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THE M-SET OF \exp(z)/> HAS INFINITE AREA
GUOPING ZHAN Anp LIANGWEN LIAO

Abstract. It is known that the Fatou set of the map exp(z)/z defined on the
punctured plane C* is empty. We consider the M-set of Aexp(z)/z consisting
of all parameters A\ for which the Fatou set of Aexp(z)/z is empty. We prove
that the M-set of Aexp(z)/z has infinite area. In particular, the Hausdorff
dimension of the M-set is 2. We also discuss the area of complement of the
M-set.

81. Introduction and main results

The exponential family Fy(z) = Aexp(z) is the simplest family of tran-
scendental entire functions which is topologically complete. For A =1, the
Julia set of e* is the whole complex plane C (see [11, Main Theorem]). More-
over, it is proved in [8] that for almost all z € C, the w-limit set consists
of the infinity and the postsingular orbit; in particular, e® is not recurrent.
(A map f is recurrent if, for every set K of positive area, there is an integer
n > 1 such that f"(K)N K has positive area, where f™ is the nth iterate
of f.) For the exponential family F)(z) = Aexp(z), the M-set of all A-values
for which F\ has no Fatou set was first studied in [7], where some topological
structure of the M-set was described. From [12], one knows that the M-set
has Hausdorff dimension 2. But it is still unknown whether the M-set has
positive area. (For more information about the dynamics of the exponential
family, see, e.g., [4]-[6], [15], [13], [14], [16]-[18].)

The family of functions F with parameter A € C* mapping the punctured
plane C* to itself, defined by F) : z — Aexp(z)/z, may be regarded as the
simplest family of transcendental meromorphic functions on C with exactly
one pole which is a Picard exceptional value. For A =1, it is proved in [19,
Theorem 1.6] that the set A of all points in C* whose w-limit set of exp(z)/z
does not equal {0,00} has zero Lebesgue measure. In particular, the map
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134 G. ZHAN AND L. LIAO

exp(z)/z is not recurrent. Moreover, the set A has Hausdorff dimension 2
(see [20, Theorem 1.1]). In this paper, we consider the M-set of F)\ consisting
of all parameters A for which the Fatou set of F) is empty. Before stating
the main result, let us introduce some notation and definitions.

NOTATION. Let C denote the complex plane, let C* = C\ {0} denote the
punctured plane, and let C=Cu {oo}. Let F{ be the nth iterate of F) for
all n € N, and let J(F)) be the Julia set of F) for each A\ € C*. For p >0
and z € C, let D(z,p) denote an open disk centered at z with radius p. For
a bounded set X C C, let area(X) denote the Euclidean area of X.

DEFINITIONS.

(1) The w-limit set of F) at z € C*, denoted by wp, (%), consists of all
accumulation points of {F}'(z)}52, on C.
(2) Asin [19], we denote

F(2) = exp(2)/2

forall z € C*. Recall that 1is the only critical point of F : z — Aexp(z)/z.
Furthermore, let
Gn(A) = Fy (1)

for n > 1 and X\ € C*. Moreover, define

W={XeC*|wp, (1) C{0,00}},
M={XeC*|J(F\)=C},
and
M®=C*\ M.
We prove the following.

MAIN THEOREM. The M -set of the family F\ has infinite area. In par-
ticular, the Hausdorff dimension of the M -set is 2.

REMARK. The Main Theorem leads us to pose the following question:
Does the complement of the M-set have infinite area? In the end, we show
that the area of complement of the M-set is positive. In this paper, we are
not able to prove that the complement of the M-set has finite or infinite
area.
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§2. Preliminary lemmas
LEMMA 2.1. The set W is contained in the set M.

Proof. Note that for each A € C*, F)\ has exactly one critical point 1
and one asymptotic value 0, which implies that F\ has exactly two finite
singular values, 0 and Ae. It follows that F has neither Baker domains nor
wandering domains (see [1], [2]. [9]).

If A € W, then any accumulation point of forward iterations of the critical
point can be only either 0 or oo; this implies that the closure of the forward
orbit of the critical point contains no line segment. Using the facts that the
boundary of a Siegel disk or a Herman ring is contained in the closure of
the forward orbits of the singular values and that any periodic attracting
or parabolic component of F) will attract the forward orbit of a singular
value (see [2]), we can conclude that F' has no Siegel disks, Herman rings,
or attracting or parabolic periodic components. Therefore, the Fatou set of
F) is empty, and the Julia set of F is the whole complex plane C. Hence,
the set W is contained in the set M. []

The following is well known (refer to [3, Chapter I, Theorem 1.4]).

LEMMA 2.2. If f is univalent on a domain D, and if z9 € D, then
1 . . .
Z|f’(zo)’ dist(z9,0D) < dlst(f(ZO),a(f(D))) < 4‘f’(zo){ dist(zg,0D).

For two Lebesgue measurable subsets A and B of C, we call

area(ANB
denS(A,B) = W

the density of A in B.

Let us introduce a criterion due to McMullen [10], which provides a tool
for constructing a nested intersection of dynamically defined sets with pos-
itive area.

LEMMA 2.3 (Nesting conditions). For all k >0, let &; denote a finite
collection of subsets in C such that every two elements in &, have an inter-
section of measure zero, and let Ey, denote the union of all elements in &.
Suppose that the sequence (E)k>0 satisfies the following nesting conditions:
(C1) every U € Exyq is contained in a unique U’ € E;

(Ca) every U' € & contains at least one element of Exy1;

https://doi.org/10.1215/00277630-2888085 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2888085

136 G. ZHAN AND L. LIAO
(Cs) for all k and all U in &,
dens(Eg41,U) > Ag.

Then for the set E :=(\;— Ek, we have

dens(E, Ey) > H Ag.
k=0

83. Proof of Main Theorem

For m,l € Z, define
Smii={AeC|m<Re(\) <m+1,1<Im(\) <I+1}

and
B:={Sm,|m,leZ}.

For all ¢t > 0, let
Vm={XeC|Re()) >},
Vi ={AeC|Re()) < —t}.

Let K C C be a bounded subset. Suppose that f is a univalent function
in a neighborhood of K. We call

 supaerc|F(2)
TUiK) = e 1))

the distortion of f on K. It is easy to see that

(3.1 T(fiic) = T(f )

and that, for any two Lebesgue measurable subsets A and B of K,
(3.2) dens(f(A), f(B)) < T(f|K)2dens(A, B).

In the following, all squares are closed squares whose sides are parallel
to the coordinate axes. Applying the argument of [21, Lemma 2.5], we have
the following.
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LEMMA 3.1. Let t >0 and @ C C be a square with side length 1. Suppose
that f is a univalent map defined in a neighborhood of Q) and that there is
a constant C' >0 such that T(fiq) < C. Then for any z € Q,

2\/§t+21+ 12 )
1f'(z0)]  C|f'(20)?/’

where the union set takes over all Sy € B and Sy, C f(Q) N (VT UV,).

dens (U Sl f(Q)) >1- 03(

REMARK. Lemma 3.1 is for the case of vertical strip {A € C||Re(\)| >
t}, which is a version of [21, Lemma 2.5] for the case of horizontal strip
{ANeC||Im(N\)| >t}; [21, Lemma 2.5] is crucial for estimating the area of
escaping parameters of the sine family Asin z in squares lying away from the
imaginary axis, since the forward orbits of escaping parameters go away from
the imaginary axis. However, for the family Aexp(z)/z, the forward orbits
of parameters in the set W go away from the real axis or approach 0 (the
pole), so Lemma 3.1 is crucial for estimating the area of the set W in squares
lying away from the real axis. By the way, the constant C' is not essential
for application, since the distortion of forward orbits of parameters in the
set W is controlled by a power of e, while the derivative of their forward
orbits is larger than an iterate of the exponential.

To prove the Main Theorem, it suffices to prove the following.

LEMMA 3.2. For each square Sy, ym € B with m > 102, there is a constant
a >0 such that
area(Sy,m N M) > a.

3.1. Proof of Lemma 3.2
Take a fixed square Sp, m, € B with m > 102. For simplicity, denote

Qo = Sm,m, Qo ={Qo}

and
o = 2m, Ty =2-exp™(m)

for all integers n > 1, where exp™(m) is the nth iterate of m under exp. Let
Qo be an open square with the same center of )y and side length 2, which
is a neighborhood of Q.

PROPOSITION 3.3. The map G1 is univalent in @0 with

inf |G)(\)| >
nf |G(3)] = exp(me)
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and
T(G1q,) < exp(e).

Proof. Recall that
G1(\) = F£(1) = exp(Xe) Je.

Since @0 is contained in a horizontal strip of width less than 27 /e and
parallel to the real axis, GG; is univalent in Q.
For all A € Qo, we have |G’ (\)| = exp(Ae)| > exp(me). Hence,

inf |G1(X)| > exp(me)

AEQo
and
SUPxcq, |G1(A)| _ exp(me +e)
TG = < = .
( 1‘Q°) infycq, |G1(N)] =  exp(me) exp(c) 0

Since Qo is mapped away by Gy, we consider the set G1(Qp). It follows
from Lemma 2.2 and Proposition 3.3 that G1(Qo) N (V,} U V) contains
many squares in B. So we can define for p € {+,—}

Pl ={SeB|SCGi(Q)NVE},

P = U S,

SePL |uef+,~}

Q| :={K CQo|Gi(K)ePl},
Q1:={KeQ} |uei{+ -}}
Q1 := U K.

Key

From the definitions, we can see that Qil N Qil = () and that every two
elements in Qil with € {4+, —} have an intersection of measure zero. So
Q; is a finite collection of subsets in C satisfying that every two elements
in @1 have an intersection of measure zero.

ProPOSITION 3.4. For (o, we have

dens(Q1,Q0) >1— exp(—%).
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Proof. By Proposition 3.3, G is univalent in a neighborhood of Qg. We
can take an inverse branch of G; which maps G1(Qo) to Qo, denoted by .
Using (3.1) and Proposition 3.3, we have

(3.3) T(e1) :=T(p1161(Qo) = T(G1)q,) < exp(e).
Since m > 102, applying Lemma 3.1 and Proposition 3.3 we have

dens(Pl, Gl(Qo))

2v2z71 + 21 12
>1-
210209 (o, [T+ e e, GTONTE)
3.4
RRNRNRRIC 15 o
= LT exploe exp(me) exp(2me + ¢)

>1 —exp(—%).

Since ¢1 0 Gy =id on Qo and G1(Qo \ Q1) C G1(Qo) \ P1, applying (3.2)-
(3.4) we obtain
dens(Q1,Qo) =1 — dens(Qo \ Q1, Qo)
=1—dens(p10G1(Qo \ Q1), %10 G1(Q0))
> 1—T(¢1)*dens(G1(Qo \ @1), G1(Qo))
% dens(G1(Qo) \ P1,G1(Qo))

> 1 — exp(2¢) (1 — dens(Py,G1(Qo)))

PROPOSITION 3.5. For each K € Qil, the map G2 is univalent in a neigh-
borhood K of K with

)
(3:5) >1-T(p1)

G/ )\ 3ZE1
>
it |G = en (1)

and

T(Gyk) < exp(2e).
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For each K € Qy ,, G3 is univalent in a neighborhood K of K with

&) > (7)

and
T(Gy i) < exp(3e).
Proof. If K € Q1 |, then there is a unique S € Pffl such that G1(K) = S.

Note that Gl(Qo) is a simply connected domain and contains S. Denote
1
r= —mln{l dlst(S a(Gl Qo ))} > 0.

Let S be an open square with the same center of .S and side length 1+ 27.
Then S is a neighborhood of S and contained in VJr _1- Recall that ¢q is the
inverse branch of G; which maps Gl(QO) to Qo Define K := cpl(S) then
Kisa neighborhood of K with KcC Qo

Recall that F(z) = exp(z)/z. Suppose that G(a) = Ga(b) with a,b e K.

That is,
F(Gl(a)) = bF(G1 (b))
Then
(3.6) la—b||F(G1(a))| = [b]|F(G1(b)) — F(Gi(a))|.

Since G (I?) =ScC V;;_l and K C @0, applying Proposition 3.3 we have

|F(G1(b)) — F(Gi(a )}>]a—b|;n[f( %}1\()‘)))

> |a — b|(1nf ‘F(GH()\))GQ(/\)%D

AeK G1(A)
> o i(nt [P0 it G400 (ine]* )

>la— b|(yi€n£ ‘F(V)D : %exp(me— e).

Moreover,

|F(Gi(a))| < sup |F(v)|
vE€Qo
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and
sup, 5, [F(¥)]
inf 5 [F(v)|

Since [b] > m —1>99, it follows from (3.6) that

< 2¢2.

4€*|a — b| > 99|a — b| exp(99e).

This implies that a =b. Therefore, G5 is univalent in K.
By calculation,

Gi1(\) — 1)7

(3.7) GH(\) = F(G1(N) (1465 () GiN

1 Gi(\) -1
. =F A A .
& G = F ) gm  aw )
Note that G1(K) =5 C G1(Qo) NV, and K C Qp. Then |A| > m > 10 for
all A € K and |v| < exp(2xg) for all v € S. Using Proposition 3.3 with (3.7)
and (3.8), we have

GL(N) 1 m  exp(z1) 3z
220 > inf |[F(v)] - - inf [\ > & - — >
AEK‘G/ A) ‘ e } ‘ 2/\12K| = exp(2zo) _exp( 4 )

ves

and

sup,es [F(@)| SWaer [L+AGHA) |

inf,es |F(v)] mfAeK]lJr)\G’l()\)Gé(f()A) |

<V2e- \/iT(Gl‘QO) <V2e-V2exp(e) < exp(2e).

T(Gyk) <

If K € Q7 4, then there also exists a corresponding neighborhood K of K

such that K C @0 and Gl(f( ) is an open square contained in V., 1 with
side length no more than 2. N
Suppose that G3(a) = G3(b) with a,b € K. Similar to (3.6), we have

(3.9) la— b]|F(Ga(a))| = |b||F (Ga(b)) — F(Gala))|.

Let A=G, (K’ ); then A is contained in a small annulus with outer radius no
more than exp(—x1) and mod(A) < 2¢2. In particular, |G2(A)| < exp(—21)
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for each A € K. Also note that K C Qo; combining |G1(\)| > 21 for each
A € K with Proposition 3.3 and (3.7), we have

sy F ety G2 {AGK S0l 1
> 3 int |G| > Fexp(me —c).
Hence,
|F(G2(b)) = F(G2(a))]

>la-) o [

> o= int [F(G200) ) (int | 2202 6500

> ]a—b|(yirelg‘F(V)‘)-%exp(me—e).
Moreover,

[F(Ga(a))] < sup| F ()]

and
(3.11) sWpea P () cexp(2- exp(—x1)) < 4e2.

inf,cq |F(v)]
Since |b| >m — 1> 99, it follows from (3.9) that
8e2|a — b| > 99|a — b| exp(99e).

This implies that a =b. Therefore, G5 is univalent in K.
By calculation,

(3.12) G4(\) = F(Ga(\) (1 FAG,()

(3.13)
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Note that Go(K) C A, G1(K) C V,;, K C Qo, and |\ >m >10? for all
A€ K. Then |v| <exp(—z1) for all v € Go(K) and |G1(\)| > x; for all
A € K. Using Proposition 3.3 and (3.13), we have

inf ‘Gg()\)
AeK |G ()

1
‘ > inf |[F(v)] - = inf |A
vEA 2 \eK

o m  exp(z)
=2 2

3.%'1
ZGXP(T)'

By Proposition 3.3 with (3.11) and (3.12),

Ga(N)—
sup,eq [F(v)| SUPreK 14+ AG3(A) ég&)l\

inf,ca |F(v)] infrex |1+ AGH(N) Gé(g/\(&;l‘

T(Gyk) <

Go(N)
9 QSUP/\GQO |G§(>\)|

<4e* - 2—m———
- . GL(A
infeq, ‘G;E,\; |
<4e?. 4T(Gy)g,) < 4e* - 4exp(e) < exp(3e). U

Note that if K’ € Qil, then K’ is mapped away by Ga; if K’ € Q7 ,
then K’ is mapped into a neighborhood of 0 (the pole) by G3, before being
mapped away by G3. So we consider the set Go(K’) for each K’ € Qfl and
the set G3(K') for each K’ € Q; ;- By Lemma 2.2 with Propositions 3.3 and
3.5, G2(K')n (V5 UV,,) contains many squares in B for each K’ e Qfl,
and G3(K') N (V5 UV,]) contains many squares in B for each K' € Q7.
Define for p € {+,—}

Piy= |J {S€B|SCGyK)NVLY,
K'eQf,

Piy= |J {SeB|ScGs(E)nNVL},
K’EQ;J
P2 = U S’

SEP;,j'“G{J"v_}:lSjSQ

571 = {KC Ql ‘ GQ(K) €P51}7
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Qo= {K C Q1| Gs(K) € Pi,y},
Q:={KeQ |pe{+ -} 1<j<2},

Q9 = U K.

KeQs

From the definitions, for € {+,—} and 1 <j <2, we have Qij N QQ_J- =
(), and every two elements in Q;j have an intersection of measure zero.
Using Qil N Qil = () and the facts that, for p € {+,—}, every K € Q;l
(resp., Qgg) is contained in a unique K’ € Qil (resp., Q1_,1> and that every
K€ Qfl (resp., Qil) contains at least one element of Q;l U Q;l (resp.,
Q;Q U Q£2)’ we have Qg,ljl N Q‘Q‘?ﬁ = () for any two distinct pairs (jq, 1) and
(J2s p2)-

Therefore, Qs is a finite collection of subsets in C satisfying that every
two elements in Qs have an intersection of measure zero and that every
K € Q, is contained in a unique K’ € Q1, with each K’ € Q1 containing at
least one element in Q.

PROPOSITION 3.6. For each K € Q1, we have

dens(Q2,K) >1— exp(—%).

Proof. If K € Qil, by Proposition 3.5 G2 is univalent in a neighborhood
K of K. We can take an inverse branch of G5 which maps GQ(IN( ) to K,
denoted by 9. Using (3.1) and Proposition 3.5, we have

(3.14) T(p2) =T (po1ay(x)) = T(Gax) < exp(2e).

Recall that ¢y is the inverse branch of G1 which maps G1(Qo) to Qo. By
construction of Qil, there is a unique square S € P1+, , such that K = ¢;(95)
for each K € Qfl, so Proposition 3.5 implies that G2 o ¢; is univalent in a

neighborhood S of S. By (3.1) with (3.3) and (3.14), we have
T(Gaopys) <T(Gok)  T(Gyk) <T(p2) - T(p1) < exp(3e)

and

GIQ()\) ‘ > exp(%)

. / .
Inf (G0 91)'(v)] = i?ﬂ‘ G\ | = 1
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This, together with Lemma 3.1 and Proposition 3.5, implies that

denS(Pg, GQ(K)) = dens (Pz, Gso gol(S))

2229 + 21 12
(3.15) >1- GXP(9€)< 37, 371 )
exp(“ft) exp(3e + “34)
1 exp(lOe)'
- exp(G)

Since w3 0G2 =id on K and G2(K \ Q2) C G2(K) \ P2, we can repeat the
argument of (3.5) with (3.14) and (3.15) to obtain

dens(Q2, K) > 1 — exp(4e) (1 — dens(P,, G2(K)))

14
| oxpllde) >1-exp(- 1),
exp(“})

IfK e 91_,17 then by (3.1) and Proposition 3.5, G3 is univalent in a neigh-
borhood K of K and there is an inverse branch w3 of G5 which maps G3(I§' )
to K with

(3.16) T(p3) :==T(p31a5(k)) = T(G3K) < exp(3e).

By construction of Qil, there is a unique square S € Py such that K =
©1(9), so Proposition 3.5 implies that G50 is univalent in a neighborhood
S of S. By (3.1) with (3.3) and (3.16),

T(Gsops) <T(Gyk) - T(Gyk) <T(p3) - T(p1) < exp(4e)

and

_ . 1G5V 3
0o ) = g > ().

This, together with Lemma 3.1 and Proposition 3.5, implies that

dens (Pg, G3(K)) = dens(Pg, Gso 4,01(5))

2v/2x9 + 21 12
(3.17) >1- exp(12e)( = 50 )
exp(®ft)  exp(de+ =3)
— exp(lSe)‘
- exp ()
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Since p30G3 =id on K and G3(K \ Q2) C G3(K)\ P, we can also repeat
the argument of (3.5) with (3.16) and (3.17) to obtain

dens(Q2, K) > 1 — exp(6e) (1 — dens (P2, G2(K)))

exp(19e) 1
Zl—mzl—exp<—§>. 0
Let € {+,—}. From the above construction, Q; consists of two members
Qfl and Qy, where QY is generated by pullback of G1(Qo) N V7, with
an inverse branch of G4, so Qfl and Qil can be viewed as the “twins” of
generation 1 of Qp; Q2 consists of four members Q5 |, Q5 ,, 94 ,, and Q5 ,,
where QY is generated by pullback of G2(K') N VJ;*;, with an inverse branch
of G for each K’ € QII, and Qf , is generated by pullback of G3(K') NV,
with an inverse branch of G3 for each K' € Qil, SO Q;l and Qi 1 can be
viewed as the “twins” of generation 2 of Qfl, and Q;’ o and Qi 5 can be
viewed as the “twins” of generation 3 of Qil.
For integers 1 <n <2 and 1 << 2”_1, let ¢, ; denote the number of
generations of Ot and QT_M.. Then

n,i
=1, to1=2=1+1_1 141)/2 top=3=2+15_129/2
So we can use induction to define, for all integers n >3 and 1 <i< 2"~
tni=1+41t,_1 112 (fi€ln), tni=2+1t,_142 (ifi€lay),
where
Iy:={i€N:iisodd and 1 <i<2" '},
Ipp:={ieN:iiseven and 1 <i< 2"_1}.

We check that, for all integers n>1 and 1 <7 < on—1

n<ty; <2n—1.

Let 1 € {+, —}. For each integer n > 3, we shall use induction to construct
Q,, consisting of 2" members QL and Q;}i (1 <i<2" 1) such that Qg,i is
generated by pullback of Gy, ,(K') NV, with an inverse branch of Gy, , for

each K' € Qvt—l,(i+1)/2 (resp., K' € Q;—l,i/2) if i € I , (vesp., i € Iz,,), and
then t,,; is the number of generation of Qj”- and Q_ ;, so Q:Lri and Q. can
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: TR : . + -
be viewed as the “twins” of generation ¢, ; of Qn—1,(i+1)/2 (resp., Qn—l,i/Q)
if i € I, (resp., i € I3). This can be seen in the following structure of
sequence (Qp)nen:
Qo
Q1: Qil Ql_,l
——
generation 1 of Qg
. + — + —
Qy: Q2,1 Q2,1 Qz,2 Q2,2
—— ——
generation 2 of Qil, generation 3 of Q;l

- + -
On: Qni “mi
—_——
generation t, ; of Q:fl’“Jrl)/z (resp., Q;—1,¢/2) if i€l (resp., i€l2.n)

(structure of sequence (Qn)neN)

Let n > 2 be an integer. Assume that, for all integers 2 <s<n, 1 <i<
25~ and p € {+,—}, all such P* P, Q" Q. and Q, are well defined,

5,17 5,17
satisfying the following properties.

(i) For each K € Q | ,, the map G144, ,, is univalent in a neighborhood

s—1,1°
K of K with ,
in Gl‘i’tsfl,i()\) ‘ > ex <3xs—1>
rerl Gy (A) 1T 4
and

T(Gige,_ k) < exp((1+ts—14)e).

For each K € Q__ the map Goy¢ is univalent in a neighborhood K of

s—1,1 s—1,i
K with )
in G2+tsl,i()\)‘ > Xp('?’xs—l)
rerl Gy (A) 1T
and

T(Goge,_ k) < exp((2+ts—14)e).

(ii) Each Qs is a finite collection of subsets in C satisfying that every two
elements in Q, have an intersection of measure zero and that every K’ € Q,

https://doi.org/10.1215/00277630-2888085 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2888085

148 G. ZHAN AND L. LIAO

is contained in a unique K € Q,_1, with each K € Q1 containing at least
one element in Q.
(iii) For each K € Q,_1, we have

dens(Qs, K)>1— exp(—x‘gl).

For s =n + 1, we can inductively prove the following.

PROPOSITION 3.7. Let 1 <3< 2" For each K' € Q:;i, the map G144, ,

is univalent in a neighborhood K' of K' with

/

1+tm-()‘) 3Ty
- > -
G, |z e ()

m
AEK

and
T(Gipe, k) < exp((14tni)e).

For each K' € Qi the map Gayy, , is univalent in a neighborhood K' of
K’ with
G/2+tn,i()‘) S 3Tn
G N |z exn()

in
K’

and
T(Goit,50) < exp((2+ tni)e).

Proof. If K' € Q:’i with ¢ € Iy, (resp., i € I, ), then there exist a unique
K € Q,_1,(it1)/2 (resp., K € Q,_; ;5 ) and a unique S e 73;72- such that
K'C K and Gy, ,(K') = S'. Note that t,1 =1+ tn—1,(i+1)/2 if 1 € I1, and
tni=2+t,_1 9 if i € I, By the hypothesis (i) for s = n, Gy, ; is univalent
in a neighborhood K of K, so Gt ; (K) is a simply connected domain and
contains S’. Denote

- %mjn{l,dist(S/ﬁ(th,i (K)))} >o.

Let S/ be an open square with the same center of S’ and side length 1+ 2r.

Then S’ is a neighborhood of S’ and contained in V;;_l. Define K’ :=
®t,;(S"), where ¢, ; is the inverse branch of Gy, , which maps th,i(I? )

to K. Then K’ is a neighborhood of K’ with K’ C K.
Recall that F'(z) = exp(z)/z. Suppose that G144, ,(a) = G144, ,(b) with
a,be K'. Similar to (3.6), we have

(3.18) la—b||F (G, . ()| = [b]|F (G, (b)) — F(G,.(a))|.
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By K' C K C Qy and hypothesis (i) for 2< s <n,

inf |G} Z()\)‘ > inf ’G’l()\)l > exp(me —e).
AeK’ ’ AEQo

Combining this and th’i(l?’) =5 c V,"_,, we have

‘F(th,i(b)) —F(th’i(a))}
dF(Gy, (M) )

>la—b|- inf
>la—b|- in D

AeK’

>la— b|( inf
AEK

G (\) —
PG, ()6, 0 22 )
v—1

)

> |a—b|(inf |F(v)|)( inf
ves’ AEK!

G, W) (int

ves’

> |a—b|(inf
ves’

F(v)|)- %exp(me —e).

Moreover,
}F(th’i(a))‘ < SUP‘F(V)‘
ves’

and
sup, g |F'(V)]

inf g [F(v)| —
This, together with (3.18) and [b] >m — 1> 99, implies that

262,

4e*la — b| > 99|a — b| exp(99e).

So a = b. Therefore, G144, ; is univalent in K'.
By calculation,

, ’ th,i(/\) -1
(3.19) L4t (A) = F(Gy,, (V) (1 + )\Gt"ﬂ'()\)m)’

(N 1 G, (A) — 1
(3.20) W = F(th,i ()‘)) <G£nl()\) +A thl()\) )

Recall that 2 = 2m,z; = 2-exp’(m) for all integers j > 1, and note that
Gt, (K') =S5 C V. and that K' C K C Sp,;. Then [A| >m > 102 for all
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A€ K and |v| <exp(2)°70, ‘x;) for all v € §'. By hypothesis (i) for s =n
with (3.19) and (3.20), we have

G (A
1+t"”( ) > inf

Gy |2 F@] g et

2 \eK'’

m
AEK

and
Gy,
sup,csr [F(v)] G|

(G, ) < =

n,t ’ ()‘) 1
nfves IO infyeper 1+ AGén,i(A)W|

<V2e- \/§T(th,i|}<) <V2e-V2exp(t;-e)

<exp((1+tny)e).

suprex |1 +AGY, (A3

If K'e Q, ; with i € I, (vesp., i € I2,), then there also exist a unique
K € Q, 13t1)/2 (resp., K € Q, /> ) and a unique S’ € P, ; such that
K' C K and Gy, ,(K') = S'. By hypothesis (i) for s =n, there is also a
corresponding neighborhood K’ of K’ such that K’ ¢ K C Qg and Gy, (K K')
is an open square contained in V,~_; with side length no more than 2

Suppose that Gayy, ;(a) = Gan’i(b) with a,b € K'. Similar to (3.18), w

have

(3.21) la—b||F(G144,.,)

= [bl|F(G14+,,(0)) — F(G14+,,(a))].

Let A" = G144, (K"); then A’ is contained in a small annulus with outer
radius no more than exp(—z,) and mod(A’) < 2¢?, 50 [|Gige,, (V)] <
exp(—x,,) for each A € K'. By K’ ¢ K C Qq and hypothes&s (i) for 2 < s <mn,

inf }Ggm()\)‘ > inf ’G’l()\)| > exp(me —e).
€K’ ’ AEQo

This, together with (3.19) and |Gy, ,(A)| > z,, for each A € K’, implies that

Glth ()\) -1 , 1 /1+t ()\)
LCITE e e R I ]
rer'! Gy, ;(N) () 2 serr e, (A)
1. 1

23 ol |Gt W] 2 5 - explme =)
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and that

|F(Gi4t,,:(b) = F(Grse,,,4(a))|
dF(Gth,i()\)) ‘

> |a — b| inf
>la—10| in 0

\eK’

st Tl

Giy,,(A) -1,
G1+tn7¢ ()\) 14ty 4 ()‘)D

. 1
> la— b|(1/1£,£’ F(V)D 5 -exp(me — e).
Moreover,
|F(G14t,,(a))| < sup |F(v)|
ve A’
and

supyen |F(v)|

' <mod(A") - exp(2 - exp(—zp, < 42,
inf e [F] = "OIA) (2 o) <

This, together with (3.21) and |b| >m — 1> 99, implies that
8e2|a — b| > 99|a — bl exp(99e).

So a =b. Therefore, G244, ; is univalent in K.
By calculation,

(3:22)  Ghyp (V) =F(Gria, (W) (14 G, (V)

Gort,, (M) Gt () | (G (N) —1)?
3.23 i = PG, (A G Wl .
( ) ng,i()\) ( 1+tn,1( ))( ng’i()\) th‘i()\) >
Note that Gy, ,(K') C A, Gy, ,(K') C V., K' CQo, and |[A\| >m >
10% for all A € K’. Then |v| < exp(—ay) for all v € Gy, ,(K') C A’ and
G4, .(N)| > 2, for all A€ K'. By hypothesis (i) for s =n with (3.22) and
(3.23), we have

Gy (A
AR

1. m  exp(xy,) 3z,
Attni Y Lz A e 1 ST 2%n
a0 Jnf, F(V)‘ inf || > 5 exp( 1 )

2 \eK'’ 2 -

m
AEK!
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and

(N s D)

/
SUP\e K’ |1 + )\G1+tn,i Gitt, ; (M)

sup e [F(v)]
(GQ+tnz‘K ) < inf,ca [F(V)] Gite, ;(N)—1

infaerr |1+ >‘G1+t O‘) Giyt, ;N |

Gpe, (V)
SUP ek’ |Gl+t ()\)‘

™
ol

<4de?-dexp(ty,;-e) <exp((2+ tni)e).

Let 1 <i <27l Note that if K’ € Q"
G1+t 'lfKIEQ

n,i’

pole) by Gy, ;,
set G4+, ,(K') for each K' € Q;f

<4e*.2

<4e”-AT(Gy, k)

infaex ‘ G1+t

n,8°

n,.?

nz’

O

then K’ is mapped away by
then K’ is mapped into a neighborhood of 0 (the
before being mapped away by Ga4+, ;. So we consider the
and the set Gayy, ,(K') for each K’ €

Q. .. By hypothesis (i) for 2 <s <n with Lemma 2.2 and Proposition 3.7,

G, (K')N (V" UV, ) contains many squares in B for each K’ € Q;F

Tn+1 Tn+1
and Goyq, ,(K') N (V) UV, ) contains many squares in B for each K' €

Q;i. For each integer 1 < j <2"™, we have two cases.
If ] c Il’n+1, then tn_t,_l’j =1 + tn,(j+1)/2' Deﬁne fOI' 1% € {"‘, _}

Phai=|J {SeB|ScG,, (K)nVE

Tn+1
KIEQ J(G+1)/2

Qi1 =K CQun |Gy, (K)EPY S}
If j € Iy nt1, then ty41 5 =2+, ;5. Define for € {+, -}
Pn—&-LJ U {S €B ‘ ScC th+1,j( )ﬂ %5 }

Tn+1
K'€Q, i/

Qn+1 g {K C Qn ‘ th+1 j ) € Pn—l—l,]}

Furthermore, we define

Pn+1 = U S,

SeP) Ly jlne{+,—}1<i<2n

Qn+1 = U K.

KEQn+1
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By the definitions, for 1 <j <2"™ and u € {+,—}, Q;:-i-lj N Q,;rlj = (),

m

and every two elements of Q have an intersection of measure zero. By

hypothesis (ii) for s =n, W: j;llfjve Ql?"t,ljl N QZ?]-Q = () for any two distinct
pairs (j1,p1) and (jo, u2); for p € {+,—}, every K € QZHJ with j € It p41
(resp., QZHJ with j € Ip,41) is contained in a unique K’ € Q:zr,(j+1)/2
(resp., Q;,j /2); and every K’ e Q; ; (resp., Q;j) contains at least one ele-
ment in Q:+1,2j71 U Q;H’ijl (resp., Q:erj U Q;erj). This implies that
QZLM N QZing = () for any two distinct pairs (j1,u1) and (jz2, po).
Therefore, Q,+1 is a finite collection of subsets in C satisfying that every
two elements in Q, 1 have an intersection of measure zero and that every
K € Q,,11 is contained in a unique K’ € Q,,, with each K’ € Q,, containing

at least one element in Q1.

PROPOSITION 3.8. For each K' € Q,,, we have

dens(Qpi1, K') > 1 —exp (—:%n)

Proof. Let K' € Q:Z By Proposition 3.7, G141+
borhood K’ of K’. We can take an inverse branch of G'14t,, which maps

Giit,, (K') to K’, denoted by @14, Using (3.1) and Proposition 3.7, we
have

is univalent in a neigh-

n,t

T(Sol'i‘tn,i) = T(801+tn,i|Gl+tn7i (K/))

(3.24)
— T(Gl—&—tn,i\K') < exp((l + tnyi)e).

Recall that ¢, , is the inverse branch of Gy, , which maps Gy, .(K) to K,
where K is the ﬁnique element of Q,,_1 (j41) /Y2 (resp., Q1 /2> such that
K'C K for K' € Q,,; with i € I}, (resp., I2,). By construction of Q:{,i,
there is a unique square S’ € 73:; ; such that K’ = ¢y, (S"), so Proposition 3.7
implies that Gy, , 0 @, , is univalent in a neighborhood S’ of §’. Since
K'C K, by hypotﬁesis (1) for s =n with (3.1) and (3.24), we have

T(Gitt,, 0 ¢, 115) < T(Grqa, x7) - T(Gy, k)
ST (p14t,,;) - exp(tni-e) < exp((l + Qtn,i)e)

and

ez e (%)

£ 1(Grye Y@)| = inf
Jnf [(Greq 0 01a,)' ()| = inf
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This, together with Lemma 3.1 and Proposition 3.7, implies that

= dens(Pn+1, Gitt,,© SDtn,i(S/))

>1-— exp((?) + 6tn,i)e)
(3.25)

(2\/593”“ +21 12 )
exp(%2) exp(352 4 (14 2ty)e)
>1- exp((4 +ftn,z')e).
exp(%)

Note that x,, = 2exp™(m) and that n <t,; <2n — 1 for all integers
1<i<2" 1 Since P14t © Giyt,, =id on K’ and G4, ,(K'\ Qny1) C
Gitt,,(K')\ Pay1, we can repeat the argument of (3.5) with (3.24) and
(3.25) to obtain

dens(Qn+1,K') > 1 — exp((2+ 2tp,)e) (1 — dens(Ppt1, Grat, ,(K')))

S exp((6 +508tn7,~)e)
exp(%)

S1o exp(16ni— 2e) 51 —exp(—x—n).
exp ()

If K'e Q,,;» then by (3.1) and Proposition 3.7, Gayy, ; is univalent in a
neighborhood K' of K’, and there is an inverse branch ©o1t,,; of Gaye,,

which maps Gayy, ,(K') to K’ with

T(p2+t,,) = T(802+tn,i|Gz+tn,i(K’))

(3.26)
= T(G2+tn,i‘K’) S exp((2 + tnﬂ-)e) .

By construction of Q there is a unique square S’ € P, such that

n,?

K' =y, ,(5'), so Proposition 3.7 implies that Gy, ; 0 ¢, , is univalent in

a neighborhood S’ of §', where ¥t,; is the same as in the proof of the case

of K' € K' € Q.. By hypothesis (i) for s =n with (3.1) and (3.26), we have
T(Gatt, ;0 pt,,15) < T(Goqy,, 1x7) - T(Gy, i)

<T(payt,,) - exp(tni-e) <exp((2+ 2tn)e)
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and

n
AEK'

Ghyy (A
(Gt 0 1,,) (V)] = ;”\ > exp( 222

G 4

£
o 1

This, together with Lemma 3.1 and Proposition 3.7, implies that
dens(Ppy1,Gay1,, ,(K"))
= dens(Pn+1, Ga+tt,,; © P, (S/))
>1—exp((6+ 6tn)e)

v

(3.27) . (2\/§$n+1 21, 12 )
exp(‘%fT”) exp(‘%T” + (24 2tp,)e)
S1_ exp((7 +ftn7i)e).
exp(%)

Also note that z, = 2exp™(m) and n <t,; <2n — 1 for all integers
1<i<2" ! Since Y214, © Goye,, =id on K" and Gaye, (K" \ Qny1) C
Goyt, ;(K') \ Pyy1, we can repeat the argument of (3.5) with (3.26) and
(3.27) to obtain

dens(Qn+1,K') > 1 — exp((4+ 2ty )e) (1 — dens(Ppt1, Grat, ,(K')))
_exp((11+8tn;)e)
exp (%)
_exp(16ne + 3e) S1o exp(_w_n).
exp(4) 8 I

By the above construction, the sequence (Q,),>0 satisfies the nesting

conditions of Lemma 2.3. Denote Q = (", Q» and

on=1-— exp<—%n>

for all integers n > 0. Applying Lemma 2.3, we have

>1

dens(Q.Q0) > ] o

n=0

Note that z¢g = 2m and x, =2 - exp”(m) for all integers n > 1; then
x, > (n+ 1)m for all integers n > 0. This, together with m > 102, implies
that

(3.28) eXP(—%") < eXP(-W) < GXP<—%> < %
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for all integers n > 0. Using (3.28) and log(1 —t) > —2t for all ¢t € (0,1/2),
we have

log(ﬁ5n> = ilog(l — exp(—%))
> 22exp<——)> 2Zexp( n+1) )

> —4exp(—%>.

Using exp(t) > 1+t for all ¢t € R, we obtain

(3.29) dens(Q, Qo) > 1 —4exp (—%)

Let A € @Q, and let n > 1. From the construction of ), we have three cases
for each G, ().

(i) IfGp(N)eSforSe P,;':j with £ >1and 1 <j < 28! then ReG,()\) >
x and

Gn+1(>\) S S" for S S Plj—l—lﬂj—l U Plc_+1,2j—1 with ‘Re Gn—‘,—l()\)} > Thyl-

(i) If Gp(A) €S for S € Py with k> 1and 1 <j <2, then ReG,()) <
—xy, and

Gni1(A) € Gy, ;(K)  for K € Q) ; with |Gri1(V)] < exp(—ay).

iii) If Gn(A\) € Gy, ,(K) for K € Q; . with k>1 and 1 < j <2*7! then
k,j kv]
|G (N)| < exp(—xp) and

Gp+1(N\) €S for Se P:+1,2j UPpi19; With |Re Gni1(N)| = @1

This, together with 3, = 2exp¥(m), implies that each accumulation point
of {Gn(A)}n>1 on C is either 0 or co. So wp, (1) C {0,00} and Q C W. By
(3.29),

dens(W, Qo) > dens(Q, Q) > 1 — 4exp<—%).
Recall that Qo = Sy, m. Using meas(Sy, ) =1 and m > 102, we have

area(Spy,m NW)>1 —4exp<—§) >1 —4exp(—%) =a>0.
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By Lemma 2.1,
area( Sy, m N M) > area(Spy,m NW) >a > 0.

Hence, Lemma 3.2 follows.
The Main Theorem then follows from Lemma 3.2.

REMARK. The family F) has the property that the forward orbit of a
singular point (the only critical point 1) goes far away after visiting a small
neighborhood of 0 (the pole), while this property does not hold for the
exponential family. This leads to the fact that an approach analogous to
the one used in the proof of the Main Theorem cannot be applied for the
exponential family.

Finally, we prove the following.

ProprosiTION 3.9. The area of the complement M€ of the M -set is posi-
tive.

Proof. If Fy has an attracting fixed point, say, ¢, then Aexp(t)/t =t and
|F{ ()] < 1. So A=t%e~" with |t — 1| < 1. Let

Q={\ € C"| Fy has an attracting fixed point}.

Then
Q={ =t"":teD(1,1)} C M".

Denote A(t) = t2e~t for all ¢t € D(1,1). Note that A(t) is analytic at the
point ¢ =1, which is not a critical point of A(¢). There exists an r € (0,1)
such that A(t) is univalent in D(1,r). For all ¢t € D(1,r), we have

N =]t2—t)e | > (1 —r)%e .

This implies that

area(M€) > area(Q2) > // ‘)\’(t)f do > nr?(1 — r)4e—2(r+1) ~ 0.
D(1,r)
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