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1. Introduction. The joint spectrum for a commuting #n-tuple in functional analysis
has its origin in functional calculus which appeared in J. L. Taylor’s epoch-making paper
[19] in 1970. Since then, many papers have been published on commuting n-tuples of
operators on Hilbert spaces (for example, [3], [4], [5], [8], [9], [10], [21], [22]).

For those on Banach spaces, however, only a few results have come out. Recently,
A. Mclntosh, A. Pryde and W. Ricker in [16] characterized the joint spectrum for a
strongly commuting n-tuple of operators on a Banach space. In this paper, we shall show
among others that the joint spectrum for a strongly commuting n-tuple of operators on a
Banach space is the joint approximate point spectrum for it.

Let X be a complex Banach space. We denote by X* the dual space of X and by
B(X) the space of all bounded linear operators on X. Let T=(T;,...,T,) be a
commuting n-tuple of operators on X. And let ¢(T) be the Taylor joint spectrum of T.
We refer the reader to Taylor [19] for the definition of o(T).

A point z=(z,, ..., z,) of C" is in the approximate point spectrum 0,(T) of T if
there exists a sequence {x,} of unit vectors in X such that

I(T; = z)x|| =0 as k—oo for i=1,2,...,n

A point z =(zy, ..., z,) of C" is said to be a joint eigenvalue of T if there exists a
non-zero vector x such that

Tx=2zx for i=1,2,...,n.
Let us set
m={(xf)eXxX*:fll=f(x)= x|t =1}.

The spatial joint numerical range V(T) and joint numerical range V(B(X), T) of T are

defined by
VD ={(f(Tix), ..., f(Tx)):(x, f) e 7}
and
V(B(X), T)={(F(T), ..., F(T,)): F is a state on B(X)}.
respectively. The joint spectral radius and joint numerical radius of T=(T;, ..., T,) are
defined by

r(T) = sup{|z|:z € o(T)}
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and
v(T) = sup{|z}:z e V(T)},
respectively.

For an operator § € B(X), the usual spectrum, approximate point spectrum, spatial
numerical range and numerical range of S are denoted by o(S), 0,(S), V(S) and
V{(B(X), S), respectively.

If V(S)<=R, then § is called hermitian. An operator S € B(X) is called normal if
there are hermitian operators H and K such that § = H +iK and HK = KH. We denote
then the operator H — iK by S. Then the following are well-known:

(1) co V(S) =V (B(X), S), where co E is the closed convex hull of E.

(2) coa(S)=V(S), where coE and E are the convex hull and closure of E,
respectively. -

(3) If S is normal, then co o(S)=V(S)=V(B(X), S). We refer the reader to
Bonsall and Duncan [1} and [2]. We denote the boundary of E by SE.

An n-tuple T=(T,, ..., T,) of operators is called strongly commuting if, for each
1=j=n, there exist operators U; and V; with real spectra, such that T, = U, +iV, and
W, ..., U, Wi, ..., V,)is a commuting 2n-tuple.

Remark Since the Fuglde theorem holds for Banach space operators, T=
(T, ..., T,) is strongly commuting if T is a commuting n-tuple of normal operators.
2. Joint spectra of strongly commuting n-tuples. McIntosh, Pryde and Ricker in
[16] showed that following theorem:
THEOREM. Let T=(T;, ..., T,) be a strongly commuting n-tuple of operators. Then
z2=(z,...,2,) is in o(T) if and only if
> (U-a)+ D (V; — b))% is not invertible
j=1 j=1
where T=U; +iV;and z;=a; +ib; (j=1,2,...,n).
We shall prove the following theorem.

THeoreM 2.1. Let T=(Ty, ..., T,) be a strongly commuting n-tuple of operators.
Then o(T) = 0,(T).

We shall use the following two theorems.

THeOREM A (Choi and Davis [7], Slodkowski and Zelazko [18]. Let T=(T,, ..., T,)
be a commuting n-tuple of operators and f an m-tuple of polynomials in n-variables. Then

0x(f(T)) = f(0,(T)).

THEOREM B (Taylor [20]). Let T=(T,, ..., T,) be a commuting n-tuple of operators
and f an m-tuple of polynomials in n-variables. Then

o(f(T)) =f(a(T)).
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Proof of Theorem 2.1. Let T, = U; + iV, and‘let S=,,...,U,V,...,V,). Then,
o(T) = g(o(S))
and
0(T) = g(0.(8))

by the Spectral mapping theorem, where g(z, 23, - . . , Z2,) =(21 + iZps1s -+« 5 20 + iZ3,).
It suffices to check, therefore, that the result is true for a commuting n-tuple of

operators with real spectra.
Let H=(H,, ..., H,) be a commuting n-tuple of operators with real spectra.

Leta=(a,,...,a,) €o(H) and let f(z):= é}l (z; — a,)% Then o(f(H)) =f(c(H)) so

0e do(f(H)) c 0,(f(H)) = f(0,(H)). It follows that there exists @ € 0,(H) = R" such that
f(@) =0. Clearly @ must be equal to a, and so a € o,(H), concluding the proof.

If I, T, ..., T, are commuting operators, we denote by A(T;, ..., T,) the least
closed subalgebra of B(X) generated by /, T}, ..., T,. And we denote by @44, . 1, the
set of all non-zero multiplicative linear functionals on A(T;, ..., T,).

THEOREM 2.2. Let T=(Ty, ..., T,) be a strongly commuting n-tuple of operators
suchthat T=U;+iV;(j=1,2,...,n). La Abe A(Uy, ..., U, Vi,..., V,). Then

O(T) = {((p(Hl) + l(p(Kl)r et (p(Hn) + ”p(Kn)) ‘pe CDA}
Proof. Let S=(U,,..., U, V,...,V,). Let a=(a,,...,a,,) be in 04(S) if the

equation
S U-a)p+ 3 ea-a)Di=1
f= i=n+
fails to have a solution for Dy, ..., D,, € A, Since
o(8) c 04(8),
an application of the Spectral Mapping Theorem gives
0(T) c 04(T).
Moreover, Mclntosh, Pryde and Ricker’s result says that
04(T) < o(T).

Therefore, o(T) = a4(T), as desired.

Tueorem 2.3. Let T=(T,, ..., T,) be a strongly commuting n-tuple of operators. If
a=(ay, ..., a,) is in o(TT), then there exists z = (z,, . . . , 2,) in o(T) such that |z;|* = o,

(i=1,2,...,n) where TT=(T,T,, ..., T,T,).

Proof. Let f:R*—R" be the polynomial given by f(x)=f(xy,..., %)=
(x2+x2,1,..., X2+ x242,), x € R*”. Then the the Spectral Mapping Theorem for the
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Taylor joint spectrum, it follows that
f(a(8)) = o(TT),

where T.=U;+iV, (j=1,...,n) and S=(U,,..., V,,...,V,). Hence there exists
(@1, ..., a,, by, ..., b,)in 0,(S) such that @’ + b’ =a; (j=1,2,..., n).

Let z;=a;+ib; (j=1,2,...,n). Then the scalar z=(z,...,2z,) is a desired
element.

So the proof is complete.

3. Joint numerical ranges of commuting normal operators. V. Wrobel proved the
following theorem.

THEOREM 3.1 (Wrobel [23]). Let T=(Ty,..., T,) be a commuting n-tuple of
operators. Then

co o(T) c V(T).

THEOREM 3.2. Let T=(T}, ..., T,) be a commuting n-tuple of normal operators.
Then

co o(T) = V(T) = V(B(X), T).

Proof. We assume that a=(a),...,a,) is in V(B(X), T)—coo(T). By the
separation theorem for a convex set, there exists a linear functional ¢ on C" and re R
such that Re ¢(A) <r <Re ¢(a) (A € co o(T)). We let ¢(z) = f] a;zi(z=(z,...,2,)€
C"™), and choose a non-singular n X n matrix M with (a,,, . .. ,] 211,,) in its first row. Then

Rez, <r<Rep, (z=(z, ..., z,) € 6(MT)),
where (B, . .., B.) = Ma. It follows that

co U(Ié:1 alﬂ}) o= V(B(X), é:‘ alﬂ}).

n
Since ¥ ay;T; is a normal operator, this is a contradiction. So the proof is complete.
i=1

CororLarY 3.3. Let T=(T, ..., T,) be a commuting n-tuple of normal operators.
Then r(T) = v(T).

REMARK There is a normal operator N such that 7(N) =1 and ||N|| =2 (see Theorem
25.6 in [2]).

ProBLEM. The joint operator norm ||T|| of T=(T,, ..., T,) is defined by

n 12
il =sup{ (3 N7oxI?) x € X and el =1,
i=1
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If H=(H,, ..., H,) is a commuting n-tuple of hermitian operators, is it then true that
r(H) = ||H||?

DEerINITION 1. Banach space X is called smooth if the set {f:||f||=f(x)=1} is a
singleton for each x € X with ||x|} = 1.

Derinimion 2. The Banach space X is called strictly c-convex if y =0 whenever
|lx||=1 and ||x + Ay|| =1 for all complex numbers A with [|A|| =1.

Let X be either smooth and reflexive, or strictly c-convex. Then K. Mattila proved
the following:

THEOREM 3.4 (Mattila [14] and [15]). Let N be a normal operator. If A is an extreme
point of V(N) such that A € V(N), then A is a eigen value of N.

We extend this theorem to a commuting r-tuple of operators. In the following, we
assume that the space X is either smooth and reflexive, or strictly c-convex.

Lemma 3.5. Lee H=(H,, ..., H,) be a commuting n-tuple of hermitian operators. If
a=(ay,...,a,) is an extreme point of V(H) and a € V(H), then a is a joint eigenvalue of
H.

Proof. The proof is by induction on n. By the theorem above, the statement is true
forn=1. '

Given a positive integer n, suppose that the statement is true for n —1. We may
assume that a = (0, ..., 0). Since 0 is an extreme point of V(H), we can choose a linear
map F on R", which has an orthogonal matrix, such that

FVMH)<c{z=(z,...,2,)eR":2,=0}.

Let K=(K,,...,K,)=F(H,, ..., H,). Then K is a commuting n-tuple of hermitian
operators which has the property V(K,) = R*. Since 0 is an extreme point of V(K,), it
follows that 0 is the eigenvalue of K,,,. Let Y be the kernel space of K,,. Then Y is a closed
subspace of X and has the same property as X. Since all K; commute with K,, the

restrictions K; of K; to Y are commuting hermitian operatorson Y (i=1, 2, ..., n). Thus
(0_,...,0)eV(K{,...,K,’,).
Clearly, V(K, ..., K,_;) X {0} c V(K).
Therefore (0,...,0) is an extreme point of V(Kj, ..., K,_;). Hence, by the

hypothesis, there exists a non-zero vector x in Y such that
Kix=0 (i=1,2,...,n),

that is, 0 is a joint eigenvalue of K. So 0 is a joint eigenvalue of H. Thus the proof is

complete.

THEOREM 3.6. Let T=(T), ..., T,) be a commuting n-tuple of normal operators.
If z=(z, ..., z,) is an extreme point of V(T) and z € V(T), then z is a joint eigenvalue
of T.
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Proof. Let T,=H;+ik; and z;=a; +ib; (Gj=12,...,n). Then
(Hy,...,H,,K;,...,K,) is a commuting 2n-tuple of hermitian operators.
(ay,...,a,,by,...,b,) is an extreme point of V(H,,..., H,, K;,...,K,) and an
element of V(H,, ..., H,, K;, ..., K,). So, by the lemma above, this point is a joint
eigenvalue of Hy, ..., H,, K;, ..., K,.

So the proof is complete.

REMARK From the proof of Theorem 3.2, the following holds:
Let T=(T,,..., T,) be an n-tuple of operators (not necessarily commuting). Then
co V(T)=V(B(X), T).
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