^S(k- N).

Now

)<\sM + C f[M+fYw,
k<M *• J
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for all M. If we prove that under the assumptions on / , we have SM < oo, we
are finished. Let us suppose that supp / c / = (a, b). There exists L such that
2L<l/(b-a)fa

bf <2L+l.
If Jfc > L + 1, then Slk c / " U / , where / " = (2a - b, a). Indeed, if x <2a-b,

then

1 fx+h 1 Cb

M+f(x) = sup - / < / / < 2L+l.
h>a-x>b-a H Jx O — a Ja

If Ij are the connected components of £2k, using Lemma 1 and since q > p, we have

f _ "10 < OO.
k=L+l j J k=L+l

If k < L we can show again that S2k C 2L~k+2(r) U / , where 2"(7") = (cB, a),
with (a — cn) = 2"(fe — a). Then by Lemma 1 we have

k<L j J k<L

Now its easy to see, using p < q, that

Wr < C2L*[M+xI(x)]p < oo.
k<L D

LEMMA 3. Let I < p < q < oo, w e C£ and let f be a non-negative bounded
function with compact support. Then

PROOF. Let Sik = [x : T*+f(x) > 2*} = \J. If, where / / are the connected
components of Qk. Observe that in the proof of the 'good lambda inequality' in [AFM,
Lemma 2.7], what they really show is

(2.3) |{ jce / f - / v : r + / (*)>2 t } |<C2- J V | /*- A ' | if / * - "£ [x :M+f (x)>2k-N).

Let Ok = {JC : M+f(x) > 2k] = (J; Jf, where Jk are the connected components of
Ok. For each Ik~N we have two cases

(i) / f - N c O M ,
(u) I*-N <£ Ok.N.
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Case (1). There exists /, such that /*"" c J*-N.
Case (2). (2.3) implies

(2.4) £ |/*| = |{* € /*-" : T*+f(x) > 2k}\ < C2-N\I*-N\.

Let S{k) = 2* Y\ f[M+x,']"w and S(k, N, i) = 2* £,.,*«.-» f[M+x,>]"w. Then

By Lemma I we have that

I < 0(8)2*w(Ik~N) + 82* flM+Xi?-"Y'v),

where 5 > 0. We denote (a?"*, 6f"*) = /,*"*, then by (2.4) we obtain

" [lM+x,>"]qu).

Adding I and II we get

S(k, N, i) < C{8)2kpw{I?-N) + (S + C2~N")2kp f[M+x,;-"Yw.

Then

S(*) =

is in case (1) is in case (2)

For III we observe that /* is contained in exatly one Jf~N and by Lemma 1 we have

111= T S(k,N,i)= V Y] 2* f[M+
Xlf]

qw

To estimate IV we observe that

IV -

https://doi.org/10.1017/S1446788700002524 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700002524


[9] Norm inequalities relating one-sided singular integrals 411

choosing 5 small and N big enough. Combining III and IV we get

S(k) <^S(k-N)

Using Lemma 2

k<M

<sM +

and since SM < oo (see Lemma 2), we get

j[M+fYw\

PROOF OF THEOREM 1. First we observe that \T+f\ < T*+f, so it is enough to
prove the theorem for T*+. Le t / be a non-negative bounded function with compact
support.

Let £2* = [x : T*+f (x) > 2*} = (J Jf where /*, are the connected components
of Qk. Let us fix (a, b) = Jf. We partition (a, b) as follows. Let x0 = a, and we
choose xi+i such that xi+l —Xi = b — xi+l and we let /* = (xh xi+l). By 'the good
lambda inequality' in [AFM, Lemma 2.7] we have that

|Ef| = |{JC € /* : T*+f(x) > 2k+\ M+f(x) < Y2k}\ < Cy|/*| forO < y < 1.

From Ct condition we have

Summing over all i and using Lemma 1 we infer that

w([x e Jjk : Tt+f(x) > 2*+I, M+f(x) < Y2k})

Now, summing over ally we have that

w({x e Qk: T*+f(x) > 2k+l, M+f(x) < Y2k\) < Cy(
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Then by Lemma 3,

l(T*+

J
f)"w = Y^\ (T*+f)pw <

w

a«: r + / > 2*+1-M+f ±

([x € J2t : r
+ / > 2*+1, M+f

< C/ \j[r+fYw + J[M+fYw]

Finally we prove that under the assumptions on / , we have that f[T*+f]pw < oo,
and choosing y small enough we finish the proof. To see that f[T*+f]pw < oo,
let supp / c / = (a, b) and /~ = (2a - b, a). If x < 2a - b, then T*+f (x) <
CM+f(x), so

/ [T*+f]"w < / [M+f]"w < oo.
J—OO •/—00

Since T*+f is a singular integral and/ is bounded, it is known that f,_ul ea'r+f < oo
for some a > 0. Thus

\Ek\ = \{x € 7"U7 : T*+f(x) > k}\ < Ce'ka\r U I\

for all X > 0. Applying the C+ condition to the set Ek and the points 2a — b, b,
2b — a, we get

w(Ek) < Ce~u

where I+ = (b, 2b — a). Integrating with respect to A., using that p < q, and
proceeding as in the final step of the proof of Lemma .1, we have

f [
Jl-UI

[T+f]pw < C / [M+XI-UIUI*]"W < oo.

As observed in the introduction A£ c H >1 CJ". We now show that the inclusion
p

is proper.
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PROPOSITION 1. Letw e AM, then iox(-<»,o) e f \>i Cp-

PROOF. First we observe that wX(-oo.o) & A J,. Let us consider a < b < c such that
c — b<b — a and E a mesurable set such that E c (a,b). We have several cases

(i) a < b < c < 0. In this case there is nothing to prove because

(ii) a < b < 0 < c. There exist e > 0 and C > 0 such that

j= w(E) <

(iii) a < 0 < b < c, and b < —2a. Suppose that E c (a, 0). Note that since
b — a < —3a,

i i r* i i i i r. i \

= w(E) <

If £ ^ (a, 0), then

fn (-oo, 0)) < C C ^ I ^ 1 ) f [M+Xia,oYw

(iv) a < 0 < b < c and b > —2a.

< w(E) < C(^T~) w(a,b) < c(J^A w(a,b).

If we prove that w(a, b) < C j_oo[M^X(a,c)\pw, we have finished the proof. Using
that 10 satisfies the doubling condition and that b > —2a if and only if a + b > b/2
we have

f [M+
XMYw > [ lM+x(a,b)]

pw > [\M+
XM]PW = f

J-oo J-oo J-b J-

\ 2

p

u • w

-b J-h \t> — X ,

C
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