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The Frequency of Elliptic Curve Groups
over Prime Finite Fields

Vorrapan Chandee, Chantal David, Dimitris Koukoulopoulos,
and Ethan Smith

Abstract. Letting p vary over all primes and E vary over all elliptic curves over the finite field IFp,
we study the frequency to which a given group G arises as a group of points E(F)). It is well known
that the only permissible groups are of the form G,, y := Z/mZ x Z/mkZ. Given such a candidate
group, we let M(G,, ;) be the frequency to which the group G, \ arises in this way. Previously,
C. David and E. Smith determined an asymptotic formula for M(G,, ;. ) assuming a conjecture about
primes in short arithmetic progressions. In this paper, we prove several unconditional bounds for
M(G,, k), pointwise and on average. In particular, we show that M(G,, x ) is bounded above by a
constant multiple of the expected quantity when m < k# and that the conjectured asymptotic for
M (G, ) holds for almost all groups G,, x when m < K'/4=¢, We also apply our methods to study
the frequency to which a given integer N arises as a group order #E (T, ).

1 Introduction

Given an elliptic curve E over the prime finite field Fj,, we let E(IF,) denote its set
of I, points. It is well known that E(F,) admits the structure of an abelian group,
and in fact, E(F,) 2 Gk = Z/mZ x Z]/mkZ for some positive integers m and
k. It is natural to wonder which groups of the form G,  arise in this way and how
often they occur as p varies over all primes and E varies over all elliptic curves over
IF,. The former problem of characterizing which groups are realized in this way was
studied in [BPS12,CDKS], while the frequency of occurrence was studied by C. David
and E. Smith [DS14b]. In the present work, we explore the frequency of occurrence
further.

Given a group G of the form G,, x = Z/mZ x Z|mkZ, we set N = |G| = m*k and
let M, (G) denote the weighted number of isomorphism classes of elliptic curves over
IF, with group isomorphic to G, that is to say,

1
M,(G) = S —
’ /Z | Aut,, (E)|
E(F,)=G

where the sum is taken over all isomorphism classes of elliptic curves over I, and
| Aut, (E)| is the number of F,-automorphisms of E. It is worth noting here that
| Aut, (E)| = 2 for all but a bounded number of isomorphism classes E over I, and
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hence

M,(G) = %#{E/Fp LE(F,) 2 G} + 0(1),

In [DS14b, DS14c], the authors studied the weighted number of isomorphism
classes of elliptic curves over any prime finite field with its group of points isomor-
phic to G, i.e., they studied M(G) = ¥, M,(G) . The primes counted by M(G)
must lie in a very short interval near N = |G|. This is because the Hasse bound
implies that p + 1 -2,/p < N < p +1+ 2,/p, which is equivalent to saying that
N~ := N+1-2V/N < p < N+1+2V/N =: N*. Even the Riemann hypothesis does not
guarantee the existence of a prime in such a short interval. Hence the main theorem
of [DS14b] can only be proved under an appropriate conjecture concerning the distri-
bution of primes in short intervals. In the statement below, we refer to the conjecture
assumed in [DS14b] as the Barban-Davenport-Halberstam (BDH) estimate for short
intervals.

Before stating the main theorem of [DS14b], we fix some more notation. Given a
group G = G,y x, we let Aut(G) denote its automorphism group (as a group). This
should not be confused with Aut,(E) as defined above, which refers to the set of
IF,-automorphisms of the elliptic curve E. We also define the function

(M)2€+1 1 1
) K(G) =ﬂv(l—m) e‘Hm(l‘ﬁ) E(l‘m)’
Ctm

where the products are taken over all primes € satisfying the stated conditions and ( ;)
denotes the usual Kronecker symbol. In [DS14b], the function K(G) was only com-
puted for odd order groups and its definition contained a mistake. It was corrected
to the form that we give here in [DS14c]. Note that the function K(G) is bounded
between two constants independently of the the parameters m and k. In paraphrased
form, the main theorem of [DS14b] is as follows.

Theorem 1.1 (David-Smith) Assume that the BDH estimate for short intervals holds.
Fix A, B > 0. Then for every nontrivial, odd order group G = Gk, we have that

2

1 )) |G| mk

M(G) = (K(G) + OA,B( (log|G)2// | Aut(G)|log|G| = ¢(m)¢(k)logk’

provided that m < (log k).

For precise details concerning the conjecture assumed to prove Theorem 1.1, we
refer the reader to [DS14b]. We note that the result of Theorem 1.1 is restricted to the
range m < (logk)®. However, we believe that it should hold in the range m < k*.
Proving such a result at the present time would, however, require an even stronger
hypothesis than the one assumed in [DS14b]. Unconditionally, it is possible to obtain
upper bounds of the correct order of magnitude in this larger range. This is the context
of our first theorem.

https://doi.org/10.4153/CJM-2015-013-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-013-1

The Frequency of Elliptic Curve Groups over Prime Finite Fields 723

Theorem 1.2 Fix A > 0 and consider integers m and k with1 < m < k*. Let G = G, .,
N =|G| = m*k, and

1 —
0= N(6(m) logaN)) N_gw V@ -NYN"-p),

p=1(modm)

and note that § < 1 by the Brun-Titchmarsch inequality. For any fixed A > 1,
X, GI? GI?
| Aut(G)|log(2|GI) | Aut(G)[log(2/G)
the implied constants depending at most on A and ).

< M(G) «< 8.

Employing the above result together with the Bombieri-Vinogradov theorem, we
also show that the lower bound implicit in Theorem 1.1 holds for a positive proportion
of groups G.

Theorem 1.3  Consider numbers x and y with 1 < x < \/y. Then there are absolute
positive constants c; and c, such that

.- |Gm,k|2
|Aut(Gm,k)|10g(2|Gm,k|)
for at least c,xy pairs (m, k) withm < x and k < y.

M(Gm,k) >c

Remark 1.4 Itis not possible for such alower bound to hold for all groups G = G, «.
As was noted in [BPSI2], several groups of this form do not arise in this way at all.
For example, the group Gi;,; never occurs as the group of points on any elliptic curve
over any finite field.

Our final result for M(G,, %) is that on average the full asymptotic of Theorem 1.1
holds unconditionally.

Theorem 1.5 Fixe > 0and A > 1. For2 < x < y"/*=¢ we have that

L Z ‘M(G k) - K(Gm,k)|Gm,k|2 |<< )
XY m<x ksy T |Au(Go)|log |Guk| ! (log y)4

mk>1

the implied constant depending at most on A and e. Moreovet, if the generalized Rie-
mann hypothesis is true, then the same result is true for x < y'/?7¢.

In [DSI13, DS14a], David and Smith studied the related question of how many el-
liptic curves over IF, have a given number of points, that is to say, the asymptotic

behaviour of )

M(N) := _—
; E%F:p | Aut, (E)|
#E(F,)=N
It was shown in [DS13,DS14a] that
N2
M(N)~K(N) ———— N
() ~KON) fros (N e0)
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under suitable assumptions on the distribution of primes in short arithmetic progres-
sions where

N1y ey
(12) K<N>=H(1—(fg_1))2(€il))ﬂ(l-m)'

125y, N

Here v,(N) denotes the usual ¢-adic valuation of N. As one might expect, the meth-
ods of this paper apply to the study of M(N) as well.

We start by recording the obvious identity M(N) = ¥ ,2k-ny M (G, k). Then it
is possible to show that, as expected, most of the contribution to M(N) comes from
groups G, x with m small, that is to say, groups that are nearly cyclic.

Theorem 1.6 For N >1and x > 1, we have that
N? )

M) = 2 M)+ O 0 iogamy

m?k=N
m<x

Finally, we conclude with two more results on M(N).

Theorem 1.7 Let N > 1, set

1 S
" NJ(logN)) 2 Vip-NH(N - p),

p=1(mod m)

Ul

and note that n << 1 by the Brun-Titchmarsch inequality. For any fixed A > 1,
N N
¢(N)log(2N) ¢(N)log(2N)

the implied constants depending at most on A.

n < M(N) « g/*
Theorem 1.8 Fix A > 0. For x > 1, we have that

1 K(N)N? x
%122 /MO S log | < Tlognn

The present paper also includes an appendix (by G. Martin, C. David, and E. Smith)
giving a probabilistic interpretation to the Euler factors arising in the constants K (N
and K(G) defined by (1.1) and (1.2), respectively. This interpretation is similar to the
heuristic leading to the conjectural constants in related conjectures on properties of
the reductions of a fixed global elliptic curve E over the rationals e.g., the Lang-Trotter
conjectures [LT76] and the Koblitz [Kob88] conjecture, with the additional feature
that the Euler factors at the primes ¢ dividing N or |G| are related to certain matrix
counts over Z/£°Z for e large enough.

Notation  Given a natural number n, we denote with P*(n) and P~ (n) its largest
and smallest prime factor, respectively, with the convention that

P*(1)=1 and P (1) = oo.
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Moreover, we let 7,(n) denote the coefficient of 1/n° in the Dirichlet series {(s)". In
particular, 7,(n) = r*(") for square-free integers 1, where w(n) denotes the num-
ber of distinct prime factors of #n. In the special case when r = 2, we simply write
7(n) in place of 7,(n), which counts the number of divisors of n. We write f * g
to denote the Dirichlet convolution of the arithmetic functions f and g, defined by
(f *9)(n) = Xap-n f(a)g(b). As usual, given a Dirichlet character y, we write
L(s, x) for its Dirichlet series. In addition, we make use of the notation

E(x,h;q) := max logp - .
(mq)zl‘ MZ}M ¢(q)‘
p=a(modgq)

Finally, for d € Z that is not a square and for z > 1, we let

c@=1(1() -0 )" e e -110- 1)

2 Outline of the Proofs

In this section, we outline the chief ideas that go into the proofs of our main results.
However, most of our remarks concern the proofs of Theorems 1.2 and 1.5. This is
primarily because the remaining results are essentially corollaries of these theorems.
In particular, the main ingredient in the proof of Theorem 1.6 is Theorem 1.2, and the
main ingredients in the proof of Theorem 1.8 are Theorems 1.5 and 1.6 together with
a short computation. Theorem 1.7 is not truly a corollary, but its proof is essentially
the same as that of Theorem 1.2. The proof of Theorem 1.3 is somewhat different. The
ideas involved in its proof are essentially the same as those used to show Theorem 1.6
of [CDKS] together with an application of Theorem 1.2. All of this will be expounded
further in Section 3 where we complete the proofs of all six results.

For the remainder of this section, we focus our attention on outlining the main
ingredients in the proofs of Theorems 1.2 and 1.5. Throughout, we fix a group G =
Gk = Z|mZ x Z|mkZ, and we set N = |G| = m*k. Moreover, given a prime p
1 (modm), we set

_1_ 2 _ _
1) dyi(p) = L=1=N) 4N:(P l—mk)2—4k.

m? m
Often, when the dependence on m and k is clear from the context, we will simply write
d(p) in place of d,, x (p). Our starting point is the following lemma, whose proof is
based on Deuring’s work [Deu4l] and its generalization due to Schoof [Sch87]. We
shall give the details of its proof in Section 4.

Lemma 2.1 For any m, k € N, we have that

MGui)= Y D VId(p)1£(d(p)/f*)

NT<pNT  fld(p). (fk)=1 2nf
p=1(modm) d(p)/f*=1,0 (mod4)

https://doi.org/10.4153/CJM-2015-013-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-013-1

726 V. Chandee, C. David, D. Koukoulopoulos, and E. Smith

For the proof of Theorem 1.2, we shall use the following simplified but weaker ver-
sion of Lemma 2.1.

Corollary 2.2  For any m, k € N, we have that

d(p)P
N7<§<N+ |d(p)|£“(d(p)) < M(Gm,k) < N7<§<N+ m[/(d(p)) .
p=1(modm) p=1(modm)

Proof Forthelower bound, note that the term f = 1in Lemma 2.1 always contributes
to M(Gp ), since d(p) = 0,1(mod 4) for all m, k and p =1 (mod m). For the upper
bound, notice that

f

L(d(p)/f7) < ¢(f)ﬁ(d(P))-

Since ¥ 4, ﬁ < ﬁ, the claimed upper bound follows. ]

Evidently, Lemma 2.1 and Corollary 2.2 reduce the estimation of M(G,, x) to esti-
mating an average of Dirichlet series evaluated at 1. In order to do so, we expand the
Dirichlet series as an infinite sum and invert the order of summation by putting the
sum over primes p inside. For each fixed n in the Dirichlet sum, understanding this
sum over primes involves understanding the distribution of the set

(2.2) {%:N*<p<N+,pzl(modm)}

in arithmetic progressions a (mod b), where the modulus b = b(#) depends on n and
other parameters which are less essential. Already when b = m = 1, this problem is
very hard and unsolved, even if we assume the validity of the Riemann hypothesis.
In order to limit the size of the moduli b that are involved, we need to truncate the
Dirichlet series that appear before inverting the order of summation. We could do this
for each individual Dirichlet series using character sum estimates such as the Pélya-
Vinogradov inequality or Burgess’s bounds as in [DS13, DS14b], but this would still
leave us to deal with rather large moduli b. Instead, we use the following result, which
implies that for most characters x, L(1, ) can be approximated by a very short Euler
product, and then by a sum over integers n supported only on small primes.

Lemma 2.3 Leta > 1and Q > 3. There is a set £,(Q) c [1,Q] N Z of at most
Q¥ integers such that if x is a Dirichlet character modulo q < exp{(log Q)?} whose
conductor does not belong to £,(Q), then

(&)\ ! 1
Ly = Zs(lolg_g)s.ﬂ(l_ XT) (H O“( W))

Proof By a classical result essentially due to Elliott (see [GS03, Proposition 2.2]), we
know that there is a set €,(Q) of at most Q%/* integers from [1, Q] such that

) VOV of
LLy) es(lolg_g)saz(l 14 ) (1+O( (logQ)"‘))
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for all primitive characters y of conductor in [1, Q] N €,(Q). So if y is a Dirich-
let character modulo g < exp{(log Q)*} induced by v and the conductor of v is in
[L, Q] €4(Q), then

w(e) y(e)y ! «
fan=0-5) | 105 (10 i)

= __Bﬁgf) _ Kgf)r -1 a .
flq:f>(11}g0)8“2(1 ¢ ) e<(lolg_£)*‘“z(1 ¢ ) (1+ O( (log Q)“))
Finally, note that

o T (-2« ¥ w(9)

1
¢lq,¢>(log Q)3+ £]g,6>(log Q)3 ¢ (logQ)™
_
(lOg Q)Saz—z ’

since w(q) < logq/log2 « (log Q)% which completes the proof of the lemma. B

<

Expanding the short product in the above lemma leads to an approximation of
L(1, ) by a sum over (log Q)“-smooth integers, and we know that very few of them
get > Q°.

Lemma 2.4 Let f:N — {z € C: |z| <1} be a completely multiplicative function. For
u > 1and x > 10 we have that

020 5 o)

Proof We have that

_fe)y f(n)
IH(l ) ) P%Ex |

:‘ > f(n) Z<711T110gx<<eiuexp{2¥}.

1
‘Si 1-1/1
n " pe(m) px P 108

P*(n)<x
n>x"
So using the formula p'/'°8* = 1+ O(log p/logx) and the prime number theorem,
we obtain the claimed result. ]

Combining Lemmas 2.3 and 2.4, we may replace L(1, y) by a very short sum for
most characters y, which means that we only need information for the distribution
of the set (2.2) for very small moduli. This leads to the following fundamental result,
which is an improvement of Theorem 1.1. It will be proved in Section 7.

Theorem 2.5 Fix a > 1and e < 1/3 and consider integers m and k with1 < m <
k®. Assume k is large enough so that k2~¢ > (logk)**2. Set G = G, x and consider
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h € [mke, m\/k](logk)**?]. Then

K(G)IGP

MG) = TR Togl]

;

k N*
( (log k)« - q%; 73(q) [ E(y, h;qm) dy)

where K(G) is defined by (1.1).

Even though we cannot estimate the error term for any given values of m and k, we
can do so if we average over m and k using the following result which is a consequence
of Theorem 1.1 in [Koul4].

Lemma 2.6 Fixe>0and A>1 Forx>h>2and1< Q? < h/x/%*¢, we have that

/; ZE(y,h q)dy < (lgilc)A'

q<Q

If, in addition, the Riemann hypothesis for Dirichlet L-functions is true, then the above
estimate holds when 1 < Q* < h/x¢.

Theorem 2.5 and Lemma 2.6 lead to a proof of Theorem 1.5 in a fairly straightfor-
ward way as we will see in Section 3.

Next we turn to the proof of Theorem 1.2. Using Corollary 2.2 and Hoélder’s in-
equality, we reduce the proof of this result to that of controlling sums of the form

ld(p)l \¢ r
(2.3) N_E;N+ (iaﬁfﬁﬂj) L(d(p))’s

p=1(modm)

where we take r > 0 to prove the implicit upper bound and r < 0 for the lower bound.
Nevertheless, we only seek an upper bound for the sum in (2.3), even for the lower
bound in Theorem 1.2. Therefore, we can replace the sum over primes with a sum
over almost primes and use sieve methods to detect the latter kind of integers. More
precisely, we will majorize the characteristic function of primes < 2N by a convolution
A 1, where A is a certain truncation of the Mébius function. This will be done using
the fundamental lemma of sieve methods, which we state below in the form found in
[F178, Lemma 5]. We could have also used Selberg’s sieve, but the calculations are
actually simpler when using Lemma 2.7.

Lemma 2.7 Lety >2and D = y* with u > 2. There exist two arithmetic functions
A% :N - [-1,1], supported on {d e N: P*(d) < y, d < D}, for which

(1)) = (A 1) (m) =1 ifP(n) > 5,
(A" #+1)(n) <0< (A" % 1)(n) otherwise.
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Moreover, if g:N — R is a multiplicative function with 0 < g(p) < min{2, p—1} for all
primes p < yand A € {A*,17}, then

A(d)g(d) —u (p)
; dg - (1+0(e ))L[y(p%).

Combining Lemmas 2.3 and 2.7, we are led to the following key result, which will
be proved in Section 6. As we will see in the same section, Theorem 1.2 is an easy
consequence of this intermediate result.

Proposition 2.8 Let m,k € N and set N = m?k. For any r € R and s > 0, we have
that

VN
¢(m)log(2k)”

ld(p) \* , k o\
2 Gtiaom) 2@ < (5)

p=1(mod m)

3 Completion of the Proof of the Main Results

In this section we prove Theorems 1.2-1.8. We start by stating a preliminary result
which is Lemma 15 of [DS14b] in slightly altered form.

Lemma 3.1 For m,k €N, we have that

|Aut(Gm k)| ¢ k)
TG = m(m) S ﬂ( )
etk

Proof of Theorem 1.2 The claimed inequalities are a consequence of Corollary 2.2,
Proposition 2.8, and Holder’s inequality. Indeed, let 4 = 1/(1-1), sothat1/A+1/p = 1.
Then we have that

MGu) < S TSP aipy)

N~ <p<N* (|d( )|)
p=1(mod m)
(v \/d<p>|)‘( >V (p>|(¢('fdg’))'|))"a(d<p>)")
PZEVI (is;livm) pI=\11 (<r£§é\rm)
«( 3 VN - p)(p N))
N~ <p<N*
p=1(modm)
X Vk _ldp)| ”L d(p) H i,
(;i(%*) (sagm) £04)’)
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since |[d(p)] = (N* - p)(p - N7)/m* « N/m? = k. So the definition of & and
Proposition 2.8 imply that

km k
(m)log(2N) ¢(k)

M(Gpui) <aa 51/1(15

Hence the upper bound in Theorem 1.2 follows by Lemma 3.1.
The proof of the lower bound is similar, having as a starting point the inequality

> Vld(p)l

N~ <p<N*
p=1(modm)
i @)l \w
< ld(p)I£(d(p) —— )
( N7<’Z:§N+ ( )) ( N7£N+ L(d(p)).”//l)
p=1(modm) p=1(mod m)

Proof of Theorem 1.7 'The proof of Theorem 1.7 is completely analogous to the proof
of Theorem 1.2. The only difference is that instead of starting with Corollary 2.2, we
observe that

IDn(p)IP?
D L(D < M(N) < E ——————L(D ,
N—QZ<N+ | N(p)| ( N(p)) ( ) N-<p<N+ ¢(|DN(p)|) ( N(p))
a consequence of relation (4.2) below with n = 1. [ |

Proof of Theorem 1.3 Note thatwhenm =k =1land N =1,then N* =4and N~ =0
and thus the primes 2 and 3 belong to the set {N~ < p < N* : p =1(modm)}. So
by Theorem 1.2, it suffices to show Theorem 1.3 when y is large enough. We further
assume that x € N which we may certainly do. Observe that (N* - p)(p-N") x N

forp e ((\/N— 1/2)%, (VN + 1/2)?), and thus

1 —
N/(¢(m)log(2N)) N_§<N+ VNt =p)(p-N-)

p=1(mod p)
> ¢(m) > log p.
VN (VN-1/2)2<p<(~/N+1/2)?
p=1(modm)
So, if we set
G ? k?
C(m, k) = (G i

| AUt(Gr i )[10g(2Gmi)  @(m) (k) log(mk)’
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then Theorem 1.2 with A = 2 implies that

Z M(Gm,k)
3x/4<m<x C(m’k)
y/100<k<y
> $0m) log p
3x/4<m<x x\/? (mVk-1/2)2<p<(m\/k+1/2)?
y/100<k<y p=1(modm)
¢(m)logp
>y oy Sl > L
3x/4<ms<x x%y[3<p<4xy/9 ﬁ ¥/100<k<y
p=1(modm) (V/D-1/2)%m?<k<(/p+1/2)* /m?

provided that y is large enough. Note that
(VP+1/2) - (VP-1/2)" 2P 2x\/y/[3
m? Com?2 T X2
by our assumptions that x < ,/y. Since we also have that (\/p —1/2)*/m* > y/100
and that (\/p +1/2)*/m?* < y for y large enough and m and p as above, we conclude

>1,

that
M(Gmi) 1
3x/4<m<x (m, k) X7 3x/a<mzx x*y[3<p<ax’y[9
y/100<k<y p=1(modm)

This last double sum equals

. x2y L0, x3y
3x/§m3x¢(m) 9¢(m) ° ((IOgy)A)

by the Bombieri-Vinogradov theorem. Therefore we conclude that

> %%y,

> M(Gon.i)) > xy.
3x/4<m<x C(m’ k)
y/100<k<y

Since the summands are all << 11in this range by Theorem 1.2 (recall that § <« 1 there),
we obtain Theorem 1.3. [ |

Proof of Theorem 1.5 Let 6 be a parameter, which we take to be 1 or 1, according
to whether we assume the generalized Riemann hypothesis or not. We then suppose
that 1 < x < y9=¢. Note that Theorem 1.2 and Lemma 3.1 imply that

Z K(Gm,k)|Gm,k|2 | xyz
< e
i Z [At(Gon ) 1og Grsl| < (log )

mk>1

M(Gm,k) -

We break the remaining range of m and k into dyadic intervals, hence reducing The-
orem 1.5 to showing that

E:= Z |M(G K) - K(Gm,k)|Gm,k|2 | o xyz
= m, €
xj2<msx | Aut(G i) 10g | Gom k| (log y)*
y[2<k<y
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for x < y%¢. (Note that these might be different values of x, y, and € than the ones we
started with.) We apply Theorem 2.5 with h = (x2y)"/?/(log y)4*? for all m € [x/2, x]
and k € [y/2, y], to deduce that

E<<\{? > 273(‘1)/ . E(thqm)dt+

x[2<m<x q<ke
y/[2<k<y

;o xy?
—E +
(log y)4°

say. Putting the sum over k inside, we find that

E' « \{f > 13(q)/ E(t, h; qm)( > 1) dt
x/2<m<x q<y° /10 y[2<k<y
t~/mP<k<tt /m?

2

(lo y)A

2

L 2x%y ‘
D) [2y E(t, hs qm) dt

m<x q<y*

<ZY Y u<q>[ E(t, hsq) dt.

m<x q<y*

We note that E(u, h;b) < \/h/¢(b)\/E(u, h; b) by the Brun-Titchmarsch inequal-
ity. So the Cauchy-Schwarz inequality and Lemma 2.6 imply that

. ¥y dt E t,h;b)dt

< xh(bg: 4( ) x2y/10 ¢(b) ) (b<§3f x2y/10 ( ) )
Y (.2 16 x }’h i xy2

V. h 1 . = bl

< xh(x yh(logy) (logy)““s) (log y)4

which completes the proof of Theorem 1.5. ]

Proof of Theorem 1.6 ' Theorem 1.2 implies that
k32 VN mk? Nmk

M(G,, = < .
(Gna) < &) o) og(2k) ~ $(R)p(m)Tog(2k) = $(N)9(m) log(2K)
Therefore,
N2 NZ
A MO < 6N ogaN ) X (N) og (2N
m>x x<mS\/Iv
which completes the proof of Theorem 1.6. ]

Proof of Theorem 1.8 In view of Theorem 1.6, it suffices to show that

K(N)N? x2
M(Gpx) - ,
2 ;N ¢ ¢<N>logN| * (logx)A
m<(log x)*
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where K(N) is defined by (1.2). Note that

~ K(Gm,k)|Gm’k|2
Z| > M(Guy) 2 |Aut(Gm,k)|10g|Gm>k|‘

I<N<x  ?k=N m k=N
m<(logx)? m<(logx)?
< Y MG - K(Gn k)G i |
1<m?k<x ’ |Aut(Gm,k)|log|Gm,k|
m<(log x)*
< ¥ 3 |M(G Y - K(Gm,i)|Gm il ‘
< m,
1<2i<(log x)*  k<x /4! |Aut(GM,k)|10g|Gm,k|
2 <m<2i*!
m*k>1
xz x2
<4 - <
1<2i<(agx)s 8 (logx)4 — (logx)4

by Theorem 1.5. So it suffices to show that

N K(Gp)|Gosl  K(N)N
60 ¥ oenl T Taien o)

m<(logx)*

x2

| <A (logx)A.

In fact, Lemma 3.1 implies that

[ Aut(Gyrp)|
k 11
= a0 L0~ ) KGno)
etk
N 1\ -1 11
o L1 (17) TI0-z) K(Gno
etk
__N (AF) e+ 1 1
“em U e L 02 T )
etm
Therefore,
K(Gm. )Gl
mzkz;N | Aut(Gom k)|
m<(log x)*

_ |Gm,k| N
= ¥ KGno el Gogme)

N-1

N g ) ey N
=50 L0 =) S+ g )
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where
1 1 1
S(IN= >, = I (1+=) [T(1-+—+—).
miken M E\(m,k)( 5) ok ( e(e- 1))
tm
Note that
1 1 1'<1//2
S(E)=1-——+ > —(1+-
e(e-1) 1<j<v/2 = ( ¢ )
1 1 1j<v/2
=1-——+ — 4 :
e(e-1) 192/2 e 15;/2 et
1 LS| 1

= e +;E:1_ev(e—1)‘

So we conclude that

K(Gm,)|Gmi| _ K(NN N
2 |Aut(Gpi)|  @(N) O( )

m kN (logx)4$(N)
m<(log x)*
which yields relation (3.1), thus completing the proof of Theorem 1.8. ]

4 Reduction to an Average of Dirichlet Series

In this section, we prove Lemma 2.1 using the theory developed by Deuring [Deu41]
and somewhat generalized by Schoof [Sch87]. As before, we fix a group G = G, x =
Z|mZ x Z|mkZ, and we set N = |G| = m*k. Given a prime p and an integer n such
that n%|N, we define

1
M,(N;n) = —_—
g E%P | Auty (E)|
#E(F,)=N
E(F,)[n]=Gn,
the weighted number of isomorphism classes of elliptic curves over any prime finite
field which have exactly N rational points and whose rational n-torsion subgroup is
isomorphic to Gy, = Z/nZ x Z[nZ. It is not hard to relate M, (G) to a sum involving
M, (N;n). This is accomplished via an inclusion-exclusion argument, which gives
the relation

(4.1) M,(G) = %}(‘u(r)Mp(N;rm).

Schoof [Sch87] essentially gave a formula for M, (N; n) in terms of class numbers.
However, one needs to exercise care here as Schoof counts each I, -isomorphism class
E with weight 1 instead of with weight 1/| Aut, (E)| as we do here. Given a negative
discriminant D, we let H(D) denote the Kronecker class number which is defined as

2wl
D/f?=0,1(mod 4)
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Here, as usual, h(d) denotes the (ordinary) class number of the unique imaginary
quadratic order of discriminant d, and w(d) denotes the cardinality of its unit group.
Then letting Dy(p) = (p+1-N)*—4p = (p —1- N)* — 4N and reworking the
proofs of [Sch87, Lemma 4.8 and Theorem 4.9] to count each class E with weight
1/| Aut, (E)|, we arrive at the formula

Dn(p)y . R _
(42)  My(Nsn) - H( e ) if pe (N",N*)and p =1(modn),

0 otherwise.

Note here that Dy(p)/n* is a negative discriminant whenever p ¢ (N~,NV),
p=1(modn),and n* | N.

Lemma 4.1 Let m,k € N and recall that d(p) = d,, k(p) is defined by (2.1). If
pe(N",N*)andp=1(modm), then

My(Gmi) = h(d(p)/f*)

Pld(p), (fk)=1 w(d(p)/f?)

%EO,I (mod 4)
Otherwise, Mp(G i) = 0.

Remark 4.2  The above formula is amenable to computation. Indeed, given a prime
p and any m and k, very simple modifications to the usual quadratic forms algorithm
for computing class numbers (see [BV07, pp. 99-100] for example) make it possible to
compute M, (G, k), using at most O(k) arithmetic operations which is reasonable
for small k. If we put

h(D/f?
Hi(D) = > ((1)72))
P, (-1 WP/
f% =0,1(mod4)
for each negative discriminant D and each positive integer k, then the only modi-
fications needed are as follows. When the algorithm produces the (not necessarily
primitive) form ax? + bxy + cy?, say with (a, b, ¢) = f > 1, it is counted subject to the
following rules, provided that (f, k) = L.

(i)  Forms proportional to x? + y* are counted with weight 1/4.
(ii) Forms proportional to x? + xy + y* are counted with weight 1/6.
(iii) All other forms are counted with weight 1/2.

Similarly, tables of M(G,, k) or M,(G,, k) values can be computed for m and k of
modest size by simultaneously computing a table of values of Hy (D).

Proof It follows from (4.2) that M,(G) = Ounless p € (N7, N*)and p = 1(mod m).
Therefore, assume that p € (N",N*) and p = 1(modm), and write k = s*t with ¢
square-free. Combining relations (4.1) and (4.2) with the definition of the Kronecker
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class number, we find that

M, (G) = Z /,t(r)H( DN(P))

r|s (rm)Z
p=1(modrm)
- % won(*P)
pzl(rxrllédrm)

] ) h(d(p)/()?)
R R COlEIR
155

p=1(modrm) ) g lymod4)

(d(p)/f?)
(r) — oy
%2 # fz‘d%,lf w(d(p)/f?)

p=1(mod rm) %Eo,l(mod@

Now interchanging the sum over r with the sum over f and recalling the identity

lZ#(ﬂ)={

1 ifn=1,

0 otherwise,

we arrive at the formula

h(d 2
-y W)

piainy  w(d@)/f)
(2. (p-1)m)-1

%EO,I (mod 4)

In order to complete the proof it is sufficient to show that in the above sum the
condition (f,s,(p —1)/m) = 1 implies the simpler condition (f, k) = 1, the con-
verse implication being immediate. To this end, we write p =1+ jm and assume that
(f,s,(p-1)/m) = (f,s,j) = L. Then d(p) = (j — mk)? — 4k, and the condition
d(p)/f*=0,1(mod4) may be rewritten as

(4.3) (j-mk)? -4k =0, f* (mod4f?).

Now let £ be any prime dividing (f, k). Then the above congruence implies that £|j,
but that implies that £2|(j — mk)?. Whence ¢2|4k. If £ is odd, then we have that €|k,
and hence ¢|(f,s,j) = 1, which is a contradiction. If ¢ = 2, then we divide (4.3)
through by 4 to obtain

JomEY k2o )
(2 m2) k_0,4(modf).
Since € = 2|(f, k), we have that k is even and congruent to a difference of two squares
modulo 4. This in turn implies that k = 0 (mod 4), i.e., 2|s. Thus, in this case we also

have the contradiction ¢ = 2|(f,s, j) = 1. Therefore, we conclude that (f, k) =1, and
this completes the proof of the lemma. ]

Lemma 4.1 together with the class number formula immediately yields Lemma 2.1.
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5 Local Computations

In this section we gather some local computations which we will need in the proofs
of Theorem 2.5 and Proposition 2.8. As before, we continue to assume that m, k, and
N are positive integers with N = |G,,, x| = m*k.

Lemma 5.1 Let € be an odd prime. Fore > 1, (d,£) =1, and (a,b) =1, we have that
Hjen/en:  =d(mode)) =1+ (5)

and
2_dbv*\2,d
) (%)

#{jeZ[t°Z: j* = d (mod ), (a+bj,€):1}=1+( ; 7

Proof The first formula is classical. For the second, we first note that if (%) = -1,
then (“2_7‘,‘“’2)2 =1 and the formula holds. Now assume that (%) =1, so that there
are exactly two solutions to the congruence j* = d (mod ¢¢), say +jo. If £|b, then
the condition (a + bj, £) = 1is satisfied trivially for all j € Z and the claimed result
follows. Finally, if £ + b, then we need to exclude exactly one of the solutions when
a = +bj, (mod¢), that is to say when a? = b?d (mod ¢). So the claimed formula

holds in this last case, too. |
We set
(5.1)
d -4k . 2 .
T(n) = Z )#{](modn):] =d(modn), (N+1+ jm,n)=1}.

d (mod n)

Proposition 5.2  Let € be a prime not dividing 2k and w > 1. Then

T(éw):_(m(N—l))2+ e-1- (%) ifwiseven,
w1 2 -1 ifwis odd.

Proof We write T(£") = T1(€") + T,(€"), where T;(£") is the same sum as T(€")
with the additional restriction that £|d and T,(£") is the remaining sum. First, we
calculate T;(£"). We have that

ney= Y d -4k D N+1+jm)2

d (mod &™) e j(mode™) ¢
eld j*=d (mod ")
_ LU{)W(N-FI 2 |
d(modery. € €7 (moden). el
o|d j*=d (mod €")
k", N+1\2 —k\*/ N+1y2
= — Z 1=(— gW—l.
SUCEIREEIES
J
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Finally, we compute T,(€"). Applying Lemma 5.1, we find that

Ly - Y (M)W(H(M)z(é))

d (mod £") ¢ ¢ ¢

(d,0)=1

e d—4k\w 2_dm?\2,d woi( —k\"
=Y ( e4 ) (1+((N+1)e . ) (?))—8 1(7) '

d (mod ¢)

If ¢|m, then ( W) = 1for all d (mod ¢). On the other hand, if £ 4 m, then
there is precisely one d (mod €) such that (N +1)? — dm? = 0 (mod ¢) for which we
have that
d-4k\v m*d—4am*k\v (N-1)>\» /N-1\2
(=) =(=F—) =(==) (=)

and

d N +1,2
(3)=(=)"
Thus, whether ¢ divides m or not, we have

L) (kyr (mNDIVED) g dodky (dy)

w1 14 4 dmodey. ¢ 4
which implies that
T(e” -k\"/N . N-1)(N 2
D) O () ey

> () ()

d (mod ¢) ¢
Note that if £|N + 1, then (‘7") =1 and thus

—k\w 2 —k\Ww m - 2 m
() (- (3) - (PR o (220
whereasif £ + N +1, then
—-k\7/N+1,2 —k\v» m(N-1)(N+1)\2 m(N -1)\2
() (=) () -(F—F—) ()"

So

T(¢” - 2 d—4k\w d
0D s (),
If now w is odd, then

S () (D)= S (E)(E) =

d (mod ¢) d (mod ¢)

using for example [Ste94, Exercise 1.1.9] since (2k, €) = 1. Finally, if w is even, then

d—4k\» d d k
W2 ) Q)= B (5) e (5)
d#4k (mod ¢)
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which completes the proof of the proposition. ]

Corollary 5.3  For a prime € not dividing 2k, we have that
T(e)
P(¢) =1 _—
( ) +Z €2w—1(€_(%)2)

w2l
m m _1\2 —
e - ()8 -+ (P (FF))e-1-(CF)X(P)
(e -1e-(%)?)
Proof Lemma 5.2 and a straightforward computation imply that
E- ()0 - (L (5 (F))e+ () - (") -1- ()
(e -ne-(%)?)

P(¢) =

Finally, note that

(PO () () = () ().

since (5) = (2)2 =1if (N - 1. ]

6 Proof of Proposition 2.8

This section is dedicated to the proof of Proposition 2.8, which gives an upper bound
of the conjectured order of magnitude for the average of special values

st -1(0.(42)),

summed over integers with no small prime factors. A key role will be played by the
fundamental lemma of sieve methods, i.e., Lemma 2.7.

Proof of Proposition 2.8 We shall employ the notation

7| !

p(n) = =11{1-5) -
o(In)) 1}( A

We will simplify the sum we are estimating with an application of the Cauchy-Schwarz

inequality but, first, we massage the L-functions that appear in it. Note that if p =

1+ jm, then d(p) = (j — mk)* - 4k = j* (mod k). So

I\ - (d(P)) _ ,
L<d<P>>’:I}(1—z) Hk(l— £=) < p(R) (G k)L (Rd(p))
14 (23
(23]

and consequently,

S= ) pld(p)L(d(p)

N~ <p<N*
p=1(modm)
< p(R) 3 PG (d(p)) L (K d(p))".
N~ <p<N*
p=1+jm, jeN
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Hence the Cauchy-Schwarz inequality yields that

s : :
61— < (X pGR)MeWp)*) (X L(kd(p))
P( ) N_<p<N+ N_<p<N+
p=1+jm p=1(modm)
=: \/Slsz,
say.

First, we estimate S;. Note that

p(n)” = [1(1+5) = ZM’

en 4 aln
for any v > 0. Since
2 w(n) €
U (a)TV(a) 1 2 w(a) (V+1) n
_ < — = — ve >
a|Zn ; < - %y (a)v ; Cre
a>x
we find that
(6.2)
2 2
u(a)1yy(a) - b)7as(b i}
S, Y ( > BT L o, (k 1/6))( > %+Os(k 1/6))
N™<p<N*  a|(k.j) a bld(p)
p=l+jm  a<k'/® b<k'/®

_ y P@EOmi@n®) ey

a,b<k"/? ab N~ <p<N*
alk p=1+jm
alj, bld(p)

using the trivial estimate #{N~ < p < N* : p = 1(modm)} « /N/m = \/k. The
innermost sum in the second line of (6.2) equals

VN

> 1< > 1
heZ/[u,b]Z N_<P<N+ ¢(m|:a,b])10g(2k) heZ/[u,b]Z
h=0 (mod a) p=l+jm h=0 (mod a)
(h-mk)*=4k (mod b) j=h (mod[a,b]) (h-mk)*=4k (mod b)
VNz(b)
~ ¢(m[a,b])log(2k)’

where the first inequality follows from the Brun-Titchmarsch inequality and the sec-
ond from the fact that b is square-free. Since ¢(m[a, b]) > ¢(m)$([a, b]), relation

(6.2) becomes
\/ﬁ Auz(a)nuz(b)‘[ﬂﬂ(a)TZS(b)Z 11/30
6.3 S1 Krs k
(63) P () log(2k) | e a-b-([ab])
alk
VN
Kys

¢(m)log(2k)”
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Next, we turn to the estimation of

Sp= > L(K*(p))”.
N~ <p<N*
p=1(mod m)

Our first task is to replace the L-values that appear in the above sum with truncated
Euler products. We set

S3 — Z L(kZd(p);ZSOOOO)Zr
N~ <p<N*
p=1(mod m)

with z = log(4k) and estimate the error R := S, — S3 using Lemma 2.3. First note that
since d(p) is a discriminant and |d(p)| < 4k for p € (N~, N*), it follows that

o (Fa)

is periodic modulo k|d(p)| < 4k* and its conductor cannot exceed |d(p)| < 4k. Thus,
we may apply Lemma 2.3 with & = 100 and Q = 4k. Now let d; = di(p) be the
discriminant of the quadratic number field (@( Vd( p)) , so that the character in (6.4)
is induced by the primitive character (). If |d; | ¢ €10 (4k), then we can approximate
L(k*d(p))* verywell by £(k*d(p); z8°°%0)2". Otherwise, we write d(p) = d,b* and
note that

(log|di|)*" ifr>0,

L(K2d(p))? < p(kb)¥c(d)? «, p(kb)T.
(k*d(p))™" < p(kb)""L(d1)™ <, p(kb) |18 <o,

the second estimate being a consequence of Siegel’s theorem. In any case, we find that
L(kd(p))*" < (p(kb))Mdi® <<, (kbldi)® < (Kld(p)])'® < (2k)*.

Combining the above, we arrive at the estimate

21|
Re, Y (loglogk) .

>k

100
N~ <p<N* log (Zk) N~ <p<N*
p=1(modm) p=1(modm)
|d1le€100 (4k)

Note that if p = 1 + jm is such that |d)| € E190(4k), then d(p) = d1b* for some b € N,
or equivalently, (j— mk)? - d,b* = 4k. So for each fixed d; with |d)| € €190 (4k), there
are at most 47(4k) << k/1°0 admissible values of j (and hence of p). Consequently,

loglog k)2 N
65 R, 3 % + R0 e 00 (4K)| <<, VN
N’<p<N+ log (2k) log(2k)¢(m)
p=1(modm)
by Lemma 2.3 and the Brun-Titchmarsch inequality.
Finally, we turn to the estimation of Ss. First, note that
(“#)
L(K2d(p)s 2")" <<, L(Kd(p)iv/2) <« ] (1+2r- 7 ),
e+2pk
2|r|+1<€<y/Z
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by Mertens’ estimate, which immediately implies that

S5« > I (1+2r-

N~ <p<N* e4+2pk
p=1(modm) 2|r|+1<€<\/z

()

).

We cannot estimate this sum as it is because that would require information about
primes in arithmetic progressions that are currently not available. We refer the reader
to [DS14b] for a more detailed discussion about this issue. Instead, we extend the
summation from primes p to integers n with no prime factors < k/® and we apply
Lemma 2.7 with D = k'/% and y = k'/%. Hence

(4

66) Sy, Y (AeD(m) [T (1+2r
N~ <n<N* 2|r|+1<<\/z
n=1(mod m) e+2nk

) =: 8y,

by the positivity of the above Euler product. Expanding this product to a sum, opening
the convolution (A* * 1)(n), and interchanging the order of summation yields

2(a)1y,(a d(n
Sy = Z U ( ) 2( ) Z (A+*1)(1’l)< ( ))
tla = 2|r|+1<<\/z a N <n<N* a
(a,2k)=1 (n,a)=1

n=1(mod m)
Z(a)_[ r(a) d(l’l)
oy RO gy y (40
tla = 2|r|+1<€<y/z a bkl N-<n<N* a
(a,2k)=1 (b,am)=1 (n,a)=1, b|n

n=1(mod m)

Splitting the integers n € (N~, N*) according to the congruence class of d(n) (mod a),
we deduce that

2(a)1y,(a c
67) 4= 3 w(a)r(a) Y A Y (5)Sabo),
tla = 2|r|+1<€<\/z a b<kV/4 ceZ/aZ a
(a,2k)=1 (b,am)=1

where
S(a,b,c):=#{N"<n<N*:n=1(modm),(n,a)=1,
n=0(modb),d(n)=c (moda)}.
We fix a, b, and ¢ as above and calculate S(a, b, ¢). Set n =1+ jm, and define A(j) =
(j—mk)?* -4k, so that d(n) = A(j). Note that n is counted by S(a, b, c) if and only if
mk—-2vk < j < mk+2vk, A(j) = ¢ (mod a),1+ jm = 0 (mod b),and (1+ jm, a) = 1.
Thus we have that

6.8) S(a,bc) - (‘*{f £0(1))J(a,b,c),

where
J(a,b,c) :=#{jeZ/abZ: A(j) = c(moda), 1+ jm =0 (modbd), (1+ jm,a) =1}.
By the Chinese remainder theorem, we find that

J(a,b,c) = Ula,c) = #{j e Z/aZ: A(j) = ¢ (mod a), (1+ jm, a) =1},
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since (b, m) = 1, and thus there is exactly one solution modulo b to the equation
1+ jm = 0(modb). Note that U(a, ¢) < 7(a) by Lemma 5.1 and that

> (g) U(a,c) = T(a),

ceZ[aZ

where T(a) is defined by relation (5.1). Together with relations (6.7) and (6.8) this
implies that

S, =4vVk 5 u*(a)12,(a)T(a) > A*(b)

a? b

tla = 2|r|+1<<\/Z b<k'/*
(a,2k)=1 (b,am)=1
+O(KM Y W (a)my(a)(a)).
P+(a)sy/z

The error term in the above estimate is

<k y(a)ry(a)T(a) = KV TT (1+4fr]) <, K2
P+(a)<Vz <z

Finally, note that |T(a)| < 7(a) for square-free values of a by Proposition 5.2. So
applying Lemma 2.7 we conclude that

Sy <, \/% Z yz(a)T(a)TZ\rl(a) H (1_ %) +k1/3

P*(a)<vz a? o<k'/®
(a,2k)=1 ttam

«Vk Z Mz(a)T(a)Tzlr\(a) 1 m v
PH(a)evz a’ log(2k) ¢(m)¢( )

(a,2k)=1
Inserting this estimate in (6.6), we obtain the upper bound
_VE o m P@n@m@) _ VE m
3K T r .
log(2k) ¢(m) 5. ad(a) log(2k) ¢(m)

Combining the above inequality with relations (6.1), (6.3), and (6.5) completes the
proof of the proposition. ]

7 Approximating M(G)

In this section, we prove Theorem 2.5. We start with a preliminary lemma.

Lemma 71 LetN = m*k > land d(p) = dpi(p). If1< g<h </Nand(a,q) =1,

then
2nmk h  mk Vk N*
VId(p)l = +0( —=-—+ f E(y, h;q)dy).
17\1*<1,Z:SN+ Q)logN (\/ﬁ q hlogN Jn- )
p=a(modgq)
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Proof We note the trivial bound #{t < p < t+h: p=a(modq)} <« h/qwhichwe
will use several times throughout the proof. We have that

1) > -y AOsr ok

N~ <p<N* N~ <p<N* lOgN q
p=a(modgq) p=a(modgq)
Note that if t = N +1+2v/Nug and ug € [-1+ 27,1~ 1] with 1 := h/\/4N, then
Wk [ 'k
\/|d(t)|:2\/E'\/1—u2:—f V1-u2du+ 0O
° n Jue—n ( \/l—ug)

Y VRN S L —
h Jug—n VAN — (N +1-t)?

Therefore,

VId(p)llogp _ 5 Vid(p)llogp of L\ 5

NT<p<N* logN 10h+N"<p<-10h+N* logN m q
p=a(modq) p=a(modgq)
4mk =
- > (logp) [, 7" Vi-u?du
hlogN N~ +10h<p<N*-10h 2N
p=a(modgq)
Wk R3/2 N4
> S N
N-+10h<pen*—10n VV (N* = p)(p = N-) mq
p=a(modq)
4mk 1-107
" g Vi-u? 2. (log p) du
0g N J-tron N+1+2uv/N<p<N+1+2uv/N+h
N~ +10h<p<N*-10h
p=a(modgq)
Wk R32 N4
+ O( > vk + )
N-+10npent10n / (N* = p)(p = N7) mq

p=a(modgq)

First, we simplify the main term. If u € [-1+ 10%,1 — 117], then the condition that
N~ +10h < p < N* —10h can be discarded. On the other hand, if

uel[-L1]N[-1+104,1-11x],

then
V1-u? > (logp) < V1-u? > (logp)
N+1+2uv/N<p<N+1+2uv/N+h N+1+2uv/N<p<N+1+2uv/N+h
N~ +10h<p<N*-10h p=a(modq)
p=a(modq)
< /i hlogN.
q
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Therefore,

1-107
V1-u? > (log p) du
N+1+2uv/N<p<N+1+2uv/N+h
P
N™+10h<p<N*-10h
p=a(modgq)

1 3/2
:/ V1-u? > (logp)du+O(17hqlogN)
-1

N+14+2u\/N<p<N+1+2u/N+h

-1+97

p=a(modgq)
1 hs/zlogN
f V1-u? a(a )du+0(f E(N+1+2u\/ﬁ,h;q)du+N37/4q)
n h logN
== — E(y,h;9)d
2 90 ff (».hs9) y+ Nefig )
Consequently,
2nmk 'k
> VE@I- oY - =)
N~<p<N* ¢(q)log N~ +10h<p<N*-10h V(N*-p)(p-N-)

p=a(modgq) p=a(modq)

VE PN
> h d - 5
]’llOgN }’ q) r q * mq )

where the term \/k/q inside the big-Oh comes from (7.1). It remains to bound

1

N~ +10h<p<N*-10h \/(N+ -p)(p-N7) .
p=a(modgq)

We break this sum into two pieces, according to whether p < N +1or p > N +1. Note
that

1

1 _1/4
> <N > _
N~ +10h<p<N+1 \/(N+ _P)(P_Nf) N™+10h<n<N+1 VY n—N-

p=a(modgq) n=a (modq)

We cover the range of summation by intervals of length A to find that

1 1
> <N > 1
N™+10h<p<N+1 V(NT-p)(p-N-) 1<j<2/N/h VB N4 jhansh=+jnen
p=a (modq) n=a (mod q)
Vh 11

> —<<—

<
Nl/4q 1<j<2V/N/h \/_

and
1

Z < l,
N+1<p<N*—10h VIN*-p)(p-N-) 4
p=a(modgq)
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which implies that

S )= 2

N~ <p<N* ¢(q)logN
p=a(modq)
N*t 3/2n71/4
+O( vk / E(y,h;q)dy+M+h N )
hlogN Jn- q mq
Since h*/? = N**(h/\/N)3/? < N3/*(h/\/N), the lemma follows. [ |

Using the above result and the results of Section 5, we will prove Theorem 2.5. But
first we need to introduce some additional notation and state another intermediate
result. Set

(72) Jr(v)={1<j<2?*:(j-mk)® = 4k + 4"r (mod2***), jm = 0 (mod2)}
and

2 if24m,

73) Iv) = 3 if2|m.

! Z - (v)l ,  where v :{

207! oty 2 (%)
Finally, set

-y W

v>0 8Y
(2,k)=1
Then we have the following formula.
Lemma 7.2
2 .
=13 if2|(m.k),
1 if2|mk, 24 (m,k).

We postpone the proof of this lemma until the last section.

Proof of Theorem 2.5 We will show the theorem with 8¢ € (0,1/3] in place of € and
when k is large enough in terms of €, which is clearly sufficient. Our starting point is
Lemma 2.1, which states that

d(p)|L(d 2
— s VG L0l
NT<p<N™  f’ld(p), (f.k)=1
p=l(modm) d(p)/f*=1,0 (mod4)
where N = m*kand d(p) = dpx(p) = ((p—~N-1)*-4N)/m? asusual. If p = 1+ jm,
thend(p) = (j—mk)?*-4k. Therefore, if € is an odd prime dividing k so that (¢, f) =1
for f as in the above sum, then

(H0LE) - (42 - (4"

Next, we write f = 2”g with g odd and consider r € {0,1,4,5} such that d(p)/f* =
r(mod8). Then we have that (%) = (%). Moreover, since g* = 1(mod38),
we have that d(p)/f? = d(p)/2* (mod8), Therefore, the conditions f|d(p) and
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d(p)/f* = r (mod8) are equivalent to having d(p) = 4"r (mod 22**3) and g*|d(p).
Setting

p(g.d) =H(1—f)_1»

tlg
then gives us that

o(a(p)If?) = £( (kd(p) PEARIE) 1 (1 1y

()/2 |k, e42]

Since
1\ #(a)
(-2 = 2 S
elk, e42j alk ¢(a
(a,2j)=1
we deduce that
1

re{0,1,4,5} 2 N_<p<N+ alk
p=1(modm) (a,2j)=1

5 5 #*(a)\/ld(p)|

v20,(2,k)=1  ¢2|d(p) n2'¢(a)g
d(p)=4"r (mod2?*?) (g,2k)=1

p(gd(p)/g*)L((2kg)*d(p)).

We now use Lemma 2.3 to replace the L-value £ ((2kg)*d(p)) by a su1tably truncated
product. Arguing as in the proof of relation (6.5), we note that (2 “d ) is a char-

acter modulo 2kg|d(p)| < 16k/? with conductor not exceeding |d(p)| < 4k. Thus,
we may apply Lemma 2.3 with Q = 4k and 5« in place of a to replace £ ((2kg)?d(p))

by £((2kg)*d(p); z) where we take z = (log(4k))2°°"‘2. The result is that

M(G)= ¥ IO
re{0,1,4,5} 2- ( %) N™<p<N*  alk (2",k)=1
p=l+jm, j21 (a,2j)=1 d(p)=4"r (mod 2*'*?)

5 w*(a)V/]d(p)|
gy "2Ha)g
(8:2k)=1

1

p(8:d(p)/8?)L((2kg)*d(p);z) + Ou( (k)gkk))

Next, we notice that we can truncate the sums over a, g, and v at the cost of a small
error term. More precisely, using the crude bound

p(g.d(p)/g*)L((2kg)*d(p);z) < log(2kgld(p)]) < (logk)?,

¢( )
we find that the contribution to M(G) by those summands with max{a, g,2"} > k¢
is
\/E(logk)3 1-¢)/2 1-¢/2
(7.4) K 72 >l k-9 72 1<« k¢!
N~ <p<N* alk N~ <n<N*
p=1(modm) (2"g)*|d(p) n=1(mod m)
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by the bound 7(n) <4 n°, with & < e/4. Moreover,

(d(P))
L((kgyd(p)sz) = 3 —
P*(n)<z
(n,2kg)=1
(d(P))

P*(n)<z, n<k®
(n,2kg)=1

" + Oe,a( (log k)_“_m)

by Lemma 2.4. Therefore,
1

2
p(a)
UORIDY ) IED VD)
re{0,1,4,5} 2- (%) alk,a<k® 2'<k®  g<k® P*(n)<z, n<k® ”zvﬁb(a)g”
(a,2)=1 (2".k)=1(g,2k)=1 (n,2kg)=1

d k
< T ped@)e)( )V Oul o)
N~ <p<N* " Og)
p=1+jm, j>1
(a.j)=1, °|d(p)
d(p)=4"r (mod 22"*?)

We note that if d(p)/g* = b(modg), then (d(Pf?/gz) = (%) for all £|g and conse-
quently, p(g,d(p)/g*) = p(g,b). So, summing over possible choices for

d(p)/g* (modg) and d(p)(modn),

we deduce that

2
u(a)
M(@G)= ¥ X 2 X 2 A
re{0,1,4,5}2_(§)a\k,u$k5 2V<k®  g<k® P*(n)<z, n<k® n2'¢(a)gn
(a,2)=1 (2"k)=1(g,2k)=1 (n,2kg)=1

1

x zg:p(g, b) Zn: (5) S;(v.a,g,b,n,c) + Ooc,e( L)
= Z\n (log k)«
where
Sy(v,a,g,b,n,¢) = > |d(p)l.
N~ <p<N*

p=L+jm, j21, (j.a)=1
d(p)=bg’ (modg®)
d(p)=4"r (mod2***), d(p)=c (mod n)
We write p = 1+ jm and note that (1 + jm,2agn) = 1if k is large enough since
2agn < 2k* < 2k"/® by assumption and p > N~ = (m\/k — 1), Moreover, with this
notation we have that d(p) = A(j) := (j — mk)?* — 4k. So if we set

J:(v,a,g,b,n,¢) = {j (mod2**ag’n) : A(j) = 4"r (mod 22"*3),

A(j) = bg® (mod g°),
A(j) = c(modn), (j,a) =1,

(1+ jm,agn) =1, jm = 0 (mod 2) },
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then we find that

S;(v,a,g,b,n,¢) = > > VId(p)l.

jelr(v,a,g,b,n,¢) N~ <p<N*

p=1+jm (mod 22 ag*nm)

Applying Lemma 71 with h as in the statement of the theorem, we deduce that

S;(v,a,8,b,n,c) 2nmk
II,(v,a,g,b,n,c)|  ¢p(22"*3ag3nm)log N
k Vk N*
0 [ E(y, h: 2230 dy).
(4Vag3n(logk)“+1 + hlogk Jn- (y ag nm) )’)

by our assumption that h < m+/k/(log k)**! and that m < \/k. In order to compute
the contribution of the above error term to M(G), we note that

g n g n
> p(b,8) Y |J:(bv, g a,m0) <3 Y 5 %
b=1 c=1 b=1c=1 j(m0d22v+3ag3n) ¢g
A(j)=bg’ (modg’)
A(j)=4"r (mod 2%**3)
2|jm, A(j)=c (modn)
&
j(mod2*"*ag*n) (/)(g)
&'a()), 2l jm
A(j)=4"r (mod 2**?)
-2 agn > 1
(/)(g) j(mod22v+3gz)

2/jm, g1A())
A(j)=4"r (mod 2™+?)

-7(g) -1 (v)]

ag*n
¢(g)
by the Chinese remainder theorem and Lemma 5.1 where J,(v) is defined by (7.2).

Since we also have that |J,(v)| << J(v) <« 1by Lemmas 8.2 and 8.3 below, we conclude
that

<

2mk 1

M(G) = > > 22

r
IOgN re{0,1,4,5} 2- (5) alk,a<k® 2"<k® = g<k€
(a,2)=1 (2",k)=1(g,2k)=1

> ) S et Y (£) (b o)

P*(n)<z, n<k® 23"*V0¢(a)¢(g4an2m) b=1 c=1
(n,2kg)=1

k
Oa,e( W +E),

where v is defined by (7.3) and

E:=\{f > Ts(q)fNiV E(y, h;mq)dy,

q<8k7¢
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since for any q € N we have that

> 7(g) < Y, 1(g) = 13(q).

g=2""ag’n ¢lg
alk, (a,2)=(gn,2k)=1
If we set I(g,b) = #{1 < j < ¢ : A(j) = bg* (modg®), (1 + jm,g) = 1} and

=1
F(a):#{lsjﬁa:(j,a):l,(1+jm,a):l}:Hew”a e-1-( )) then
the Chinese remainder theorem implies that

S(hagbnol=F@) L HehS(5) > 1
c=1 c=1 j (modn)

A(;)Ec(modn)
(14jm,n)=1

=F(a)-[l:(v)|-1(g,b) - T(n),
where T(n) is defined by (5.1). Therefore,

S

mk k
M(G)= ————81583+Oye|l ———— +E),
(G) ¢(m)logN 19293 % ’((logk)"‘+ )

where

S = Z 2 Z 7 (v)| =3+ 0(k™),

r 3v+v
re{0,1,4,5} 2- (5) 2V<k€ 2 ’

(2",k)=1
by the trivial estimate |J,(v)| < 4",
1= 2
SZ— Z ‘U (tl F(d) H (1 ( ) ) +O(k—6/2)
akacke (@) guoim e-1" olk (e-1)(e-(= ) )
(a,2)=1 02

2 (m)ze_l —€/2
ﬂ(e - O

£+£2

by arguing as in relation (7.4) and

G- Y Zp(g,b)l(g,b)&;(g) I

g<k® b=l g elg, e4m £-1
(g:2k)=1
with
T(n) 4
S4(g) = Z 2 m
P*(n)<z, n<k® B2 pln, e4m
(n,2kg)=1
In the above, to factor ¢(g*an?m), we have used the identity
-1 -1 ¢-
s artm) = g(mg'an® T] 0 TT S0 1
tlg, t4m tla, t+m eln, €4
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which holds since a, 1, and g are pairwise coprime. Note that

I(g,b) = ] #{j (mod £¥) : (j — mk)* = 4k + bg® (mod £*), (1+ jm, €) =1}

g
N +1)% - (4k + bg?)m*\ 2/ 4k + bg?
ZQ(H(( +1) (;1 g) )(4+€g))

G

by Lemma 5.1, which is applicable here because 4k + bg* = 4k # 0 (mod¢) for all
primes £|g. So we see that I(g, b) is independent of b, which implies that

£ 1
2.p(g0)I(g:0) =1(g:0) ] (Z )

g b 1-(5)/e
£-1 1 e-1 1
=1(3,0) [T(e" "+ e + v )

i 2 1—1/€ 2 1+1/¢
2re+1
= gl(g,0 )H
olg e(e+1)
Thus we conclude that
_— 54(g)1—[(1+ NT) (5)) (2 +e+1)
3= — .
g<ke g elg (7)2)(€+1)

(8:2k)=1

Moreover, if P(¢) is as in Corollary 5.3, then we have that

S4(g) = where P:= [] P().

P 1
He|gP(€)(1+O( (logk)““))’ e+2k

Therefore

1 1+ (B2 (5) (2 +e+1)
S3(1+O(W)) :P~el;[k(1+wZZl B (e (B))(ErDP(E) )

L (5
=I1 (P(€) + (e _1)&_ (é)Z))

2k
£ () 8- (1 ("G e

=11

AT Ene- @
£(¥)2+1
- - ey
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Consequently,

__ dmk ) e-1-(m)
M@ = seioen L @) 1 o)
k
Oa,e( 7(logk)“ +E).

So the theorem follows by the above estimates together with Lemmas 3.1and 7.2. W

8 Powers of 2

The goal of this section is to show Lemma 7.2 which gives the value of

g- 5 )

v>0 8"
(2",k)=1
where
1 I (v 2 if2 4+ m,
3(1/) — - Z | r( r)| , Vo = ]
2 re{0,L4,5) 2~ (E) 3 if2|m,
and

Jo(v) ={1<j <2 : (j- mk)® = 4k + 4"r (mod 2*"*?), jm = 0 (mod2)}.

We start with the following standard lemma.

Lemma 8.1 We have that
2 ifd=0,4(mod8),
#{jeZ(8Z:j =d(mod8)} =14 ifd=1(mod8),
0 otherwise.

Moreover, if d is odd and e > 3, then

4 ifd=1(mod8),

#{ie7/2°7:=d d2°)} =
{]e / J (mo )} {0 otherwise.

We shall use the above lemma to calculate |J,(v)| and J(v) when (2", k) = 1. First,
we note that if v > 1, then k must be odd and

2-#{j(mod2**1): j* = k + 4" 'r (mod 2*"*)} if2|m,
0 if 2 + m.

(8.1) |J:(v)| = {

Indeed, when v > 1, the relation (j — mk)* = 4k + 4"r (mod 2?**?) implies that
2|(j — mk). Since k is odd and we also have that jm = 0(mod2), we deduce that
2| (m, j). Hence, |J,(v)| = 0 when 2 + m. Assuming that 2 | m, we write j = mk + 2’
and find that

II-(v)| = #{j’ (mod2**?): j? =k + 4V_1r(mod22“1)}
=2-#{j(mod2™*"): * =k +4""'r (mod2"™")},

https://doi.org/10.4153/CJM-2015-013-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-013-1

The Frequency of Elliptic Curve Groups over Prime Finite Fields 753
as claimed.
Lemma 8.2 Letv > 0with (2',k) =1 If m is odd, then

ifv =0 and 2|k,
ifv=0and2 { k,
ifv>land2 t k.

d(v) =

S wie

Proof The case v > 1 follows by (8.1). Assume now that v = 0. Since m is odd, the
condition jm = 0 (mod2) implies that every j € J,(v) is even. Writing j = 2j’, we
deduce that

1,(0)] = #{ j' (mod 4) : (2j' - mk)* = 4k + r (mod 8) }

If k is odd, then we must have that (2 — mk)? — 4k = -3 (mod 8) and thus r = 5, in
which case |J,(0)| = 4, otherwise |J,(0)| = 0. So

4 2

1
0= %

Finally, assume that k is even. Writing z = j' — mk/2, our task reduces to counting
solutions to 4z* = r (mod8) with 1 < z < 4. If r € {1,5}. Then there are no such
solutions. Whereas if r € {0,4}, then there are precisely two such solutions. Conse-
quently, when m is odd and k is even,

3(0):%(%+ﬁ) -,

and the lemma follows in this case, too. [ |
Lemma 8.3 Letv >0 with (2", k) =1, and suppose that 2|m. If 2|k, then J(0) = 3.

ifv=0,
ifv=1,
ifv=2,
ifv>3.

Ifk =1(mod8), then J(v) =

w|E [NS - NS

ifv=0,
ifv=1,
ifv>2.

Ifk = 3,7 (mod38), then J(v) =

O Wik av|n

ifv =0,
ifv=1,
ifv=2,
ifv>3.

Ifk =5(mod8), then J(v) =

S wlee — avwn
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Proof First, we calculate |J,(0)|. Note that the condition jm = 0 (mod 2) is trivially
satisfied now since 2|m. Therefore, a change of variable and Lemma 8.1 imply that

2 if4k+r=0,4(mod8),
I7,(0)| = #{j (mod8) : j* = 4k + r (mod8)} = {4 if 4k +r =1(mod8),

0 if4k+r=5(mod8).
Thus,
3(0)={}L(23 tigtagtren) = if2lk
1 2 0 2 4 :
ittt =m) = 21k

Next assume that v > 1, and note that the condition (2", k) = 1 means that we only
need consider this case when k is odd. By relation (8.1), we have that

[J:(v)| = 2.#{j(m0d22v+1) ;j2 = k+4v_lr(m0d22v+1)},

Now if v > 2, then Lemma 8.1 implies that |J,(v)| =24 = 8 or |J,(v)| = 0 according
to whether k + 4'"'r = 1 (mod 8) or not. Therefore, when v > 2,

i(%+%):2 ifv=2and k =1(mod8),

50 = i(%+2_(8_1)):% ifv=2and k =5(mod8),
i(%+%+%+2_f_l)):% ifv>3and k =1(mod8),
0 otherwise.

Finally, we consider the case v = 1. Using Lemma 8.1 again, we have

4 ifk+r=0,4(mod8),
J(1)| =2-#{j(mod8) : j* = k+r(mod8)} =48 ifk+r=1(mod8),
0 otherwise.

Therefore,
1575 =1 if k=1,5(mod8),
3(1) = 1 4 4 _ 4 fk — d
Z(ﬁ"l‘ 2_(_1)) =3 1 :3,7(m0 8),
which completes the proof of the lemma. ]

Lemma 7.2 now follows as a direct consequence of Lemmas 8.2 and 8.3.

Appendix A by Chantal David, Greg Martin and Ethan Smith

The purpose of this appendix is to give a probabilistic interpretation to the Euler
factors arising in K(G) 7= ‘Aut(G)‘ and K(N) - 5wy Where K(G) and K(N) are defined
by (L.1) and (1.2), respectively. Given a prime ¢, we let v,(-) denote the usual ¢-adic
valuation. For each integer e > 1, we also let GL,(Z/¢°Z) denote the usual group of
invertible 2 x 2 matrices with entries from Z/¢¢Z. The 2 x 2 identity matrix we denote
by I. The main results of this appendix are as follows.
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Theorem A.l1  For each positive integer N,
K(N)-N _ H( ¢ -#{0 € GLy(Z/€°Z) : det(c) +1-tr(0) =N (modfe)})
¢(N) ¢ e #GLy(Z]€°Z)
where the product is taken over all primes €. Furthermore, the sequences defining the
Euler factors are constant for e > v¢(N).

Remark A.2 If u denotes the Haar measure on the space of 2 x 2 matrices over
the ¢-adic integers Z, normalized so that y (GL(Z,)) = 1, then the Euler factor of
K(N) ﬁ for the prime ¢ may be viewed as the density function for the probability

measure on Z, defined by the pushforward of y via the map det +1-tr: GL,(Z,) — Z,.
Theorem A.3  For each pair of positive integers m and k, put

G = Gy x = Z/mZ x Z|mkZ.
Then

K(G)[G] _ [7( jy & (FChm(E) ~ #Cen(£)).
A AT G zgen) ’

where Cy,,(£°) is defined in equation (A.1), and the product is taken over all primes £.

Furthermore, the sequences defining the Euler factors are constant for e > v¢(|G|).

For the remainder of this appendix, we assume that e, n, N, and ¢ are positive in-
tegers with ¢ prime and n*|N. Later we will also assume that N = |G| = m*k. For
convenience, we let

(A1) Cn,u(£%) {a € GL,(Z/€°Z) : det(g) +1-tr(o) = N (mod £°),
o= I(modf”e("))}

In the case that £ + 7, we note that the condition ¢ = I (mod £"¢(")) is vacuous. As
usual, (;) denotes the Kronecker symbol modulo €.

Lemma A4 If€ 4 n, then #Cy ,(€) = ¢( 2 - () e—1- (22)%).

Proof We first note that #Cy,,(£) is equal to the number of quadruples (a, b, ¢, d)
satisfying 0 < a, b, ¢,d < £ and

(A.2) ad-bc+1-(a+d)=N(mod?),

(A3) ad —bc #0(mod?).

The lemma follows by first counting the number of quadruples satisfying (A.2) and

then removing the number of quadruples satisfying (A.2) that do not satisfy (A.3).
Rearranging, we see that the condition (A.2) may be rewritten as

(a-1)(d-1) —bc =N (mod?¢).
It is clear that any choice of 4, b, ¢ with a # 1 uniquely determines d. On the other
hand, if a = 1, then there are ¢ choices for d, and the pair (b,c) must satisfy

bc = —N (mod ¢). Therefore, there are £* + (1 - (£)?)¢> - € solutions (a, b, c,d)
to (A.2) with0 < a,b,c,d < L.
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We now count the number of quadruples (a, b, c,d) with 0 < a,b,c,d < £ for
which (A.2) holds but (A.3) does not. These are the quadruples that satisfy the system
a+d=1-N(mod¢),
ad = bc (mod ?).

It is clear that any choice of a uniquely determines d. If a = 0 or a = 1 - N, then there
are 2¢ — 1 choices for the pair (b, ¢). On the other hand, if a # 0,1 - N, there are only

£—1choices for (b, c). Therefore, there are £* + (% )2¢ solutions (a, b, c,d) to (A.2)
with 0 < a, b, ¢, d < € for which (A.3) does not hold. |

Proposition A.5 If¢ + N, then

a1 ()
forevery e > 1.

Proof The case e = 1is treated in Lemma A.4, and so we assume that e > 2. Since
any o € Cy,,(£°) must reduce modulo € to a matrix in Cy,,(£), it suffices to count
the number of matrices in Cy,, (£°) that reduce to a given matrix in Cy,,(£). To this
end, we assume that gy € Cy,,(¢) and 0 € Cy,,(£°) is such that ¢ = g (mod #).
Thus, we may write

_[ao bo _fao+at bo+be
UO_(C() do) and 0_(C0+C€ d0+d€)
with 0 < ag, bg, o, do < £and 0 < a, b, c,d < €71, Note that the condition deto #
0 (mod #) is necessarily satisfied since deto = detogp (mod¢) and gy € Cy,,(£).
Therefore, 0 € Cy,,(£°) if and only if
(A4) ﬂodo —b()C() +1-aqag —d0+ (a(d() —1)
+d(ag—1) = boc — bco)e + (ad — bc)€* = N (mod £9).

Since gq € Cy,, (), it follows that agdg — boco +1— ag — do = N + ko for some ko,
and hence condition (A.4) reduces to

ko + ((do —1)a — cob — boc + (ag —1)d) + (ad — bc)€ =0 (mod £°7").

Since £ + N, 0y cannot be the identity matrix modulo ¢, and the polynomial
(do —1)a — cob — boc + (ag — 1)d in the variables a, b, ¢, d has at least one nonzero
coefficient. Say, for example, that dy —1 is not zero. Then for each triple (b, c, d), there
is a unique choice of a satisfying the above congruence. Therefore, there are exactly
£3(¢=1) solutions (a, b, ¢, d) with 0 < a, b, c,d < €. [

Let M,(7Z/€¥7) denote the ring of 2 x 2 matrices with entries from Z/€¥7Z. In

order to compute Cy,,(£°) when € | N we need to know the number of matrices in
M, (Z/€*Z) of every individual determinant.

https://doi.org/10.4153/CJM-2015-013-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-013-1

The Frequency of Elliptic Curve Groups over Prime Finite Fields 757

Proposition A.6  Let M be a positive integer, and let r = v,(M). Then forr,s > 0, we
have

#{ 0 € My(Z/'°Z) : det(0) = M (mod £**) }
=20 (P (e+1) (€ -1) +8(s)),

8(s) = {1 ifs=0,

where (s) is defined by

0 otherwise.

For the proof of Proposition A.6, we first make a simple reduction and fix some
notation. Given any positive integer M, we write M = ¢'M’ with r = v,(M) and
(M', ) = 1. Since the determinant maps GL,(Z/¢"**Z) onto (Z/€"°Z)*, it follows
that there is an a € GL,(Z/€"**Z) such that det(a) = M’ (mod £"**). Since the map
0 +— a0 is a group automorphism of M,(Z/¢"**Z) and since det(c) = M = "M’ if
and only if det(a'0) = €7, it follows that

#{ 0 e My(Z/°Z) : det(0) = M (mod £77°) } = #F(r,s),
where
F(r,s) = {0 e My(Z/™"°Z) : det(0) = €' (mod £'**) } .

Thus, we see that #{ 0 € My(Z/€*7) : det(c) = M (mod €’+S)} depends on the
power of ¢ dividing M and not on the ¢-free part of M. With this in mind, we define
f(r,s) := #F(r, s) where we adopt the natural convention that f(0,0) = 1. Proposi-
tion A.6 then follows easily by induction on r using the following lemma.

Lemma A.7  Foreverys > 0, we have
£(0,5) = €72(6% = 1) + £728(s),
f(1,5) = (6 +1) (€% -1) + &(s),
f(r,s) = U=V (e41) (2 1)+ 4 f(r-2,5), r>2.

Proof By convention we have f(0,0) = 1. For s > 1,we have the well-known formula
£(0,5) = #SLy(Z)6Z) = £72(€* -1).
This proves the first formula given in the statement of the lemma.
Now assume that r > 1. If r = 1 and s = 0, then we have
f(1,0) = #M,(Z/€Z) - #GLy(Z[¢Z) = & + &> - ¢.
We observe that any o € F(r, s) must reduce modulo £ to some 0y € F(1,0). Thus, we
assume that gy € F(1,0), and we write

I b() _ a0+a€ b0+b€
00_(c0 do) and U_(c0+c€ d0+d€)’

with 0 < ag, bg,co,do < €£and 0 < a,b,c,d < €771, By definition, we see that
o € F(r,s) ifand only if

aodo — boco + (doa — cob — boc + agd)€ + (ad — bc)€* = €" (mod £7).
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If 0y is not the zero matrix modulo ¢, then there are exactly £>(*~1) choices of
(a, b, ¢, d) satisfying the above congruence. On the other hand, if gy is the zero ma-
trix (which is always an element of F(1,0)), the above congruence condition reduces
to

(A.5) (ad — bc)€* = " (mod £7+).
If r = 1, then there can be no solutions to (A.5) with s > 1. Therefore,
f(1,s) = €4(f(1,0) 1) = (L +£* - -1) = (£ +1) (€2 - 1)

when s > 1, and this completes the proof of the second formula stated in the lemma.
On the other hand, if r > 2, then condition (A.5) reduces to

(ad — bc) = €72 (mod £772*%),

There are £* f(r — 2,s) solutions to this congruence with 0 < a,b,c,d < €+,

Whence
f(rs) = 0D (f(1,0) = 1) + 4 f(r - 2,5)
=P D (1) (82 1) + £ f(r-2,5)
for r > 2, and this completes the proof of the lemma. ]

Proposition A.8 Ifv=ve(N)>1and ¢ { n, then
#Cnn(£9) =072 (+1) (£ = 0" -1)

for every e > v.

Proof By Lemma A.4, we have #Cy ,(£) = £(€2 - 2) = £ - 2¢, and so we may
assume that e > 2. We proceed in a manner similar to the proof of Proposition A.5.
In particular, we assume that gy € Cy,,(£) and count the number of 0 € Cy ,(£°)
that reduce to Cy,,,(€). Writing

{40 b() _ ao+a€ b0+b€
00_(C0 d()) and G_(C()+C€ d0+d€
with 0 < ag, bo, co,do < €and 0 < a,b,c,d < €°7!, we deduce that the quadruple
(a,b,c,d) must satisfy (A.4). As in the proof of Proposition A.5, if 0y is not the
identity matrix, there are exactly £ (e=1) choices for (a, b, ¢, d).
Now suppose that gy is the identity matrix. (Note that the identity matrix is always

an element of Cy ,(¢) when £ | N.) Then writing N = ¢ N’ with v = v,(N) > 1and
(N', €) =1, we see that condition (A.4) reduces to

(A.6) (ad — bc)€* = N'¢" (mod ¢°).

Clearly there are no solutions to this congruence unless v > 2. Therefore, if v = 1 and
e > 2, we have that #Cy ,, (€¢) = €3¢V (&3 =20 - 1) = £373(£ +1)(¢€2 - £ - 1). Now
suppose that v > 2 and e > 3. Then (A.6) reduces to (ad — bc) = N'¢V"% (mod £°72).
The number of solutions to this congruence with 0 < a, b, c,d < £¢7! is equal to

e'#{a e My(Z/€7°Z) - det(a) = N'€'* (mod £72) }.
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Since we are assuming that v < e, Proposition A.6 implies that the above count is
equal to £42(7=3) p3(e=v) (p41) (€71 ~1) = £3¢V"2(£+1) (€' -1). Putting everything
together, we find that

#Cnn(£°) = g3(e71)(€3 —20-1)+ €3e—v72(€ (e 1)
= €3efv72(€ + 1)(€v+1 _p - 1)
forv > 2. .

Recall our standing assumption that n* | N.

Theorem A.9 Letu =ve(n) andv = v¢(N). Then for every e > v, we have

el D2 _p—1- (X)) ifu=0andv=0,
2 +1) (0 -0 -1) ifu=0andv>1,
2 (g4 1) (2 —) ifl<u<v/2,
0 ifo<v/2<u.

#Cn,n(€°) =

Therefore, for every e > v, we have

(X1)2p4 ,
(:—m) zfu:0andv:0,
fe#CN,n(fe) _ ﬂ(l—@z lfu=0and1/21,
#GLy(Z/¢2) ezu(iz—l) ( e€+l—_eev—1) (1_ é"’(é—l)) ifl<u<v/2,
0 ifo<v/2<u.

Proof Note that the second assertion of the theorem follows from the first together
with the well known formula # GL, (Z/€°Z) = £*(¢=D*1(£+1)(£-1)?, and so it suffices
to prove the first assertion of Theorem A.9.

The first two cases have already been addressed by Propositions A.5 and A.8. There-
fore, we may assume that u > 1. Supposing that ¢ € Cy,,(£°), we may write

”e (1+a€“ be )
S\ et 1+det
with 0 < a,b,c,d < €7* chosen such that (ad — bc)€?* = N’¢" (mod €°). This
congruence clearly has no solutions if e > v and 2u > v. Therefore, we may assume
that 2 < 2u < v < e. In this case the above congruence is equivalent to the condition
(ad = bc) = N2 (mod £°2*) for 0 < a, b, c,d < £°7*. Applying Proposition A.6
with7 =v —-2uand s = e — v > 0, we find that

#CN,n(fe) = €4u€2(v—2u—1)€3(8—1/) (E 4 1)(€V—2u+1 _ 1)
= €35‘V—2(€ " 1)(€V—2u+1 _1). .

We are now ready to give the proofs of Theorems A.1 and A.3.

Proof of Theorems A.1and A.3 Theorem A.1 follows easily from (1.2) and the cases
of Theorem A.9 with v,(n) = u = 0. For the proof of Theorem A.3, we let N = m*k =
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|G|, and for each prime ¢, we put

) e L)
AT 4 GL (26 )

with e = e, > vo(N). We then compute the absolutely convergent infinite product

H(Vg(N,m) —Vg(N,€m))

14

in two different ways. On the one hand, by definition of the v,(N, n) the above ex-
pression is equal to

£° - (#Cnym (€°) = #Cn,em (£9))
1}( #GL,(Z]¢° L) )

where Cy,,(£°) is defined in equation (A.1). On the other hand, by comparing (1.1)

and Lemma 3.1 with Theorem A.9, we see that it is equal to K(G) %. [ |
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