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Abstract

In this paper we propose a framework that facilitates the study of large deviations for point
processes based on stationary sequences with regularly varying tails. This framework
allows us to keep track both of the magnitude of the extreme values of a process and
the order in which these extreme values appear. Particular emphasis is put on (infinite)
linear processes with random coefficients. The proposed framework provides a fairly
complete description of the joint asymptotic behavior of the large values of the stationary
sequence. We apply the general result on large deviations for point processes to derive
the asymptotic decay of certain probabilities related to partial sum processes as well as
ruin probabilities.
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1. Introduction

In some applications of stochastic modeling, including network traffic and finance, time
series are encountered where the marginal distributions are heavy tailed and clustering of
extreme values is observed. More precisely, the marginal distributions have a power-like decay
and large values tend to occur at nearby points in time, forming clusters. When studying the
probability of rare events, it is usually important not only to determine the size and frequency of
clusters of extreme values but also to capture the internal structure of the clusters. Unfortunately,
in many ‘standard’ limit theorems dealing with heavy-tailed processes the fine structure of a
cluster is lost in the limit, including the ordering of the points in a cluster. This point is
discussed in some detail in Section 3. To overcome this problem, we propose a new framework
for investigating large deviations for stochastic processes with heavy tails. Specifically, large
deviations are studied at the level of point processes associated to the underlying stochastic
process. In this way it is possible to preserve the fine structure of the clusters of large values
for a fairly general class of multivariate time series.
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2 H. HULT AND G. SAMORODNITSKY

The processes studied here constitute the class of random coefficient linear processes. It
consists of d-dimensional time series (Xy)rez With the stochastic representation

XkZZAk,jZk—j» (1.1)
JEL

where the ‘noise’ sequence (Z ) jez consists of independent and identically distributed (i.i.d.)
random vectors with values in R”. A generic element of this sequence is denoted by Z. Each
Ay, jisarandom d x p matrix. It is assumed that the sequence (Ay)xez is stationary and that
each Ay is itself a sequence of matrices, Ay = (Ag,;)jez. It is assumed that the sequence
(Ay)rez 1s independent of the sequence (Zy)kez-

The probability of large values of the process (Xy) depends, of course, on the distributional
assumptions on Z and Ay ;. In this paper we consider a heavy-tailed case: we assume that
the distribution of Z is regularly varying. We also impose certain moment conditions on the
random matrices Ay, ; (see Section 2).

Probability distributions with regularly varying tails have become important building blocks
in a wide variety of stochastic models. Evidence for power-tail distributions is well documented
in a large number of applications, including computer networks, telecommunications, finance,
insurance, hydrology, atmospheric sciences, geology, ecology, etc. (see, e.g. Embrechts et
al. (1997), Adlet et al. (1998), Rachev (2003), and Tsonis and Elsner (2007)).

For the multi-dimensional version of (1.1), we use the following notion of multivariate
regular variation. A d-dimensional random vector Z has a regularly varying distribution if
there exists a nonnull Radon measure i on R? \ {0} such that

Pw=lZ e

. d
PIZI = ) — () in Mp(R?). (1.2)

Here M (]Rd ) denotes the space of Radon measures on R4 whose restriction to {lx| = r}is
finite for each r > 0, | - | denotes the Euclidean norm, and convergence

m, — m in I\\/JIO(]Rd)

is defined as the convergence m,(f) — m(f) for each bounded continuous function f
vanishing on some neighborhood of the origin. See Hult and Lindskog (2006) for more details
on the space M (R9).

The limiting measure p necessarily obeys a homogeneity property: there is an & > 0 such
that u(uB) = u~*w(B) for all Borel sets B  R? \ {0}. This follows from standard regular
variation arguments (see, e.g. Hult and Lindskog (2006, Theorem 3.1)). The notation Z €
RV (u, o) will be used for arandom vector satisfying (1.2). See Basrak (2000), Resnick (1987),
Resnick (2006), and Hult and Lindskog (2006) for more on multivariate regular variation.

The class of stochastic models with the representation (1.1) is quite flexible and contains a
wide range of useful time series. Here are some examples.

Example 1.1. (Linear process.) Let (A;) be a sequence of deterministic real-valued d x p
matrices. Then, assuming convergence, Xy = Y jez AjZy_j is a linear process. The repre-
sentation (1.1) is trivial, and (X}) is stationary because (Z) is a sequence of i.i.d. R4-valued
random vectors.

Example 1.2. (SRE.) An important particular case of the random coefficient linear process is
the stationary solution of a stochastic recurrence equation (SRE).
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Assume that p = d, and let (Y, Zi)krez be a sequence of i.i.d. pairs of d x d matrices and
d-dimensional random vectors. Set
Yo Y, n<m,
nn,m — n m =
1, n>m,
where 1, is the d x d identity matrix. Under certain assumptions ensuring the existence of a
stationary solution of the SRE

Xk = Vi Xe1 + Zy, k ez, (1.3)

this stationary solution can be represented by a random coefficient linear process with Ay ; =
Mj—j+1k, 7 = 0,and Ag j =0, j < 0;see, e.g. Kesten (1973). Then the marginal distribution
of the stationary solution to the SRE is of the form (1.1).

Example 1.3. (Stochastic volatility.) Let (Xx) be the solution of the SRE in Example 1.2,
where we assume that X; € (0, c0)¢ almost surely (a.s.). Let (Vi) be a sequence of i.i.d.
random diagonal matrices independent of (Xy). Then Uy = Vi X has the representation

Ui = ZA‘k,jZkfj,
JEZ

where Ak, j = VkAg,j and Ay ; is as in Example 1.2. The sequence Uy can be interpreted as a
stochastic volatility model where X} is the volatility; see, e.g. Davis and Mikosch (2008).

2. Convergence and tail behavior

Consider a time series (Xj) with stochastic representation (1.1). Throughout this paper, it
is assumed that
Z e RV(u,a) and,ifa > lalso, EZ =0. 2.1

To begin the study of extreme values for the time series (1.1), a first requirement is to establish
conditions under which the infinite series converge a.s. and to determine the tail behavior of
the distribution of X;. Hult and Samorodnitsky (2008) recently obtained results on the tail
behavior under conditions that include a ‘predictability’ assumption on the matrices (A ;).
Here we summarize the results and remind the reader that in this paper we assume that (Ag_ ;)
and (Z;) are independent. Theorem 2.1, below, describes the marginal tails; for simplicity, we
drop the time subscript k from both X and Ay ;.

Throughout the paper, || A|| denotes the operator norm of a matrix A. The summation index
will be omitted when it is clear what it is.

Theorem 2.1. Suppose that (2.1) holds and that there is ¢ € (0, &) such that

D ElAj|*F <oco and ) E[A;j|*" <00, @€ (0,1)U(,2), (2.2)
(a+e)/(a—¢)
(Y 14,1°7°) <00,  aefl2), 2.3)
(a+e)/2
E(Z ||A,-||2) <00, e (2 00). 2.4)
Then the series (1.1) converges a.s. and
Pu'X e . . d
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The right-hand side of (2.5) is interpreted as

E(Z,u oA;l(B)) - E(Z,u{z: Ajze B})

for any Borel set B C RY.
When both Z and Ay, ; are univariate (d = p = 1), the limiting measure p of Z has the
representation

p(d2) = (waz ™ 1z > 0} + (1 = wya(=2) " 1z < 0} dz 26)
for some w € [0, 1]. Then (2.5) becomes
P(X > ux) o y
m — ZE(|Aj| w1{A; > 0} + (1 —w) {A; < 0})x

for each x > 0, with a similar expression for the negative tail; see Hult and Samorodnitsky
(2008, Remark 3.3).
Example 2.1. (Linear process.) If (Xy) is a linear process (A ; = A; deterministic) and
d = p =1, then, for u — oo,
P(X > ux) -
RS Z(|Aj|“(wl{Aj >0} + (1 —w)1{A; < 0})x~™.

Example 2.2. (SRE.) Suppose that (X) is the solution to the SRE in Example 1.2 with Y
satisfying E ||Y ||**¢ < 1 for some & > 0. Then, in the case d = p =1,
P(X > ux) w(l—EYH")+1-wEY)* _, @7
— 5 .
P(Z| > u) (1 —=E(rH)®)? + (E(Y )*)?

see Hult and Samorodnitsky (2008, Example 3.3). Here, and throughout, x* = max{x, 0}

denotes the positive part of x, and x~ = max{—x, 0} denotes its negative part. In particular, if
Y is nonnegative then w = 1, EY™ = 0, and (2.7) reduces to
P(X > ux)

" L A-EY) ' (u—> ).

P(Z| > u)
Example 2.3. (Stochastic volatility.) Let (Xi) be as in Example 2.2, whered = p =1and Y
and Z are nonnegative. Let (Vj) be a sequence of i.i.d. random variables, independent of (Xy).
Suppose that E V¥ < oo for some & > 0. Then Uy = Vi X, satisfies

P(U > ux) EV*
— X
P(Z > u) 1—EY«

—a

(u — 00).

Remark 2.1. The following two observations will be useful for later reference. It follows from
Remark 4.1 of Hult and Samorodnitsky (2008) that, for any increasing truncation n(x) 1 oo,

PU2jisne AiZil > %)

im (2.8)
x—00 P(Z| > x)
Furthermore, only values of Z; comparable to the level x matter in the sense that
P(> :c7 A;Zi Y{|Z;| < tx}| > x)
lim lim sup 2 jezAiZi NIZ; —0. 2.9)
10 x—o00 P(Z| > x)
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3. Why are large deviations of point processes needed?

In this section we discuss, somewhat informally, the joint asymptotic behavior of large values
of the sequence (Xj) in (1.1). The goal is to set up the necessary background and intuition
for the general result in Section 4. We consider two special cases: sequences of i.i.d. random
variables and moving average processes. There is no clustering of the extremes in the former
case, but such clustering does occur in the latter case. Our goal is to devise a limiting procedure
that preserves the relevant fine structure of clusters of the extremes. The theme of clustering is
important in other areas of probability as well; see Aldous (1989).

Example 3.1. (Independent and identically distributed random variables.) Consider a
sequence (Z) of i.i.d. real-valued random variables with Z € RV (¢, ) and p as in (2.6),
and, as in (2.1), we assume that E Z; = 0 when o > 1. It is well known (see, e.g. Resnick
(1987)) that, for each n > 1, the vector (Z1, ..., Z,) is regularly varying with limit measure
w™ concentrated on the coordinate axes:

n
n(dzr, o dzn) = ) p(dz) [ Téo(dz),
i=l1 J#i

where §, is a unit mass at x. The interpretation is that, asymptotically, only one of the variables
Z1, ..., Zy is of large absolute value and each variable is equally likely to be large.

The same intuition holds true when considering variables Z1, ..., Z, in a time window of
length n and letting n — oo, if the threshold increases with »n at an appropriate rate. Let
¥, be a sequence with y,, — oo and such that n P(|Z| > y,,) — 0asn — oo. Then, the

probability that two different Zs among the variables Z1, ..., Z, are of size of the order y,, is
small compared to the probability that just one of the Z;s is of size of the order y,,. Indeed, for
any € > 0,

P(there exist 1 <i < j < n such that |Z;| > y,e and |Z;| > y, )

P(1Z;| > y, forsome 1 <i <n)
_ (= 1)/2)P(Z| > yne)?
nP(Z| > yn)

— 0.

Here a,, ~ b, is shorthand for lim,— cc a, /b, = 1.
A convenient description of the large values for the sequence Z, Z;, ... can be obtained
by considering the convergence of the point measures

n
Nu=D Sujmyizos  M=120
k=1

on the state space [0, 1] x (Rd \ {0}). The assumption that n P(|Z| > y,) - 0asn — oo
implies that y;,, — oo too fast for a nontrivial weak convergence of N,, (described, for example,
by Proposition 3.21 of Resnick (1987)). When y,, grows so fast, the second coordinates of all
points of the point measure N, will tend to 0 with probability 1. Since points with the zero
second coordinate are defined not to be in the state space on which the point measures live
(see, once again, Resnick (1987)), it turns out that the point measure N,, converges a.s. to the
null measure, denoted by & (we use the notation introduced in Daley and Vere-Jones (2003)).
Intuitively, this is exactly the situation where large deviations in the space of point measures
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might help: the hope is to find a sequence r, — oo such that r, P(V,, € -) converges to some
limiting measure m on the space of point measures.
The above discussion makes it reasonable to expect that this limiting measure, m, is concen-

trated on point measures with one point, corresponding, foreachn = 1, 2, .. ., to a single large
value of Zy+, k* =1, ..., n (at the scale y,, = n). In fact, the limiting measure is expected to
be

m(B) = (Leb x u){(¢,2): 8¢,;) € B}, B ameasurable set of measures.

Here and in the sequel, Leb denotes the appropriate Lebesgue measure (on the unit interval,
in this case). The value of the coordinate ¢ is interpreted as the time k* of the large Z;+ value
rescaled within the set {1, ..., n}, and since all Z;s have equal probability of being large, ¢
is ‘uniformly distributed’ on [0, 1]. The corresponding value z is governed by the limiting
measure y which describes the large values of the Z variables. The suggested convergence is
established rigorously (in a significantly more general setting) in Theorem 4.1, below.

It is possible to look at this convergence as the partial sum convergence of the underlying
sequence (8 /! Zk)) in the space of point measures. This is similar to Sanov’s theorem in
the light-tailed case (see, e.g. Dembo and Zeitouni (1998, Section 6.2)).

Example 3.2. (A finite moving average.) Suppose that, in (1.1), p =d = 1 and Ay ; = A;
are deterministic coefficients with A; = 0if j < O or j > g. Then (X}) is a sequence defined
by

Xi=AoZk +A1Zk1 + -+ Ay Zi—y.

Consider a time window of length n where, for now, n is fixed. That is, we consider the vector
(X1,..., Xn). Then, (X1,..., X)) = A'(Z1_g, ..., Z,) ", where A’ isthe n x (n + 1 + q)
matrix

0 0 Ay Agor - o Ag

Since (Zy) is an i.i.d. sequence, the vector (Z1 4, ..., Z,)" is regularly varying with limit
measure concentrated on the coordinate axes, as in Example 3.1. That is, asymptotically, only
one variable among Zy_, ..., Z, will be large on the large deviations scale, and they all have
equal probability of being large. Suppose that Z« is large for some 1 — ¢ < k* < n. Then,
since all the other Z;s are small in comparison to Z+, we expect that Xy is small if k& < k* or
k > k* + g, while, for k* < k < k* + ¢, we have

X & Aj_px L.

If we can find a sequence r,, — 00 such that the sequence of measures (r,, P(N,, € -)) converges
to a nondegenerate limit, where

n
No =D Sumytxgy =120,
k=1
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is defined on the state space [0, 1] x (R \ {0}), we would expect the limiting measure to be
concentrated on point measures with g + 1 points of the form (¢, x;), with the same time
coordinate ¢ and space coordinates of the form x; = A;z for some z. In other words, we expect
the limiting measure to be

q
m(B) = (Leb x /,L){(l‘, z): 25(t,A;z) € B}, B a measurable set of measures.
i=0

The clustering of extreme values is captured in the limiting measure as there are ¢ + 1 points
corresponding to large values of the Xis. However, in the limit, all these points have the
same time coordinate #, which means that the limiting measure does not keep track of the
order in which the large values arrived. That is, the complete internal structure of the cluster of
extreme values is not captured. The order at which the large values arrive is, however, of crucial
importance when studying, for instance, the ruin probabilities, or the long strange segments
corresponding to the process (Xx); see, e.g. Asmussen (2000), Dembo and Zeitouni (1998),
Mikosch and Samorodnitsky (2000), and Hult et al. (2005). Therefore, information is lost in
the limit.

The strategy we adopt in order to retain information on the internal cluster structure of
extreme values is to consider point measures similar to the measures N, above, but enlarging
the dimension of the state space so that each point of the point measure describes more than
one value of the process (Xj). It is intuitive that, for a finite moving average of this example,
it is enough to keep track of g + 1 consecutive observations of the stationary process, and this
tells us how large the state space of the point measures should be. Specifically, we consider the
point measures

n

D KX Xy =12

The above discussion makes plausible the assertion that, for such point processes, the limiting
measure in a large deviations procedure is concentrated on point measures with 2¢g + 1 points
of the form

(t, (Aoz,0,...,0)), (#, (A1z, Aoz, 0, ..., 0)), ..., (7, (0,...,0, Ag2)).

Note that the information about the order in which the extreme values arrived can be obtained
because the space coordinates are simply shifts of each other.

In general, all the information on the extreme values of the process will be preserved only
if we keep track of an infinite (or increasing with n) number of observations of the process
(Xk). This is possible to do, but we have chosen not to pursue this last possibility because
it significantly complicates the technical details of the construction of the point measures and
working with these measures. Instead, we have chosen to construct point measures based on
finitely many consecutive observations of the stationary process, as if it were a finite moving
average. In the applications we consider, this turns out to be sufficient when coupled with a
truncation argument.
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4. Large deviations for point processes: the main result

We start by specifying the precise assumptions on the normalizing sequence (};),>1 that
we need to obtain a large deviation scaling. Assume that, as n — oo,

Zi+.--+Z
I ] — 0 in probability
Vi (4.1)

Y, o0 forsomee > Oifa =2 " L ifa>2

[nl+e J/nlogn

Note that these conditions are exactly the same as those that were used in Theorem 2.1 of Hult et
al. (2005) to obtain a functional level large deviation result for the partial sums of i.i.d. random
vectors. If we setr, = 1/(nP(|Z| > y,)) then r, — o0 as n — oo and it turns out that
normalizing the probability measures of the point processes by (r,,) is the correct normalization
to obtain a large deviation result.

For ¢ > 0, define a point measure N,/ on the space E? = [0, 1] x (RZ@+D\ {0}) by

and

n
q __
Ni = Y 8 my Xy Xty X “4.2)
k=1

We will show that the sequence of measures on the space of point measures,
mp() =ra PN €, nz=1,

converges in the appropriate sense and compute the limiting measure, called m?, for any ¢ > 0.
The limiting measure gives us a partial description of the extremal behavior of the sequence (X).
This description becomes more and more detailed as the number ¢ is taken larger and larger.

A technical framework suitable for studying this problem is provided in Appendix A, and
we use the notation introduced there. Let N% = N, (IE9) be the space of point measures on
[E4 equipped with the vague topology. The convergence m; — m9 takes place in the space
My(N 'II,), the space of Radon measures on N?, that are finite on sets of the form {£ : d(&, @) > r}
foreachr > 0 (see Appendix A). Here & denotes the null measure and d(-, -) denotes the metric
on N‘,’, given by (A.1). With this metric, (N%, d) is a complete separable metric space.

For a sequence A of d x p matrices (Ag, j)jkez and (1, z) € [0, 1] x (R \ {0}), we write

TA,q(t’ Z) = ZS(I,Aj,jZ,Ajfl,jflz ,,,,, Aj_g.j—q?)*
JEZ

Under certain conditions on the matrices in Ay j, Ty 4 is a map from [0, 1] x (R” \ {0}) into
the space N;I,.
We can now state the main result of this paper.

Theorem 4.1. Suppose that (2.1)—(2.4) and (4.1) hold. Then, for any q > 0, the stationary
process (Xp)rez in (1.1) satisfies

mi(-) =r, P(N,l € ) = E((Leb x ) o T&;(-)) =:m?(-) in Mo(N%). 4.3)

In particular, with probability 1, Ty 4 is a map from [0, 1] x (R? \ {0}) into the space N?,.

https://doi.org/10.1239/jap/1269610814 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1269610814

Large derivations for point processes 9

Remark 4.1. For any a > 0, the measure m? on N‘,’, defined in (4.3) satisfies

ma{&: £([0, 1] x {(x0. ..., X,): |xi| =a, somei € {0,...,q}}) > 0}

=E(/L{z: D 8 znd g g (X0 Xg) T xi| = a, some i €{0,....q}) > 0})

JEL
<D Bulz:|Ajjzl = a}
JEZ
=0,

by the scaling property of the measure p. This fact is useful for establishing continuity almost
everywhere with respect to the measure m? of various mappings.

Example 4.1. (Independent and identically distributed random vectors.) For a sequence of
1.i.d. random vectors, we have Ak ,j = Adoj, where A is a fixed d x p matrix, and, hence, for
q = 0, the limiting measure m® is given by mO(-) = (Leb x ) o T, O( ), where Ty o is the

mapping
Ta,0(t,2) =68¢,4z)-

Example 4.2. (Linear process.) For a linear process, the matrices Ay ; = Aj, j € Z, are
deterministic. The limiting measure m? is given by m9(-) = (Leb x u) o T A_’;(-), where the
mapping Ty 4 is given by

Tag(t.2) =Y 8 A1) 120 j_g2)-
J€EZ
Proof of Theorem 4.1. By Theorem A.2 we need to prove that the measure m? in (4.3)
belongs to MO(N%) and that, as n — oo,

My (Fgy.gy.e1.60) = M (Fgy gy .61.65) (4.4)

for all Lipschitz functions g1, g» € C ;; (E?) and &1, &2 > 0, where the functions Fy, 4, ¢, ¢, are
given in (A.2) in Appendix A. For the first statement, it is enough to prove that, for each § > 0,

ESs = E(Zl{nA,-n > 5}) < .

JEZ

This is an easy consequence of conditions (2.2)—(2.4). For example, if 0 < o < 2 then, for
O<e<a,
ESs <8 ) E[A;1°° < oo,
JEZ
and the case o > 2 is similar.
We now prove (4.4). Note that

- k X X
m"(Fgl’g2,81,82):rnE((l_eXp{ [Zgl( k cees k q>_8lj| })
yi‘l +
<(r-onl- (Sl 50 =)L) e
n +
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The first step is to truncate the infinite sum in the definition of Xy, replacing X by ZI jl<dn Ak, j X
Zi—j, as follows. Let (J,) be a sequence of positive numbers such that J, — oo and

o(n) if0<a <1,
Jn = yo(min(, yu/l(yn))) ifa=1, (4.6)
o(min(n, y,)) ifa>1,

where, for x > 0, I(x) = E(|Z|1{|Z] < x}). The conditions on the asymptotic growth of J,
are used below.
h) o

By Lemma 4.1, there is a sequence ﬂ,, J 0 such that
as n — oo. Therefore, the expression on the right-hand side of (4.5) is within o(1) of

> AkjZi-
rnE|:( —exp{ |:Zg1< Rkn+)/_ Z Ak, jZi—j, -y Re—gn

[J1>Jn
[J1=Jn

n s > Ak—q,jZk—‘i‘j> _gllr})

VIRV~

X( —exp{ |:Zg2( Rkn+y_ Z AkJZk /a~~-7Rk—q,n

[J1=Jn

_,_% Z Ak—q,j Zk—q- J>_82]+}>]

[J1=dn

rp, P| max —
I<k=n y,

=1, E(©,),

where (Ry ) are random variables satisfying | Ry ,| < B, for all k, n.
To proceed, we use the intuitive idea that only one of the Zs is likely to be large. Take T > 0.
The above expression can be decomposed as

rmEO©, M{all |Z_j,_g41l, ..., 1Zy4y,| are less than Ty, })
+ r, B(©®, 1{exactly one of |Z_, 411l, ..., |Zn1y,| exceeds Ty,})
+r, E(©, 1{atleasttwo of |Z_j, 411l ..., 1Zy1y,| exceed Ty,})

I1+Jn
= rnE<®n 1{ N 1zl< m}) 4.7)

t=—Jy—q+1
n+J,
+rnE(®n1{ U N Uzl > . 1Z] sm}}) 4.8)
t=_‘]n_q+1 x=—Jn—q;’l ..... n+Jp

n+J,

+rnE<®n1{ U U {|Z,|>ryn,|zs|>ryn}}). 4.9)

t=—Jy—q+1 s=—Jn—q+1...n+Jn
sF#EL

We claim that the main contribution comes from (4.8) and that the contributions from the other
terms vanish as n — oo and then T — 0. Let us start with (4.7). Recall that g; and g, have
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compact supports in B¢ = [0, 1] x (R¢@+1D \ {0}). Hence, there is a § > 0 such that

([0, 1] x {(x0, . .., xq) : max{lxol, ..., |xg|} < &}) N {support(gi) U support(g2)} = <.
On the set ﬂ:’;’_J”Jn_qHHZ,l < ty,} we have, for large n,
n+./n
'n E(®n 1{ ﬂ |Z| < TVn})
t=—Jy—q+1
" 1
SrnE<®n1{ U {Rk,n+— > A Zij W Zi—j| < Ty} >6“>
k=1 Y ji<a,
" 1
srnP( U {Rk,n+— Y AiZioj W Zi—jl < Tya) >8})
k=1—g =0,
Vnd
Ern(n-HI)P( > A0 ZiIZj] < tva)| > ; )

[71=Jn
—0

asn — oo and then T — 0, by appealing to (2.9) (the last inequality used the fact that 8, | 0).
For (4.9), we observe that, for any t > 0,

n+Jy
rnE(@nl{ U U 1zl |zs|>ryn}})

t=—J, —q-l,-l s=—Jn—q+1,...n+Jp
S#L

n+Jy
=rn P< U U {Z:| > Tyn, |Zs] > Tyn}>

<rp(n+q+24)°P(Z| > ty)?

— 0

as n — 0o, by the definition of r,, and the fact that J,,/n is bounded. Hence, as claimed, the
main contribution comes from (4.8).
Since the union in (4.8) is disjoint, we may rewrite (4.8) as

n+Jy n k 1
Z VnE|:<1—CXP{—L;&(;,Rk,n-I-— Z Ak jZi—j, -, Rk—gn

t=—J,—q+1 " [J1SJn
1
2zl
"I +
- k 1
X <1 - eXP{—[Z&(;, R+ v Z Ak, jZi—j, ..., Rk—gn
k=1 ‘]lf.]n
1
)]
NITEYA +

X W Zs| > tyn, |Zs| < typ, alls=—-J, —g+1,....n+ Jy, s ;ét}].
(4.10)
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As |Z;] is large and |Z| is small, s # ¢, we can practically ignore the contribution from the
latter terms. To be precise, we claim that the above expression is asymptotically equal (written
a, ~ by) to

n+J,
Z rnE|:< —exp{ [Z&( Rkn"’y_ Z Ak]Zk jl{t_k_j}

1==Jn—gq+1 1< Jn
Rk—gn + — Z Ak—q.jZi—q-j Wt =k —q — j}> - 81] })
"I +
><< —exp{ [Z&( Rkn—i——ZAk]Zk]l{t_k it
Y\ i<,
Ri—gn + — Z Ak—q,jZk—q-j Wt =k —q — j}> - 81] }>
Y 1=, +
x {|Z;| > T)/n}i|
Vl+]n
= Y mEO,H|Z]| >y}l 4.11)
tzfjn*fI‘H

For now, we postpone the proof that (4.10) ~ (4.11) and proceed, instead, with analyzing
(4.11). We can rewrite (4.11) as

n+Jn

1
Z rnE|:( —eXP{ I:Zgl< Rkn+y Akk 12y {|k_t|§Jn}»~-~aRk—q,n

t=—Jy—q+1

1

+ —Ak—gk—q—1Zs Hk—qg—1|=< Jn}) - 51:| })
Vn +

1
x( —exp{ [Zgz( Rt == AngesZe Wk = 11 = b Riegn

1

+ —Ak—q,k—q—tzt Hk—qg—t| <)) —e
Vn .

x H|Zi| > an}]

In the sequel, as the subscripts change, we shorten Ry, to R,. We do not impose any
assumptions on these random variables apart from the fact that |R,| < B, for all n. With
| = k — t we can rewrite the above expression as

n+Jy n—t t+1
> r,,E[(1—exp{—[ > gl(— R, + — A,+”Z,1{|l| <L), ..., R,
n Va

t:_‘])l_q+1 l=1-1

A

1
+ —Aipi—qi—Z: H|l —q| = Jn}) - 81] })
Vn I
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— r+1 1
x (1 - epo > gz(T, Ru+ - Aveta Ze IS Ju). oo R
1

=1—t n

1
+ _At+l—q,l—qzt 1{|l - Q| = Jn}) - 82:| })
Va N

x H|Z| > fyn}:|~

By stationarity we may replace A,4+;—;; by A;—i;, i =0, ..., q, and, conditioning on Z;, the
above equals

n+J, n—t t+l
f Z rnE[(l_eXp{_[Z gl<_7Rn+Al,lZl{|l|SJn}yn-,Rn
T =11 "
+Al—q,l—qz 1{|l - ql < Jn}) - 8li| })
+

n—t
t+1
X (1 —epo > gz<T,Rn + AL < Ja), . Ry

[=1—t
+A_gi—qzl{ll —q| < Jn}) — 82} })}
+

x Py, 17, € dz)

: / kn(ran Py, Z € d2)
|z|>T

=:/| Kkn(2) fn (dz)

~f|@mmmx

where

l’l+/n

n—t

- t+1

Kn(z) = E E[<1 _exp{_[ E 81<T» Al,lZ ) SATA SIS R
I=1—t

t=—Jp+1
Alq,l—qZ |l —ql < Jn}) - 81:| })
+

n—t t+l
X (1 —exp{—|: Z g2<T,A1,1Z1{|l| /% S

I=1—t
1
Al—q,l—qZ |l — ql < Jn}) - 82j| }>j|_7
+ n

and we have used the uniform continuity of the functions g; and g, and the fact that |R,| <
Bn 4 0. We claim that, as n — o0,

/ Kn(2)pn(dz) — K (z)p(dz), (4.12)
|z|>T

lz]>7
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where

1
K(z)=/0 E[( —exp{ [Zgl(t A;zz,...,Al_q,l_qz)—£1i| })
+

IeZ

X <1 - exp{_[z gt ALz, ..., Al—gi—q2) — 82} }ﬂ &
+

leZ

Note, first of all, that ;t,, — win M (R?). Since the functions (&, ) and k are uniformly bounded,
it is enough to prove the convergence in (4.12) when integrating over the set {t < |z| < M}
for any finite M > t. Using the fact that J,,/n — 0, we need to check that, for any K,

/ k) (D) (dz) — Kk (2)pu(dz), (4.13)
T<|z|]<M T<|z|<M
with
n+K n—t ¢ +l
s (2) = Xz%oﬂﬂ{Zh(—ﬂMﬂWSMWq
t=—K+1 I=1—t n

Al—g1—gz |l —q| = Jn}) - 811| })
+

n—t 41
X (l — exp{—|: Z g2<T, Azl < b, ..o,
[=1—t

1
Al—gi-qz Il —q| < Jn}) - 32:| }>:|_
+ n

Recall that the supports of g; and g» do not intersect the set
[0, 1] x {(x0, ..., xg): max{|xol, ..., |x4]} <8}

for some § > 0. Assumptions (2.2)—(2.4) imply that

8
P<||A1,1|| > i for some |/| > K) — 0 as K — oo.

(K) .

Since the limit in (4.13) does not depend on K, we may replace «,, ’ in it (but still using the

same notation) with

n+K
Kk\E(2) = Z E[( —CXP{ [Z&(— Azzz,...,Az—q,Z—qz)—sl] })
€7, +

t=—K+1
t+1 1
X ( —eXP{ [Zgz(— AllZ,--~»Al—q,l—qZ> —82} })}—
leZ + n

However, K( ) Sk uniformly (in z). Therefore, (4.13) follows, e.g. by Billingsley (1968,
Theorem 5.5). Having now established (4.12), we let T — 0 to obtain

/| @) > Bl(Leb x 1) 0 T Py )

as required.
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It remains only to prove the asymptotic equivalence (4.10) ~ (4.11). Define C,, = {—J, —
q+1,...,n+ J,}. Subtracting (4.11) from (4.10) yields

n+Jy
Y rEO | Zi] > Tyn, |Zs| < Ty, alls € Gy, 5 #1)]
t=—Jp—q+1
— B[O, HIZ/| > ty)])
n+J,
= Y mEBUO,—O)UIZ|> Ty, |Z| < Ty, alls € Gy, 5 £ 1)] (4.14)
t=—Jy—q+1
n+Jy
+ > mEO,{Z]| >t} = H{|Z] < Ty, alls € Cuy s # 1)),
t=—J,—q+1

(4.15)

Since ®), < 1, we can bound (4.15) by

n+Jy
> mPUZI > Ty (1= (1 =P(Z] > ty,))" ) - 0
t=—Jy—q+1

as n — 0o, by the choice of r, and the fact that J,/n — 0. Lemma 4.2, below, shows that
(4.14) tends to 0 as n — oo.

Lemma 4.1. For the stationary process (Xi)kez in (1.1), we have, under assumptions (2.2)—
(2.4) and (4.6),

Z Ak, jZi—j

11> Jn

> yn8> =0

forany ¢ > 0.

Proof. By stationarity we have

Z Ar,jZik—j

I'n P< max
[j1>Jn

1<k<n

> VnE) <rn P( > y,,s).

Using Remark 2.1 and the definition of r,,, we see that the above expression is bounded above
by o(1)nr, P(|Z| > y,¢), and this tends to 0 as n — oo.

Z Ak, jZk—j

[J1>Jn

Lemma 4.2. Denote the sum in (4.14) by Ap. Then

lim limsup A, = 0.
=0 nsoo

Proof. Note that, by taking norms, it is enough to consider the one-dimensional case d =
p = 1. Furthermore, it is clearly enough to consider a single function g and ¢ > 0, and prove

that
lim limsupr, A, =0, (4.16)

=0 pnooo
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where
" [k 1
AHZZE exp - Zg ;ka,n'i__ Z Ak,jZk—js'-'aRk—q,n
1eCy k=1 RVIES
1
+ — Z Ak_q,jZk_q_j> —8i| }
"I +
[k 1 ,
—€xXp)— Zg o R+ = Z Ak jZi-j Ut =k —j} ..., Rk—gn
k=1 Yu i<,
1 .
+— Y Mg jZig-jMt=k—q-— j}> —e} })
Y i<, +

X Y| Z:| > tyn, |Zs| < Tyn, alls € Cy, s # t}i|,

where, as above, C,, = {—J, —q + 1,...,n + J,}. Let L be the Lipschitz constant of g with
respect to the metric on E? given by

d((s,x0, ..., %), (£, Y0, ..., ¥g)) = |s — t| + min{L, [xo — yol| + - - - + [x4 — yql}.

Note that, in the obvious notation,

n q
, 1
A, < LEZmln{l,Z— Z ArijZi—i—j W Zr—i—jl < Tyn} }
k=1 i=0 71 j1<y,
1
§Ln(q+1)Emin|:1,— Y AojzZoj Iz Sryn}i|
Yl !
[J1=Jn

1
=Ln(q—|—1)/ P(
0

Suppose first that 0 < o < 1. We have, by (2.9),as 7 | 0O,

D Aoz HIZ-j| < twa)

> xyn) dx.
/1= Jn

Yn
A, < o120 f P(Z| > x)dx = o(1)nry P(1Z| > yn) — O,
0

n

by Karamata’s theorem, and (4.16) follows.
Now consider the case in which o« > 1. We abbreviate

n+J,
Ay:=ED)= Y  EMD, 1B,
t=—Jy—q+1
where
By ={|Z| > tyn, |Zs| < tyn, alls € Cp, s #1}.
Since g has compact support, there is a § > 0 such that g(s, xo, ..., x4) = 0 forall s € [0, 1]
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and {(xp, ..., xg): |xol + -+ |x4| < 8}. Lett € C,. We have, on the event B;,
“\ [k 1 1
|Da| 1{B,} < Zg(—,Rk,n+— > AciZicj. Ricqnt— Y Ak_q,,-zk_q_,-)
=1 ! Yr i<, SEYA
" [k 1
—Zg(—, Rin+— Y AvjZijlt=k—j},.... Rign
n n
k=1 [j1<Jn

1 .
+— D AigZiq-j Ut =k—gq—j})|UB.
Y\ ji=a,

LetK; ={k:t —J, <k <t+q+ J,}, and decompose the last expression into the sum over
K;and {1, ..., n}\ K;. Then, on the event B;, |A,| is bounded above by

L Zmin{l,ii

Z Apmiyj Zi—i—j W Zp—i—jl <ty Wj £k —i — 1t}
kek, im0 1

[J1=Jn
1 1
+lgloo Y 1{Z<|Rk_,-,n| +—| > AvijZieioj M| Zimioj| < Ty} ) > 8}
kek;  "i=0 SRS
:=Dp1+ Dyp. “4.17)

We start with D, 5. Recall that, for all i, |R¢—; »| is bounded by B, | 0. In the sequel, C
denotes a finite positive constant that may change from time to time. We see that, for large n,

n+Jy
oY E(Dua B} < Cry(n+q +2J,)nP(Z| > Ty)
t=—Jp—q+1 q .
v
X P(ZO HZJ ArcijZi—i—j WZi—i—j| < tvn}| > T")
1= .] f n

<Ct %@g+1)
8
X P( > L)
2(g+ 1)
Using (2.9) shows that, for small ¢ > 0, this is further bounded by Cn P(|Z| > y,), and this
tends to 0 as n — oo by the choice of y,,.

It remains to consider the term Dy | in (4.17). Note in D, | that, for each ¢, k is restricted
to at most 2.J,, + g + 1 possible values. We have

Z Ak, jZi,j W Zg,j| < Tyu}
Ljl<dn

n+Jn
T Y E(Du11{B})
t=—J,—q+1
< Cra(n+q+2J,)P(Z] > ty)
q
. 1
x JnEmm[l,Z— > AkijZimiej WZkminjl < ryn}}
i=0 11,
Jn PUZ] > Tyn)
<C@+H2—""2E Ao i Z_ i W Z_;| < tya}l. (4.18)
va PUZ| > va) 2 AoiZoj ! !

[J1=Jn
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Suppose first that « = 1. For large n, the last expression can be bounded by
R/
Ct ' EB(ZINIZI < trh E Y 1Al
Vn :
[J1=<Jn
Note that E ZI i< |A;| stays bounded by (2.2). Furthermore, the function
I(x) =E(Z|{|Z] = x})

is slowly varying. Therefore, the above expression vanishes as n — oo by (4.6).
Next consider the case in which @ > 1. Let u, = E(Z 1{|Z| < ty,}). Note that

E| Y AjZHZjl <o) <E| Y ANZHIZj] < tva — )|+ lal E| D A;
[J1=Jn [J1=Jn [J1=Jn
=:1+1l.

Let us start with /7. Since E Z = 0, we see that, as n — 00,
lunl < EUZIIZ] > tyu}) ~ Ctyn P(Z| > Ty).

Furthermore, to deal with ZI i< A j, we use assumptions (2.2)~(2.4). Suppose, for example,
that 1 < o < 2. Choose ¢ small enough so that « — ¢ > 1, and note that

B 1/(@—e) »
> Al =cre® E< > |Aj|“> <cJlmeo,
1= e

E

so the corresponding term in (4.18) is bounded, for large n, by
_ (v —e)—1
Ct!72 2@ p(|1Z] > ).

Note that, for small enough ¢, 6 := 2 — (¢ — £)~! < «. In that case the above expression is
o(Jy/vn) = 0asn — oo by (4.6). Similarly, in the case in which & > 2 this term goes to 0
as well.

For I, by the Burkholder—Davis—Gundy inequality,

E| Y Aj(ZHIZj] < tyad — 1)
[J1=Jn
1/2
< CEA[EZ< D ANZHIZ)) < v —mz) ]

[J1=<Jn

The notation Ez, E 4, etc. specifies the random objects with respect to which the expectation
is taken. We use, once again, assumptions (2.2)—(2.4). Assuming again that | < o < 2, and
choosing ¢ as above, we see that the above expression is bounded by

1/(a—e¢)
CEA[EZ< 3 14,1970z, 1{|Z,,~|sryn}—un|“) }

[J1=Jn
1/(x—e)
<CEIZHZ| < tya) —un|“-€>”<“-£>E( > |Aj|“‘£> :
[J1=Jn

which is bounded, and so the corresponding term in (4.18) converges to 0 because J,,/y, — 0
as n — oo. The case in which « > 2 is entirely analogous (and simpler).
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5. First applications

Theorem 4.1 provides a fairly complete description of the asymptotics of the probability of
rare events for the sequence (Xy). In this section we provide some immediate applications of
this theorem. For the sake of simplicity and to avoid complicated formulae, we restrict attention
to the case where both Ay ; and Z; are univariate and A ; > 0 a.s. Then Z has a univariate
regularly varying distribution and its limiting measure can be written as in (2.6).

Example 5.1. (Order statistics.) The first application is to order statistics. Let X;., be the ith
order statistic of X1, ..., X, in descending order. That is,

Xl:n > X2:n Z ez Xn:n-

Fix an integer ¢ > 1, and consider the g-dimensional vector (Xi.,, ..., X4:;) consisting of
the g largest values. We denote by A’ the ith order statistic of the sequence {A; ;, j € Z} in
descending order; under assumptions (2.2)—(2.4), this is a well-defined random variable. Note
that, for co > uy > ups > --- > uy > 0, we can write

P(X10 > yaur, ..., Xgin > vatg) = P(Ny(,) € B(uy, ..., ug))
with
q
B=B(ui,...,ug) = |{&: £(00, 1] x (4;, 00)) = i}.
i=1
Then we have the following implication of Theorem 4.1.

Corollary 5.1. Letd = p = 1. Assume that Ay j > 0 for all k, j and that the hypotheses of
Theorem 4.1 hold. Then, as n — oo,

P(X1n > Vat1y ..., Xgn > Vnlt . _
(X1 Ynlt1 q:n Vn q)) — wE min (A;klftl l)a'
nP(Z| > yn) i=l,..q

Proof. First note that

m(B(uy, ..., uq)) = E[(Leb x p) o Ty "(B(ui, ..., uy))]

:E[u{z: D 64, 2w1.00) = 1LY 84, 2 (ug. 00) = qH

= Elufz: Alz € (u1,00), ..., AJz € (ug, 0)}]

=wE_min (Afu; 1.
i=l1,..., q

The claim, therefore, is a direct application of Theorem 4.1 once we show that the set

B(uy, ..., ug)
is bounded away from the null measure and m(dB(u1, ..., uq)) = 0.
The set B(u1, ..., uy) is open. To see this, write B(u1,...,uy) = ﬂ?:l B; with B; =

{&: £([0, 1] x (u;, 00)) = i}. Then, Bf = {&: £([0, 1] x (u;, 00)) < i} and, for a sequence of
measures (&,) C BiC with &, Y &, we have, by the Portmanteau theorem,

i > liminf &, ([0, 1] x (u;, 00)) = £([0, 1] X (u;, 00)).
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Hence, £ € Bf so B is closed. This shows that B; is open and, consequently, B(uy, ..., ug)
is open. Similarly, the set C; = {&: £([0, 1] x [u;, 00)) > i} is closed. Since B; C C; and C;
does not contain the null measure, we see that each B; is bounded away from the null measure
and, hence, so is B.

Furthermore, it follows, by the above calculation, that

m@B(uy,...,ug)) =m(Buy,...,uy)) —m(Buy, ..., ug))
q
< m(m C,-) —m(B(uy, ..., ug))
i=1

o0
= E[/o Ly /4% ,00)(@) - - l[uq/Ag,oo)(Z)waZiail d2:|

o0
- E[/o L /A% 00)(2) - - 1(uq/A;,oo)(Z)waz7°‘71 dz}
=0.

This proves the claim.

Example 5.2. (Hitting times.) Next we consider the large deviations of first hitting times. Take
a > 0, and consider the first hitting time of (ay,, 0c0) by {X}, namely

1, = inf{k: Xy > ayn}.

Corollary 5.2. Letd = p = 1. Assume that Ay ; > 0 for all k, j and that the hypotheses of
Theorem 4.1 hold. Then, for any . > 0 asn — oo,

P(t, < An)

—nP(|Z| =) — AE[(A])" Jwa™™.

Proof. Itis enough to prove the statement for A = 1; the proof for a general A > 0 will then
follow via denoting m = [An] and redefining appropriately the sequence (y;,). We have

X
rm P(ty < n) =rnP( sup s > a) =r, P(X1;4 > yna),
O<k<n Vn

and the statement follows from Corollary 5.1.

6. Large deviations of the partial sums

In this section large deviation results for the partial sums S, = X1+---+X,, n=1,2...,
are considered. The main idea is to start from Theorem 4.1 and derive results for the partial sum
by summing up the points in the point measure N,,, while applying the continuous mapping
argument.

It turns out that for success of this program additional assumptions are needed. The first
assumption is designed to control the contribution of ‘relatively small’ values of the Xys. To
this end, we introduce the following condition: for each § > 0,

n
DXk HIXi] < yat}
k=1

lim lim sup r, P( > yn8) =0. 6.1)
el0 n
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The second assumption we need is

o

< 0. (6.2)

D Aj

jeJ

the sum Z Aj ;j converges a.s. and E sup
Jcz

Theorem 6.1. Assume that the hypotheses of Theorem 4.1 hold and, in addition, that (6.1) and
(6.2) hold. Then

P, S e — E[u(z: D Ajjze )] in Mo(R?). (6.3)
JEZL

Remark 6.1. Note that the large deviation result is uniform in the sense that the normalization
rp 1s the same for all sets. In particular, the univariate result (p = d = 1) can be stated as

i S22 (50, T) + 1 -we((4) T)

for every p > 0, where the limiting measure associated with Z is given by (2.6).

Remark 6.2. In some cases, replacing conditions (6.1) and (6.2) by somewhat stronger
conditions, we can modify the proof of Theorem 6.1 to obtain large deviations of the partial
sum of the absolute values of the process. It is sufficient to change condition (6.2) to

B(Y14,50)" < oo 6.4)

IfO <o <1l,ora > 1andn/y, — O, then it is sufficient to change condition (6.1) to, for
eaché > 0,

n
lim lim sup rnP<Z IXe| {1 Xk| < yne} > Ws) =0. (6.5)
el0 n ot
In this case we conclude that §3° = > iy | Xkl satisfies
raP(y, 1535 € ) — E[u(z: D 1Aj 2l € >] in M (RY).
JEL

If, on the other hand, o > 1 and y,, = n, then it is sufficient to change condition (6.1) to, for

eaché > 0,
n
lim lim suprnP< > (Xl — E[XoD) 1{|Xk| < ne}| > n8> =0, (6.6)
0 n k=1
and then (Sf}bS — nE | X)) satisfies
ra P(n= (S —nE|Xo|) € ) — E|:M<z : Z |A; zl € )} in Mo (R%). 6.7)

JjEZ
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Proof of Theorem 6.1. The idea is to divide S, into three parts. One part contains the terms
where ¢ < |Xi| < 1/¢ for a small positive ¢, and the other two parts contain terms with
|Xk| < e and | Xg| > 1/e. The contributions from the latter two parts turn out to be negligible.

For0 < & < 1, let g, be a function [0, 1] x (R?\ {0}) — R such that g, (f, x) = g.(x) = x
one < |x| < 1/e, ge(x) = 0 for all other values of x. First we consider the convergence of
rn P(N,?(gg) € ) with N,? as in Theorem 4.1. Let m° be the limiting measure in (4.3) with
g = 0. Note that g, is continuous except at the points |x| = ¢ and 1/¢. By Remark 4.1,

mO{S: E([0,1] x {|x] =eor1l/e}) > 0} =0.

Hence, the map & — £(g.) from N, to R¢ satisfies the continuity assumption in the mapping
theorem (Lemma A.2). Therefore, Theorem 4.1, with ¢ = 0, together with the mapping
theorem, implies that

rnP(N,)(g2) € ) — E[(Leb x m((t, D0 ) gt Ajj2) € )] =1fie () in Mo(RY).
JEZ
(6.8)

Setm, (1) =ry, P()/n_1 S, € -) and m as on the right-hand side of (6.3). We need to show that
my(f) = m(f) forany f € Cy (R?); in fact, it is sufficient to consider uniformly continuous
f (see Appendix A). For any such f, there is an n > 0 such that x € support(f) implies that
|x| > n. For any § > 0,

i (f) = ra BLF (v, ' Sn)]
= ra ELf 0 ' S) Uy ' Sa = N, (ge)| > 8)]
+ra BLf ('S Ul ' Su = N3 (ge)| < 8},

The first term is bounded above by

| floorn Py, ' Sp — NO(ge)| > 8) < |f|oornP( 1| Xk| < yue}| >

Vnc?)
2
{|Xk|>ﬁH V;) 6.9)

Assumption (6.1) guarantees that the first member on the right-hand side of (6.9) is asymp-
totically negligible. The second member on the right-hand side of (6.9) is, up to a constant,
bounded above by

+ | floorn P (

r,,P( max |Xg| > &) < rnnP(|X0| > ﬁ) -0
k=1 & &

,,,,,

as first n — oo and then ¢ — 0. Therefore, the statement of the theorem will follow once we
show that

gix(}hmsuphmsuprnE[|f(y*‘s>—f<N°<gg>)|1{|y*‘S —N2ge) <8}1=0 (6.10)

£l0 n— 00
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and
limmg(f) = m(f). (6.11)
el0

Indeed, in that case we could write, foreach ¢ > 0 and § > 0,

it (f) = (O] < rn B (v S) — FINS @D M1y, ' Su — NP (80)] < 8}
+r ELF (' S) My, ' Su — N (ge)| > 6}]
+ |ra BLSf (N, (2e) Uy, Su = N (ge)| < 831 — rn BLF (N, (g
+ 1ra ELF (N2 (ge)] — me ()] + e (f) — ().

By (6.10), the argument in (6.9), (6.8), and (6.11), each term converges to 0 as first n — o0,
then ¢ |, 0, and finally 6 | 0.

It remains to prove (6.10) and (6.11). We start with (6.10). Choose § above to be smaller
than 1/2. The reason for this is that if either f(yn’lSn) > 0 or f(N,?(gg)) > 0, then, on
{|yn_1Sn — N,?(g€)| < 6}, we have |N,?(gg)| > n/2. Since f is uniformly continuous, the
expression in (6.10) is bounded above by

0s (D B[N, ()] > 1/2) Uly, 'S — N (82)] < 8] < 05(D)ra PN, ()| > 1/2).
Asn — ocoand ¢ | 0, (6.8) and (6.11) (still to be proved) show that this remains bounded by

(constant) o5(1). As é | 0, this converges to 0.
It remains to show (6.11). We have, as ¢ | 0,

he(f) = o(A;;2))u(dz) P(d
weh = [ [ F (s 0)ne pao)

- fg /R " f(ZA,,,-z)u(dz)P(dw)

=m(f),

by dominated convergence. Indeed, ) g:(A; jz) — Y Aj jz, (i x P)-almost everywhere as
e | 0, f is continuous, and
>n } s

‘f(z ga(Aj,jZ)>
which is (i x P)-integrable by the scaling property of the measure @ and assumption (6.2).

< fleo l{sup
JCZ

ZAj’jZ

jelJ

6.1. Checking the conditions of Theorem 6.1
To apply Theorem 6.1, we need to verify the extra assumptions imposed there. In this section

we provide conditions that are easier to check for some more specific models.

Proposition 6.1. Let (Xy) be the stationary process in (1.1) satisfying the conditions of
Theorem 4.1. If 0 < « < 1 then (6.5) holds and, hence, (6.1) holds as well. If0 < o < 1 then
(6.4) holds and, hence, (6.2) holds as well.
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Proof. Assume that 0 < o < 1. By Markov’s inequality, Karamata’s theorem, and, finally,
Theorem 2.1,

n
lim li P Xe 1{|X] < 8
lim lim sup (D (1| k|_yne}>yn>
k=1 "
< lim lim sup r,, (¥,,8) ™" E(Z [ Xkl 1{| Xk| < Vne})
el0 n =1
= 11% lim sup 7,1(v,8) " E | Xo| | Xo| < yné)
& n

= limlim sup a1 (v 8) "' C(y&) P(IXo| > 8)
& n

eP(| X0l > yne)

= lim lim sup C
SPUZ| > yn)

el0

n
817&

=IlimC
£l0 )
=0,

and so (6.1) holds. If 0 < o < 1 then, by (2.2) and the Cauchy—Schwarz inequality,

B(X1451)" = Bl

<Y EIA;*) E 4,12

\12 1/2
= (3 E1a 1) T (B4 1)

< 00,

and so (6.4) holds.

If the sum (1.1) defining the process (Xy) is finite, then modest additional assumptions on
the sequence (Ay)xez guarantee applicability of Theorem 6.1. We present one such situation.

Proposition 6.2. Let (Xy) be the stationary process in (1.1) satisfying the conditions of
Theorem 4.1. Suppose, further, that the sequence (Ay)kez is i.i.d. such that, for some M =
0,1,2,..., Agj = O as. for |j| > M. Then (6.1) holds and, further, (6.5) and (6.6) (as
appropriate) hold. Also, both (6.2) and (6.4) hold, and so Theorem 6.1 applies.

When the i.i.d. assumption of the sequence (A )z is dropped, we can still obtain sufficient
conditions for (6.1). See Lemma 7.3, below.

Proof of Proposition 6.2. For finite sums, condition (6.4) is a trivial consequence of (2.2)—
(2.4). We will show that (6.1) holds; the proofs for (6.5) and (6.6) are similar. It is clearly
enough to consider the case d = 1. Note further that

n
DXk HIXk| < yue)

P( > Vn3>
k=1

<P(forsomek =1,...,n,|Ag jZi—j| > yue¢ for at least two different j)

+r(

n
> XiU|ArjZi—j| < yaMe forallk = 1,...,nand |j| < M}
k=1

> y,,8>.

6.12)
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The first term on the right-hand side of (6.12) is bounded by

1
n Z P(|A0iZ-i| > yne. |A0jZ—j| > yne) = o(DnP(Z] > y,) = 0(1)<—),

r
i j=—M,..M n

as in Lemma 3.4 of Hult and Samorodnitsky (2008). The second term on the right-hand side
of (6.12) does not exceed

M n
> P( > AkjZij WA jZi—j| < yaMe forallk =1,... nand |j| < M}‘
j=—M k=1
8
> %) (6.13)
2M + 1

By the assumed independence, for every |j| < M,

n
1i$1imsupr,,P< ZAk,jzk_j | Ay Zi—j| < yuMe fork =1,...,n, |j| < M}‘
& n
k=1
)/nS
=0; (6.14
g 2M+1> ©.14)

see the argument in Lemma 2.1 of Hult ez al. (2005). Therefore, (6.1) follows.

Finally, for certain symmetric stochastic recurrence equations as in Examples 1.2 and 2.2,
we provide sufficient conditions for the applicability of Theorem 6.1.

Proposition 6.3. Suppose that the i.i.d. pairs (Yy, Zi) ez, are symmetric (i.e. (—Yy, —Zy) 2
Ye, Z1)), Z € RV(u, ) for some 0 < o < 2, and B ||Y || < 1 for some ¢ > 0. Then the
random recursion (1.3) has a unique stationary solution, and it satisfies Theorem 6.1.

Proof. Existence and uniqueness of a stationary solution follows from Corollary 2.3 of Hult
and Samorodnitsky (2008), which also shows that this solution is of the form (1.1) and satisfies
the assumptions of Theorem 4.1. For 0 < a < 1, the statement follows from Proposition 6.1.
For o > 1, we have, by convexity (see Lemma 3.3.1 of Kwapien and Woyczynski (1992)),

E(Y ||AJ-||)“=E<§ i]j)m )

j=0
oo o
sE(Z]‘[nY,-n)
j=0i=0
00 J 1/aqa
< [Z(EHIIY,-II“> }
j=0 " i=0
< 00,

sinceE ||Y]|* < 1. Therefore, (6.4) holds. Furthermore, the symmetry assumption in the propo-
sition guarantees that the stationary process (X ) is symmetric in the sense that (Xy) = (ex X)),
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where (¢;) is a sequence of i.i.d. Rademacher random variables independent of (X;). We
conclude, as in the proof of Proposition 6.1, that
> y,,8>

n
DXk Xk < yue)
k=1

n
> Xk 1| Xi| < yae}
k=1

lim lim sup r, P(
el0 n

;

< lim lim sup ry, (y8) ~2 E(
el0 n

n
ot -2 2
= 1811’161 hmnsupr,,(yHS) E(; X Xk < Vng})

= liﬁ)l lim supr,,n(y,,(S)_zEX,% 1{| Xk| < yne}
& n

= lim lim Sup rant(yn8) 2C (1€)> P(IXx| > yae)
€ n

2
P(X

0 g 82P(1Z| > yn)
82—0(
=1limC
elo 82
=0,

proving (6.1).

7. Ruin probabilities

In this section we consider the univariate (d = p = 1) ruin problem based on the sequence
(Xy) in (1.1). Throughout this section, we assume that « > 1 (which requires, according to
our assumptions, that E Z = 0), and let ¢ > 0 be the ‘drift’. We are interested in deriving the
asymptotic decay of the so-called infinite-horizon ruin probability

Y(u) = P(sup(Sn —cn) > u)

asu — oo. Here S, = X1 + --- 4+ X,, is the partial sum process.

As in Section 6, we need to assume extra technical conditions, mostly in order to control
the contributions of the small jumps to the ruin probability. We start with some notation. For
integer g > —1, let

X{ = Z Ak iZk—;, keZ. (7.1)
lil>q
We assume that, for each ¢ > —1 and each § > 0,

n
> UX] - EIX{D 1(|X]| < ne)
k=1

lim lim sup r, P( > n8) =0 (7.2)
el0 n

and that, for every ¢ > O and y > 0,

o P(supy, | 25, X7 1{1X7| < n8})| > ny)
lim lim sup =

0. (7.3)
80 no0o nP(|Z] > n)
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It is easy to check that condition (7.2) holds, for example, under the assumptions of Proposi-
tion 6.2. Sufficient conditions for (7.3) are given in Lemma 7.3, below.

Theorem 7.1. Suppose that the conditions of Theorem 4.1 hold with « > 1. Suppose, in
addition, that (6.4), (7.2), and (7.3) hold. Then

W Y j !
R it K SR I T SR N e

JEL o JE€Lj— oo
(7.4)

Example 7.1. (Independent and identically distributed.) Inthei.i.d. case Ay j = 1{j = 0} we
get the classical result (see, e.g. Embrechts et al. (1997, p. 43))

v (u) w
lm = .
u—>co yP(|Z| > u) cla—1)

Example 7.2. (SRE.) Consider the univariate SRE of Examples 1.2 and 2.2. Assume that the
i.i.d. pairs (Yk, Zy)rez are symmetric and that (7.2) holds. Set

J + J -
M+=sup(ZY]-~-Yk> , M=sup<ZY1~~Yk> .
k=0

Jj=0 k=0 Jj=0
Then
Y (u)

i = (wEM{]+ (1 — w) E[M2]) -

cla—1
This result is believed to be new.
Proof of Theorem 7.1. For g > 0, we define a counterpart to (7.1) by
X! = ZAk,jzk,j, keZ,
lil=q
and let
St=x+- +Xx], St=XI4+-+XI, n=12....
Let R denote the right-hand side of (7.4). The first step is to prove the upper bound

. ¥ (u)

For (a large) integer M = 1, 2, ..., ¥ (u) is bounded above by

P( sup (Sg — ck) > [u]) + P( sup (S — ck) > [u]) = pw) + pP ).
k<[ulM k>[ulM
By Lemma 7.1,
(12

)
lim limsuppM—(u) =
M—oo y—so0o UP(|Z| > u)
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so the main contribution comes from pl(‘,lll)(u). For any ¢ > 0 and any integer ¢ > 0, we have
the upper bound

Ul ) < P( sup (S{ —ck) > [u](1 — 8)) +P< sup S > [”]8>'
k<[u]M k<[u]lM

It follows from Remark 6.2 and assumptions (6.4) and (7.2) that

P(supy—uqu S¢ > [ule)

lim i
q—>00 u—0 uP(|Z| > u)
It remains to show that
P(sup; - ST —ck) > [ul(1 — ¢
lim lim lim sup lim sup (SUPe<pum (¢ ) > [ul( ) <R
M—o00e—>0 g—>00 uU—>o0 uP(|Z| > Lt)

Setting n = [u]M and taking 0 < y < 1, and a small § > 0, we see that

P( sup (87 — ck) > [u](1 —e))
k<[ulM

k
> X HIX]| < né)

= P(supn_l(SZ —ck)> (1 —e)M™", sup
i=1

k<n k<n

)

k
Yo xTIx]| < ns)

+ P<supn—1 (S} —ck) > (1 —e)M™", sup
i=1

k<n k<n

> ny). (7.6)

Note that, by the regular variation and (7.3), for every M (recall thatn = [u]M)and0 < y < 1,

o PSUP < | oy X HIXY| < nd}| > ny)
lim lim sup =

0. 7.7
5—>0 y—oo uP(Z| > u)

Hence, we are left with estimating (7.6).
Since each noise variable Z affects at most 2¢ + 1 values of the process (X7), it follows
from the obvious fact that, for every § > 0,

. P(|Z;| > né for at least two different j = —¢q,...,n +q)
m =

07
n—00 nP(Z| > n)

and Remark 4.1 of Hult and Samorodnitsky (2008), that
P(Dy) = P(|X§i| >néforji, jp=1,....n, |j1 — j2| >2q) =omP(Z| > n)). (1.8)
We conclude by (7.8) and (7.9) that, for the upper bound, we need to prove that

8
lim lim lim sup lim lim sup lim sup p"—() <R. (7.9)
M—00e—>0 g»o00 ¥y=0 550 u—soo UP(Z| > u)

Here p, (§) is a modification of the probability in (7.6), defined as follows.
Forn > 1andé§ > 0, let

Ks(n) =inf{i =1, ...,n: |X;| > né},
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defined to be equal to n + 1 if the infimum is taken over the empty set. Then we set

Ks(n)+k
Pn(8) =P< sup vt Y Xi—cKsin) > (1 —e)M ™! —2y>.
0=k=20 i=Ks ()

This puts us in a situation where we can use the large deviations for point processes in
Theorem 4.1 and the mapping theorem in Lemma A.2.

Let ¢’ = 6g + 1. This will correspond to the dimension of the point processes we will work
with. Specifically, ¢’ is the number of values of the process we are keeping track of in (4.2), and
we will use the statement of Theorem 4.1 in the space Mg (N({, ). We now define a functional
h*: N‘II, — R as follows. Let

!

=) § noeN%.

s Z (zk,xil) ..... x,fq)) P
keF

Consider all points (7, x,il), cees x,ﬁq/)) of & satisfying the following two conditions:

1. forsomem =2g +1,...,9" —2q, |x,§m)| > §;
2. x| <sforall j=1,...,2gandall j=q' =29 +1,...,q.

Note that, by the definition of the space Nq/, the set Hs (&) of such points is finite. If Hs(§) = &,
we set h*(£) = 0.

With the obvious convention for the expression k € Hs (&), we set, for each such k,
i _ ’_ L (m)
mp =min{m =2q +1,...,q9" —2q: |x; | > 8},

and define

, mi+j
1) 4" (i)
htk,x( e X = max X — cly.
(te, % © )=, Z k
i=my

Finally, we define
h* &) = max h(t ,x(l), R ,x(q/) . 7.10
é) o) (tx k k ) ( )

It follows from Lemma 7.2 that the measure m¢  in Theorem 4.1 assigns zero value to the set
of discontinuities of 4*.

By the mapping theorem (Lemma A.2) we conclude that, for any 7 > 0,
P P*(NEY > 1) = md (B (NE) > 1) > m9 (& h*(E) > 1), (7.11)

using the fact that the right-hand side of (7.11) is continuous in t > 0.
Now taking into account the definition of r,, the estimate (7.8), and the fact that n = [u]M,
we obtain, from (7.11),

. Pn(‘s) —(a=1), q'(=. 1% _ -1 _
hurri)s;p TPOZ =~ PAZ = ) <M mi{E:-h"E)>0—-—e)M 2y}
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It follows from the form of the limiting measure m? " in the one-dimensional case (see (2.6))
that, for any 7 > 0,

;ig})mq’{s: h (&) > )

I (@D —(c4 )~

cla—1)
—q+j o —q+j o
E A 1-— —A ,
X |:w(j=(¥=2},x,,,2(1 Z k,k>+ + 0 —w) (j:(?,ﬂl?..x.aq Z k,k)+i|
k=—q k=—q
from which we see that
Pn(8)

lim sup lim lim sup lim sup —————
q—00 y—>0 550 U—00 MP(|Z| > u)

<MOVA =M — e+ (1 —e)M ™) T“VIR,
from which (7.9) follows. This proves the upper bound (7.5).

The lower bound requires a similar estimate. Take ¢ > 0, and let u be sufficiently large that
([u]l+ 1)/[u] < 1 + €. For (alarge) integer M = 1,2, ..., we have

V) > P(sup(Sk —ck) > [u] + 1)
k

> P( sup (S — ck) > [u](1 + e))
k<[ulM

> P( sup (87— ck) > [ul(l +28)> —P( sup 8¢ > [u]s).
k<[ulM k<[u]lM

Hence, by Remark 6.2 and assumptions (6.4) and (7.2), it is sufficient to prove that

P(sup, - ST — ck) > [u](1 + 2¢
lim fim lim inf lim inf - CoRkstam (S = k) > uld +26) o
M—>00e—0 g—00 U—>00 uP(Z| > u)

Using (7.7) again, it is sufficient to consider

P(supy<(u1m n_l(Zle Xi1{né < |X;| <n/s}—ck) > (1 +2e)/M+y)
uP(Z| > u) ’

and the argument from here is the same as in the case of the upper bound.
Below are the lemmas used in the proof of Theorem 7.1.

Lemma 7.1. Under the assumptions of Theorem 7.1,

P(supy~ 31 (Sk — ck) > u) —0

lim lim sup
M—00 400 uP(Z| > u)

Proof. We use Theorem 6.1 and Remarks 6.1 and 6.2 with y, = n. Choose 8 > 1 and
A > 1 such that L—1/4)
E|X,| < C(ﬂ—{ (7.12)
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and write

o
P( sup (Sx — ck) > u) < ZP(Sk > ck for some Muﬁj_1 <k< Mu,Bj).
k>uM ;
j=1

By stationarity of (Xy), forevery j = 1,2, ...,

P(Sy > ck for some Mup’~! <k < Mup’)
cMupi!
<P Staupiy > ——
) 1 ) )
+P(Sk > ck + cMu,8/_1<1 — Z) for some 0 < k < Mu(B/ — ,3/_1)).

Using Theorem 6.1, we see that, for some positive constant C (that, as usual, may change in
the sequel), we have, for large enough u,

cMupi~! . .
P<S(Mu,sm > Tﬂ) < CMup/~ P(1Z| > Mup’™"),

and, by Potter’s bound, for large enough M,

P(|Z| > Mup’—1)
P(|Z| > u)

< CcMpI—hH™.

It follows that

X P(Stprupi-1 > cMupi=l/A
lim sup Z]_l Crasupi1y g4 <cM~@ b,
U—s00 uP(Z| > u)

Using the fact that « > 1, we let M — oo and see that the above expression converges to 0.
Furthermore, forevery j = 1,2, ...,

. 1 . .
P(Sk > ck + cMup’ ™! (1 - X) for some 0 < k < Mu(B’ — ﬂf‘))

Mu(p/ =g/~ |
<P X Mup/~'1-—
< ( > Xkl > cMup ( A))

k=0

Mu(B/—pgI=1)
1 c(l1 =1/4)

By the choice of 8 and A as in (7.12) and assumption (7.2), we can use the large deviation
result (6.7) to conclude that, just as above, for all large enough M,

, P(Sk > ck + cMupi='(1 —1/A) for some 0 < k < Mu(B/ — /=)
lim sup
e 00 uP(|Z| > u)
<cmp/~hHeh,

and, as before, these bounds can be summed up over j and, then, we let M — oo and use the
fact that @ > 1. This proves the statement of the lemma.
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Lemma 7.2. Under the assumptions of Theorem 7.1, the measure m?’ in Theorem 4.1 does not
charge the set of discontinuities of h* in (7.10).

!
Proof. Let E be the subset of N?, consisting of point measures & such that

£([0, 11 x {(x0, ..., xg): |x;| =8, somei € {0,...,¢'}}) =0.

According to Remark 4.1, the measure m4" is concentrated on the set E, and so it is enough

—

to prove that the functional i2* is continuous at each § € E. Let (§,) be a sequence in

N(;,/ such that &, AN & If Hs(§) = o then Hs(&,) = @ for all large enough n, and so
h* () =0 — 0= h*(&).

Suppose now that Hs(§) # @. By the definition of the set E we see that, for all large
enough n (say n > ng), the cardinality of Hs(&,) is equal to the (finite) cardinality of Hj(&).

Moreover, the vague convergence &y 5 & implies that, forevery n > nyg, there is an enumeration
{((t)™, (xk )" o (X @) )"} of Hs(&,) such that, for every k € Hs(§),

@, ) M) = P )
componentwise as n — 00 (see Resnick (1987, Proposition 3.13)). Therefore, for each such k,
1 ! 1 !
R, g™ ) = e x L x),
and, since the set Hs (&) is finite, we conclude that h1*(§,) — h* (&), as required.

Finally, as promised, we provide sufficient conditions for (7.3).

Lemma 7.3. Assume that the hypothesis of Theorem 4.1 holds. If 1 < a < 2 then, for every
q>0andy >0,

i i s PCWPkn | iy X{ UIXY| < b}l > ny)
im lim sup =0.
80 noo0 nP(Z| > n)

If a > 2, the conclusion holds if, additionally, for some 8 > o — 1 and all —q < j <gq,
EASij < 0. (7.13)

Proof. Write

<sup ZXq 1{|Xq| < né} >ny)
k=n i
ny
< su AiiZi—il Xq .
_Z<k<€Zl/lj{| | < q+1)

lil1<q i=l1

We replace below, for simplicity, y/(2g + 1) with y. Since the above sum has a finite number
of terms, it is enough to prove the appropriate convergence to 0 for each one of the terms
separately. For simplicity, we consider j = (. Define

> ny}

ZA, 0Zi HIX?| < ns}
i=1

B, = {sup

k<n
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so that we can write, for a small p > 0,
k
> AioZi | X]| < né)

P(sup > ny)
k=nliz

=PB, N{|Zy| <npforallm=1—¢q,...,n+q})
+P(B, N{|Zy| > np forexactlyonem =1—gq,...,n+q})

+P(B, N{|Zy| > np fortwoormorem =1—gq,...,n+q})
== p1(n) + p2(n) + p3(n).

Clearly, for every p > 0,

p3(n)
im ——— =
n—oo n P(|Z| > n)

Next, select 0 < 6 < §/(2q + 1), and introduce the event
Cn ={lAi,jZi—jl >nf forsomei; =1,...,n, |j| < q}.

Then
pi(n) <P(C,N{|Zul <npforallm=1—-¢q,...,n+q})

+PB,NC;N{|Zn| <npforallm=1—gq,...,n+q})
= p11(n) + pra(n).

By stationarity,

P < (14290 P(12Z0] < np. max |4 ;Zo| > n6)
J1=4q

0
< +2q)P<maX [Aj ] l{max |Aj ] > —}|Zo| > nQ).
lil<q - lil<q - P
Therefore,

0
lim — P Q“E[max A4, ;1 l{max Aj;] > —”
n—>oc0 n P(|Z| > n) ljl<q ljl<q P

and this expression can be made arbitrarily small by selecting p small in comparison with 6.
Furthermore, the choice of § guarantees that, on the event C;,, we automatically have

|Xf| <né foreachi=1,...,n.
Therefore,
k
pia(n) < P(sup > AioZi | Zi] < np}| > ny>.
k<n |’
="1i=1
Set

k
myy =BZU|Z| <np}) and S = Aio(Zi HIZi| < np} — map),

i=1
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and take p > « such that E |A¢ 0|” < co. Then

P (max

< P<max |§k| > Q) +P<max
k<n 2 k<n

ZA,OZ H|Zi| < np)

> ny)
k

Z Ai,Omnp
i=1

> %) (7.14)

By Markov’s inequality, the second term in (7.14) is bounded above by

(ZlAlo|> " ) ( v )_pE(ilAi,m)p
(Ml 2|mnp| el
ny \ ? "
< nP"YEY A ol”
<2|mnp|> ; ’

-p
= ( Y ) E|Apol”.
2{mpp|

Since p > a > 1, E|Ag0l” < oo, and |my,| ~ Cnp P(|Z] > np), it follows that

 P(supgy | Yof g Avomap| > ny/2) [np P(1Z| > np)1?
lim sup <limsupC

n—00 nP(Z| > n) n—00 nP(|Z| > n)

To handle the first term in g7. 14), we divide itinto two cases. For1 < o < 2, wecantakea <
p < 2 and use the fact that Sy is a martingale with respect to £ = o ({A; 0}_;, Z1, ..., Zy).
Then the Burkholder-Davis—Gundy inequality implies that

P<r,£1aX|Sk| > ﬂ) <G C) E(S12/%)

C n
= E Aiol?1Zi | Zi| < np} — P
= (ny)? (ZZ_;| i0l°1Z; H|Zi| < np} Myp| )

< nE|Aool” (E|ZI" H|Z] < np} 4 |myp|?)
(ny)?

~

(ny)pn(Ele,olp(np)” P(IZ] > np) + [mpp|?), (7.15)

where, in the last step, we used Karamata’s theorem. In particular,

- (C/(ny)P)n(E [Aool” (np)! P(IZ] > np) + |mn,|?)
lim lim sup
p—0 n—oo nP(|Z] > n)

=0.

For o« > 2, a variant of the Fuk—Nagaev inequality (see Petrov (1995, Section 2.6.6, p. 79))
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implies that

5 LA 5 ny .
P(glgflSkl > 7) —E|:P<I]?<a’7l(|5k| > ‘ {A:,o})]

n
< E[cl )™ Y |Aiol? E1Z; 1| Zi| < np) — man’]
i=1

n —1
—i—Eexp{—CznZ(Z Afgvar(Z1{|Z] < np})> }
i=1

The first of these terms can be bounded just as (7.15). To handle the second term, we write
Wy =31, Aio and note that, since o > 2, var(Z 1{|Z| < np}) is a slowly varying function
(this quantity is even bounded when var(Z) < oo). Therefore, it is bounded by n® for all
sufficiently large n, where we choose ¢ to satisfy 8 > (o — 1)/(1 — €). Then it follows that,
foreach A > O,

Elexp{—Con*(W, var(Z 1{|Z| < np})™"}

oo 5|
_E[exp{ " }{

n2—a )\n2—s
E —-C 11w
ol elorle - 1]
n2-
—C3A+P<W > )
logn

In particular, we may choose A > (o — 1)/C3, which will imply that

n—C})»

— —> 0 asn — o0.
nP(Z| > n)

We also have, for large n, by the choice of ¢,

P(W, > An®>~¢/logn) n—hC=o - 5 B
< E(> A7
nP(|Z| > n) nP(Z| > n)
—B(1—e)
< n—EAéﬁO
nP(Z| > n) ’
— 0,

by assumption (7.13).

Finally, the term p;(n) can be treated in the same way as the term pj(n), if we note that
the single large value of Z,, can contribute to at most 2¢g + 1 different X;. If we choose
8 small enough so that (2g + 1)§ < vy, then these terms can be excluded from the sum
Zle X l.q 1{|Xl‘.7| < nd} in the first place. Hence, the statement of the lemma follows.

Appendix A. Framework

Let I be a locally compact complete separable metric space and consider the space N, of
Radon point measures on E. In the main part of the paper E is the space [0, 1] x (R?@+D \ {0})
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for some g > 0 and d > 1, but here it can be quite arbitrary. Let (4;);>1 be a countable dense
collection of functions in C +(IE) the space of nonnegative continuous functions on E W1th
compact support such that &,(h;) — &(h;) as n — oo for each i > 1 implies that &, 5 &
in N,. Here % denotes vague convergence. The existence of such a sequence (h;);>1 is
established in Kallenberg (1983, Section 15.7.7) (see also Resnick (1987, Proposition 3.17)).
Note also that the functions .; may be chosen to be Lipschitz with respect to the metric on E. This
follows from the fact that the approximating functions in the version of the Urysohn lemma used
for the purpose of this construction are already Lipschitz (see Resnick (1987, Lemma 3.11)).
In particular, a measure £ in N, is uniquely determined by the sequence (§(h;));>1. We may
and will assume that the collection (%;);>1 is closed under multiplication by positive rational
numbers.

We can identify N, with a closed subspace of [0, 00)*° via the mapping /: N, — [0, 00)*
givenby h(&) = (£(h;))i>1. Toseethat h(N,) is closed in [0, 00)*°, let (Xl-n)izl be a convergent
sequencein 2(N,). Thatis, x;' — x; foreachi. Then there exist&, € N, such that&, (h;) = x;'
for each i > 1. The collection (§;),>1 is relatively compact in N, because

sup &, (h;) = supx;’ < oo foreach i.
n n

Hence, there is a convergent subsequence &,, — some &. This & necessarily satisfies £(h;) =
x; and we conclude that (x;);>1 € h(Np). Thus, h(N)) is closed.

The vague convergence on N, can be metrized via a metric d induced from [0, 00)°, defined
by

i — yil
d(x,y) = 22 1+|x, - (A.1)
forelements x = (x;);>1andy = (¥;);>11in[0, 00)*°. This makes N, into a complete separable
metric space (since it is a closed subspace of the complete separable metric space [0, 00)°).
The open ball of radius r > 0in N, centered at £ is denoted by Bg . Recall that we denote by
@ the null measure in N .

We will consider convergence of Radon measures m on the space Nj,. The framework
considered here is that of Hult and Lindskog (2006) where the underlying space, denoted by S
in Hult and Lindskog (2006), is taken to be N,. The space of Radon measures on N, whose
restriction to N, \ By, is finite for each > 0 is denoted by My = Mp(N). The convergence
m, — m in Ml is defined as the convergence m, (f) — m(f) for all f € Co(N), the space
of bounded continuous functions on N, that vanish in a neighborhood of ‘the origin’ &.

The typical situation in this paper is that we have a sequence of random point measures (N,,)
on [E, and we are interested in the convergence

mu(-) ;=r, P(N, € -) > m(-) in M.

A.1. Convergence in M(N,)

We start with relative compactness criteria. For measures on a general metric space, such
criteria are given in Theorem 2.7 of Hult and Lindskog (2006).

Theorem A.1. Let M C Mo(Ny). Then M is relatively compact if
(i) for each e > 0,
00 .
278 (hi) >
sup m| &: — > < o0,
! ( ; [+ &)

meM
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and

(i1) for each h € C;g (E) and 6§ > O, there exists R such that

sup m(§: E(h) > R) <.
meM

Proof. We need to check (2.2) and (2.3) in Theorem 2.7 of Hult and Lindskog (2006). Since
the metric on N, is given by (A.1), (i) immediately implies (2.2) in that reference.
Next note that any set of the form ]_[loil [0, R;] is a compact subset of [0, c0)*>°. Hence,

C ={&:&(h;) < R;foreachi}\ By ¢
is a compact subset of N, \ By . and

sup m(Ny, \ (Bg,; UC)) < sup m(§: E(h;) > R; somei > 1)

meM meM

< sup Y m(E: E(hi) > Ro).

meM i=1
By (ii) we can take R; such that

sup m(&: E(hj) > R;j) <2718,
meM

which implies (2.3) of Hult and Lindskog (2006).

To show actual convergence, we need, in addition to relative compactness, to identify
subsequential limits. For this purpose, we define, for g1, g» € C;(F(IE) and €1,& > 0, a
function Fg; ¢, ¢1,6,: Np — [0, 00) by

Fg.g.61.6,(6) = (I —exp{—(§(g1) — )+ DI —exp{—(§(g2) — €2)+}). (A.2)

Note that each Fy, o, ¢, ¢, 1S a bounded continuous function that vanishes on a neighborhood
of the null measure &.

Lemma A.1. Let my and my be measures in Mo(N). If the equality
mi(Fg g.e1,60) = M2(Fgy g3.61.67)
holds for all Lipschitz functions g1, g2 € C;g (E) and €1, ey > 0, then m|; = mo.
Proof. We use the assumption with g; = hj,, i = 1,2. Replacing hj, by bhj, and & by

be1 with positive rational b, and letting b — oo and ¢ — 0, we obtain

/ ) > er)e s Bidm (dg) = / 1)) = erte s idmy(dE). (A3)

p N,

Replacing, in (A.3), h j, by bh j, as above, and letting b — 0, we also obtain

mi(MHg(hj) = e1}) = ma(U{§(hjy) = e1}). (A4)
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Since the family (%;);>1 is dense in C; (E), we conclude that (A.3) holds with 4 j, replaced
by any function in C ; (E). To see that (A.3) and (A.4) imply that m| = m», we define, for any
J1 > 1and g1 > 0, probability measures on N, by

mi(-N{&: &) > e1})
mi(§:&(h;) = e1)
ma(-N{§: §(hjy) > e1})
my(§:&(hj) = e1)

mi(-) =

ma(-) =

The uniqueness property of the Laplace functionals (see Resnick (1987, Section 3.2)) (A.3)
implies that 711 and 5 coincide. Hence, m and m; coincide on the set {§ (k) > ¢} for any j
and ¢. Letting ¢ — 0 we obtain the claim.

Finally, we are ready to state necessary and sufficient conditions for convergence in Mio(N),).

Theorem A.2. Letm,my, ma, ... be measures in Mlo(N ). The condition

nlggo My (Fg g5,61,60) = M(Fgy g3.61,67)

forall g1, g2 € C; (E) and €1, &2 > 0 is necessary and sufficient for the convergence m, — m
in Mlo(Np). Furthermore, it is sufficient to check the condition only for the Lipschitz functions
in CH(E).

K

Proof. The necessity of the condition is obvious. For the sufficiency, we start by checking
that the sequence (m,),>1 is relatively compact in Mly(N,), for which we check (i) and (ii) in
Theorem A.1.

Start by choosing a Lipschitz collection (%;);>1 as above. Take ¢ > 0. With

Jo=[~logye] +1

we have

9] Je

i i &) . i §(h) &
m({g 22 1+s<m>28}>5m”<{‘§' 22 1+5(hi>>3}>

1 1
J,
8 &) e
: ;m({s Tre) ﬁ}>
Je 1
< Z:;m({s §h) > Z Ty 1)}).

Note that, for any h € C§(E) and R > 0,

m(Fyn.r/2.R/2) = / (1 — e= EM=R/D\2p, (g (A5)

> f (1 — e EM=RD\2 1£(h) > Rym(d§)

> (1—e ®)2mE: g(h) > R).
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For ¢ > 0, we choose R = R(¢) = 2/(3J;/¢ — 1). By the assumption of the proposition,
there is an n; such that, for all » > n, the bound

My (Fh; hi Rj2,R2) < m(Fhy pi Ry2,R2) + 1

holds foreachi =1, ..., J,. It follows from (A.5) that, for all such n,

00 J,
_ &) NEE
mn<{§ eN,: ;2 Tr et > s}) < (1 —e RE)H)=2 ;[W(Fh,-,h,-,R(s)/Z,R(s)/Z) + 1],

which is finite, establishing (i) in Theorem A.1.
The next step is to check (ii) in Theorem A.1. Forh € C ;g (E) and R > 0, we have, by (A.5),

limsupm, ({&: &(h) > R}) < limsup(1 — e ®/%)"2m,, (Fyp.r /2.1 2)

n—o0 n—oQo

= (1 — e ®2m(Fy /2 r)2)-

The latter expression converges to 0 as R — oo, which implies (ii) in Theorem A.1.

We conclude that (m,,) is relatively compact in Mo(N),).

Since the assumptions of Lemma A.1 are satisfied for any subsequential vague limit point
of the sequence (m,,) and the measure m, we conclude that all subsequential vague limit points
of the sequence (m,) coincide with m and, hence, m, — m in Mo(N)).

A.2. A mapping theorem

The general version of the mapping theorem is given in Theorem 2.5 of Hult and Lindskog

(2006). Here we will state a useful special case.

Lemma A.2. Suppose thatm, — m in Mo(N,) and that f: E — R? is a measurable function
with a bounded support, such that

m(: &§(Dy) > 0) =0,

where Dy is the set of discontinuities of the function f. Define T : N, — R by T(£) = £(f).
Then

muoT () > moT () in My(RY).

Proof. This follows from Theorem 2.5 of Hult and Lindskog (2006) since T is discontinuous
on a set of measure m equal to 0, 7 (&) = 0, and T is continuous at &.
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