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1. In a paper by Mr Arthur Berry, M.A., in the Proceedings
of the Cambridge Philosophical Society, Volume X. Pt. I., ¥ On the
Evaluation of a certain Determinant which occurs in the mathe-
matical theory of statistics and in that of elliptic geometry of any
number of dimensions,” a remark is made that in the case of n=23
this determinant was readily evaluated by me by means of the
formule of spherical trigonometry. I have thought that it might
be of interest to show this evaluation, but I shall merely state the
determinant at once of order 3, and leave the reader to refer to the
paper quoted for the general determinant.

9. The question then is, to evaluate the determinant
3(512) 513’ 523) s
(7120 Tagy Toy)
where £,=R,,/ N/ Ry;R,,, &c., where R,, is the minor (with proper
sign) of the element in the pth row and ¢th column of R, where
R= |1 T2 T
e 1 Ty

ry Ty 1

3. We have Rj,=1-r%, Ry=1-73;, Ry=1-1r%;

Riuy=ryry -1 Ry=rgrg—ry, Ry=rpr;— .

Put then r,=-cosa, r,=cosb, r,=cosc, where a, b, ¢ are the sides
of a spherical triangle, then R, =sin’a, R,,=sin’, Ry=sin’,
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and R,,=cosbcosa — cosc = — sina sinb cosC, R, = —sina sinccosB,
and Ry = —sindsinccosa,

o b= —cosC, f;= —cosB, fx= —cosA.

d(cosC, cosB, cosA)
9(cosc, cosb, cosa )

.. we wish J, where J =

B 9(cosA, cosB, cosC)
o(cosa, cosb, cosc)’

. d(cosa, cosb, cosc) _a(cosA, cosB, cosC)
ot oa, b, ¢) B o(a, b, c)

In this a, b, ¢ are independent, A, B, C functions of g, b, c.

cosA. = (cosa — cosb cosc)/sinb sine,

o(cosA . . .
R L——) = - sina/sin b sine,
da
o(cosA . . .
and % = {sin® cosc — (cosa — cosb cosc)cosb} /sin® sinc,
¢/
= (cosc — cosa cosb)/sin’) sinc,
= sina cosC/sinb sinc,
d(cosA) . c
and —(—é-——) = sina cosB/siné sinc.
C
3 o(cosa, cosb, cosc) -1 —sina sinecosC sinacosB
' T o rcinZhainie | s . .
a, b, ¢) sin’asin®4sin® | sinpcosC —sind  sinbcosA
sinccosB sinccosA - sine
-1 -1 cosC cosB
" sinasindsine | cosC -1 cosA

cosB cosA -1
= — (=1 + 2cosA cosB cosC + cos’A + cos’B + cos’C)/sina sinb sinc
=(1 + 2cosa’ cosd’ cosc’ — cos’a’ — cos™’ - cos’c’)/sina sind sinc
(using the polar triangle)
=sin’A’ sin’’ sin’¢/sina sinb sinc
= sin’s sin®B sin*C /sina sind sinc

=sin%A sinB sin C/ sina.
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Now 9(cosa, cosb, cosc) _ |- sina 0 0 — — sina sinb sinc;
¥a, b, c) 0 —sinb 0
0 0 - sine
.. J = - sin®A sinB sinC/sin’% sinb sin¢
= — (sinA/sina)*.
Also R= 1 - cos’a - cos®b —- cos’ + 2cosa cosb cosc
= sin®Asin%sin’c;
. J= = (1 — cos’a - cos®d - cos’c + 2cosa cosb cosc)?/sin‘asinbsin’e ;

.~ J=-RYR4RLRY.
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