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TWO-WEIGHTED INEQUALITIES FOR THE
DERIVATIVES OF HOLOMORPHIC FUNCTIONS AND
CARLESON MEASURES ON THE UNIT BALL

HYEONBAE KANG anxD HYUNGWOON KOO

Abstract. We characterize those positive measure p’s on the higher dimen-
sional unit ball such that “two-weighted inequalities” hold for holomorphic
functions and their derivatives. Characterizations are given in terms of the
Carleson measure conditions. The results of this paper also distinguish between
the fractional and the tangential derivatives.

§1. Introduction and statements of results

Let U be the open unit disc in C with the boundary 0U. In relation to
the embedding of Hardy spaces into various Sobolev spaces of holomorphic
functions, the following problem has been extensively studied and com-
pletely resolved [C], [D], [L1], [L2], [Sh1], [Sh2]: Characterize those positive
measures i on U such that the inequality

1/q
(1.1) ( / If(k’(Z)\qdﬂ(2)> < fllae for any f € HY

holds. Such characterizations of the measure p are given in terms of the
Carleson measure type criterion: If either p = ¢ > 2 0or 0 < p < q < 00,
then the inequality (1.1) holds if and only if

(1.2) (D) S o(r) el
for any arc I C OU. Here I is the tent over I, i.e.,

IT={re’ : 1-UD/2<r<1,eecT}

Received April 6, 1998.

Revised February 2, 1999.

2000 Mathematics Subject Classification: 32A10, 32A36, 32A35, 26A33.

This work is partially supported by KOSEF 981-0102-009-2. The first author is sup-
ported by GARC-KOSEF and BSRI'98.

107

https://doi.org/10.1017/50027763000007340 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007340

108 H. KANG AND H. KOO

and [(I) denotes the length of I. In the other cases, namely, 0 < p = ¢ <
2 or 0 < g < p, the characterization is given in terms of the so-called
“balayées” [L2].

This paper is concerned with the problem of characterizing those u’s
such that the two-weighted inequality holds, namely,

1/q
03 ([0 d) S 1l forany € #

where w is an Ap,-weight of Muckenhoupt and HP(w) is the Hardy space
weighted by w. As far as we are aware of, [G] was the first paper where this
problem was considered. If ¥k = 0 and either p=¢ >2o0or 1 < p < g < o0,
Gu showed that the inequality (1.3) holds if and only if

(14) u(l) S w(D)?”

for any arc I C U. Here w(I) = [; dw. When k > 1, only partial results are
known. Girela, Lorente, and Sarrion found a necessary condition for (1.3)
to hold when p = ¢ > 1. When p = ¢ > 2, they also found a sufficient
condition for (1.3) to hold when w(f) = |0]* (=1 < a < p — 1) which is an
Ap-weight on 0U [GLS].

In this paper we give a complete characterization of a positive measure
w such that the inequality (1.3) holds when k& > 0 and either p = ¢ > 2 or
1 < p < g < 0o. Moreover we consider the problem on the higher dimen-
sional balls. In the higher dimensional balls, the tangential derivative and
the normal derivative of holomorphic functions behave differently. In fact,
the tangential derivative is half order better than the normal derivative.
The results of this paper comply with this phenomenon and distinguish be-
tween the normal and the tangential derivatives. Let R® f be the fractional
derivative of order o and V% f be the tangential derivative of order k. Main
results of this paper are as follows.

THEOREM A. Let p be a positive Borel measure on the unit ball B™ C
C" and w € A, on OB™. Assume eitherp=q>2 or1l <p<gq < oo and
a>0. Then

1/q
s) ([ IR )) S Wl for atl § € B
if and only if
(1.6)  u(B) Sw(B)YPa(B)1™  for all Koranyi ball B C dB",

https://doi.org/10.1017/50027763000007340 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007340

TWO-WEIGHTED INEQUALITIES 109

where o denotes the surface measure on OB".
For the tangential derivative, we have the following theorem:

THEOREM B. Let p and w be as above. Assume either p = q > 2 or
1< p<q< oo andk is a nonnegative integer. Then,

1/q
) ([ I ) S Wl for all f € HYG)
if and only if
(1.8)  w(B) Sw(B)YPa(B)*/*™  for all Koranyi ball B C OB".

This paper organizes as follows: In Section 2, we define necessary ter-
minologies and prove some preliminary lemmas. In Section 3, we prove an
integral inequality with weights on fractional derivatives. With help of this
inequality we are able to reduce Theorem A to the radial derivative case.
In Section 4, we give pointwise estimates for the gradient and the tan-
gential derivatives of holomorphic functions which are necessary to prove
Theorem B. Proofs of Theorems A and B are given in Section 5. For the con-
venience of readers, we include a proof of the LP boundedness with weight
of the area integrals in Section 6.

Throughout this paper “a < 3”7 implies that there exists a constant C'
such that o < CS. Also we write “a ~ 7 if & < f and 8 < a. The constant
C may depend on some parameters such as p, ¢ and k, but it will be always
independent of the particular functions, measures, or points, etc.

We wish to thank the referee for several helpful comments on this paper.

§2. Preliminary lemmas

Let us fix some notations. B” denotes the unit ball in C* and dB"
its boundary. For z = (21,...,2,), w = (wy,...,w,) € B™, let (z,w) :=
AWy + - + 20T, |2] = (2,2)Y/2, r(2) := 1 — |2?, and 7(2) := z/|z| the
normal projection from B™ \ {0} onto 0B". For ( € dB™ and ¢ > 0, the
Koranyi ball B((, ) is defined by

B((,0) == {n e dB" : [1 = ((,m] < d}.

Note that the distance |1 — (¢, n)| satisfies the pseudo-triangular inequality:
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The tent space B((,48) over B((,8) is defined by
B(C,8) = {= € B\ {0} : 7(2) € B(C,9), 1(2) < o).

For z € B"\ {0} and ¢ > 0, let B(z) = B(n(z),r(z)) and c¢B(z) =
B(w(z),cr(z)). For |z] > 1/2 and a small positive number e which is fixed
once and for all, we define

P.(z) :={w € B" : n1(w) € B(w(z),er(z)), |r(z) —r(w)| < er(z)}.

And for |z| < 1/2, let P(z) = {w € B" : |z — w| < €}. Then for |z| > 1/2,
P.(z) is a twisted polydisc in B™ centered at z and of size er(z) in the normal
direction and y/er(z) in the complex tangential direction. The following
lemma collects some relevant facts on the Koranyi ball and polydiscs. They
are probably well known. However, we include brief proofs of them for
readers’ convenience.

LEMMA 2.1. For z € C"\ {0}, let T'(2) :=={n e C": |n| =1, (z,n) =
0}, the set of unit vectors normal to z. Let 0 < § < 1/2 and € be a small
positive number.

(i) For ¢ € OB™,
(2.1) B((,0) ={w=(1+1)¢+sn:
It <0, 1=|1+t?+|s|* t,s € C,n € T(()}.
(i) If w € P.(2) for |z| > 1/2, then B(w(w),r(w)) C B(w(z),3r(z)).
(iit) B((,0) C{w = (1+1t)¢C+sn€ B":neT(C),|t| <26, |s| < 26}.

(iv) Let Qc(z) :={w=(1+1t)z+sne B":neT(z), |t <er(z),|s| <
Ver(z)}. There exists a constant ¢ > 0 and C > 0 such that for all
z € B"

(2.2) P.(z) C Qee(z) C Pee(2),
and for all w € P(z)

(2.3) P.(2) C Pe(w).

(v) For any holomorphic function f in B",

1
(2.4) TR B e

where m is the Lebesque measure on C" and |P.(2)] = m(Pe(2)).

|f (w)| dm(w),
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Proof. Let w € B((,6) and write w = (14 t){ + sn where t,s € C and
n € T(C). Then,

1= ]w[2 =1 —I—t\2 + \5\2 and |t| =1 —(¢,w)| <.

Hence, we have (2.1). It is easy to see (ii).
To prove (iii), note that in (i)

|s]* =1 — |1+t < 2|t < 24.

If z € B((,6), then z/|z| € B(¢,0) and 1—|z| < 8. Hence, by (i) there exists
n € T(¢) and t,s € C with [t| < § and |s| < v/26 such that

2= |2|(L+ D¢+ [zlsn = (1 + (2] = L+ |2[t))¢ + |z]sn.

Since |(|2] — 1+ |2|t)] < 6 + [t| < 20 and |z||s| < v/26, we have (iii).
If |z] < 1/2, then (2.2) is trivial. If |2|] > 1/2 and w € P.(z), then by
the definition of P.(z) and (2.1) we have

1+¢
P(z) = {w D sty s ] < er(z), 1= 1+ 42 + |5,

2]
Ir(z) —r(w)| <er(z),t,s € C,n € T(z)}

Now let w € P.(2), a = (—1+ el 4 tw) and b = s|w|, then

[EIRSE]

1+¢
= %z + slwln = (1 +a)z + bn.
Since |r(w) — r(z)| < er(z), we have

_ [r(z) = r(w)| er(z)
~ Tl + fwl) = Tl + )

‘ _ vl < der(z).

2]

Hence, there exists a constant ¢ > 0 such that |a| < cer(z) and |b] <

\/cer(z). Thus we have
P.(2) C Qce(2).
Now let w = (1 + a)z +bn € Qe (z) with (z,m7) = 0. Define ¢ and s
w| |t

by a = ( 1+ “ T+ T ‘) and b = s|w|. Then for some constant C' > 0,

|t| < Cer(z) and |r(z) — r(w)| < Cer(z). Since w = “w‘l(l + 1)z + s|wln, it
follows that w € Pce(z). Hence Qec(z) C Poe(2).
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(2.3) for |z| < 1/2is also trivial. If |z| > 1/2, it follows from the pseudo-
triangular inequality of the distance |1 — (C,n)].

For the submean value property (v), we may assume that z = (v/1 — 9,
0,...,0) after a unitary change of coordinates if necessary. Choose a small
constant ¢; so that Qc(z) C Pc(z). It then follows from (2.2) and the
submean value property of holomorphic functions over balls that

1
If(2)] < ()2 /w1 Z1|<6165|f(w1,0,...70)|dm(w1)

1
66)n+1 Q(‘le
1

SR / w)l dm{w).

This completes the proof. 0

w)| dm(w)

Throughout this paper, w is an A,-weight of Muckenhoupt. Note that
an A,-weight w has the doubling property, i.e., there exists a constant C,,
such that

w(B(¢,29)) < Cow(B((,9))
for all Koranyi ball B((,§) where w(B((,6)) = fB(C,é) w(n) do(n).

LEMMA 2.2. For 1< A and —n —1 < B let dv(z) = w(B(2))4r(2)B
dm(z), then

v(B((,0)) S w(B(C,0) "85,

Proof. Fix ¢ € B™ and 6§ > 0. For ng,, € OB™ let BE = {w €
B\ {0} : §/281 < r(w) < §/2F, m(w) € B(ngm, 6/2%)}. One can find
points 1 m € B((,0) such that

oo Ng
clJ U B
k=0 m=1
and
Ny, s
mzlw<B<nk,mv2_k)> SW(B(Ca(S))v k=0,1,2,...
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where { Ny} are some positive integers. Then

dv < / W(B(2))Ar(2)B dm(2)
Juen ™ =22
oo Ng S A
< v B
< kZ_OmZ:l/Bfn w(B (nk,m, 2k—2)> r(2)” dm(z)
oo Ng s A
S Z Z W(B (77k,m7 27)) (5/2k)B+10(7T(B7]%))
k=0m=1
o) Ny
< Y (§/25)Frtn (Z W(W(Bf%))A> :
k=0 m=1
From the fact 1 < A and the doubling property of w we have
N, A N
3 Al AT
2 \G(B(C8)) ~ 2= w(B({.0)
This completes the proof. O

LEMMA 2.3. Let 1 < A and —n — 1 < B. If a constant q satisfies
C4 < 297 B==1 then we have, for z € B"\ {0}

w(B(w))Ar(w)B
/n (Ilf(— zi,w(ﬂq) dm(w) < r(z) TP w(B(2)4,

Proof. Fix z € B™\ {0}. Note that for w € Qk/B\(z) \ 2’“_@(2), 11—

(z,w)| =~ 2Fr(z) for k = 1,2,... and for w € B(z), |1 — (z,w)| = 7(2).
Hence, we get

w w A?"’U)B
[ BT,

1= (z,w)l

9 (B(w)) r(w)? dm(w
+ 2krz_quw‘lerdmw
g_l/%/Tz)\%/l\(z)( (2)) w(B(w)) r(w) (w)

- k 9 w(Bw)) r(w)? dm(w).
<> (@2Fr(2) e (B(w)) r(w)” dm(w)
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Hence, from Lemma 2.2 we have

w w A’l“ w B >
/n (|Z13(_ zi (>‘ ) Z qw 2kB( )) (2kr(z))B+n+1
’ k=0
< r(z)—(H—B-i-n—Hw(B(z))A i ka
~ — 2k(q—B—n—1)

S r(2) 7L (B(2))
This completes the proof. 0
LEMMA 2.4. For 1< A, let dva(z) = w(B(2))4r(2)™" " dm(z), then

va(B(¢,0)) Sw(B(¢, o)™

Proof. Note that from the doubling property of w, we have

W(BE)
w(B(¢,0)) ~
for all z € B((,6). Thus if A > a, we have
B m_ [ eBE
(BEA MaBCo) = [ o) dm()
w(B(C,6))""va(B((,9)).

Thus if Lemma 2.4 holds for some «, then it holds for all A > «. Since
w € Ap, there is a constant 5 > 1 such that the following reverse Hélder
inequality holds for all 1 < a < g;

o [ ot 5 ( / ey dcf(m)a.

Here |B((,9)| = o(B(¢,9)). Note that |B((,d)| =~ ¢". Then if 1 < a < f3,
we have from Holder and reverse Holder inequalities

/B@ dve(z)

<f [y (ot [ty dotey e ot
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- /06 </B(C,5) /B(C,Qé) B )" (@) Xon (@) da(n)da(x)> rotl
4

S /0 < /B o da(x))r"anldr

< B(C8) / w(2)* do(x)

B(¢,26)

< < /B (mw(x) do(az))a.

This completes the proof. 0

63. Fractional derivatives
Let « be a real number. For a holomorphic function f on B™ with the

homogeneous expansion f(z) = > ;2 fx(z), we define

(e 9]

R f(2) =Y (14 k) fu(2).

k=0

When a =1, R =R = I+, 2j(9/dz;). Notice that Y7, 2;(9/dz;) is
the normal differentiation operator. When a > 0, R*f is called the radial
fractional derivative of order « of the function f. From Lemma 2.3 we have
the following weighted inequality for fractional derivatives. Its proof uses
the ideas of that of the unweighted case in [BB].

LEMMA 3.1. Let a > 0, A > 1 and p > 1, then for a holomorphic
function f on B"

| IR G Pe(B ) o )
S [ REGPLBE) P dn ),
Bn

Proof. We quote some facts from [BB]. For real numbers a, b and

z €U, let
2 1ala+1)---(a+m—1)

1 e "
(3.1) Ga,b(z) n;) m! (m + 1) z
If a > b, then
(32) |Gap(2)] S 11— 2|77,
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For ¢ > 0, let dV (w) = W%Fgl(;r)@(l — |w|?)?~t dm(w). Then for a real

number s and a homomorphic function f on B"™, we have

(3-3) f(z) = - R f(w)Grq,s((w, 2)) dVg(w)

if [ RS f(w)]? dViyq(w) < 0. If s > n+ g and ¢ > 0, then
(3.9 | Gl Vi) (1

Proofs of (3.2), (3.3), and (3.4) can be found in [BB].
Let z € B*\ {0} and k be an integer so that 27% < r(2) < 27%+1. Then

G(B(:) 2 gral@B(:) 2 (0B 2 o

Hence, if ¢; > 0 is sufficiently large so that 29* > C,,, then for z € B™\ {0}

and thus
/ IR f(2)[Pr(2)0 44771 dm(2)
Bn
5/ IRf(2)[Pw(B(2))*r(2)P~"~ ! dm(z).
B’Vl

Note that for w € P.(z), r(z) =~ r(w). Hence we have

p 71 w)|P dm(w
RIS iy LRI dmiw
# w)|Pr wq1A+p—n—1 m(w
S /B R f(w)Prw) dm(w)

N T(z)q%ﬂ) /Bn IR f(w)[Pw(B(w)) r(w)P ="~ dm(w).

Suppose that M = [g, |Rf(2)[Pw(B(2))4r(z)P""tdm(z) < cc. If ¢ >
2(q1A +p)/p, then

n

/ RA(2) ()0 dm(z) < M/ / ()T 2B AP i (2) < oo,
B”l
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Thus for s = 1 — « it follows from (3.3) that

R f(w) = [ RR 1)) Gnsga-o((z0) V()

= i Rf(Z)Gn+q,1—a(<z7 w>) dVZI(Z)

For the remainder of the proof we will choose ¢ sufficiently large if neces-
sary. Let p’ be the conjugate exponent to p. Then it follows from Holder’s
inequality that
w(B(w))*
[ R ) p—Z EE s am()
— [ ] RIGnsaaa) avi(e)
n Bn

< [ ([ IRIGP G a0 avica)

?_w(B(w)"

r(w)—openr M)

- p/Y L (Blw)A
([ s amlre) s av)) " 2B gy

where ¢ is a number to be chosen. Note that we can not use Holder’s
inequality if p = 1. However, when p = 1, we may use Fubini’s theo-
rem instead, then Lemma 3.1 follows from the inequality (3.5) below with
B = a—n — 1. Thus we assume p > 1. Choose § so that 1 —a < § < 1.
Since n+¢—3d <n+q— 1+ «, it follows from (3.2) and (3.4) that

| 1ura-a@E el avi(e)
s a1 gy (s
S [ =Gt av, (s
S r(w)' e

Set B=ap—n—1+(1—a—24§)p/p, then B> —n —1 since § < 1. It then
follows that

w w A
R P T dmw)

< [ (L IRIGPGrsar-aEa @ avics) )
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xw(B(w))Ar(w)B dm(w)

= / ( / \Gn+q,1a(m)\w(B(w))Ar(w)Bdm(w)>
2\ Jgn
xR f(2)[Pr(2)°P1 dVy(2).

Now, choose ¢ sufficiently large, then from (3.2) and Lemma 2.3 we have
35 [ (Guean-a( o)) le(Bw) ) dm(u)

~

</ 1= (z,w)[ " Dw(B(w)) Ar(w) P dm(w)
Bn
S 7“(2)(l_a_n_q)+B+n+1w(B(Z)>A.

Thus we have

w w A
| R s S dmw

N /B [Rf(2)[Pr(z) 1 omnm ¥ Bt 0G0ty (B(2)) 4 dim ()

~

< / RE()Pr(2)P~ " w(B(2) dm(2).
Bn
This completes the proof. 0

§4. Derivative estimates
Let Q(6) = {z € C": |z1] < 4, |2j| < V3, j = 2,...,n}. The following

lemma follows from Corollary 3.3 of [B].

LEMMA 4.1. If f is holomorphic in a neighborhood of Q(0), then for
p > 2 we have

af P 52 9 f
=0 < —— fIP~% == dm,
‘ é)Zl( | = Q) Jaws) d 0z
8f 0 8 .
s1/2 9 / p—2 d =2, ...
82'] ‘ Q0] If] m  forj N
Define the complex-tangential vector fields T;; by
0 0
T, =%Zi— —Zi—, 4,7=1,... | £ j.
i 2 8zj Zj 8zi’ 1,7 ) y Ty 2 7é J
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And define the complex-tangential derivative of order k by
’va )| = Z Tirjy -+ Tijp £ (2)]
where the sum is over all possible combinations of indices.

LEMMA 4.2. If f is holomorphic in B™, then for p > 2, k > 1, and
z € B™ with |z| > 1/2, we have

P S ‘/ SR S dm

<

(Z) p—2 24

/ FP2|vr f 2 dm.
P.(2)

[r(2)* 2 VEf ()P S

| Pe(2)]

Proof. Let z € B™ and |z| > 1/2. Choose ¢ > 0 so that Qc(z) C Pe(z)
as in Lemma 2.1 (iv). Then by Lemma 4.1, we have

r(z)?
Y Qe (2)] Jgou(2)

It also follows from the Cauchy estimates over polydisc Q.(z) that

Note that if w € P.(z), then r(w) ~ r(z) and Qe(w) C Pce(z) by Lem-
ma 2.1 (iv). Therefore,

()5 v f(2) P
r(z)? 1
|Qc€ Qce(2) |QC€( )| Qee(

]
p2 2 dm/(¢).
S ‘/ P19/ () dm(0)

r()V ()P S |fIP2|V £ dm.

(2 )P S

)I FOP2VF(OF dm(¢)dm(w)

This completes the proof for the first inequality.
For the second inequality, by Lemma 3.2 of [KK] we have

(4.1) [r()*2VEf ()1

! r(w w) [P + |r(w)'/? w)|P) dm(w
S TG o, (FEITH 5 1) V297 S don().
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Now fix w € P.(z) and by unitary change of coordinates, we may assume
that w = (wy,0,...,0). Then we have

(4.2) (Vo f(w

8,2] ‘

And for n € P.(w) C Pee(z) we have

1B S, Il S =2
n

Thus we have

of 1] af _of 1| af
4, < |52y — 5.2 e
439 || < pfmal o -mgto|+ gt

of
Hi= 2L )
SIvrf(n)l+ 7”(f<7)1/2|Vf(77)|-
Then from (4.3) and Lemma 4.1, we have
of

p/2
1) Il 3w

T(w) p—2 af

N U dm 7
()] Pé(wl ()] az]() (n)
r(w _
< 2 P (s )P + )Y F@P) dm).

[Pe(w)] Jpy.(w)
By substituting (4.4) into (4.1) and using Fubini’s theorem together with
the first inequality, we obtain the second inequality. 0

§5. Proofs of Theorems

We now prove Theorems A and B in this section. We first prove the
sufficiency in them and then prove the necessity. We begin by defining a
maximal function and an area integral. For { € 9B"™ and a positive number
a, we define a nontangential admissible approach region by I',({) = {z €

" |1 —(z,{)| < ar(z)}. Then the area integral S,(f) of a function f
holomorphic on B" is defined by
SOQ) = [ (v + v )

La(C)
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For ¢ € 9B™ the nontangential maximal function is defined by

Na(F)() = sop (/@) + @)V @) +r 2@ vef(2)).

The LP-boundedness of these operators are well-known [S1]. Using the ar-
guments in [ST], one can derive the following weighted version whose proof
is given at the end of this paper.

THEOREM 5.1. If1 <p < oo and w € Ap, then for any holomorphic
function f € HP(w), we have

INa(F)Lrwdoy S I Iae )
and

1Sa (Pl o wdoy S N1 | (w)-
We also need the following theorem of Gu [G].

THEOREM 5.2. Letp = q > 2 or1l < p < q < oo. Then M(E) <
w(B)4? if and only if

1/q
([ 100a0) " S luncsy Jor a5 € (),
In fact, Gu proved this theorem when n = 1. However, the exactly same
arguments work for the higher dimensions.

Sufficiency in Theorem A. Suppose that g is a positive measure
satisfying
w(B) S w(B)Pa(B)*/",

We first deal with the case when p = ¢ > 2. By the mean value property of
a holomorphic function R® f, we have

/ R F(2) P du(z)
.

! @ P dm(w z
S | B o R dnw)in)

S [ R P [ e ) dutz)amw
S | R P Pedw)) Pectw)| ! dm(w)

@ P (B(w))r(w)PC 1 dm(w).
S [ R P dnw)
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It then follows from Lemma 3.1 that
60 [ RUEP )
S [ RE@Pe(B)r P dinw)
Bn
S [ F@P + 97wy B)rwp " dn(w)
.
From Lemma 4.2 and Theorem 5.1, we have
[ 19 @) pa(B)r )y dmw)
S [P BE) ) dn(2)
.
-/ ( X0 (Ow(0) da<<>> )P
n 5B

% (r(2)[7 F(2))2r(2) " dm(z)
< / (Naf )P 2(0)(S2)(QwlC) do(C)
oB™

S N2 o 182 [
S0

For the first part in the last quantity of the inequalities (5.1), we have from
Lemma 2.2

[ B () S w(BE )P S w(BE).
B(¢,9)
Thus by Theorem 5.2

| @raBE ey am) s [ 110 (o).

This completes the proof for the case p = g > 2.
Suppose now that 1 < p < g < co. For this case we use Theorem 5.2.
As before,

/ R F(2)[7 du(z) < / IR F(2) % (B(2))/Pr ()20~ dim(2).
B" B"
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Thus by Lemma 3.1 and the mean value property of Rf,
[ R s ) < /B RF() (B () dm(2)
< / F(&)w(B(2)VPr(2) L dinz).

Thus from Lemma 2.4 and Theorem 5.2, we have the inequality (1.5). [J

Sufficiency in Theorem B. Suppose that p is a positive measure
satisfying
w(B) S w(B)"Pa(B)™/2,

When p = ¢ > 2, by Lemma 4.2 and the same argument as in the previous
proof, we have

| 1wh e dute)

S [ WP (r@9I R + 1@ 29 R )w(BE) ) ™ dm(2)
Thus

LIPS [ Nr PSP do(0) 5

If 1 <p < q < oo, we again use Theorem 5.2. Note that from [KK,
Lemma 3.1] we have
1
~P(2)] Jp. (2

Thus by Fubini’s theorem and the given condition, we have

[r(2)*2VEf(2)| S [ (w)|* dm(w).

| @0 du) £ [ EIWBE) )T dn(e).

Thus by Lemma 2.4 and Theorem 5.2, the proof is complete. b

Necessity in Theorem A and B. Let B be a Koranyi ball in dB".
By a unitary change of coordinates, we may assume that B = B((y,?)
where (o = (1,0,...,0). Suppose that p is a positive measure satisfying
either (1.5) or (1.7). Then one can easily see that u is a finite measure by
taking f =1 in (1.5) or f(z) = 2§ with j =1,...,n in (1.7). Thus we may
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assume 0 is sufficiently small. Let C; > 1 be a number independent of §
satisfying
(5.2) (1 —CLo)/0 < e C1/2,

We will specify Cy later. Let C, be the doubling constant of w and N be
an integer such that C,, < 2PV, Now define f by

1 1

1) = (I—(1=Ci0)z)N (1= {(z (1= Ci8)CN)Y
Then for ¢ € B(p, 28t1C10) \ B((o, 28C16), we have
(5.4) 1£(Q)] = (2°C1o)~Y,

and for ¢ € B((p, C16), (5.4) holds with k = 0. Now let z = (21,...,2,) € B
and z; = 7€, Then |1 — 2| < 26 and hence

(5.3)

(5.5) 1-25<r<1, |0 <sin"'(26) < Cqo

for some constant Cy. Let M be the integral part of =/(8|6|) when 6 # 0.
Then o

(5.6) M > 73

for some constant C3 independent of §. Now we choose C7 so that C;C3 >
2(N +a +2). Let

(1+k)(k+ N —1)!

A(k) = 1— kypk.
Then from (5.2) and (5.6), when k > M we get
Alk+M) _ M N\M
it Sl _ a -
A Sra-cit (1 + M)

< QOteN—Cng/Q
< 1/4.

Thus, for k> M and j =1,2,... we have

1
Ak+ M) < EA(I{)
and hence
[e'e) 1 2M
(5.7) > A(R) < 3 > Ak).
k=2M k=M
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Now for z = (21,...,2,) € B, we have
IROF(2)] = | Y _(1+k)*
k=0
= (k+N
— 1S (+k) ;1)((1 —O18)z)
k=0 - !
> A(k) cos(k6).

k=0

If E <2M, then k|f| < w/4 by the definition of M and hence

IRYf(2)] > = ZA — Y Ak)

k=2M

Thus it follows from (5.7) that

(5.8) RO £( i2 kz

Note that (5.8) holds trivially when 6 = 0. Since by Stirling’s formula

(L+k)°D(k+ N)I(N +a)
T(k+N+al(N) ~°

we have
IF'(k+N+a)

(k)2 I'k+ 1IN + «)
Thus it follows from (5.5) and (5.8) that, for z € B,

rk(1 — C1o)*.

5.9 RO 2 S LEANTQ) s
(5.9) IR f( )|NkZOF(k+1)F(N+a) ( )
= (1—r(1=Cy8))"N+e)
> (1—(1—26)(1 —Cp6))~ N+
> 5~ WN+a),

For vrf, let ¢, = (\/1—16(n —1)C35,4C1V/9,...,4C1\/6) € OB™.
Then by (iii) of Lemma 2.1, if z € B(({),C10), z = (1 + t){) + sn where
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lt] < 2C16, |s| < V2C16 and n € T(()). Hence, for j = 2,...,n, z; =
(1 —|—t)4C'1\/_+ snj. Since C1 > 1, |z;| = 6'/2 for j = 2,...,n. Also note
that by definition of T; ;, for i,j € {2,...,n}

N(1—-C19)z; N(1—C19)z
T f(z) = 1-(1- Clé)zl)NH’ Tipf(2) = 1- (1 — Cl(;;zl)NH

and T; ;f(z) = 0if 4,5 € {2,...,n}. Hence, for z € B(¢}, C16), we have

1 k ~ |Zn1...2’nk| ~ 7(N+k/2).
(5 0) ‘va(Z)| 2<Z< |1 — (1 — 015)21|N+]€ 4
<n;j<n

We will only prove the necessity for the fractional derivative case with
p = q > 2. The fractional derivative case with 1 < p < ¢ < oo is similar
to this case if one uses (5.4) and (5.9). And for the tangential derivative
cases, if we use B(C(’), C16) instead of B((o, C16), then proof follows with the
same arguments using from (5.4) and (5.10). Recall that we defined N so
that C,, < 2P where C, is the doubling constant of w do. Then, from (5.4)
and (5.9), we have

u(B) S 604 [ R dul)

< gNFep / |f|Pw do
oBn™

< g+ ( / |fPw do + Z / | f[Pw da>
B(¢0,C19) B(¢o0,2F+1C18)\B((o,2kC16)

< SN N (B(Co, 2°C16)) /(2P CLo) NP
k=0

< 5@1)20.’9 Cchl ))/2Npk
S 0w ( (¢o, C19))
~ w(B(Go, C18))a(B(Go, C18))P*/™
This completes the proof. 0

§6. Appendix — Proof of Theorem 5.1

Here we give a proof of Theorem 5.1. The proof uses the arguments
in [S1] and [ST] and their variants.
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For f € HP(w) define the classical maximal function N (f)(¢) at ¢ €
OB™ by
NFE) = sup [f(w)].

w€elq(C)

Then it is well known that N (f)(¢) < Mf(¢) where Mf is the Hardy-
Littlewood maximal function on 9B™ and hence HNQ#(f)HLp(w) Sl av (-
(See [S2].) Thus the following lemma leads us to the first inequality of
Theorem 5.1. To make notations short, put

IDf()? = r(2)|VF ()P +r(2)|Vrf(2).

LEMMA 6.1. Let f be a holomorphic function on B"™ and ( € 0B".
Then there exists a constant C independent of f and ¢ such that

Na(F)(C) S NE(F)(Q).

Proof. Note that there are constants C' and € such that if z € I',((),
then P.(z) C I'cy(¢). By Theorem A and Theorem B of [Gr], we have

) 1
(6.1) Df(I" S B Jrce

Hence Lemma 6.1 follows. []

|f(w)[? dm(w) < N (F)(C).

To derive the second inequality we need a lemma.

LEMMA 6.2. Let f be a holomorphic function in a neighborhood of B™.
Let B(n,9) be a Koranyi ball in OB™ and X\ a positive number. Assume that
there is (o € B(n,0) such that So(f)(Cp) < A. For each 0 < t < 1, there
exists € > 0 independent of X\, n, and & such that

{¢ € B(0,0) : Sa(£)(Q) = 20, NE,(£)(C) < eX}| < t|B(n,9)|

where C' is the constant in Lemma 6.1.

Proof. Let B = B(n,8) and D = {¢ € B : 8,(f)(¢) > 2X, NZ (£)(C)
er}. If ¢ € B, then

IN

La(¢) C TalCo)U{z € Ta(Q)\Ta(Co) : 0 < ar(z)} U{z € Tu(() : ar(z) < 0}
i=Ta(Co) U E1 () U Ea(C).
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Note that since |1 — (¢, n)| <6, |[E1(Q) N{r(z) =c}| So" forall 0 < ¢ < 1.
If ¢ € D, we have from (6.1)

SO £ SUPPG) + CNEUPQ) [ TS
dm(2)

2
+Aﬂmﬂﬂ()ﬂ

) ) 5 dm(z)
<N+ Ci(eN)” + Cy /EQ(C) Df(2)] r(z)n

for some constant C. Thus

(202D </ SulF)2(0) dor(C)

dm(z)
< M|D| + C12\?|B +C// f(2)]? do(C).
’ ‘ 1 ’ ‘ 1 B2(0) ’I”(Z)TH'I (

Let Q :={z € B" : z € ['4(() for some ¢ € D, r(z) < d/a} = Ueep £2(C)-
If z € E5(C), then ¢ € B(m(z),ar(z)) for some « independent of z. It thus

follows that
d
I—/é |2§$w@

/ / (ar() )\Df(z)|2r‘§z;§l«?l

2dm()
sA<ku|“H.

It is known that [Df(2)]2 = [Vf(2)]? and dm(z)/r(z)"*! ~ dV(z) where
Vf(z) and dV (z) are the gradient and the volume element induced by the
Bergman metric on B™. See Chapter 3 of [S1] for the proof of these facts.
If we follow the argument in pp. 65-68 of [S1], we can see that

2 dm(2) 2
| rermrer s s @ [

In fact, it is proved in [S1] that the left-hand side of above inequality is
finite when |f| is bounded in 2. However, the exactly same proof gives the
above inequality.
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It thus follows that
15 (eN)?ID] < (eM)?|B.

Combining all the relevant inequalities together, we have for some constant
027
|D| < Cy¢®|B|.

For a given ¢, choose € so that t = Cy€e?. This completes the proof. 0
We now continue to prove Theorem 5.1.

We first assume that f is holomorphic in a neighborhood of B. Note
that

IS iy =2 [ N HUSu0) > AP

By a covering lemma, we can find a mutually disjoint sequence (finite or
infinite) {B((;,0;)} of Koranyi balls maximal with respect to inclusion such
that B((j,0;) C {Sa(f) > A} and {Su(f) > A} C U2, B((j, Cd;) for some
constant C. Since B((j;,0;) is maximal, there exists (o € dB((;,d;) such
that S,(f) < A. For given ¢, choose € as in Lemma 6.2. Then

{8a(f) > 2}
< U [{8:00) > 20 NE(f) < A} 0 B(G, C8)| U INEL () > erl.
j=1

Since w € A, there exists a constant 3 such that

D|\? D
(%) <pg % for any D C B and for any ball B.
w

See [S2] for this fact. Set B = B((;,C9;) and D = B\ {¢ € B(¢;,C9;) :
Sa(f) > 2\, N& (f) < eA}. Then it follows from Lemma 6.2 and the dou-
bling property of w that

w({C € B((, C8)) : Salf) > 27, N, (f) < eA}) < C(0)w(B(G.65))

where C(t) — 0 as t — 0. Since {B((;,d;)} is mutually disjoint and
U?i1 B((j,05) C {Sa(f) > A}, we have

W({8a(f) > 27}) < COW({Sa(f) > A}) + W(NF,(f) > eA}).
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Then

H. KANG AND H. KOO

2PISa (N doy < CONSeNN b + € PN 00

By taking ¢ small enough, we have

15220 a0y S INE O a0y S 1

If f € HP(w), one can consider the function f,.(z) := f(rz) (0 <r < 1)
and pass to the limit r — 1. []
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