
Genet. Res., Camb. (1990), 55, pp. 199-221 With 5 text-figures Printed in Great Britain 199 

Mutation-selection balance and the evolutionary advantage 
of sex and recombination 

B R I A N C H A R L E S W O R T H 

Department of Ecology and Evolution, The University of Chicago, 1103 E. 57th St, Chicago, IL 60637, USA 

(Received 21 November 1989 and in revised form 14 February 1990) 

Summary 

M u t a t i o n - s e l e c t i o n b a l a n c e in a m u l t i - l o c u s sys t em is i nves t i ga t ed t h e o r e t i c a l l y , u s i n g a 
m o d i f i c a t i o n o f B u l m e r ' s inf ini tes imal m o d e l of se lec t ion o n a n o r m a l l y - d i s t r i b u t e d q u a n t i t a t i v e 
c h a r a c t e r , t a k i n g t h e n u m b e r of m u t a t i o n s p e r i n d i v i d u a l (n) t o r e p r e s e n t t h e c h a r a c t e r v a l u e . T h e 
l o g a r i t h m of t h e fitness of a n ind iv idua l w i t h n m u t a t i o n s is a s s u m e d t o b e a q u a d r a t i c , d e c r e a s i n g 
func t ion o f n. T h e e q u i l i b r i u m p r o p e r t i e s of infinitely l a rge a s e x u a l p o p u l a t i o n s , r a n d o m - m a t i n g 
p o p u l a t i o n s l a c k i n g gene t ic r e c o m b i n a t i o n , a n d r a n d o m - m a t i n g p o p u l a t i o n s w i t h a r b i t r a r y 
r e c o m b i n a t i o n f r equenc ies a r e inves t iga ted . W i t h ' s y n e r g i s t i c ' ep is tas i s o n t h e sca le o f l og f i tness , 
such t h a t log f i tness dec l ines m o r e s teeply as n i nc rea se s , it is s h o w n t h a t e q u i l i b r i u m m e a n fitness 
is least for a s e x u a l p o p u l a t i o n s . In sexua l p o p u l a t i o n s , m e a n fitness i n c r e a s e s w i t h t h e n u m b e r o f 
c h r o m o s o m e s a n d w i t h t he m a p l eng th pe r c h r o m o s o m e . W i t h ' d i m i n i s h i n g r e t u r n s ' e p i s t a s i s , s u c h 
t h a t log fi tness dec l ines less s teeply as n i nc reases , m e a n fitness b e h a v e s in t h e o p p o s i t e w a y . 
Se lec t ion o n a s e x u a l v a r i a n t s a n d genes affecting t h e r a t e o f gene t i c r e c o m b i n a t i o n in r a n d o m -
m a t i n g p o p u l a t i o n s w a s a l so s tud i ed . W i t h synerg i s t i c ep i s t a s i s , z e r o r e c o m b i n a t i o n a l w a y s a p p e a r s 
t o b e d i s f a v o u r e d , b u t free r e c o m b i n a t i o n is d i s f a v o u r e d w h e n the m u t a t i o n r a t e p e r g e n o m e is 
sufficiently sma l l , l e a d i n g to e v o l u t i o n a r y s tab i l i ty o f m a p s o f i n t e r m e d i a t e l e n g t h . W i t h s y n e r g i s t i c 
ep is tas i s , a n a s e x u a l m u t a n t is un l ike ly t o i n v a d e a sexua l p o p u l a t i o n if t h e m u t a t i o n r a t e p e r 
d i p l o i d g e n o m e g r e a t l y exceeds un i ty . R e c o m b i n a t i o n is select ively d i s a d v a n t a g e o u s w h e n t h e r e is 
d i m i n i s h i n g r e t u r n s ep i s tas i s . T h e s e resu l t s a r e c o m p a r e d w i t h t h e resu l t s o f p r e v i o u s t h e o r e t i c a l 
s tud ies o f this p r o b l e m , a n d wi th e x p e r i m e n t a l d a t a . 

1. Introduction 

T h e p r o b l e m o f t he e v o l u t i o n a r y significance of sexua l 
r e p r o d u c t i o n a n d gene t i c r e c o m b i n a t i o n h a s recen t ly 
a t t r a c t e d a g r e a t dea l of a t t e n t i o n . U n d e r m a n y 
b io log ica l c i r c u m s t a n c e s , a n a sexua l l ineage is 
expec t ed t o h a v e a r e p r o d u c t i v e a d v a n t a g e over a n 
a sexua l r a n d o m - m a t i n g , ances t r a l p o p u l a t i o n , d u e t o 
t h e ' c o s t o f s e x ' ( L l o y d , 1980 ; M a y n a r d S m i t h , 1978). 
M a n y t h e o r i e s o f pos s ib l e c o u n t e r v a i l i n g a d v a n t a g e s 
o f sex h a v e been dev i sed , a n d tes ts a t t e m p t e d us ing 
b o t h e x p e r i m e n t a l a n d c o m p a r a t i v e m e t h o d s 
( C h a r l e s w o r t h , 1989 ; M i c h o d & Levin , 1 9 8 8 ; S t e a r n s , 
1987). O n e of t h e m o s t a t t r a c t i v e t heo r i e s d e p e n d s o n 
the g e n e r a t i o n of gene t i c v a r i a t i o n by m u t a t i o n t o 
d e l e t e r i o u s al leles a t a l a rge n u m b e r o f loci s c a t t e r e d 
t h r o u g h o u t t he g e n o m e ( K o n d r a s h o v , 1988). If e a c h 
locus affects fi tness i n d e p e n d e n t l y of t h e o t h e r s (i .e. 
fitnesses a r e m u l t i p l i c a t i v e a c r o s s loci) , t h e n t h e m e a n 
fitness o f a n infinite p o p u l a t i o n a t e q u i l i b r i u m b e t w e e n 
se lec t ion a n d m u t a t i o n is k n o w n to be i n d e p e n d e n t o f 

t he p r e s e n c e o r a b s e n c e o f s e x u a l r e p r o d u c t i o n , b e i n g 
e q u a l t o e x p — U, w h e r e U is t h e p e r g e n o m e r a t e o f 
m u t a t i o n to d e l e t e r i o u s m u t a t i o n s ( C r o w , 1 9 7 0 ; 
K i m u r a & M a r u y a m a , 1966) . I t a p p e a r s l ike ly , b u t 
h a s neve r b e e n f o r m a l l y p r o v e d e x c e p t in t h e c a s e o f 
t w o loci ( F e l d m a n et al. 1980) , t h a t u n d e r th i s m o d e 
o f se lec t ion a m o d i f i e r o f t h e r a t e o f g e n e t i c r e 
c o m b i n a t i o n in a s e x u a l spec i e s will b e n e u t r a l . 

If, h o w e v e r , f i t n e s s effects d e v i a t e f r o m m u l t i p l i -
ca t iv i ty , t h e n e q u i l i b r i u m m e a n f i tness d e p e n d s o n t h e 
m o d e o f r e p r o d u c t i o n . F r o m t h e s t u d y o f spec ia l 
cases , it s e e m s t h a t ' s y n e r g i s t i c ' e p i s t a s i s , s u c h t h a t 
log fitness falls of f f a s t e r t h a n l i nea r ly w i t h t h e n u m b e r 
o f d e l e t e r i o u s a l l e l e s c a r r i e d b y a n i n d i v i d u a l , l e a d s t o 
t he m e a n fitness o f a s e x u a l p o p u l a t i o n e x c e e d i n g 
e x p — U, w h e r e a s t h e m e a n fitness o f a n a s e x u a l 
p o p u l a t i o n r e m a i n s t h e s a m e ( C r o w , 1 9 7 0 ; K i m u r a & 
M a r u y a m a , 1 9 6 6 ; K o n d r a s h o v , 1982) . T r u n c a t i o n 
se lec t ion is a s p e c i a l f o r m o f th i s t y p e o f s e l ec t i on , a n d 
h a s been m u c h s t u d i e d in th i s c o n t e x t ( C r o w & 
K i m u r a , 1 9 7 9 ; K L o n d r a s h o v , 1982, 1984, 1985, 1988) . 
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T h e c o n v e r s e a p p e a r s t o b e t r u e w h e n l o g fi tness falls 
off m o r e s l o w l y t h a n l i n e a r l y w i t h t h e n u m b e r o f 
d e l e t e r i o u s a l le les c a r r i e d b y a n i n d i v i d u a l 
( ' d i m i n i s h i n g r e t u r n s ' e p i s t a s i s ) . F r o m n u m e r i c a l 
s t u d i e s , it s e e m s t h a t a g e n e t i c m o d i f i e r i n c r e a s i n g t h e 
r a t e o f r e c o m b i n a t i o n wil l o f t e n be f a v o u r e d in a 
r a n d o m - m a t i n g p o p u l a t i o n u n d e r t h e syne rg i s t i c 
m o d e l ( K o n d r a s h o v , 1984) . A n a l y t i c r e su l t s o n th i s 
h a v e o n l y b e e n o b t a i n e d for t h e ca se o f a p a i r o f loci 
( F e l d m a n et al. 1980) . T h e c o n s e q u e n c e s o f m u t a t i o n -
s e l e c t i o n b a l a n c e w i t h s y n e r g i s t i c ep i s tas i s h a v e a l s o 
b e e n e x p l o r e d in r e l a t i o n t o t h e e v o l u t i o n o f t r a n s 
f o r m a t i o n in b a c t e r i a ( R e d f i e l d , 1988) a n d d i v i d e d 
g e n o m e s in R N A v i r u s e s ( C h a o , 1 9 8 8 ; N e e , 1 9 8 9 ; N e e 
& M a y n a r d S m i t h , 1990) . 

S i n c e m u t a t i o n t o d e l e t e r i o u s al leles is a u n i v e r s a l 
p h e n o m e n o n , a n d t h e n e t r a t e s p e r g e n o m e o f s u c h 
m u t a t i o n s a r e k n o w n t o b e s u b s t a n t i a l in h i g h e r 
o r g a n i s m s ( S i m m o n s & C r o w , 1977) , it is i m p o r t a n t t o 
h a v e a c l e a r u n d e r s t a n d i n g o f t h e c o n s e q u e n c e s o f th i s 
p r o c e s s fo r t h e e v o l u t i o n o f b r e e d i n g s y s t e m s 
( K o n d r a s h o v , 1988) . I n a d d i t i o n , e v i d e n c e for t h e 
e x i s t e n c e o f s y n e r g i s t i c effects o f m u t a n t g e n e s o n 
fitness c o m p o n e n t s ( C r o w , 1 9 7 0 ; S i m m o n s & C r o w , 
1977) p r o v i d e s g r o u n d s fo r b e l i e v i n g t h a t a n a d v a n t a g e 
t o s e x u a l r e p r o d u c t i o n a n d gene t i c r e c o m b i n a t i o n 
a r i s e s f r o m t h e m a i n t e n a n c e o f d e l e t e r i o u s a l le les by 
m u t a t i o n . 

T h e p u r p o s e o f t h e p r e s e n t p a p e r is t o s t u d y b o t h 
p o p u l a t i o n m e a n fitness, a n d se lec t ion o n m o d i f i e r s o f 
t h e r a t e o f r e c o m b i n a t i o n , u n d e r m u t a t i o n - s e l e c t i o n 
b a l a n c e in a m u l t i - l o c u s s y s t e m . Q u a n t i t a t i v e g e n e t i c 
t h e o r y fo r a n inf in i te n u m b e r o f loci ( B u l m e r , 1980) is 
u s e d , t r e a t i n g t h e n u m b e r o f d e l e t e r i o u s m u t a t i o n s 
c a r r i e d b y i n d i v i d u a l s a s a n o r m a l l y d i s t r i b u t e d , 
m e t r i c a l t rai t . - I n o r d e r t o p r e s e r v e n o r m a l i t y o f t h e 
d i s t r i b u t i o n a f t e r s e l e c t i o n , t h e specia l c a s e w h e n log 
fitness is a q u a d r a t i c f u n c t i o n o f t h e n u m b e r o f 
m u t a t i o n s is s t u d i e d . T h e a d e q u a c y o f t h e n o r m a l 
a p p r o x i m a t i o n is t e s t e d b y c o m p a r i n g p o p u l a t i o n 
p r o p e r t i e s c a l c u l a t e d b y t h e a p p r o x i m a t e m e t h o d w i t h 
t h o s e o b t a i n e d for s o m e l i m i t i n g ca se s b y e x a c t 
r e c u r s i o n r e l a t i o n s . I t is f o u n d t h a t syne rg i s t i c 
s e l e c t i o n c a n i n d e e d c o n f e r a l a rge a d v a n t a g e o f 
s e x u a l v e r s u s a s e x u a l r e p r o d u c t i o n a t t h e level o f 
p o p u l a t i o n m e a n f i tness , if t h e p e r g e n o m e m u t a t i o n 
r a t e is suff ic ient ly l a r g e . H o w e v e r , a l a rge c o m p o n e n t 
o f t h i s a r i s e s f r o m t h e effects o f s e g r e g a t i o n , n o t 
r e c o m b i n a t i o n . A c c o r d i n g l y , se lec t ion o n m o d i f i e r s o f 
r e c o m b i n a t i o n is g e n e r a l l y w e a k , espec ia l ly w h e n 
t h e r e a r e s e v e r a l c h r o m o s o m e s p e r g e n o m e , a l t h o u g h 
s e l e c t i o n a l w a y s f a v o u r s n o n - z e r o r a t e s o f r e c o m 
b i n a t i o n u n d e r b i o l o g i c a l l y r e a s o n a b l e c o n d i t i o n s . 

2 . Propert ie s o f equilibrium populations under 
mutat ion-se lec t ion balance 

(i) Assumptions of the model 

A n inf in i te ly l a r g e p o p u l a t i o n o f d i p l o i d i n d i v i d u a l s is 

a s s u m e d . T h e c a s e s o f s t r ic t ly a s e x u a l r e p r o d u c t i o n , 
a n d o f r a n d o m m a t i n g s e x u a l . d i p l o i d i nd iv idua l s , a r e 
c o n s i d e r e d . R e c u r r e n t m u t a t i o n t o d e l e t e r i o u s m u t a 
t i o n s a t a l a r g e n u m b e r o f loci is a s s u m e d to o c c u r a t 
a r a t e U p e r d i p l o i d g e n o m e p e r g e n e r a t i o n (U = 
2 m/i, w h e r e m is t h e t o t a l n u m b e r o f m u t a b l e loci a n d 
H is t h e m u t a t i o n r a t e p e r locus f rom wi ld - type t o 
m u t a n t a l le le ) . M u t a t i o n s a r e a s s u m e d t o b e pa r t i a l l y 
d o m i n a n t a n d p r e s e n t a t l o w f r e q u e n c y in t he 
p o p u l a t i o n , s o t h a t the i r e l i m i n a t i o n exclusively 
i n v o l v e s h e t e r o z y g o t e s . I t is a s s u m e d t h a t t he n u m b e r 
o f n e w m u t a n t g e n e s p r e s e n t in a n e w d ip lo id 
i n d i v i d u a l f o l l o w s a P o i s s o n d i s t r i b u t i o n wi th 
m e a n U. 

T h e fitness o f a n ind iv idua l c a r r y i n g n h e t e r o z y g o u s 
m u t a t i o n s is a s s u m e d to be g iven b y t h e func t ion 

w(n) = e x p - (an + \fin2). (1) 

T h i s is r e l a t e d t o t h e q u a d r a t i c fitness func t ion s tud ied 
b y K i m u r a & M a r u y a m a (1966) a n d C r o w (1970) , b u t 
h a s t h e a d v a n t a g e t h a t n o r m a l d i s t r i b u t i o n t h e o r y c a n 
b e u s e d in t h e d e v e l o p m e n t of t h e m o d e l (see b e l o w ) . 
S i n c e t h e c a s e o f d e l e t e r i o u s m u t a t i o n s is be ing 
c o n s i d e r e d , a is a s s u m e d t o b e pos i t ive . Pos i t ive /? 
c o r r e s p o n d s t o synerg is t ic i n t e r a c t i o n s be tween 
m u t a t i o n s a t d i f f e r e n t loci o n t h e scale o f log fitness; 
P = 0 c o r r e s p o n d s t o t he case o f mu l t i p l i ca t ive 
fitnesses; n e g a t i v e /? c o r r e s p o n d s t o ' d i m i n i s h i n g 
r e t u r n s ' e p i s t a s i s (cf. K i m u r a & M a r u y a m a , 1966). 
T h i s fitness e x p r e s s i o n is, h o w e v e r , o n l y rea l is t ic for 
n e g a t i v e J3 v a l u e s w h e n n < —a./fi, s ince fitness s t a r t s 
t o i n c r e a s e w i t h n a b o v e th i s t h r e s h o l d . All n u m e r i c a l 
o f s t u d i e s o f d i m i n i s h i n g r e t u r n s ep i s tas i s were 
c o n d u c t e d w i t h p a r a m e t e r v a l u e s s u c h t h a t nea r ly all 
i n d i v i d u a l s in t h e p o p u l a t i o n fell b e l o w t h e t h r e s h o l d . 
T h e e x a c t n u m e r i c a l resul t s r e p o r t e d b e l o w (Tab l e s 
1-3) w e r e l i t t le a f fec ted by r e p l a c i n g e q n (1) w i t h a 
f u n c t i o n in w h i c h fi tness is i n d e p e n d e n t o f n for 
n > — a / / ? . 

T h e s e s e l e c t i o n p a r a m e t e r s c a n b e r e l a t ed a s fol lows 
t o e m p i r i c a l e s t i m a t e s o b t a i n e d by C r o w (1970) f rom 
d a t a o f M u k a i ( 1 9 6 9 ) o n t he dec l ine in viabi l i ty o f 
h o m o z y g o u s s e c o n d c h r o m o s o m e s o f Drosophila 
melanogaster, d u e to t he a c c u m u l a t i o n o f d e l e t e r i o u s 
m u t a t i o n s . C r o w fitted a q u a d r a t i c m o d e l r e l a t ing 
e g g - t o - a d u l t v i a b i l i t y to t h e n u m b e r o f h o m o z y g o u s 
m u t a t i o n s , s u c h t h a t a a n d b a r e t h e l inear a n d 
q u a d r a t i c coef f ic ien t s respect ive ly . B o t h coefficients 
w e r e f o u n d t o b e close t o 0 0 1 , for t he d e t r i m e n t a l 
m u t a t i o n s o f m i n o r effect c o n s t i t u t i n g t he b u l k of 
n e w l y a r i s i n g m u t a t i o n a l v a r i a t i o n . W i t h such w e a k 
effects, t h e l o g a r i t h m of fitness b e h a v e s s imi lar ly t o 
fitness, u n l e s s t h e n u m b e r o f m u t a t i o n s is h igh . I f t he 
coeff ic ient o f d o m i n a n c e is h, o n t h e a s s u m p t i o n t h a t 
h e t e r o z y g o u s e f fec t s o n fitness fo l low t h e s a m e c u r v e 
a s h o m o z y g o u s o n e s , we c a n t h u s wr i t e a = ha a n d 
/? = 2h2b ( C r o w , 1 9 7 0 ) . S ince t h e r e is s t r o n g ev idence 
t h a t m o s t d e t r i m e n t a l m u t a t i o n s a r e pa r t i a l l y r a t h e r 
t h a n c o m p l e t e l y r e c e s s i v e ( S i m m o n s & C r o w , 1977), h 
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c a n r e a s o n a b l y b e a s s u m e d t o b e s u b s t a n t i a l l y g r e a t e r 
t h a n ze ro . M a n y o f t he n u m e r i c a l s t ud i e s d e s c r i b e d 
b e l o w a s s u m e h = 0-2. W i t h a = b = 0-01, th is yields 
va lues of a a n d /? o f 2 x 1 0 " 3 a n d 8 x 1 0 " 4 respect ive ly . 
T h e s e will b e re fer red t o as t h e s t a n d a r d va lue s o f t he 
se lec t ion p a r a m e t e r s in w h a t fo l lows . 

T h e a p p r o x i m a t e a n a l y t i c t r e a t m e n t of b o t h t he 
a s e x u a l a n d sexual cases a s s u m e s t h a t t h e t o t a l n u m b e r 
of m u t a t i o n s p e r i nd iv idua l a t t he s t a r t of a g e n e r a t i o n 
fo l lows a n o r m a l d i s t r i b u t i o n <j>{n), w i t h m e a n n a n d 
v a r i a n c e V. A s a resu l t of se lec t ion a c c o r d i n g to e q n 
(1), t he d i s t r i b u t i o n w i th in th i s g e n e r a t i o n af ter 
se lec t ion is a g a i n n o r m a l , w i t h m e a n n* a n d v a r i a n c e 
V*. E x p r e s s i o n s for t he c h a n g e s in m e a n a n d v a r i a n c e 
a r e g iven in t he A p p e n d i x , a s is t h e m e a n fitness o f t h e 
p o p u l a t i o n , w. T h e effect o f m u t a t i o n is t o c h a n g e the 
m e a n a n d v a r i a n c e by U. 

T h e v a r i a n c e of n a t t he s t a r t o f a g e n e r a t i o n c a n be 
p a r t i t i o n e d in to t h e gen ie ( add i t ive ) v a r i a n c e VA, 
w h i c h is t he s u m of t he v a r i a n c e s c o n t r i b u t e d by each 
l ocus , a n d a r e s idua l t e r m . I n a r a n d o m - m a t i n g 
p o p u l a t i o n , t he res idua l t e r m CL = V— VA is a t t r i b u 
t a b l e t o l i nkage d i s e q u i l i b r i u m ( B u l m e r , 1980, p . 158). 
G i v e n t h e a s s u m p t i o n of l o w f requenc ies o f m u t a n t 
alleles a t each locus , c o p y n u m b e r w o u l d o b e y a 
P o i s s o n d i s t r i b u t i o n in t h e a b s e n c e o f l i nkage d is 
e q u i l i b r i u m , a n d so VA in a g iven g e n e r a t i o n is e q u a l 
t o t he m e a n c o p y n u m b e r n. T h e effects of se lect ion 
a n d r e p r o d u c t i o n o n the t r a n s i t i o n b e t w e e n gener 
a t i o n s d e p e n d s o n t h e m o d e o f r e p r o d u c t i o n , a n d so 
t h e cases o f sexua l a n d a sexua l r e p r o d u c t i o n m u s t b e 
c o n s i d e r e d sepa ra t e ly . 

(ii) Asexual populations 

A s e x u a l r e p r o d u c t i o n is a s s u m e d h e r e t o m e a n t h a t 
offspr ing g e n o t y p e s a r e iden t i ca l t o t h o s e of the i r 

p a r e n t s . T h e exac t r e c u r r e n c e r e l a t i o n s for th i s c a s e 
for a g e n e r a l fi tness f u n c t i o n are g iven b y K i m u r a & 
M a r u y a m a [1966, e q n (3.1)] . T h e y a r e i n t r a c t a b l e a s 
far as t h e e q u i l i b r i u m so lu t ion for t h e d i s t r i b u t i o n o f 
t he n u m b e r s of m u t a t i o n s is c o n c e r n e d , excep t w h e n 
fi tnesses a r e m u l t i p l i c a t i v e . In th i s c a s e , a P o i s s o n 
d i s t r i b u t i o n of n u m b e r o f m u t a t i o n s p e r i n d i v i d u a l 
w i t h m e a n a n d v a r i a n c e U/a is m a i n t a i n e d a t 
e q u i l i b r i u m ( H a i g h , 1978). I t is a l so k n o w n t h a t t h e 
m e a n fi tness of a n e q u i l i b r i u m p o p u l a t i o n is e x p — U, 
r ega rd le s s o f t h e f o r m of t h e fitness f u n c t i o n ( K i m u r a 
& M a r u y a m a , 1966). 

U s i n g t h e n o r m a l a p p r o x i m a t i o n , a n e q u i l i b r i u m 
s o l u t i o n u n d e r t h e fitness func t ion o f e q n (1) c a n b e 
de r ived a s fo l lows . T h e c h a n g e in m e a n c o p y n u m b e r 
pe r g e n e r a t i o n is 

(2) 

E q u a t i n g th i s t o z e r o , w e o b t a i n t h e e q u i l i b r i u m 
r e l a t i o n 

n = 
U-V(a-SU) 

(3) 

U s i n g e q u a t i o n (A 2) of t h e A p p e n d i x , a n d t h e fact 
t h a t In w = — U, w e a lso h a v e 

2£ / = l n ( l + / ? F ) -
1 

{ a 2 K - 2 a n - / ? n 2 } . (4) 

T h e s e e q u a t i o n s a l l ow t h e e q u i l i b r i u m v a l u e s o f t h e 
m e a n a n d v a r i a n c e in n u m b e r o f m u t a t i o n s p e r 
i n d i v i d u a l t o b e c a l c u l a t e d , s u b s t i t u t i n g t h e e x p r e s s i o n 
for t he m e a n f r o m e q n (3) i n to e q n (4), a n d s o l v i n g t h e 
r e su l t i ng e q u a t i o n by N e w t o n - R a p h s o n i t e r a t i o n . 
T h e a c c u r a c y o f t h e n o r m a l a p p r o x i m a t i o n c a n b e 
c h e c k e d b y c o m p a r i n g the resul ts o f t h e s e c a l c u l a t i o n s 

T a b l e 1. Equilibrium properties of asexual populations 

Exact results Approximate results 

b 

(a) Effect of mutat ion rate [a = 0 0 1 , b = 0-01, h = 0-2 (a = 0002 , / ? = 00008)] 
w n. V Skewness Kurtosis w n V 

5-0 0007 I l l 560 0046 2-992 0 0 0 7 112 57-3 
2 0 0136 6 9 0 36-4 0058 3-007 0135 690 3 6 0 
1-5 0-224 59-3 31-4 0091 3009 0-223 59-3 311 
10 0-369 47-8 25-5 0101 3010 0-368 47-8 25-3 
0-5 0-608 32-9 17-9 0-120 3-015 0-607 32-9 17-9 
0 1 0-906 13-2 7-88 0184 3032 0-905 13-3 7-96 

(b) Effect of deviations from multiplica tivity [U = 10 , a = = 0-1 (a = 0-02)] 
w n V Skewness Kurtosis w n V 

0-001 25 0-368 59-3 
0001 0-368 570 
0 0 0 0 5 0-368 53-4 
0 0-368 50-5 
001 0-368 31-2 
0-05 0-368 18-2 
0 1 0-368 13-8 

71-7 0178 3046 
65-3 0 165 3037 
56-5 0150 3025 
50-5 0 141 3020 
22-8 0 122 2-994 
11-4 0 162 3027 
8-32 0 190 3036 

0-368 59-3 70-6 
0-368 57-0 64-4 
0-368 53-3 55-8 
0-368 500 5 0 0 
0-368 31-2 22-6 
0-368 18-2 11-3 
0-368 13-8 8-1' 
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with the exact equilibrium solutions obtained by
iteration of eqn (3.1) of Kimura & Maruyama (1966).
Some examples are shown in Table 1, where the
skewness and kurtosis of the distributions for the
exact solution are also shown, as a check on the
validity of the normal approximation. Only a narrow
range of negative b values is shown, as no equilibrium
exists when b <̂  0 [see section 2(iv) below]. It will be
seen that, providing selection is fairly weak, there is
remarkably good agreement between the exact and
approximate solutions even when the mutation rate is
so small that there is an appreciable departure from
normality for the distribution of numbers of new
mutations. The mean fitness of the population depends
only on the mutation rate, as expected, despite the fact
that the equilibrium means and variances of the
number of mutations per individual are strongly
affected by the selection parameters.

(iii) Sexual populations with no recombination

In this situation, the haploid genome is composed of
a single chromosome with no recombination. Seg-
regation takes place in diploid individuals, in the
absence of any recombination. New diploid indivi-
duals are formed by random union of gametes, such
that the frequency of individuals carrying / mutations
from one parent and j from the other is xt xp where xt

represents the frequencies of gametes carrying i
mutations. The exact recurrence relations for the
gamete frequencies are as follows (Kimura &
Maruyama, 1966):

x

i-0 0-7)!

(5 a)

(5 b)

where w(i is the fitness of individuals with i and j
mutations, and xf and x't are the gamete frequencies
following selection and mutation respectively.

A normal approximation to the equilibrium pre-
dicted by these equations can be obtained by using the
recurrence relation from eqn (5 b) for i = 0 to write

w = (exp — \U) (6)
J-0

With the fitness model used above, we have wj0 =
exp— j(a + £/?/). Hence, the sum in eqn (6) can be
approximated by the integral of the product of wx0

with the probability density of the normal variate x,
drawn from a distribution with mean \n and variance
\V, the mean and variance for the gametes. Using eqn
(A 2) for the mean fitness in equation (6), we obtain
the following equation, analogous to eqn (4)

U= In \+pv
\+\fiV

. (7)

This can be combined with the expression for n given
by eqn (3), and solved numerically.

Some examples are shown under 'Approximate
results from eqns (6) and (7)' in Table 2, together with
the results of the exact equilibrium solutions given by
eqn (5). It will be seen that the normal approximation
is very accurate, when selection is sufficiently weak.
Comparisons with Table 1 indicate that the mean
fitnesses of the equilibrium populations are con-
siderably larger in this case than in the corresponding
asexual cases (see discussion in section 4). In contrast
to the asexual case, the population mean fitness is
affected by the selection parameters as well as the
mutation rate. It can be seen that, for fixed a, mean
fitness increases as b increases. Conversely, mean
fitness seems to decrease with a if b is fixed. A small
positive value of b is sufficient to produce a large
increase in equilibrium mean fitness, provided that the
mutation rate is sufficiently high, e.g. with 17 = 1-5
and a = 001 (a = 0-002) there is a 58% increase in
mean fitness between b = 0 and b = 0-01 (/? = 00008).

(iv) Sexual populations with arbitrary recombination
frequencies

In the case of sexual populations, the equilibrium
variance can be found by a modification of the
approach developed by Bulmer for a quantitative
character controlled by a large number of genes (1980,
pp. 158-159). Following his argument, the covariance
in the number of mutant alleles present at a given pair
of loci / and j among the haploid gametes is written as
Ct}. This reflects the effect of linkage disequilibrium
between this pair of loci, for which the frequency of
recombination is denoted by r{j. Since a diploid
individual is formed by a pair of gametes, the total
variance V at the start of a generation is equal to the
genie variance VA, plus CL = 42( < JC0, the total
covariance due to linkage disequilibrium. Within a
generation, selection changes the total variance by an
amount that reflects its action in inducing changes in
genotype frequencies at the individual loci, and in
altering the covariance between pairs of loci, both
within gametes and between loci on opposite gametes
of the same individual. At equilibrium the first term is
equal to — U, since the corresponding increase in
mean and variance due to mutation is U. The normal
approximation to the change in variance due to
selection refers only to the between-loci component
(Bulmer, 1980, p. 150).

The equilibrium composition of the population can
be calculated as follows. Let the variance at the start
of a generation be V. Using normal theory, selection
changes this variance by an amount A = —fiV2/
(1 +/2V). A corresponding equation can be written for
the change in mean due to selection and mutation,
and is identical to eqn (2). According to the argument
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o f B u l m e r (1980 , p . 159), t h e v a l u e o f Ctj a f ter 
se lec t ion is g iven by 

C t - ^ C i j + M ^ _ x y (8) 

E q u a t i n g t h e n e w a n d o l d v a l u e s o f t h e Ctj, a n d 
s u m m i n g o v e r all l o c u s p a i r s , t h e e q u i l i b r i u m v a l u e o f 
CL a t t h e s t a r t o f a g e n e r a t i o n c a n r ead i ly b e c a l c u l a t e d 
( B u l m e r , 1980, p . 159). T h i s is e q u a l t o t h e di f ference 
b e t w e e n V a n d VA = n. H e n c e , 

V-n = CL, (9) 

w h e r e t h e e q u i l i b r i u m v a l u e o f if is g iven b y e q n (3) . 
I n t h e p r e s e n t c a s e , w h e r e l o w r e c o m b i n a t i o n r a t e s 

a r e o f i n t e r e s t , B u l m e r ' s e q u i l i b r i u m e x p r e s s i o n for CL 

is c l ea r ly n o t a d e q u a t e , a s it p r e d i c t s a n inf ini te v a l u e 
w h e n t h e f r e q u e n c y o f r e c o m b i n a t i o n t e n d s t o z e r o for 
al l p a i r s o f loci . T h e d i s c r e p a n c y a r i ses f r o m t h e fact 
t h a t c h a n g e s in al le le f r e q u e n c i e s i n d u c e c h a n g e s in 
l i n k a g e d i s e q u i l i b r i a a m o n g t h e loci c o n c e r n e d 
( T h o m s o n , 1977) . U s i n g h e r r e s u l t s , it is e a s y t o see 
t h a t t h e coefficient o f l i n k a g e d i s e q u i l i b r i u m D 
b e t w e e n a n e u t r a l l o c u s a n d a l i n k e d l o c u s w i t h a r a r e 
a l le le sub jec t t o a s e l ec t i on coefficient hs a g a i n s t t h e 
h e t e r o z y g o t e is r e d u c e d b y hsD e a c h g e n e r a t i o n , d u e 
t o t h e c h a n g e in al le le f r e q u e n c y a t t he se lec ted l o c u s . 
H e n c e , a p a i r o f l i n k e d loci b o t h s e g r e g a t i n g for r a r e 
d e l e t e r i o u s a l le les will e x p e r i e n c e a r e d u c t i o n o f 
a p p r o x i m a t e l y 2hsD, d u e t o c h a n g e s in al lele fre
q u e n c i e s a t e a c h l o c u s . I n t h e p r e s e n t ca se , hs c a n b e 
e s t i m a t e d a s t h e r a t i o o f t h e r e d u c t i o n d u e t o selec
t i o n in t h e m e a n n u m b e r o f m u t a t i o n s p e r i n d i v i d u a l 
( — Asn) t o t h e m e a n n u m b e r n; if t h e p o p u l a t i o n 
is a t e q u i l i b r i u m , w e t h u s h a v e hs = U/if. C(j is t h u s 
r e d u c e d b y t h e a d d i t i o n a l t e r m 2hsCir T h e e q u i l i b r i u m 
v a l u e o f C(] is g iven b y 

C y = Am(m-\)(rtl + 2hs)' ( 1 0 a ) 

W e t h u s o b t a i n t h e e q u i l i b r i u m v a l u e o f CL a s 

CL = ^ , ( 1 0 6 ) 

w h e r e E is t h e e x p e c t a t i o n o v e r all p a i r s o f loci o f 
\/(r(j + 2hs). I t fo l lows f r o m th i s resu l t a n d e q n (9) 
t h a t t h e e q u i l i b r i u m t o t a l v a r i a n c e V is less t h a n t h e 
g e n i e v a r i a n c e (it) w h e n /? > 0. If p < 0, a n o n -
n e g a t i v e v a r i a n c e a f te r s e l ec t i on r e q u i r e s —f)V< 1. 
U n d e r th i s c o n d i t i o n , it is o b v i o u s t h a t V > n a t 
e q u i l i b r i u m w h e n ft < 0 . A s w o u l d be e x p e c t e d , w h e n 
/? = 0 w e h a v e V = n. 

G i v e n k n o w l e d g e o f t h e d i s t r i b u t i o n o f r e c o m 
b i n a t i o n v a l u e s for al l p a i r s o f loci in t h e g e n o m e , e q n s 
(3 ) , (9) a n d (10) c a n b e c o m b i n e d t o yield t h e 
f o l l o w i n g e q u a t i o n : 

JIV)= V3p2\\+-, 

+ V2p(l+a-pU)-V(2pU-oc)-U = 0. (11) 

T h e e q u i l i b r i u m m e a n c o p y n u m b e r c a n b e o b t a i n e d 
b y s u b s t i t u t i n g t he s o l u t i o n o f th is e q u a t i o n i n t o e q n 
(3) . 

I n genera l , n u m e r i c a l ana lys i s is n e e d e d t o o b t a i n 
i n f o r m a t i o n c o n c e r n i n g the p r o p e r t i e s o f t h e equ i l i b r i a 
f r o m these resu l t s . H o w e v e r , s o m e useful in s igh t s i n t o 
t h e d e p e n d e n c e o f t he e q u i l i b r i u m c o m p o s i t i o n . o f t he 
p o p u l a t i o n o n the f r equency o f r e c o m b i n a t i o n c a n b e 
o b t a i n e d as fo l lows, f rom the p r o p e r t i e s o f t he 
de r iva t ives of n, V a n d w w i t h respec t t o a m e a s u r e o f 
t h e f requency o f r e c o m b i n a t i o n . If t h e r(j a r e i nc r ea s ing 
func t ions of a p a r a m e t e r r t h a t m e a s u r e s t he t o t a l 
f r equency of r e c o m b i n a t i o n in the g e n o m e (so t h a t 
drtj/dr ^ 0 ) , Em e q u a t i o n (10) is a d e c r e a s i n g func t ion 
o f r. P r o v i d e d t h a t drfj/dr > 0 for a t least s o m e pa i r s 
o f loci, dE/dr < 0. T h e de r iva t ives of t he p o p u l a t i o n 
p a r a m e t e r s w i t h respec t t o E c a n t h u s b e u s e d t o 
assess t he n a t u r e o f the i r d e p e n d e n c e o n r. 

U s i n g impl ic i t d i f fe ren t ia t ion o f e q u a t i o n (11) , we 
o b t a i n 

dV 

'dE~' 

p2v3 

,2g(vy 

w h e r e 

g(V) = 3V*p2(l +^j + 2Vp(l+a-pU) 

-(2pU-<x) + 

(12) 

V3P2 BE 
2 dV 

W h e n p > 0 , t h e m i n i m u m va lue o f dE/d V is 
a t t a i n e d w h e n r(j = 0 for all loci , a n d is e q u a l t o 
- 1/2/? F 2 . W e t h u s h a v e 

Vg(V)>f(V)+V2p(l+oL-pU) 

+ U - ^ - = V2p(l + cc-pU) + U. 

T h e r e f o r e , t he c o n d i t i o n s f + a — p u > 0 o r 
(j3Vf < 1 a r e sufficient for dV/dr > 0. S ince 

dn/dV=-U/pV2 < 0 , 

it fol lows t h a t dn/dr < 0 u n d e r these c o n d i t i o n s . 
H e n c e , t h e m e a n n u m b e r of m u t a t i o n s d e c r e a s e s w i t h 
a n increase in t he r e c o m b i n a t i o n f r equency , a n d t h e 
v a r i a n c e i nc r ea se s . 

This sugges t s t h a t , a t least w h e n p is sufficiently 
smal l , t h e e q u i l i b r i u m m e a n fitness inc reases in 
r e s p o n s e t o a n inc rease in r e c o m b i n a t i o n if /? > 0. 
T h i s c a n be e x a m i n e d a s fo l lows . U s i n g e q u a t i o n 
( A 2), w e o b t a i n 

d\nw dlnwdV dV 1 

dr dV dr 

an 
\2\l+pV 

dr 1+PV1 

a2V hU , 

l+pv)+ 2 + 

a 2 (a + pn) U\ 

pv2 

(13) 

W i t h p>0,n>V. H e n c e , w h e n a < 1, as c a n 
r e a s o n a b l y be a s s u m e d , we h a v e no. > a2 V. T h e o n l y 
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nega t i ve c o n t r i b u t i o n t o t h e t e r m in b r a c e s t he r e fo r e 
ar ises f r o m — §/?. I t is o b v i o u s t h a t U ^ 1 is sufficient 
for th is t e r m to b e o v e r c o m e b y t h e pos i t ive t e r m 
flnU/2V. A less s t r i ngen t c o n d i t i o n , likely t o b e va l id 
for U < 1 u n d e r m o s t c i r c u m s t a n c e s of b io log ica l 
in te res t , is p r o v i d e d b y n o t i n g t h a t e q n (3) impl ies t h a t 
U = pVn + V(a.-pU) > pVn, p r o v i d e d t h a t pu < a. 
H e n c e , u n d e r th i s c o n d i t i o n Upn/pV2 > pn, a n d so 
the t e r m in b r a c e s is pos i t ive if n > \. W e c a n the re fo re 
c o n c l u d e t h a t t h e p o p u l a t i o n m e a n fitness inc reases 
w i t h r e c o m b i n a t i o n f r equency w h e n p > 0, u n d e r t h e 
s t a t ed , r a t h e r l ight , c o n d i t i o n s . 

A s imi la r a r g u m e n t c a n b e used t o s h o w t h a t V a n d 
n a r e i nc r ea s ing func t ions o f r e c o m b i n a t i o n f r equency 
w h e n p < 0, w h e r e a s m e a n fitness is a d e c r e a s i n g 
func t ion , u n d e r l ight c o n d i t i o n s . P r o v i d e d t h a t 
—/?K < 1, (wh ich is r e q u i r e d for a n o n - n e g a t i v e va r i 
ance , f r o m t h e e q u a t i o n for A V), e q n (2) impl ies t h a t 
a + Pn ^ 0, s o t h a t —/? < a / w . T h i s c o n d i t i o n is a l so 
necessa ry for fi tness t o b e a d e c r e a s i n g func t ion o f 
n e a r t he e q u i l i b r i u m [see sec t ion 2( i ) a b o v e ] . I n 
a d d i t i o n , n> U/a ( t he s o l u t i o n for p = 0) , a n d V > n. 
H e n c e , t h e m a g n i t u d e o f p t h a t is c o m p a t i b l e w i t h 
t he ex i s tence o f a n e q u i l i b r i u m a n d wi th a m e a n i n g f u l 
fitness func t ion is severely c o n s t r a i n e d by t h e r e l a t i o n 
— p<a2/U. T h e r e f o r e , un less t he m u t a t i o n r a t e is 
very sma l l , —ft m u s t be m u c h sma l l e r t h a n a , a n d 
the e q u i l i b r i u m s o l u t i o n is usua l ly close t o t h a t for 
a = 0. 

E q u a t i o n s (11) a n d (12) yield t he resul t 

V ^ > pV\l+a-pU)+U. 

U s i n g t he inequa l i t i e s o n p de r ived a b o v e , it fo l lows 
t h a t a sufficient c o n d i t i o n for pos i t iv i ty o f df/dV is 
-P < U/(V2[l+a-pU]) <*2/U, wh ich is n e e d e d 
for t h e e q u i l i b r i u m to exist . H e n c e , V is a n i nc r ea s ing 

func t ion o f t h e f r e q u e n c y of r e c o m b i n a t i o n . S ince 
dit/d V > 0 , t he s a m e is t r u e for n. T h e b e h a v i o u r o f 
m e a n fitness c a n b e e v a l u a t e d u s i n g e q n (13) . F o r 
smal l p, t he c o n d i t i o n fo r the t e r m in b r a c e s in th i s 
e q u a t i o n t o b e nega t i ve is f o u n d , a f te r s o m e r e 
a r r a n g e m e n t , t o b e c lose t o 

a 2a \ a) a 

If —pu/a < 1 (for w h i c h a4 1 is sufficient) , t h e r i g h t -
h a n d s ide of th is is d o m i n a t e d b y t h e t e r m —pu2/a 
a n d t h e l e f t -hand side b y aU, a n d s o t h e c o n d i t i o n 
r e d u c e s a p p r o x i m a t e l y t o a 2 > —fiU, w h i c h is neces s 
a r y for t h e ex i s tence of a n e q u i l i b r i u m . 

T h e a d e q u a c y o f the n o r m a l a p p r o x i m a t i o n u s e d t o 
o b t a i n these resu l t s was tes ted for t h e cases o f rit = 0 
for all loci ( n o r e c o m b i n a t i o n ) a n d rtj = 0-5 (free 
r e c o m b i n a t i o n a m o n g al l loci). E x a c t r e su l t s fo r t h e 
first case c a n b e o b t a i n e d as d e s c r i b e d a b o v e ; e x a c t 
resu l t s for t he s e c o n d c a s e by n u m e r i c a l i t e r a t i o n o f 
t h e r e c u r r e n c e r e l a t i o n s de r ived b y K o n d r a s h o v 
(1984) . T h e a p p r o x i m a t e resu l t s for z e r o r e c o m 
b i n a t i o n de r ived b y this a p p r o a c h a r e g iven in T a b l e 
2 u n d e r ' A p p r o x i m a t e resul ts f r o m e q n s (10) a n d 
( 1 1 ) ' . I t is ev iden t t h a t they a r e less a c c u r a t e t h a n 
t h o s e de r ived in sec t ion 2(iii) a b o v e , a l t h o u g h t h e fit is 
still q u i t e g o o d . T h e exac t a n d a p p r o x i m a t e v a l u e s o f 
t he e q u i l i b r i u m m e a n v a r i a n c e , s k e w n e s s a n d k u r t o s i s 
o f t h e c o p y n u m b e r d i s t r i b u t i o n s for t h e ca se o f free 
r e c o m b i n a t i o n a r e d i sp l ayed in T a b l e 3 . I t will b e seen 
f rom T a b l e 3 t h a t the b e s t fit t o t h e e x a c t r e su l t s for 
free r e c o m b i n a t i o n is o b t a i n e d w h e n se lec t ion is 
re la t ive ly w e a k , a n d the m u t a t i o n r a t e is h i g h e r t h a n 
0-1. W h e n t h e r e is synergis t ic g e n e a c t i o n , t h e m e a n 
fitness o f the p o p u l a t i o n wi th free r e c o m b i n a t i o n is 
g r e a t e r t h a n wi th n o r e c o m b i n a t i o n , a l t h o u g h t h e 
effect is n o t a s l a rge as t h e difference b e t w e e n sexua l 

T a b l e 3 . Equilibrium properties of sexual populations with free recombination 

Exact results Approximate results 

(a) Effect of mutat ion rate [a = 0 0 1 , b = 0 0 1 , h = 0-2 (a = 0002 , /? = 00008)] 
U w n V Skewness Kurtosis w n V 

2-0 0-329 50-8 49-2 0134 3014 0-333 50-6 4 9 0 
1-5 0-434 43-6 42-4 0145 3018 0-436 43-4 42-2 
10 0-571 350 34-2 0 1 6 3 3026 0-571 350 34-2 
0-5 0-752 241 23-7 0198 3038 0-750 24-2 23-8 
0 1 0-940 9-84 911 0-315 3098 0-938 101 100 

(b) Effect of deviations from i multiplicativity [U — 10, a = 0 1 (a = 002)] 
b iv n V Skewness Kurtosis w n V 

- 0 0 0 1 25 0-248 90-7 91-6 0107 2-987 0-259 86-9 87-6 
- 0 0 0 1 0-308 68-9 69-3 0121 3-022 0-312 67-9 68-3 
- 0 0 0 0 5 0-347 56-7 56-8 0133 3019 0-350 56 1 56-2 

0 0-368 50-5 50-5 0141 3019 0-368 500 5 0 0 
001 0-462 25-8 25-4 0-192 3035 0-465 25-6 25-2 
0 0 5 0-504 14-3 13-8 0-249 3057 0-507 14-3 13-7 
0 1 0-512 10-8 10-3 0-281 3-071 0-515 10-8 10-2 

G R H 55 
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a = 0 0 1 b = 0 0 1 h = 0-2 

T 
1 0 

Mutation rate 

Fig. 1. Popu la t ion m e a n fitness as a function of muta t ion 
rate , for asexual popu la t ions ( • ) , sexual popula t ions 
wi thou t recombina t ion ( • ) , and sexual populat ions with 
free recombina t ion ( B ) . S t anda rd values of the selection 
pa rame te r s are assumed. 

r e p r o d u c t i o n w i t h n o r e c o m b i n a t i o n a n d a s e x u a l 
r e p r o d u c t i o n ( F i g . 1). 

M o r e g e n e r a l l y , t h e v a l u e o f E c a n b e d e t e r m i n e d 
b y u s i n g t h e r e s u l t o f M o r t o n (1955) t h a t t h e 
p r o b a b i l i t y o f a m a p d i s t a n c e z b e t w e e n t w o loci 
s a m p l e d a t r a n d o m f r o m a u n i f o r m d i s t r i b u t i o n a l o n g 
a c h r o m o s o m e o f t o t a l m a p l e n g t h / is 

<f>(z) = 
2(1 -z) 

( 1 4 a ) 

U s i n g H a l d a n e ' s (1919) f o r m u l a for t h e f r equency of 
r e c o m b i n a t i o n b e t w e e n loci in t h e a b s e n c e o f in
te r fe rence , w h e n the re is a s ingle c h r o m o s o m e of 
l eng th / in t h e g e n o m e w e o b t a i n t h e fo l lowing 
exp res s ion for E, 

n _ 2 f / -

0 + 2*} 
dz. (146) 

I f there a r e j c h r o m o s o m e s o f e q u a l l e n g t h /, we o b t a i n 

j ) J 
(15) 

This f o r m u l a c a n b e used to o b t a i n n u m e r i c a l 
s o l u t i o n s to t he equ i l ib r i a , e m p l o y i n g n u m e r i c a l 
i n t e g r a t i o n t o e v a l u a t e E. T h i s e n a b l e s s tud ies to be 
m a d e o f t h e d e p e n d e n c e o f p o p u l a t i o n m e a n fitness o n 
t h e n u m b e r o f c h r o m o s o m e s , m a p l e n g t h , a n d the 
select ion a n d m u t a t i o n p a r a m e t e r s . F i g . 2 i l lus t ra tes 
t h i s d e p e n d e n c e . M e a n fitness is s t r o n g l y affected by 
c h r o m o s o m e n u m b e r , b u t is on ly s t r o n g l y affected by 
m a p l eng th w h e n e i the r j o r / is sma l l . 

3 . Spread of a modifier of recombination 

(i) General considerations 

T h e ques t i on o f t he d i r e c t i o n a n d i n t ens i t y o f se lect ion 
o n a modi f i e r o f t he f r equency o f r e c o m b i n a t i o n 

0-34 
U = 2 

0-44 • 
U= 1-5 

0-54 

Map length 

Fig. 2. Popula t ion m e a n fitness of sexual populat ions as a selection parameters are assumed. • , 1 ch romosome; 
function of m a p length a n d number of chromosomes, for • , 5 chromosomes; Q , 20 chromosomes, 
several different mu ta t i on rates . Standard values of the 
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a m o n g t h e selected loci in a sexua l p o p u l a t i o n will b e 
c o n s i d e r e d in th is sec t ion . T h e in i t ia l p o p u l a t i o n is 
a s s u m e d t o b e fixed for al lele Mx a t t h e modi f i e r l o c u s ; 
t h e n e w allele M2 is a s s u m e d t o b e so r a r e t h a t 
h o m o z y g o t e s c a n b e i g n o r e d . T h e a s y m p t o t i c va lues 
of t h e m e a n a n d v a r i a n c e in c o p y n u m b e r for M1/M2 

i n d i v i d u a l s will be c a l c u l a t e d ( d e n o t e d by n2 a n d V2 

r e spec t ive ly ) ; th i s e n a b l e s t he a s y m p t o t i c m e a n fi tness 
of MJM2 i n d i v i d u a l s (w2) t o b e c a l c u l a t e d u s ing 
e q n (A 2) . T h e c o r r e s p o n d i n g q u a n t i t i e s for t h e 
ini t ia l Ml/M1 p o p u l a t i o n c a n b e c a l c u l a t e d b y t h e 
m e t h o d s de sc r ibed a b o v e , a n d will b e d e s i g n a t e d b y 
s u b s c r i p t 1. 

T h e r e a r e t w o poss ib i l i t ies for t he o r d e r i n g o f M 
a n d a p a i r o f selected loci , / a n d j : (a) M is l o c a t e d 
o u t s i d e i a n d j (wi th i b e i n g a r b i t r a r i l y t a k e n t o b e 
c lose r t o M t h a n j) (b) M is l o c a t e d b e t w e e n i a n d j . I n 
case (a), let t h e f r equency o f r e c o m b i n a t i o n b e t w e e n 
M a n d i b e pt in M1/M2 i n d i v i d u a l s . T h e f r equency o f 
r e c o m b i n a t i o n b e t w e e n i a n d j is rtjl in M1/M1 

i n d i v i d u a l s , a n d rtj2 in MJM2. T h e f r equency of 
r e c o m b i n a t i o n b e t w e e n M a n d j in MJM2 i n d i v i d u a l s 
is Pj = pt + rij2 — 2p( r(j2, a s s u m i n g n o in t e r f e rence . I n 
case (b), rippi a n d p} r e t a i n the i r m e a n i n g , b u t t he 
f r e q u e n c y o f r e c o m b i n a t i o n b e t w e e n i a n d j in M1/M2 

i n d i v i d u a l s is n o w r m = pt + pj — 2pipj. I f t h e loci a r e 
o n a different c h r o m o s o m e f r o m M, t h e n pt = pt = \. 

E q u a t i o n s a r e de r ived in t he A p p e n d i x t h a t de 
t e r m i n e 8n a n d SV, t he a s y m p t o t i c va lue s o f t h e 
d e v i a t i o n s o f n 2 a n d V2 f r o m the e q u i l i b r i u m va l u e s for 
t he in i t ia l M 1 / M 1 p o p u l a t i o n . T h e s e e q u a t i o n s m a k e 
use o f t h e a s s u m p t i o n t h a t t he modi f ie r h a s a sma l l 
effect o n t h e f r equency of r e c o m b i n a t i o n . T h e y c a n b e 
u s e d t o d e t e r m i n e t h e difference in m e a n fitness 
b e t w e e n MJM2 a n d M1/M1 i n d i v i d u a l s , a n d h e n c e 
t he d i r e c t i o n a n d s t r e n g t h of se lec t ion o n r e c o m 
b i n a t i o n . U n f o r t u n a t e l y , in g e n e r a l t he se e q u a t i o n s 
d e p e n d in a c o m p l e x w a y o n t h e d i s t r i b u t i o n of 
f r equenc ies o f r e c o m b i n a t i o n b e t w e e n t h e p a i r s o f 
se lected loci a n d b e t w e e n t he se lected loci a n d the 
r e c o m b i n a t i o n modif ier , so t h a t it is n o t easy t o o b t a i n 
in s igh t i n t o t h e d y n a m i c s of t he modi f i e r o t h e r t h a n 
b y n u m e r i c a l s o l u t i o n s . T w o l imi t ing cases c a n b e 
t r e a t e d re la t ive ly easi ly, a n d these will b e c o n s i d e r e d 
be fo re d i s cus s ion o f t he m o r e gene ra l ca se . 

(ii) The low recombination limit 

T h e case w h e n t h e f r equency of r e c o m b i n a t i o n 
b e t w e e n al l p a i r s o f loci is c lose t o z e r o for t h e ini t ia l 
MJMX p o p u l a t i o n will b e a n a l y s e d first. T h i s c o r r e 
s p o n d s t o a n o r g a n i s m w i t h a s ingle c h r o m o s o m e 
w i t h a s h o r t m a p , a n d is a n a p p r o p r i a t e f r a m e w o r k 
for c o n s i d e r i n g t h e ini t ia l e v o l u t i o n o f r e c o m b i n a t i o n 
o r t h e e v o l u t i o n a r y s tab i l i ty of n o n - z e r o r a t e s o f 
r e c o m b i n a t i o n . A low f r equency o f r e c o m b i n a t i o n 
a n d a smal l effect of t he modi f ie r imp l i e s t h a t t h e 
h a r m o n i c m e a n of t h e p( t h a t a p p e a r s in e q n (A 12) 
will a l so be sma l l . H e n c e , e q n (A 12) simplif ies t o 

Sn: 
U8V 

~pv\' 
(16) 

[This is iden t ica l t o t h e express ion for Sn g iven b y e q n 

(3).] 
T h e r e c o m b i n a t i o n t e r m s in t h e d e n o m i n a t o r s o f 

e q n s (A 6) a n d (A 8) c a n similarly b e neg l ec t ed in th is 
case , l e a d i n g t o the fo l lowing e x p r e s s i o n for SV w h e n 
s u b s t i t u t e d i n t o e q n (A 9 ) : 

SV-Sn 
8A-

(87+ 28hs)A1 

2hsx 

%hs1 

(17) 

w h e r e SA is t h e difference in A b e t w e e n MJM2 a n d 
MJMl i nd iv idua l s , 87 is t h e c o r r e s p o n d i n g di f ference 
in t h e m e a n r e c o m b i n a t i o n f r e q u e n c y b e t w e e n all 
p a i r s o f loci , a n d Shs is t h e difference in t h e se lec t ion 
coefficient a g a i n s t h e t e r o z y g o u s m u t a n t a l le les a t e a c h 
locus . W e h a v e 

8 A 

a n d 

Shs^lJ^-^-U- V W 

( 1 8 a ) 

( 1 8 6 ) 

C o m b i n i n g these t h r e e e q u a t i o n s , w e o b t a i n t h e 
fo l lowing e x p r e s s i o n : 

dV 
dr ' 

pV\n\ 

\6U\\ + BVM\ + u l (iv&Q+avjy 

(19) 

A m e a s u r e o f t h e s t r e n g t h of se lec t ion o n t h e r a t e o f 
r e c o m b i n a t i o n c a n b e o b t a i n e d b y u s i n g e q n (19) t o 
ca l cu l a t e t he p a r t i a l der iva t ive o f In w w i t h r e s p e c t t o 
r, m u l t i p l y i n g t h e e x p r e s s i o n for dlnw/dV f r o m e q n 
(13) by dV/dr. W e h a v e : 

d = 
a*ln w 

dV 
d_V\ 

8r)f.0 

(20) 

T h i s de r iva t ive is the select ion g r a d i e n t o n m e a n 
r e c o m b i n a t i o n f r e q u e n c y a t t he l o w r e c o m b i n a t i o n 
l imit . I f r e c o m b i n a t i o n f requencies a r e c o n t r o l l e d 
po lygen ica l ly (wi th l ow f requency mod i f i e r a l le les a t 
each locus ) , t h e r a t e o f c h a n g e of t h e p o p u l a t i o n m e a n 
o f 7 is e q u a l t o t he p r o d u c t o f d a n d t h e a d d i t i v e 
gene t ic v a r i a n c e o f 7 (cf. L a n d e , 1976). C o m b i n i n g 
e q n s (19) a n d (16) , w e see that , w h e n /? > 0, mod i f i e r s 
w h i c h i nc rea se t h e f r e q u e n c y of r e c o m b i n a t i o n f r o m a 
n e a r - z e r o va lue will be a s soc ia t ed w i t h a n i n c r e a s e d 
v a r i a n c e in t h e n u m b e r of m u t a n t g e n e s , a n d a 
r e d u c e d m e a n . T h e a n a l y s i s of e q u a t i o n (13) i n d i c a t e s 
t h a t in th i s c a se d is pos i t ive u n d e r b i o l o g i c a l l y 
p l a u s i b l e c o n d i t i o n s , a n d so se lec t ion will f a v o u r a n 

15-2 
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i n c r e a s e in t h e f r e q u e n c y o f r e c o m b i n a t i o n a w a y f r o m 
z e r o . W h e n /J < 0 , it is o b v i o u s f r o m e q n (19) , a n d t h e 
c o n d i t i o n — /? < a2/U d e r i v e d ea r l i e r , t h a t 8V/dr> 0 
w h e n /? is suff ic ient ly s m a l l f o r V t o b e a p p r o x i m a t e d 
b y U/a. H e n c e , u n d e r t h i s c o n d i t i o n a n i n c r e a s e in r 
is a g a i n a s s o c i a t e d w i t h a n i n c r e a s e in v a r i a n c e , b u t 
e q n (16) i m p l i e s a n i n c r e a s e in m e a n a s well . A s s h o w n 
a b o v e , u n d e r t h e s e c o n d i t i o n s , t h e r e is a r e d u c t i o n in 
m e a n f i tness w i t h a n i n c r e a s e i n r, s o t h a t se lec t ion 
f a v o u r s m o d i f i e r s t h a t r e d u c e r e c o m b i n a t i o n . 

S o m e n u m e r i c a l e x a m p l e s c o n f i r m i n g the se c o n c 
l u s i o n s a r e s h o w n in F i g . 3 . T h e v a l u e o f Em e q n s (12) 
a n d (13) w a s c a l c u l a t e d u s i n g t h e a p p r o x i m a t i o n E w 

— \sf), w h i c h is v a l i d f o r s m a l l F. T h e g r a d i e n t s a r e 
c a l c u l a t e d w i t h r e s p e c t t o m a p l e n g t h /, r a t h e r t h a n r, 
a s / is a m o r e f u n d a m e n t a l v a r i a b l e . F o r a s ingle 
c h r o m o s o m e w i t h a l o w f r e q u e n c y of r e c o m b i n a t i o n , 
it f o l l o w s f r o m e q n (14) t h a t / « 3r. T h e g r a d i e n t s w i t h 
r e s p e c t t o r a r e t h u s a b o u t 3 t i m e s t h e v a l u e s s h o w n in 
F i g . 3 . I t c a n b e seen t h a t a m o d i f i e r w i t h a s m a l l effect 
i n i n c r e a s i n g r e c o m b i n a t i o n a w a y f r o m z e r o a p p e a r s 
a l w a y s t o h a v e a se lec t ive a d v a n t a g e w h e n 0 > 0 ; t h e 
r e v e r s e is t r u e for /? < 0. 

Mutation rate 

- 0 0 2 0 1 0 

Fig. 3. Selection gradients on m a p length (/) for a 
modifier increasing m a p length away from zero, in an 
organ ism with a single ch romosome , (a) Shows the 
dependence of the selection gradient on muta t ion rate for 
the s t andard values of the selection parameters , (b) shows 
the dependence of the selection gradient on the coefficient 
(b) of the quadra t ic term relat ing log fitness to number of 
homozygous muta t ions , when the linear coefficient (a) is 
0 1 and the mu ta t i on rate (U) is 1. 

(iii) The high recombination limit 

T h e case o f a modi f ie r r e d u c i n g r e c o m b i n a t i o n f rom 
t h e m a x i m u m v a l u e o f o n e - h a l f for al l loci c a n a l so b e 
s tudied ana ly t i ca l ly . A s s u m i n g t h a t t he modi f i e r is 
un l i nked t o all t h e selected loci , e q u a t i o n (A 12) yie lds 
t h e fol lowing resu l t 

Sn x • 
USV 

(1 + 2/JVdVi 

E q u a t i o n s (10) a n d ( A 6) give 

w ~ 3 | 4 w ( w - l ) 2m(m-\) 

(21) 

(22) 

S u m m i n g ove r all p a i r s o f loci , u s i n g e q n (21) t o 
ca lcu la te Shs, a n d n o t i n g t h a t e q n (10) in th i s case 
impl ies t h a t ^ ( 1 + 2 / ? ^ ) a n ^ l +fiV1), w e o b t a i n 

8V 
dr ' 

2pV\ 

3 ( 1 + / ^ ) ; ) { l + ^ k ( hs1 + 
(23) 

3(1 + / ? K 1 ) ( l + 2 / ? K 1 ) J 

W h e n 0 < R 1, t h e nega t ive c o m p o n e n t o f t h e t e r m 
in braces is sma l l e r in m a g n i t u d e t h a n the p o s i t i v e 
t e r m , a n d so dV/dr> 0, w h e r e a s e q u a t i o n (21) imp l i e s 
dn/dr < 0 . W h e n R < 0, t h e t e r m in b r a c e s is pos i t i ve 
w h e n —/? <| 1, a n d so dV/dr < 0 a n d dn/dr > 0 . 

T h e se lec t ion g r a d i e n t w i t h respec t t o r c a n b e 
ca l cu l a t ed by t h e s a m e a p p r o a c h a s be fo re , a n d w e 
o b t a i n 

1 an. 

a2 (a + RnJU] 

2 ( 1 + 2 / ^ K j 
(24) 

T h e c o n d i t i o n s for t he t e r m in b r a c e s t o b e pos i t i ve 
w h e n B > 0 a r e s o m e w h a t m o r e s t r i n g e n t t h a n t h e 
c o r r e s p o n d i n g c o n d i t i o n o n e q n (13) , s ince t h e r igh t -
h a n d t e r m is c o n s i d e r a b l y smal le r t h a n the c o r r e 
s p o n d i n g t e r m in e q n (13) . W h e n t h e m u t a t i o n r a t e 
is sufficiently sma l l , t he q u a n t i t y in b r a c e s c a n b e 
nega t ive even w h e n R > 0 , i n d i c a t i n g t h a t se lec t ion 
d o e s no t a l w a y s p u s h the f r equency o f r e c o m b i n a t i o n 
t o its m a x i m u m (see sec t ion 4 ) . 

T h e s tab i l i ty of t h e s t a t e of free r e c o m b i n a t i o n t o 
invas ion by a modi f ie r al lele t h a t c o m p l e t e l y s u p 
presses r e c o m b i n a t i o n , a n d w h i c h is itself c o m p l e t e l y 
l inked t o t he se lected loci , c a n be s t u d i e d s imi la r ly . 
T h i s c o r r e s p o n d s t o t h e case o f a c h r o m o s o m e 
r e a r r a n g e m e n t s u c h as a n inve r s ion , in a species w i t h 
a single c h r o m o s o m e w i t h a very h i g h r a t e o f 
r e c o m b i n a t i o n . A s be fo re , s e c o n d - o r d e r t e r m s in Sn 
will be i g n o r e d ; th i s is jus t i f ied by the fact t h a t Sn 
usual ly t u r n s o u t t o be sma l l re la t ive t o t h e ini t ia l 
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v a l u e , even in th is e x t r e m e case . U s i n g t h e s a m e 
a p p r o a c h as be fo re , w e o b t a i n 

8V = 

-pv\ f - L -
\%hsx 

0 + W 1 + 7 * 7 5 + av\'thsAX+pvy %\+pvx) 
(25) 

T h e se lec t ion coefficient for t he s u p p r e s s o r , t, c a n be 
d e t e r m i n e d b y us ing t h e de r iva t ive of log m e a n fitness 
g iven by e q u a t i o n (13) t o g e t h e r w i t h e q u a t i o n (25) t o 
ca l cu l a t e 6" In w. W i t h ft > 0, it is easily seen by t h e 
s a m e type o f a r g u m e n t as u s e d p r ev ious ly t h a t t < 0 
u n d e r l ight c o n d i t i o n s , i m p l y i n g t h a t r e c o m b i n a t i o n 
s u p p r e s s i o n is d i s f a v o u r e d r ega rd l e s s o f t h e m u t a t i o n 
r a t e . T h e reverse is t r u e if /? < 0. F r o m s t a n d a r d 
t h e o r y , t h e f r equency o f t h e s u p p r e s s o r c h a n g e s f r o m 
x t o x(wjvvj) e a c h g e n e r a t i o n , a n d so t K wjw1 — 1 
p r o v i d e s a n a d e q u a t e m e a s u r e o f t he s t r e n g t h of 
se lec t ion in th i s ca se . 

T a b l e 4 g ives s o m e n u m e r i c a l e x a m p l e s o f t h e 
s t r e n g t h o f se lec t ion o n b o t h modi f ie r s o f smal l effect 
a n d o n r e c o m b i n a t i o n s u p p r e s s o r s , in in i t ia l p o p u 
l a t i o n s w i t h free r e c o m b i n a t i o n . I n th is case t h e 
select ion g r a d i e n t is exp re s sed w i t h r e spec t t o t h e 
m e a n f r equency o f r e c o m b i n a t i o n , r, n o t m a p l eng th , 
as t h e n u m b e r o f c h r o m o s o m e s a n d the i r m a p l eng ths 
a r e n o t specified in th i s ca se . T h e va lues o f Sn a n d 8V 
for t he case o f mod i f i e r o f smal l effect a r e c a l c u l a t e d 
a s s u m i n g a Sr o f 0-01. 

(iv) The general case 

T h e case of a n o r g a n i s m w i t h j c h r o m o s o m e s of e q u a l 
l eng th / ( w h e r e / is t h e v a l u e for t he ini t ia l p o p u l a t i o n ) 

will b e c o n s i d e r e d he re , u s i n g a n a p p r o a c h s i m i l a r t o 
t h a t u s e d t o o b t a i n e q n (15) . P r o v i d e d t h a t t h e in i t i a l 
m a p l e n g t h is n o n - z e r o , it is r e a s o n a b l e t o a s s u m e t h a t 
t he modi f i e r allele M 2 c h a n g e s t h e m a p l e n g t h o f e a c h 
c h r o m o s o m e b y a n a m o u n t 81 = el, a n d t h a t th i s 
i n c r e a s e is s p r e a d u n i f o r m l y ac ross t h e c h r o m o s o m e , 
so t h a t t h e f r equency of r e c o m b i n a t i o n r(z) b e t w e e n 
t w o loci in i t ia l ly s e p a r a t e d by m a p d i s t a n c e z is 
c h a n g e d b y 8r(z) = ez exp — 2z, a s s u m i n g t h e H a l d a n e 
m a p p i n g func t ion . E q u a t i o n s (A 6 ) , ( A 8) a n d ( A 12) 
c a n t h e n b e u s e d as fo l lows to o b t a i n Sn a n d 8 V. 

A f rac t ion (1 — 1//) of t h e t o t a l o f \m(m — 1) loci 
p a i r s i nvo lve loci o n different c h r o m o s o m e s , s o t h a t 
t h e mod i f i e r h a s n o effect o n them, a n d t h e y c o n t r i b u t e 
n o t h i n g t o Sn a n d SV in e q n (A 9) . O f t h e r e m a i n i n g 
\m(m loci p a i r s , a f rac t ion (1 — a r e u n l i n k e d 
to t h e modi f i e r locus , a n d so w e c a n a p p l y e q u a t i o n 
( A 6) w i t h p( = £. N e g l e c t i n g s e c o n d - o r d e r t e r m s , a n d 
u s i n g e q n (15) , th i s gives t h e fo l lowing c o n t r i b u t i o n t o 
8V-Sn in e q n ( A 9) 

'j)jPJ 

z) + 28hs1] Aj 

<z) + 2 f o j 
1 + r(z) + 2hsx 

(l-z)dz (26 a) 

Shs in th i s e q u a t i o n c a n b e e v a l u a t e d b y t h e m e t h o d s 
u s e d in sec t ion 3(iii) a b o v e . 

A f rac t ion 1 /f of loci p a i r s a r e l o c a t e d o n t h e s a m e 
c h r o m o s o m e a s t he modif ier . T h e n a t u r e o f t h e 
c o n t r i b u t i o n s f r o m th i s c a s e to 8V—8n d e p e n d o n t h e 
l o c a t i o n o f t he modif ier . A s s u m e t h a t a f r a c t i o n p o f 
loci a r e l o c a t e d t o t he left of t h e mod i f i e r , a n d a 
f r ac t ion q = 1 — p t o t h e r igh t . In a p r o p o r t i o n (1 — 2pq) 
of cases , t h e modi f ie r will b e l o c a t e d o u t s i d e a 
r a n d o m l y c h o s e n p a i r of loc i , a n d in a p r o p o r t i o n 2pq 
of cases it will b e b e t w e e n the loci . W h e n t h e mod i f i e r 
is t o t h e r igh t o f t he selected loci ( f r e q u e n c y p2), w e 

T a b l e 4. Selection on recombination at the high recombination limit 

Modifier of small effect Suppressor of recombination 

(a) Effect of muta t ion rate [a = 0 0 1 , b = 0 0 1 , h = 0-2 (a = 0002 , B = 00008)] 

u d(x 10"2) 8n(x 10"4) 8V(x 10"2) t Sn 8V 

5 0 1 52 16 3 - 2 - 8 8 - 0 - 2 2 2 3-40 - 3 - 3 3 
2 0 0-234 4-43 - 1 1 7 - 0 0 9 9 2-41 - 2 - 3 1 
1-5 0126 2-93 - 0 - 8 8 1 - 0 0 7 6 2 1 3 - 2 - 0 2 
10 0050 1-63 - 0 - 5 8 9 - 0 0 5 2 1-78 —1-67 
0-5 0 0 0 7 0-585 - 0 - 2 8 9 - 0 0 2 7 1-28 - 1 1 2 
0 1 - 0 0 0 1 0051 - 0 0 5 2 - 0 0 0 5 0-538 - 0 - 4 2 9 
0 0 5 - 0 0 0 0 8 0018 - 0 0 0 3 - 0 0 0 2 0-349 - 0 - 2 5 5 
001 - 0 0 0 0 1 0-005 - 0 0 0 2 - 0 - 0 0 0 4 0104 - 0 0 5 2 

b (b) Effect of deviations from multiplicativity [U = 1-0, a = 0-1 (a = 002)] 

- 0 0 0 1 2 5 - 0 0 1 3 - 0 - 5 9 5 0-512 0-228 - 2 0 - 2 -15 5 
- 0 0 0 1 0 0 - 0 0 1 0 - 0 - 3 6 5 0-247 0064 - 4 - 3 6 - 1 - 6 3 
- 0 0 0 0 5 0 - 0 0 0 4 - 0 1 4 8 0 0 8 3 0016 - 0 - 9 2 6 - 0 1 1 7 

0 0 0 0 0 0 0 
001 0061 1-22 0-318 - 0 - 3 5 6 0-892 - 0 - 4 5 6 
0 0 5 0-245 2-89 0-439 - 0 0 3 7 0-498 - 0 0 3 7 
0 1 0 0-436 3-92 0-465 - 0 0 3 3 0-329 - 0 0 3 3 
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c a n a p p l y e q n ( A 6 ) . T h e p r o b a b i l i t y d e n s i t y t h a t t h e 
c l o s e s t o f t h e p a i r is m a p d i s t a n c e z f r o m M i s l/lp a n d 
t h e p r o b a b i l i t y d e n s i t y t h a t t h e s e c o n d is l o c a t e d a 
d i s t a n c e y f r o m t h e first is 1 /Ipz. T h e n e t c o n t r i b u t i o n 
f r o m t h i s c a s e is t h u s 

npl 
_p_ 
4 / / J 

pl-z {SA~-
(y) + 2Shs]A1 

r(y) + 2hsl 

(pi - z) {r(z) + [ 1 - r(z)][r(y) + 2hSl]} 
dydz. 

(26 b) 

A s i m i l a r c o n t r i b u t i o n a c c r u e s f r o m the ca se w h e n t h e 
m o d i f i e r is t o t h e left o f t h e se lec ted loci , e x c e p t t h a t 
q r e p l a c e s p. 

U s i n g e q n ( A 8 ) , w e o b t a i n t h e f o l l o w i n g c o n 
t r i b u t i o n f r o m t h e c a s e w h e n t h e modi f i e r is l o c a t e d 
b e t w e e n t h e s e l ec t ed loc i . H e r e , w e wr i t e 

r(z,y) = r(z) + r(y)-2r(z)r(y), 

a n d 

8r(z,y) = ez[\ -2r(y)} ( e x p - 2 z ) 

+ ey[ l - 2r(z)] ( e x p - 2y) 

1 

2fP Jo Jo 
L A [Sr(z,y) + 2Shs1]A1\ 
1 r(z,y) + 2hs1 J 

\r(z,y) + r(z)r(y) + 
2s1[l-r(z)][l-r(y)] 

[\-r(z,y)] 

dydz. 

(26 c) 

T h e s u m o f t h e s e f o u r c o n t r i b u t i o n s y ie lds t h e v a l u e 
o f SV—Sn. A s b e f o r e , e q n ( A 12) p r o v i d e s a n 
i n d e p e n d e n t e q u a t i o n fo r Sn. T h e h a r m o n i c m e a n o f 
t h e Pi in e q n ( A 12) is g i v e n b y t h e e x p r e s s i o n 

= 2 1 
/ _ 1\ 2_ Cpl dz 2_ C"' dz ' 

I j)+PJl): J - e - ^ q j l ) ; l-e-» 

- 2 1 l l n f ( l - ^ 2 i " ) 0 - ^ ; ) 
(27) 

w h e r e zM is t h e d i s t a n c e b e t w e e n t h e c loses t selected 
l ocus a n d the modif ie r . O n the a s s u m p t i o n of even 
spac ing b e t w e e n loci, we h a v e zM = lj/(m—j). 

These r e l a t i o n s p r o v i d e c losed e x p r e s s i o n s in Sn a n d 
SV tha t c a n b e used to o b t a i n s o l u t i o n s b y N e w t o n -
R a p h s o n i t e r a t i o n a n d n u m e r i c a l i n t e g r a t i o n . A c o p y 
o f the MacFORTRAN p r o g r a m for p e r f o r m i n g the se 
c a l c u l a t i o n s will be p r o v i d e d o n r e q u e s t , if a 3-5" disc 
is supp l i ed . T h e v a l u e of t, t h e se lec t ion coefficient o n 
a modif ier o f specified effect, c a n b e o b t a i n e d f r o m the 
c o r r e s p o n d i n g va lue of Slnw. T h e se lec t ion g r a d i e n t 
o n the p r o p o r t i o n b y w h i c h the m a p l e n g t h of e a c h 
c h r o m o s o m e is i nc r ea sed b y t h e modi f i e r is a p p r o x i 
m a t e d b y d = t/e, p r o v i d e d t h a t e is sma l l . T a b l e 5 
s h o w s the resu l t s of s o m e c a l c u l a t i o n s o f th i s se lec t ion 
g r a d i e n t fo r t h e s t a n d a r d se lec t ion p a r a m e t e r va lues 
in t h e case of a modi f ie r w i t h e = 0 0 0 1 , l oca t ed in t he 
m i d d l e o f a c h r o m o s o m e (p = 0-5). T h e r o w s o f t he 
t a b l e c o r r e s p o n d t o different in i t ia l m a p l eng ths (/) 
a n d the c o l u m n s t o different c h r o m o s o m e n u m b e r s 
(j). T h e se lec t ion g r a d i e n t o n m a p l eng th itself is d/l, 
w h i c h is m u c h l a rge r t h a n t h e g r a d i e n t for e w h e n / is 
s m a l l . It will b e seen t h a t for t h e l owes t m u t a t i o n r a t e 
s h o w n ( t / = 0- l ) , t h e r e c a n a c t u a l l y be se lec t ion 
a g a i n s t i nc r ea sed r e c o m b i n a t i o n if / a n d j a r e 
sufficiently la rge , i n d i c a t i n g t h e ex i s tence o f a n 
e v o l u t i o n a r i l y s t ab l e (ESS) m a p l eng th t h a t is c h a r a c 
ter is t ic o f a given n u m b e r o f c h r o m o s o m e s [cf. sec t ion 
3 (hi ) ] . F o r h ighe r m u t a t i o n r a t e s , t h e r e is a l w a y s 
select ion for i n c r e a s e d r e c o m b i n a t i o n , a l t h o u g h the 

T a b l e 5. General model of selection on recombination modifiers: effect of mutation rate on strength of selection 

a = 0 0 1 , b = 0 0 1 , h = 0-2 (a = 0002, p = 00008) 

1 1 2 5 20 1 2 5 20 

U= 0 1 U = 0-5 
0 0 5 1-5 x 10 -i 1-4 x 10-" 1-3 x 10" 5 2-2 x 10"7 6-2 x 10" 1 9-8 x IO"4 1-5 x 10"4 8 1 x 10" 6 

0 1 0 6 1 x 10 -3 8-4 x 10- 5 8-4 x IO"6 - 2 - 4 x IO"8 3-6 x 10" 1 9 1 x 10~4 1-3 x IO"4 6-6 x 10- 6 

0-50 3-2 x 10" -3 8-5 x 10- 6 - 1 1 x 10"7 - 2 - 5 x IO"7 4-4x IO" 2 2-8 x 10-" 3-8 x IO"5 2-8 x 10~6 

1 0 6 0 x 10 -4 1 0 x 10~6 — 6-4 x 10~7 - 2 - 3 x IO"7 l-4x 10" 2 11 x IO"4 1-8 x 10~5 1-8 x IO"6 

2 0 5-7 x 10" -5 - 7 - 8 x I O ' 7 - 6 0 x IO"7 - l - 8 x l 0 " 7 4-1 x 10" 3 3-9 x 10"5 7-8 x IO"6 11 x 10"6 

3 0 - l - 5 x 10 -5 - 7 - 7 x I O ' 7 - 4 - 7 x IO"7 - 1 - 4 x 10 7 2 - l x l O " 3 1-8 x IO"5 4-5 x IO"6 7-9 x IO"7 

4-0 - 3 - 3 x 10" -5 - 5 - 9 x I O ' 7 - 3 - 6 x IO"7 - 1 1 x IO"7 1-3 x 10" 3 9-5 x IO"6 3 0 x IO"6 6 0 x IO"7 

5 0 - 3 - 9 x 10" -5 - 4 4 x 1 0 ' 7 - 2 - 9 x 10"' - 9 - 8 x 10"8 9-8 x 10^4 9-2 x IO"6 2 1 x 10"6 4-9 x 10"7 

U= 1-0 £7=2-0 
0 0 5 11 2 0 x I O ' 3 3-5 x IO"4 2-5 x IO"5 1-7 3-8 x 10- 3 7-5 x IO"4 6-9 x 10~5 

0 1 0 6-8 x 10--1 2 1 x I O ' 3 3-5 x IO"4 2-3 x IO"5 1-2 4-6 x 10"3 8-6 x 10~4 7-2 x 10" 5 

0-50 1-2 x 10 -1 9 1 x 10 4 1-5 x IO"4 l -4x 10"5 2-8 x IO"1 2-7 x IO"3 5-0 x 10"4 5-3 x 10" 5 

1 0 4-2 x 10" -2 4-3 x I O ' 4 7-9 x I O 5 9-9 x 10~6 11 x 10" 1 1-4 x 10"3 2-9 x IO"4 4-0 x 10" 5 

2 0 1-4 x 10" -2 1-6 x 1 0 ' 4 3-9 x IO"5 6-5 x IO"6 4-3 x 10- 2 6 0 x IO"4 1-5 x IO"4 2-7 x 1 0 _ s 

3 0 7-7 x 10" 3 8 1 x I O ' 5 2-4 x 10"5 4-8 x 10 0 6 2-5 x IO" 2 3 0 x 10 4 9-6 x IO"5 2 0 x IO"5 

4 0 5-2 x 10" -3 4-4 x 1 0 ' 5 1-6 x IO"5 3-7 x IO"6 1-8 x IO" 2 1-7 x 10-" 6-7 x IO"5 1-6 x 10" 5 

5 0 3-9 x 10 3 2-5 x I O ' 5 1-2 x 10- 5 3-0 x 10- 6 1-4 x IO"2 9-2 x IO"5 4-9 x 10" 5 1-3 x 10- 5 
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T a b l e 6. General model of selection on recombination modifiers: effect of position of modifier on strength of 
selection 

p 1 
(d)l 

2 
= 1 0 [a = 0 0 1 , 

5 

6 = 0-01, h = 
20 

0-2 (a = 0002 , p = 00008)] 

1 2 5 20 

£7=0-1 t / = 0-5 
0 0 1 4-8 x 10" -4 6-5 x 10"7 - 6 - 5 x 10"' - 2 - 3 x l O " 7 9-6 x 10" 3 8-5 x 10~5 1-6 x 10" -5 1-7 x 10" 6 
0 1 0 4-8 x 10" -4 6-5 x 10"7 - 6 - 5 x 10"7 - 2 - 3 x 10"7 1-2 x 10"2 11 x 10-" 1-7 x 10" -5 1-8 x 10" 6 
0-50 6 0 x 10--4 10 x 10"6 - 6 - 4 x 10"7 - 2 - 3 x l O - 7 1-4 x 10"2 11 x 10"4 1-8 x 10' -5 1-8 x 10" 6 

£/ = 10 U= 2 0 
0 0 1 3 0 x 10" -2 3-7 x 10"8 6-7 x 10"4 9-3 x 10~6 8-6 x 10"2 1-2 x 10" 3 2-6 x 10" -4 3-8 x io- 5 
0 1 0 3-6 x 10" -2 3-9 x 10"4 7-4 x 10" 4 9-7 x 10"6 9-9 x 10"2 1-3 x 10" 3 2-8 x 10--4 3-9 x 10" 5 
0-50 4-2 x 10--2 4-3 x 10~4 7-9 x 10" 4 9-9 x 10"6 11 x 10- 1 1-4 x 10" 3 2-9 x 10 4 4 0 x 10" 5 

(b)l = 0 1 [a = 0 0 1 , b = 0 0 1 , h = 0-2 (a = 0-002 B = 0008)] 
C/ = 0-1 £7=0-5 

0 0 1 4 0 x 10--3 4-9 x 10"5 3-9 x 10" 6 - 1 1 x 10"7 2-7 x 10"1 6-3 x 10"' 9 0 x 10" -5 5 0 x io- 6 
0 1 0 4-9 x 10" -3 6-4 x 1 0 5 5-5 x 10"6 - 5 0 x 10"8 3 1 x 10"1 7-4 x 10"7 11 x 10" -4 5-9 x 10" 6 
0-50 6 1 x 10 -3 8-4 x 10"5 8-4 x 10" 6 - 2 - 4 x 10- 8 3-6 x 10"1 9 1 x 10"' 1-3 x 10" -4 6-6 x io- 6 

£/ = 10 £ / = 2 0 
0 0 1 5-5 x 10" -1 1-5 x 10"3 2-6 x 10"4 1-9 x 10- 5 10 3-5 x 10" 3 6-9 x 10 -4 6 1 x 10" 5 
0 1 0 5-9 x 10" -1 1-8 x 1 0 ' 3 3 0 x 10"4 2 1 x 10"6 11 3-9 x 10" 3 7-7 x 10" -4 6-7 x 10" 5 
0-50 6-8 x 10--1 2 1 x 10"3 3-5 x 10" 4 2-3 x 10"5 1-2 4-6 x 10" 3 8-6 x 10 -4 7-2 x 10" -5 

s t r e n g t h o f th i s falls off r ap id ly w i t h i n c r e a s i n g ini t ia l 
m a p l eng th a n d c h r o m o s o m e n u m b e r , e v e n w i t h a 
m u t a t i o n r a t e a s h i g h a s 2 . T a b l e 6 d i s p l a y s t h e effect 
o f t h e c h r o m o s o m a l p o s i t i o n o f t he mod i f i e r o n t h e 
se lec t ion g r a d i e n t . A s m i g h t b e e x p e c t e d , a modi f ie r 
t o w a r d s t h e e n d o f t he c h r o m o s o m e is se lected for 
m o r e s t r o n g l y t h a n o n e t o w a r d s t h e m i d d l e , b u t t h e 

1 Chromosome 
1 0 -i 

-0-1 I • • ' i • i 1 
- 0 02 0 0 02 0 04 0 06 0 08 0 10 

b 
Fig. 4. Selection gradients on the proport ional effect of a 
modifier on m a p length (e), as a function of the coefficient 
(b) of the quadrat ic term relating lot fitness to number of 

effect is u s u a l l y sma l l . F i g . 4 d i s p l a y s t h e effect o f 
v a r y i n g t h e q u a d r a t i c t e r m in t h e fitness e q u a t i o n . 
N e g a t i v e b v a l u e s l ead , a s e x p e c t e d , t o se l ec t ion 
a g a i n s t i n c r e a s e d m a p length . W h e n b > 0 , t h e 
s t r e n g t h o f se lec t ion for inc reased m a p l eng th i n c r e a s e s 
wi th b b u t is w e a k w h e n t h e n u m b e r o f c h r o m o s o m e s 
is l a rge . 

2 Chromosomes 
0-15 t 

- 0 - H ' 1 ' 1—' 1 ' 1 ' 1 '—I 
- 0 0 2 0 0 0 2 0 0 4 0 0 6 0 0 8 0-10 

b 
homozygous mutat ions, for different numbers of 
chromosomes. An initial m a p length of 1 and a muta t ion 
rate of 1 are assumed. The linear selection term (a) is 0-1. 
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4 . Discuss ion 

(i) Population mean fitness with epistasis 

T h e r e s u l t s o f t h i s s t u d y a r e in a g r e e m e n t w i t h t h e 
e a r l i e r s t u d i e s o f K i m u r a a n d M a r u y a m a (1966) , 
C r o w (1970) a n d K o n d r a s h o v ( 1 9 8 2 , 1984) a s far t h e 
b e h a v i o u r o f p o p u l a t i o n m e a n f i tness u n d e r m u l t i -
l o c u s m u t a t i o n - s e l e c t i o n b a l a n c e is c o n c e r n e d . T h e 
m e t h o d u s e d h e r e h a s t h e a d v a n t a g e t h a t e q u i l i b r i u m 
s o l u t i o n s t o a w i d e v a r i e t y o f b r e e d i n g s y s t e m s c a n b e 
o b t a i n e d s t r a i g h t f o r w a r d l y , w i t h o u t m a k i n g t o o m a n y 
s p e c i a l i s i n g a s s u m p t i o n s . W i t h a s e x u a l r e p r o d u c t i o n 
a n d a p e r g e n o m e m u t a t i o n r a t e o f U, t h e p o p u l a t i o n 
m e a n f i tness a t e q u i l i b r i u m is e x p — U, i n d e p e n d e n t o f 
t h e m o d e o f se l ec t ion . W i t h s e x u a l r e p r o d u c t i o n a n d 
r a n d o m m a t i n g in t h e a b s e n c e o f r e c o m b i n a t i o n (i .e. 
w i t h a s ing le c h r o m o s o m e t h a t d o e s n o t c r o s s ove r ) , in 
a l l c a s e s s t u d i e d t h e e q u i l i b r i u m m e a n f i tness is g r e a t e r 
t h a n e x p — U w i t h syne rg i s t i c e p i s t a s i s , a n d less w i t h 
d i m i n i s h i n g r e t u r n s ep i s t a s i s (cf. T a b l e s 1 a n d 2) . T h e 
d i f fe rence c a n b e s u b s t a n t i a l if t h e m u t a t i o n r a t e is 
suff icient ly h i g h ( F i g . 1). F o r e x a m p l e , w i t h t h e 
s t a n d a r d v a l u e s o f t h e s e l e c t i o n p a r a m e t e r s , t h e r a t i o 
o f t h e r e s p e c t i v e m e a n f i tnesses is 1-58 w h e n U = 1-5. 
T h i s d i f ference b e t w e e n a s e x u a l i t y a n d s e x u a l i t y w i t h 
n o r e c o m b i n a t i o n h a s p r e v i o u s l y b e e n n o t e d b y 
K i m u r a & M a r u y a m a (1966 ) . I t a r i s e s f r o m t h e fact 
t h a t s e l ec t i on w i t h i n a g e n e r a t i o n i n d u c e s c o v a r i a n c e s 
b e t w e e n loci w i t h i n t h e s a m e g a m e t e ( C L ) a n d 
c o v a r i a n c e s b e t w e e n loci c a r r i e d o n t h e m a t e r n a l a n d 
p a t e r n a l g a m e t e s o f t h e s a m e i n d i v i d u a l (CHW). B o t h 
c o v a r i a n c e s a r e t r a n s m i t t e d i n t a c t t o t h e n e x t gen 
e r a t i o n in t h e c a s e o f a s e x u a l r e p r o d u c t i o n , b u t t h e 
CHW t e r m is d e s t r o y e d b y r a n d o m m a t i n g in t h e case 
o f a s e x u a l p o p u l a t i o n . H e n c e , t h e r e is a l a r g e r effect 
o f c o v a r i a n c e t e r m s in t h e c a s e o f a s e x u a l i t y t h a n sex 
w i t h n o r e c o m b i n a t i o n . T h i s c a n b e s e e n in T a b l e s 1 
a n d 2 ; e.g. w i t h U = 1-5 a n d t h e s t a n d a r d v a l u e s o f t h e 
s e l e c t i o n p a r a m e t e r s , t h e r a t i o o f t h e t o t a l v a r i a n c e in 
n u m b e r o f m u t a t i o n s t o t h e g e n i e v a r i a n c e is 0-53 for 
a s e x u a l i t y a n d 0-77 w i t h s e x u a l i t y a n d n o r e c o m 
b i n a t i o n ; t h e t o t a l v a r i a n c e is l a r g e r in t h e l a t t e r ca se . 
T h e r e is a p a r a l l e l c h a n g e in t h e efficiency o f se lec t ion , 
l e a d i n g t o a l o w e r e q u i l i b r i u m m e a n n u m b e r o f 
m u t a t i o n s w i t h s e x u a l i t y a n d n o r e c o m b i n a t i o n (59-3 
vs. 49-0) . A l t h o u g h a n a n a l y t i c a l p r o o f o f t h e s e resu l t s 
h a s n o t b e e n o b t a i n e d , al l n u m e r i c a l e x a m p l e s t h a t 
h a v e b e e n s t u d i e d a g r e e w i t h t h e s e c o n c l u s i o n s . 

T h e r e su l t s o n m e a n f i tness i m p l y t h a t , w i t h 
s y n e r g i s t i c ep i s t a s i s , t h e r e a p p e a r s t o b e a n a d v a n t a g e 
t o s e x u a l r e p r o d u c t i o n o v e r a s e x u a l r e p r o d u c t i o n 
a r i s i n g f r o m s e g r e g a t i o n a s o p p o s e d to r e c o m b i n a t i o n . 
A l t h o u g h t h e e v o l u t i o n a r y a d v a n t a g e s o f sex a n d 
r e c o m b i n a t i o n a r e o f t en e q u a t e d , th i s is a n ove r 
s imp l i f i c a t i on , a n d severa l m o d e l s h a v e b e e n p r o p o s e d 
in w h i c h sex is f a v o u r e d a s a r e s u l t o f t h e c o n s e q u e n c e s 
o f M e n d e l i a n s e g r e g a t i o n . L l o y d (1980) a n d H a m i l t o n 
( 1 9 8 0 ) i n d e p e n d e n t l y s u g g e s t e d t h a t t e m p o r a l fluc
t u a t i o n s in t h e d i r e c t i o n o f s e l ec t i on o n al le les a t a 

single l ocus , g e n e r a t e d b y h o s t - p a r a s i t e i n t e r a c t i o n s , 
c o u l d p r o v i d e a n a d v a n t a g e t o sex. B a r t o n & P o s t 
(1986) s h o w e d t h a t s i b - c o m p e t i t i o n in a spa t i a l l y 
va r iab le e n v i r o n m e n t c o u l d a l so p r o d u c e s u c h a n 
effect. K i r k p a t r i c k & J e n k i n s (1989) h a v e p r o p o s e d a 
m o d e l in w h i c h d i r e c t i o n a l se lec t ion l eads t o a 
s eg rega t iona l a d v a n t a g e t o sex. 

T h e r e is a fu r the r effect o n m e a n fitness in t h e s a m e 
d i rec t ion in sexua l p o p u l a t i o n s wi th r e c o m b i n a t i o n , 
s ince , a s d i scussed b y B u l m e r (1980 , p . 158), r e 
c o m b i n a t i o n t e n d s t o b r e a k d o w n t h e CL t e r m 
( a l t h o u g h it a l s o c o n v e r t s s o m e of t h e CHW t e r m i n t o 
CL). C o m p a r i s o n o f T a b l e s 2 a n d 3 s h o w s t h a t free 
r e c o m b i n a t i o n (r = \ for all loci) is a s s o c i a t e d w i t h a n 
increase in t h e m e a n fi tness o f a sexua l p o p u l a t i o n 
w i t h synergis t ic ep i s tas i s , a n d a d e c r e a s e w i t h d i 
min i sh ing r e t u r n s ep i s tas i s . T h e effect is n o t as l a rge a s 
t h e difference b e t w e e n a sexua l i ty a n d sexua l i ty w i t h o u t 
r e c o m b i n a t i o n (F ig . 1). F o r e x a m p l e , w i t h t he s t a n 
d a r d va lues o f t he se lec t ion p a r a m e t e r s a n d U = 1-5, 
t h e ra t io o f m e a n fitnesses for r e c o m b i n a t i o n a n d for 
n o r e c o m b i n a t i o n is 1-23. N u m e r i c a l s tud ies o f t h e 
e q u i l i b r i u m m e a n fitness o f a p o p u l a t i o n a s a f u n c t i o n 
o f a n u m b e r o f c h r o m o s o m e s j a n d t h e m a p l eng th o f 
e a c h c h r o m o s o m e / i n d i c a t e t h a t t h e m e a n fitness is 
ve ry sensi t ive t o c h r o m o s o m e n u m b e r , a n d m u c h less 
sensi t ive t o m a p l e n g t h un less t h e c h r o m o s o m e 
n u m b e r o r m a p l e n g t h is smal l (F ig . 2) . W i t h 5 
c h r o m o s o m e s o r m o r e , t h e r e is very litt le effect o f m a p 
l eng th un les s / 0-5, a n d t h e m e a n fitness o f t h e 
p o p u l a t i o n is c lose t o t h a t for free r e c o m b i n a t i o n 
w h e n y 5 a n d / ^ 0-5. S imi la r ly , m o s t o f t he effect o f 
c h r o m o s o m e n u m b e r o c c u r s a s j i nc reases f r o m 1 to 5. 
N o n e t h e l e s s , w i t h synerg i s t i c ep i s tas i s , m e a n fi tness 
a p p e a r s a l w a y s t o i nc rea se w i t h j a n d /, a s w o u l d b e 
expec ted f r o m the fact t h a t inc reases in b o t h v a r i a b l e s 
l e ad to a n i n c r e a s e d efficiency o f r e c o m b i n a t i o n in 
b r e a k i n g d o w n CL. A g a i n , a gene ra l ana ly t i ca l p r o o f 
o f these r e su l t s h a s n o t been o b t a i n e d , a l t h o u g h t h e 
a r g u m e n t l e a d i n g t o e q n (13) sugges t s t h a t t h e y h o l d 
t r u e u n d e r b io log ica l ly r e a s o n a b l e c o n d i t i o n s o n t h e 
select ion p a r a m e t e r s a a n d fi. W i t h syne rg i sm , l a r g e r 
va lues o f t he l inear t e r m a seem t o l ead t o l o w e r 
e q u i l i b r i u m m e a n f i tnesses, w h e r e a s l a rge r va lues o f 
t h e q u a d r a t i c t e r m b l ead t o h i g h e r m e a n f i tnesses 
(Tab les 2 a n d 3) . T h i s c o n t r a s t s w i t h t h e m u l t i p l i c a t i v e 
ca se , whe re e q u i l i b r i u m m e a n fitness is i n d e p e n d e n t o f 
t h e select ion coefficient ( K i m u r a & M a r u y a m a , 1 9 6 6 ; 
C r o w , 1970). 

(ii) The maintenance of sexual reproduction 

T h e s e effects o f b r e e d i n g sys t em o n m e a n fi tness w h e n 
t h e r e is ep i s t a s i s h a v e i m p o r t a n t i m p l i c a t i o n s for t h e 
e v o l u t i o n a r y s ignif icance o f sexua l r e p r o d u c t i o n 
( C r o w , 1 9 8 8 ; K o n d r a s h o v 1982, 1988), a n d c o n t r a d i c t 
t h e c o n c l u s i o n o f o t h e r a u t h o r s t h a t t h e r e is n o effect 
o f b r e e d i n g sys t em o n m e a n fitness. T h i s c o n c l u s i o n 
w a s based o n t h e a s s u m p t i o n o f mu l t i p l i c a t i ve fitnesses 
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( H o p f etal. 1987 ; M a y n a r d S m i t h , 1978). If synerg i s t i c 
epis tas is is w i d e s p r e a d , t h e n a n a s e x u a l p o p u l a t i o n 
de r ived f r o m a n a n c e s t r a l p o p u l a t i o n will e q u i l i b r a t e 
a t a l o w e r m e a n fitness t h a n t h e a n c e s t r a l p o p u l a t i o n . 
T h e ex t en t o f t h i s r e d u c t i o n d e p e n d s o n the d e g r e e o f 
syne rg i sm a n d o n the m u t a t i o n r a t e p e r g e n o m e . A s 
n o t e d by C r o w (1970) , a very m o d e s t q u a d r a t i c t e r m 
is sufficient t o c h a n g e t h e e q u i l i b r i u m m e a n fitness 
d ras t i ca l ly . A s c a n b e seen in T a b l e 3, even if t h e 
q u a d r a t i c coefficient b in t h e fitness e x p r e s s i o n for 
h o m o z y g o t e s is o n e - t e n t h o f t he l inear coefficient a, 
t he gene t i c l o a d for a freely r e c o m b i n i n g p o p u l a t i o n 
as m e a s u r e d b y — In w is a p p r o x i m a t e l y \U i n s t e a d o f 
U ( the va lue for mu l t i p l i c a t i ve fitnesses o r a sexua l i t y ) , 
a n d is r e d u c e d o n l y s l ight ly as b i nc reases (cf. C r o w , 
1970 ; K i m u r a & M a r u y a m a , 1966). T h u s , if Up 
2 In 2 = 1-4, a m u t a t i o n - f r e e a sexua l v a r i a n t e n t e r i n g 
a p o p u l a t i o n w i t h s e p a r a t e sexes will e q u i l i b r a t e a t a 
fitness level less t h a n o n e h a l f t h a t o f t he a n c e s t r a l 
p o p u l a t i o n . In i t i a l ly , of c o u r s e , s u c h a v a r i a n t will 
t e n d to i nc rea se in f r equency d u e t o t h e t w o - f o l d c o s t 
of sex ( L l o y d , 1 9 8 0 ; M a y n a r d S m i t h , 1978). B u t f r o m 
the n u m e r i c a l s t ud i e s t h a t h a v e b e e n c a r r i e d o u t , it 
seems t h a t e q u i l i b r i u m is a p p r o a c h e d f rom a s t a r t i n g 
s ta te o f z e r o m u t a t i o n s o v e r a p e r i o d o f t i m e o f t h e 
o r d e r o f a h u n d r e d g e n e r a t i o n s o r so , w i th m u t a t i o n 
r a t e s o f th i s m a g n i t u d e . U n l e s s t h e size of t h e in i t ia l 
p o p u l a t i o n is ve ry smal l , t h e a sexua l l ineage will b e 
un l ike ly t o h a v e r ep l aced t h e sexua l p o p u l a t i o n b y t h e 
t ime t h a t it h a s a p p r o a c h e d e q u i l i b r i u m . It will t h e n 
d i m i n i s h in f r e q u e n c y o n c e its m e a n fitness h a s 
d r o p p e d b e l o w o n e - h a l f t h a t o f t he sexua l p o p u l a t i o n , 
a n d will e v e n t u a l l y b e e l i m i n a t e d . 

If t h e in i t ia l p o p u l a t i o n w e r e h e r m a p h r o d i t i c r a t h e r 
t h a n d i o e c i o u s , t h e cos t o f sex is o n l y 1-5 in a r a n d o m -
m a t i n g p o p u l a t i o n ( L l o y d , 1980), a n d so U P 2 In 1-5 
= 0-8 w o u l d resu l t in t h e m a i n t e n a n c e of sex. F r o m 
T a b l e s 1 a n d 3 , these c o n d i t i o n s s o m e w h a t ove r 
e s t i m a t e t he a d v a n t a g e t o the sexua l p o p u l a t i o n ; 
cr i t ical U v a lue s o f a b o u t 1-75 a n d 0-95 respec t ive ly 
a r e i n d i c a t e d w i t h t h e s t a n d a r d se lec t ion p a r a m e t e r s . 
W i t h l a rge r va lue s o f t h e se lec t ion p a r a m e t e r s , m e a n 
fitnesses t e n d t o b e i nc r ea sed w i t h synergis t ic se lec t ion , 
a l t h o u g h the effect is n o t la rge . S tud i e s o f v iab i l i ty 
m u t a t i o n s in Drosophila b y M u k a i a n d his c o l l e a g u e s 
sugges t t h a t U is a t least 0-8 for th is species ( C r o w & 
S i m m o n s , 1977) ; K o n d r a s h o v (1988) h a s a r g u e d t h a t 
c o n s i d e r a b l y h i g h e r va lue s a r e p l aus ib l e , s ince fitness 
c o m p o n e n t s o t h e r t h a n e g g - t o - a d u l t v iabi l i ty a r e o f 
g r e a t i m p o r t a n c e . 

T h e s e c o n d i t i o n s for t h e m a i n t e n a n c e of sexua l i ty 
a r e , in fact , c o n s e r v a t i v e , s ince a n e w a s e x u a l v a r i a n t 
is un l ike ly t o a r i se in a m u t a t i o n - f r e e i nd iv idua l . I f a n 
a sexua l l i neage ar ises in a n i n d i v i d u a l c a r r y i n g / 
m u t a t i o n s , t h e m i n i m u m n u m b e r o f m u t a t i o n s in its 
d e c e n d a n t s is /, i g n o r i n g b a c k - m u t a t i o n . T h u s , t h e 
ini t ial m e a n fitness o f t h e a sexua l l ineage is w(i), a n d 
the m e a n fitness o f t he a sexua l p o p u l a t i o n s t ead i ly 
decl ines f rom this v a l u e a s m u t a t i o n s a c c u m u l a t e . 

E x a c t c a l c u l a t i o n s o f the p rocess o f a c c u m u l a t i o n , 
u s i n g the e q u a t i o n s o f K i m u r a & M a r u y a m a (1966) , 
i n d i c a t e t h a t a n a s e x u a l l ineage in w h i c h i > 0 r e a c h e s 
a n e q u i l i b r i u m w i t h a m e a n n u m b e r o f m u t a t i o n s 
s u b s t a n t i a l l y l a rge r t h a n t hose d i s p l a y e d in T a b l e 1, 
even if i is c o n s i d e r a b l y less t h a n t h e m e a n n u m b e r o f 
m u t a t i o n s pe r i n d i v i d u a l for t h e a n c e s t r a l s exua l 
p o p u l a t i o n . T h e e q u i l i b r i u m m e a n fitnesses c a n b e 
f o u n d as fo l lows, b y genera l iz ing t h e m e a n fitness 
resu l t o f K i m u r a & M a r u y a m a (1966) . T h e i r a r g u m e n t 
o n t h e e q u i l i b r i u m f requency o f t h e c lass w i t h t h e 
lowes t n u m b e r o f m u t a t i o n s imp l i e s t h a t t h e equ i l i 
b r i u m m e a n fitness o f a n asexua l p o p u l a t i o n s t a r t e d 
w i t h i m u t a t i o n s is 

w = e x p - { U + i(a + \fii)}. (28)

G i v e n t h a t t he v a r i a n c e o f a freely r e c o m b i n i n g sexua l 
p o p u l a t i o n is s l ight ly less t h a n t h e m e a n ( T a b l e 3) , it 
is un l ike ly t h a t i w o u l d b e m u c h less t h a n n — 2\/n, 
w h e r e n is t he e q u i l i b r i u m n u m b e r o f m u t a t i o n s p e r 
i n d i v i d u a l for t h e sexua l p o p u l a t i o n . T h u s , even u n d e r 
t h e m o s t f a v o u r a b l e c i r c u m s t a n c e s , a n in i t ia l ly r a r e 
a s e x u a l v a r i a n t en joy ing a two- fo ld fer t i l i ty a d v a n t a g e 
will u l t i m a t e l y be e l i m i n a t e d f r o m t h e p o p u l a t i o n if 
t he m e a n fitness g iven b y the a b o v e e x p r e s s i o n w i t h 
/ = n — 2\/n is less t h a n o n e - h a l f t h e m e a n fitness o f 
t he sexua l p o p u l a t i o n . 

M e a n fi tnesses o b t a i n e d in this w a y a r e c o n s i d e r a b l y 
l o w e r t h a n the T a b l e 1 va lues . T a b l e 7 gives t h e r a t i o s 
of t h e m a x i m u m va lues of t h e e q u i l i b r i u m m e a n 
fitnesses o f a s e x u a l l ineages to t h e m e a n fitnesses o f 
t h e s exua l p o p u l a t i o n s f r o m wh ich t h e y a r e d e r i v e d in 
th is w a y . I t will b e seen tha t U = 1 is c lose t o t h e 
t h r e s h o l d va lue n e e d e d t o o v e r c o m e a t w o - f o l d fert i l i ty 
a d v a n t a g e of a sexua l i ty . F i g . 5 d i s p l a y s t h e p o p u l a t i o n 
t r a j ec to r i e s of a sexua l v a r i a n t s i n t r o d u c e d a t l ow 
f requenc ies i n t o sexua l p o p u l a t i o n s w i t h di f ferent 
m u t a t i o n r a t e s , c o n f i r m i n g t h a t t h e y a r e i n d e e d 
e l i m i n a t e d w h e n t h e sugges ted c r i t e r i o n is m e t . G i v e n 
t h a t a s e x u a l v a r i a n t s m a y of ten suffer o f t en l o w e r 
fertil i t ies t h a n the i r sexual c o m p e t i t o r s , d u e t o 
impe r f ec t f u n c t i o n i n g o f cy to log ica l dev ices for b y 
p a s s i n g meios i s ( L l o y d , 1980), it s e e m s t h a t t h e 

T a b l e 7. Equilibrium properties of asexual 
populations started with the minimum probable 
numbers of mutations per individual (i) 

u i w R* n V 

5 0 64 0001 0018 129-5 48-4 
2 0 37 0073 0-221 79-3 31-7 
1-5 30 0147 0-338 67-4 27-8 
10 23 0-284 0-498 53-9 22-7 
0-5 14 0-545 0-725 36-6 16-2 
0 1 4 0-892 0-949 14-4 7-3 

*R is the ratio of the equilibrium mean fitness for the 
asexual population to that for a freely recombining sexual 
populat ion with the same parameters. 

https://doi.org/10.1017/S0016672300025532 Published online by Cambridge University Press

https://doi.org/10.1017/S0016672300025532


B. Charlesworth 214 

p r o c e s s d e s c r i b e d h e r e c o u l d p l a y a m a j o r ro l e in 
t h e m a i n t e n a n c e o f sex i n h i g h e r o r g a n i s m s . If t h e 
p o p u l a t i o n size is s m a l l , h o w e v e r , t h e in i t i a l f r e q u e n c y 
o f t h e a s e x u a l v a r i a n t m a y b e sufficiently h i g h t h a t it 
s p r e a d s t o fixation b e f o r e i t s m e a n f i tness dec l ines 
b e l o w t h e level n e e d e d t o o v e r c o m e a n y fert i l i ty 
a d v a n t a g e (see F i g . 5) . L a r g e p o p u l a t i o n s will t h u s b e 
less v u l n e r a b l e t h a n s m a l l o n e s t o i n v a s i o n b y a s e x u a l 
v a r i a n t s . T h i s m a y b e a n o t h e r r e a s o n for t h e wel l -
k n o w n a s s o c i a t i o n o f a s e x u a l i t y w i t h s p a r s e p o p u 
l a t i o n s (Bel l , 1982) . 

A s o m e w h a t d i f fe ren t a p p r o a c h t o t h e i n v a s i o n o f a 
s e x u a l p o p u l a t i o n b y a n a s e x u a l v a r i a n t w a s t a k e n b y 
K o n d r a s h o v ( 1 9 8 5 ) , w h o a s s u m e d t h a t a s e x u a l i nd i 
v i d u a l s in i t i a l ly h a d t h e s a m e d i s t r i b u t i o n o f m u t a t i o n s 
p e r i n d i v i d u a l a s t h e s e x u a l p o p u l a t i o n f r o m w h i c h 
t h e y w e r e d e r i v e d . I n t h i s c a s e , t h e in i t ia l m e a n fitness 
o f t h e a s e x u a l p o p u l a t i o n w o u l d b e t h e s a m e a s t h a t 
fo r a p o p u l a t i o n w i t h t h e p o s t - s e l e c t i o n d i s t r i b u t i o n 
o f m u t a t i o n s c h a r a c t e r i s t i c o f t h e s exua l p o p u l a t i o n 
f r o m w h i c h it w a s d e r i v e d . I t w o u l d t h e n dec l ine 
a s y m p t o t i c a l l y t o w a r d s e x p — U. T h e in i t ia l fitness o f 
s u c h a p o p u l a t i o n o n t h e p r e s e n t m o d e l c a n r e a d i l y b e 
c a l c u l a t e d f r o m e q u a t i o n ( A 2 ) , u s i n g t h e s a m e m e a n 
n u m b e r o f m u t a t i o n s a s fo r t h e e q u i l i b r i u m sexua l 
p o p u l a t i o n a n d i t s p o s t - s e l e c t i o n v a r i a n c e . W i t h t h e 
s t a n d a r d s e l ec t i on p a r a m e t e r s , t h e r e is o n l y a ve ry 
s m a l l r e d u c t i o n in f i tness t o t h e a s e x u a l s , un l e s s t h e 
m u t a t i o n r a t e is i m p l a u s i b l y h i g h , i n a g r e e m e n t w i t h 
K o n d r a s h o v ' s r e s u l t s fo r h i s l i n e a r se lec t ion m o d e l 
( K o n d r a s h o v , 1985 , F i g . 1), w h i c h h a s a c o m p a r a b l e 
level o f e p i s t a s i s . T h i s s u g g e s t s t h a t a n i m m e d i a t e loss 
in f i tness t o a s e x u a l i n d i v i d u a l s is u n l i k e l y t o b e 
d e t e c t a b l e b y o b s e r v a t i o n . T h i s c a l c u l a t i o n is r e l e v a n t 

0 20 40 60 80 100 

Gradient 
Fig. 5. Progress of an asexual var iant introduced into a 
freely recombining sexual popu la t ion with muta t ion rate 
U = 1 5 , and the s t andard selection parameters . Asexual 
females have a two-fold fertility advantage . The heavy 
line is for an initial frequency of asexual females of 10"3, 
the dot ted line for an initial frequency of 10" 4 , and the 
full line for an initial frequency of 10" 5 . The asexual 
var iant is assumed to occur as a un ique variant in a single 
female; the number of sexual females in the initial 
popula t ion is thus the reciprocal of the initial frequency 
of asexuals. Fixat ion of the asexual variant is assumed to 
occur if the frequency of sexual females falls below the 
initial frequency of asexuals. 

t o c o m p a r i s o n s of t he differences b e t w e e n a r r a y s o f 
sexual a n d a sexua l offspr ing p r o d u c e d e x p e r i m e n t a l l y 
in s tudies such a s t h o s e o f Ke l l ey et al. (1988) . T h e y in 
fact f o u n d a n a p p r o x i m a t e l y 4 0 % h i g h e r fitness for 
sexually p r o d u c e d offspring of Anthoxanthum odoratum 
in t h e field, re la t ive t o offspr ing p r o d u c e d vege ta t ive ly . 
T h i s resul t w o u l d n o t b e e x p e c t e d o n t h e p r e s e n t 
t heo ry , a n d e i the r reflects t he o p e r a t i o n o f t h r e s h o l d 
select ion w i t h a h igh t h r e s h o l d a n d h i g h m u t a t i o n r a t e 
(cf. K o n d r a s h o v , 1985, F i g . 1), t h e effects of o t h e r 
selective forces m a i n t a i n i n g sex, o r s i m p l y t he d i r ec t 
c o n s e q u e n c e s o f vege ta t ive ve r sus seed p r o p a g a t i o n . 
O n the o t h e r h a n d e x p e r i m e n t s in Drosophila w h e r e 
s u p p r e s s i o n of gene t i c r e c o m b i n a t i o n w a s f o u n d t o b e 
a s soc i a t ed wi th a fitness a d v a n t a g e ( K o n d r a s h o v , 
1 9 8 8 ; M a y n a r d Smi th , 1978, c h a p . 5) a r e c o n s i s t e n t 
w i t h the p r e s e n t m o d e l , if o t h e r forces t e n d i n g to 
p r o d u c e a m u t a t i o n a l l o a d a r e o p e r a t i n g in a d d i t i o n 
t o synergis t ic se lec t ion ( M a y n a r d S m i t h , 1978). 

(iii) Evidence on the nature of fitness interactions 

A cri t ical q u e s t i o n c o n c e r n s t he e x t e n t t o w h i c h 
synergis t ic fitness i n t e r a c t i o n s o c c u r in n a t u r e . F i r s t , it 
is useful t o n o t e t h a t d i m i n i s h i n g r e t u r n s ep i s tas i s is 
c o m p a t i b l e w i t h e q u i l i b r i u m u n d e r m u t a t i o n - s e l e c t i o n 
b a l a n c e o n l y u n d e r a n a r r o w r a n g e o f p a r a m e t e r 
va lues , e v e n if t he modi f i ed fi tness f u n c t i o n wi th 
c o n s t a n t fitness for n > — oc//3 is u s e d in o r d e r t o a v o i d 
t h e a r te fac t of f i tnesses t h a t i nc rea se w i t h i n c r e a s i n g 
n u m b e r o f m u t a t i o n s [sect ion 2( i ) ] . T h e a p p r o x i m a t e 
t h r e s h o l d is — /? = a 2 / { / [ s e c t i o n 2( iv) ] . I f —Bexceeds 
th i s va lue , m u t a t i o n s will p rog res s ive ly a c c u m u l a t e , 
a n d m e a n fitness will dec l ine indef ini te ly . D i m i n i s h i n g 
r e t u r n s ep i s tas i s is un l ike ly t o b e o b s e r v e d a m o n g 
e x t a n t o r g a n i s m s , a t least w h e n t h e g e n o m e size is 
l a rge . It is useful t o n o t e t h a t t h e a b o v e r e l a t i on 
c o r r e s p o n d s t o t he ' e r r o r t h r e s h o l d ' p o s t u l a t e d by 
E i g e n & S c h u s t e r (1979) , in the i r h y p e r c y c l e t h e o r y of 
t h e or igin of se l f - rep l ica t ing sy s t ems . T h e i r m o d e l 
p o s t u l a t e s a m a s t e r g e n o m i c s e q u e n c e o f a self-
r ep l i ca t i ng m o l e c u l e ; all m u t a t i o n a l d e v i a n t s f rom th is , 
a t a n y site in t h e s equence , a r e effectively a s s u m e d to 
b e equa l ly unfit ( M a y n a r d S m i t h , 1 9 8 3 ; N o w a k & 
Schus te r , 1989). T h i s is a n e x t r e m e f o r m of d i m i n i s h i n g 
r e t u r n s ep i s tas i s . Since t h e r e is n o o b v i o u s b io log ica l 
jus t i f i ca t ion for th is m o d e o f se lec t ion o v e r o n e in 
w h i c h fitness is a d e c r e a s i n g func t ion o f t h e n u m b e r of 
s i tes by w h i c h a m u t a t e d s e q u e n c e differs f rom the 
m a s t e r s e q u e n c e , t he necess i ty o f i n v o k i n g hypercyc les 
t o exp la in the e v o l u t i o n o f re la t ive ly l a rge g e n o m e s 
( E i g e n & Schus t e r , 1979 ; N e e & M a y n a r d S m i t h , 
1990) is n o t a p p a r e n t . 

T h e t igh t c o n s t r a i n t o n d i m i n i s h i n g r e t u r n s ep i s tas i s 
sugges t s t h a t m u l t i p l i c a t i v e fitnesses o r synerg i s t i c 
epis tas is a r e likely t o p reva i l . D i r e c t e v i d e n c e o n the 
f o r m of t h e r e l a t i o n b e t w e e n fitness a n d n u m b e r of 
m u t a t i o n s is h a r d t o o b t a i n . W h i l e s o m e a u t h o r s h a v e 
a d v o c a t e d t r u n c a t i o n se lec t ion as a w i d e s p r e a d m o d e 
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of se lec t ion t h a t g e n e r a t e s synerg i s t i c i n t e r a c t i o n s 
( K o n d r a s h o v , 1988), t he re a r e essent ia l ly n o d i rec t 
d a t a s u p p o r t i n g its o p e r a t i o n in n a t u r e . D a t a o n t h e 
effects o f m i n o r d e t r i m e n t a l m u t a t i o n s o n e g g - t o -
a d u l t viabi l i ty a c c u m u l a t e d o n t h e s e c o n d c h r o m o 
s o m e of D. melanogaster sugges t s o m e w e a k syne rg i sm 
of t h e k i n d m o d e l l e d he r e ( C r o w , 1970). E x p e r i m e n t s 
in w h i c h t h e t w o m a j o r a u t o s o m e s h a v e s i m u l 
t a n e o u s l y b e e n m a d e h o m o z y o u s for w i ld - type c h r o 
m o s o m e s e x t r a c t e d f r o m n a t u r a l p o p u l a t i o n s gene ra l ly 
i n d i c a t e w e a k o r n o synerg i s t i c effects ( C l a r k , 1 9 8 7 ; 
C r o w & S i m m o n s , 1977). D a t a o n viabi l i ty effects o f 
the s e c o n d a n d t h i r d c h r o m o s o m e s r e p o r t e d b y S e a g e r 
a n d A y a l a (1982) sugges t w e a k a n d d o u b t f u l l y 
s ignif icant d i m i n i s h i n g r e t u r n s ep i s tas i s , h o w e v e r . 
Viabi l i t ies o f c h r o m o s o m a l h o m o z y g o t e s re la t ive t o 
h e t e r o z y g o t e s for t h e b a l a n c e r c h r o m o s o m e s w e r e 
e s t i m a t e d f r o m the f r equenc ies o f d o u b l e b a l a n c e r , 
s ingle b a l a n c e r a n d w i l d - t y p e h o m o z y g o t e s , s eg rega t 
ing in c u l t u r e s p r o d u c e d b y i n t e r c r o s s e s b e t w e e n flies 
s i m u l t a n e o u s l y h e t e r o z y g o u s for s e c o n d a n d t h i r d 
c h r o m o s o m e b a l a n c e r s a n d w i l d - t y p e c h r o m o s o m e s . 
C o n t r o l s w h e r e t he n o n - b a l a n c e r i n d i v i d u a l s p r o d u c e d 
were h e t e r o z y o u s r a t h e r t h a n h o m o z y g o u s for t h e 
c h r o m o s o m e s in q u e s t i o n w e r e a l so c a r r i e d o u t , a n d 
used t o ca l cu l a t e t h e h o m o z y g o u s viabi l i t ies re la t ive 
t o t h o s e o f c h r o m o s o m a l h e t e r o z y g o t e s . I f t he d o u b l e 
b a l a n c e r i n d i v i d u a l s p e r f o r m d i s p r o p o r t i o n a t e l y 
p o o r l y in c o m p e t i t i o n w i t h w i l d - t y p e h e t e r o z y g o t e s , 
t h e n the c r o s s - p r o d u c t r a t i o aBCd/AbcD u sed a s a n 
i ndex of t he d i r e c t i o n o f ep i s t a s i s b e t w e e n the v iabi l i ty 
effects o f h o m o z y g o s i t y for t h e t w o c h r o m o s o m e s will 
be b ia sed in t he d i r e c t i o n o f d i m i n i s h i n g r e t u r n s 
( lower ca se le t ters refer t o c ro s se s i nvo lv ing w i l d - t y p e 
h e t e r o z y g o t e s for e a c h c h r o m o s o m e ; u p p e r case t o 
c rosses i nvo lv ing w i l d - t y p e h o m o z y g o t e s ; a refers t o 
t h e f r equency o f w i ld - type flies, b a n d c refer t o t h e 
f r equency o f s ingle b a l a n c e r g e n o t y p e s , a n d d t o t h e 
f requency o f d o u b l e - b a l a n c e r g e n o t y p e s ) . I t s e e m s 
l ikely t h a t a s imi la r c r i t i c i sm a p p l i e s t o t h e very l a rge 
d i m i n i s h i n g r e t u r n s effect r e p o r t e d b y Seage r et al. 
(1982) for t o t a l fitness ( w h e r e t h e effect o f m a k i n g t h e 
s e c o n d a n d th i rd c h r o m o s o m e s h o m o z y g o u s s im
u l t a n e o u s l y w a s t h e s a m e a s t h a t o f m a k i n g e i t he r 
h o m o z y g o u s s ingly) . S u c h a n e x t r e m e degree of 
d i m i n i s h i n g r e t u r n s ep i s tas i s is , i n d e e d , t heo re t i ca l ly 
i n c o m p a t i b l e w i t h s t ab i l i ty u n d e r m u t a t i o n - s e l e c t i o n 
b a l a n c e (see a b o v e ) , a n d so o n e m u s t infer t h a t t he se 
d a t a e i the r h a v e a n a r t e f a c t u a l e x p l a n a t i o n o f t he k i n d 
sugges ted , o r a r e i n a p p l i c a b l e t o t he q u e s t i o n o f 
m u t a t i o n - s e l e c t i o n b a l a n c e . T h u s , i t w o u l d s e e m t h a t 
g r e a t e r we igh t s h o u l d b e a t t a c h e d to t h o s e Drosophila 
e x p e r i m e n t s wh ich s h o w synerg i s t i c effects. M o r e d a t a 
a r e c lear ly n e e d e d to reso lve th i s q u e s t i o n . 

I n s u m m a r y , it is c lea r f r o m t h e t heo re t i ca l r e su l t s 
t h a t ex t r eme ly smal l n o n - l i n e a r t e r m s in t he r e l a t i o n 
be tween log fitness a n d n u m b e r o f m u t a t i o n s c a n h a v e 
large effects o n e q u i l i b r i u m m e a n fitnesses. S u c h t e r m s 
w o u l d b e a l m o s t u n d e t e c t a b l e excep t in very l a rge 

e x p e r i m e n t s . I n g r o u p s o t h e r t h a n Drosophila, c a re fu l 
s t ud i e s a r e n e e d e d of t he r e l a t i o n s h i p b e t w e e n fitness 
c o m p o n e n t s a n d t h e i n b r e e d i n g coefficients o f in
d iv idua l s p r o d u c e d in p r o g r a m m e s o f c o n t r o l l e d 
i n b r e e d i n g . 

(iv) Selection on recombination with epistasis 

T h e r e su l t s p r e s e n t e d in sect ion [3 [(iii) a n d (iv)] s h o w 
t h a t t h e effect o f r e c o m b i n a t i o n o n m e a n fitness d o e s 
n o t a l w a y s p r e d i c t t he d i r ec t ion o f se l ec t ion o n a 
modi f i e r o f t he r a t e o f genet ic r e c o m b i n a t i o n , s ince 
i nc r ea sed r e c o m b i n a t i o n c a n s o m e t i m e s b e se lec ted 
a g a i n s t w i t h synerg i s t i c epis tas is d e s p i t e t h e fact t h a t 
m e a n fi tness a l w a y s s eems t o inc rease w i t h i n c r e a s e d 
r e c o m b i n a t i o n f requenc ies . [There a r e , o f c o u r s e , 
o t h e r p r e c e d e n t s for a failure o f m e a n fitness t o 
p r e d i c t t h e c o u r s e of evo lu t ion o f g e n e s t h a t m o d i f y 
t h e b r e e d i n g sys tem (Al t enbe rg & F e l d m a n , 1 9 8 7 ; 
K a r l i n & M c G r e g o r , 1974).] F o r e x a m p l e , w i t h t h e 
s t a n d a r d v a l u e s of t he se lect ion p a r a m e t e r s , it is 
a p p a r e n t f r o m F ig . 3 t h a t a mod i f i e r i n c r e a s i n g t h e 
r a t e o f r e c o m b i n a t i o n a w a y f r o m z e r o is f a v o u r e d 
w i t h U = 0-1. T a b l e 4 s h o w s t h a t a mod i f i e r r e d u c i n g 
the r a t e o f r e c o m b i n a t i o n in a p o p u l a t i o n w i t h free 
r e c o m b i n a t i o n is f a v o u r e d when (7 = 0-1 , w h e r e a s a 
gene to t a l ly s u p p r e s s i n g r e c o m b i n a t i o n is e l i m i n a t e d . 
T h i s sugges t s t h a t a n i n t e r m e d i a t e r e c o m b i n a t i o n 
f r equency is e v o l u t i o n a r i l y s tab le u n d e r t he se c o n 
d i t i o n s . F o r U > 0-5, however , it s e e m s t h a t free 
r e c o m b i n a t i o n is selected for. M o r e ex t ens ive c a l c u 
l a t i o n s i n d i c a t e t h a t t h e cri t ical v a l u e o f V is 
a p p r o x i m a t e l y 0-29. T h e resul ts of T a b l e 5 c o n f i r m 
these c o n c l u s i o n s , a n d enab le t h e a p p r o x i m a t e l o 
c a t i o n o f t h e E S S m a p length t o b e d e t e r m i n e d a s a 
f u n c t i o n o f t he n u m b e r o f c h r o m o s o m e s , for m o d i f i e r s 
l o c a t e d in t h e m i d d l e of a c h r o m o s o m e a n d w h i c h 
affect t h e m a p l eng ths o f all c h r o m o s o m e s in t h e 
g e n o m e . F o r t / — 0-1, t he ESS m a p l e n g t h d e c r e a s e s 
w i t h t h e n u m b e r o f c h r o m o s o m e s , a s w o u l d b e 
e x p e c t e d f r o m t h e fact t h a t the c h r o m o s o m e n u m b e r 
h a s a l a rge effect o n t he a v e r a g e f r e q u e n c y o f 
r e c o m b i n a t i o n b e t w e e n p a i r s of genes . T h e l o c a t i o n o f 
t he mod i f i e r s h a s l i t t le effect on t h e E S S m a p l e n g t h 
( T a b l e 6) . 

I n h i s n u m e r i c a l s tud ies of se l ec t ion o n r e c o m 
b i n a t i o n mod i f i e r s , K o n d r a s h o v (1984) a l s o f o u n d 
t h a t t h e d i r e c t i o n o f se lect ion o n r e c o m b i n a t i o n 
f r e q u e n c y d e p e n d s o n t h e m u t a t i o n r a t e . H i s in 
t e r p r e t a t i o n o f th is finding involves t h e n o t i o n t h a t a 
r e c o m b i n a t i o n modi f ie r h a s its p r i m a r y effect o n t h e 
v a r i a n c e o f n u m b e r o f m u t a n t g e n e s p e r g e n o m e ; th i s 
is b o r n e o u t in t he l e f t -hand sec t ion o f T a b l e 4 , w h e r e 
it c a n b e seen t h a t t h e a s y m p t o t i c v a l u e o f t h e c h a n g e 
in m e a n a s s o c i a t e d wi th a c h a n g e in r e c o m b i n a t i o n 
f r e q u e n c y c a u s e d b y a modif ier o f sma l l effect is m u c h 
sma l l e r t h a n t h e c h a n g e in v a r i a n c e [cf. e q n (21) ] . I n 
t he ca se o f t h r e s h o l d select ion, if t h e m e a n n u m b e r o f 
m u t a t i o n s is a b o v e the t h r e s h o l d for t r u n c a t i o n , a n 
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i n c r e a s e in v a r i a n c e will i n c r e a s e t he f r a c t i o n o f t h e 
p o p u l a t i o n t h a t fall t o t h e left o f t h e t r u n c a t i o n p o i n t , 
a n d h e n c e s u r v i v e . C o n v e r s e l y , if t he m e a n is b e l o w 
t h e t h r e s h o l d , t h e n a n i n c r e a s e in t h e v a r i a n c e will 
i n c r e a s e t h e f r a c t i o n o f t h e p o p u l a t i o n t h a t fall t o t h e 
r i g h t o f t h e t h r e s h o l d , a n d h e n c e a r e e l i m i n a t e d b y 
s e l e c t i o n ( K o n d r a s h o v ' s fig. 1). A h i g h m u t a t i o n r a t e 
i m p l i e s a h i g h m e a n c o p y n u m b e r a n d t h u s a h i g h e r 
c h a n c e o f b e i n g t o t h e r i g h t o f t h e t r u n c a t i o n p o i n t . I n 
t h e p r e s e n t c a s e , t h e c u r v e r e l a t i n g fitness t o t h e 
n u m b e r o f m u t a t i o n s n h a s a n inf lec t ion p o i n t , s u c h 
t h a t t h e a b s o l u t e v a l u e o f t h e s l ope is a n i n c r e a s i n g 
f u n c t i o n o f n t o t h e left o f t h e inf lec t ion p o i n t , a n d 
d e c r e a s e s w i t h n t o t h e r i g h t . I f t h e m e a n is f a r t o t h e 
left o f t h e in f l ec t ion p o i n t , t h e n a n i n c r e a s e in t h e 
v a r i a n c e o f n r e s u l t s in t h e p r o d u c t i o n o f a h i g h e r 
f r e q u e n c y o f e x t r e m e i n d i v i d u a l s w i t h n v a l u e s in t h e 
r i g h t - h a n d p a r t o f t h e d i s t r i b u t i o n , w h e r e fitness 
d e c l i n e s m o r e s h a r p l y . T h e s e i n d i v i d u a l s t h u s h a v e a 
d i s p r o p o r t i o n a t e effect o n t h e m e a n fitness, c o m p a r e d 
w i t h t h e i n c r e a s e in f r e q u e n c y o f e x t r e m e i n d i v i d u a l s 
in t h e l e f t - h a n d p o r t i o n o f t h e d i s t r i b u t i o n , w h e r e 
f i tness d e c r e a s e s s l o w l y w i t h c o p y n u m b e r . T h e r e su l t 
is a n e t r e d u c t i o n in m e a n f i tness . T h e c o n v e r s e h o l d s 
if t h e m e a n is t o t h e r i g h t o f t h e inf lec t ion p o i n t . 

M o r e f o r m a l l y , p a r t i a l d i f f e r en t i a t i on o f e q u a t i o n 
( A 2) w i t h r e s p e c t t o t h e v a r i a n c e V y ie lds t h e fo l low
i n g a p p r o x i m a t e e x p r e s s i o n , va l id w h e n /SV a n d 
a 2 < / ? : 

d\nw B „ „. _ a 2 

C l e a r l y , if ft is v e r y s m a l l , th i s e x p r e s s i o n is d o m i n a t e d 
b y ( a 2 — / ? ) / 2 , w h i c h is less t h a n z e r o o n t h e a b o v e 
a s s u m p t i o n s . F o r sufficiently l a r g e va lue s o f ft, t h e 
d e r i v a t i v e is p o s i t i v e . T h u s , a n i n c r e a s e in v a r i a n c e 
a l o n e c a n l ead t o r e d u c t i o n in m e a n fitness w i t h s m a l l 

ft, c o r r e s p o n d i n g t o a sma l l m u t a t i o n r a t e . T h i s 
c a l c u l a t i o n o v e r e s t i m a t e s t h e r a n g e in w h i c h t h e r e is 
select ion aga ins t i nc r ea sed r e c o m b i n a t i o n , since it 
ignores t h e i nc rea se in ft a s s o c i a t e d w i t h i nc r ea sed 
r e c o m b i n a t i o n u n d e r synerg i s t i c ep i s tas i s . F o r ex
a m p l e , w i t h t he s t a n d a r d se lec t ion p a r a m e t e r s a n d t h e 
e q u i l i b r i u m va lues o f ft for free r e c o m b i n a t i o n given in 
T a b l e 3 , t he va lues o f t h e d e r i v a t i v e g iven b y t h e 
a b o v e f o r m u l a for U = 0 1 , 0-5 a n d 1 a r e — 3-1 x 1 0 " 4 , 
— l - 7 x 1 0 " 4 , a n d 5 x 1 0 " 8 respec t ive ly , w h e r e a s T a b l e 
4 ind ica tes se lec t ion in f a v o u r of free r e c o m b i n a t i o n 
w i t h U = 0-5. 

K o n d r a s h o v ' s (1984) n u m e r i c a l r e su l t s for t r u n c 
a t i o n select ion in a sexua l h a p l o i d p o p u l a t i o n led h i m 
t o suggest t h a t t h e r e is se lec t ion for free r e c o m b i n a t i o n 
w h e n t h e ' g e n o m e d e g r a d a t i o n r a t e ' v = U/\/V 
exceeds 0-35. W i t h t h e s t a n d a r d se lec t ion p a r a m e t e r s 
o f the p r e s e n t m o d e l , t h e cr i t ica l U v a l u e o f -29 
c o r r e s p o n d s t o v = 0-07, a m u c h sma l l e r va lue t h a n 
K o n d r a s h o v ' s t r u n c a t i o n se lec t ion v a l u e . O n e poss ib le 
e x p l a n a t i o n o f th is difference is t h a t se lec t ion in a 
h a p l o i d o r g a n i s m is less f a v o u r a b l e for t h e e v o l u t i o n 
o f inc reased r e c o m b i n a t i o n t h a n in a d ip lo id . T h i s w a s 
inves t iga ted b y m o d i f y i n g t h e m o d e l t o a p p l y to a 
sexual h a p l o i d . T h e resu l t s o f a n i nves t i ga t i on o f t h e 
e q u i l i b r i u m p o p u l a t i o n m e a n fitnesses a n d the E S S 
m a p lengths for different m u t a t i o n r a t e s for a h a p l o i d 
a r e s h o w n in T a b l e 8, for t he s t a n d a r d v a l u e s o f t he 
se lect ion p a r a m e t e r s ( n o t e t h a t h a p l o i d y m e a n s t h a t 
t h e d o m i n a n c e coefficient h is effectively 1 w h e n 
ca l cu l a t i ng a a n d /?, a n d t h a t t h e U va lues a r e o n e - h a l f 
t h o s e for t he c o r r e s p o n d i n g d i p l o i d case) . T h e m e a n 
fitnesses t e n d t o be s o m e w h a t h i g h e r t h a n t h o s e in t h e 
d ip lo id case , d u e t o t h e s t r o n g e r se lec t ion o n m u t a t i o n s 
expressed in h a p l o i d s . T h e b e h a v i o u r of t h e d i r e c t i o n 
o f select ion o n r e c o m b i n a t i o n a s a func t ion of m a p 
l eng th , n u m b e r of c h r o m o s o m e s , a n d m u t a t i o n r a t e 

T a b l e 8. Selection on recombination modifiers in a haploid sexual population 

a = 0-01, 6 = 001 

/ 1 2 5 20 1 2 5 20 

U = 0 0 5 U = 0-25 
0 0 1 0-949 0-952 0-954 0-955 0-802 0-819 0-829 0-824 

4-6 2-8 x 10"4 4-8 x 10" 5 1-4 x 10"6 12 l -4x 10" 3 3-3 x 10"4 4-2 x 10" 5 

0-50 0-953 0-954 0-955 0-955 0-819 0-827 0-832 0-835 
5-4 x 10" 1 9-9 x 10" 5 - 7 - 4 x 10" 6 - 7 - 3 x 10" e 3-7 2-0 x 10" 3 4-2 x 10"4 3-8 x 10- 5 

10 0-954 0-954 0-955 0-955 0-824 0-830 0-833 0-835 
1-5 x 10- 1 7-7 x 10"6 - 2 0 x 10" 5 - 7 - 5 x 10" 6 1-9 l-20x 10"3 2-6 x 10"4 2-6 x 10" 5 

U= 0-5 U= 10 
0 0 5 0-656 0-685 0-703 0-712 0-443 0-484 0-510 0-523 

19 2-5 x 10" 3 6-6 x 10" 4 1 0 x 10"4 27 4-3 x 10" 3 1-3 x 10" 3 2-3 x 10-" 

0-50 0-683 0-699 0-708 0-713 0-478 0-502 0-517 0-525 
7 0 4-9 x 10~3 1-3 x 10" 3 1-7 x 10"4 12 11 x 10"2 3-3 x 10" 3 5-2 x 10"4 

1 0 0-693 0-704 0-711 0-714 0-493 0-510 0-520 0-526 
4 0 3-6 x 10~3 9-4 x 10"4 1-4 x 10"4 7-8 9 1 x 10" 3 2-7 x 10" 3 4-8 x 10"4 

The upper entries in each row are the equilibrium mean fitnesses; the lower entries are the selection gradients on 
recombinat ion for a modifier located in the middle of a chromosome. 
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differs l i t t le f rom t h a t w i t h d ip lo idy . T h e va lue s o f t h e 
g e n o m e d e g r a d a t i o n r a t e a r e close t o t h o s e for t he 
c o r r e s p o n d i n g d i p l o i d cases e.g. w i t h h a p l o i d y a n d 
U = 0-25, v = 0 T 4 c o m p a r e d w i t h v = 0-10 for t h e 
d i p l o i d case w i t h U = 0-5. I t t h u s d o e s n o t s e e m likely 
t h a t h a p l o i d y is t h e c a u s e o f t h e d i s c r e p a n c y . 

A n o t h e r poss ib i l i ty is t h a t t r u n c a t i o n se lec t ion is 
less f a v o u r a b l e t o se lec t ion for i n c r e a s e d r e c o m 
b i n a t i o n t h a n t h e less e x t r e m e m o d e of synerg i s t i c 
se lec t ion a s s u m e d he re . A t first s ight , th i s s eems 
c o n t r a r y t o e x p e c t a t i o n , b a s e d o n the fact t h a t m o r e 
e x t r e m e epis tas is seems t o select m o r e s t r o n g l y for 
r e c o m b i n a t i o n (e.g. T a b l e 4) . H o w e v e r , a s t u d y o f t h e 
r e l a t i o n s h i p b e t w e e n t h e cr i t ical va lue o f U for 
se lec t ing for free r e c o m b i n a t i o n , a n d t h e d e g r e e o f 
s y n e r g i s m as m e a s u r e d b y t h e r a t i o 6 / a , i n d i c a t e s t h a t 
t he cr i t ica l va lue o f U c a n dec rease w i t h t h e d e g r e e o f 
s y n e r g i s m . W i t h a = 0-02 a n d b = 0-001, for e x a m p l e , 
U n e e d exceed on ly 0-2 (v = 0-03) for free r e c o m 
b i n a t i o n t o b e e v o l u t i o n a r i l y s t ab le , c o m p a r e d w i t h a 
v a l u e o f 0-29 w i t h 6 = 0-01 (v = 0-07). W i t h a = 0 0 1 
a n d 6 = 0-1 o n t h e o t h e r h a n d , t he cr i t ical v a l u e o f U 
is 0-32 (v = 0-12). T h i s is cons i s t en t w i t h K o n d r a s h o v ' s 
finding t h a t , w i t h his ' i n t e r m e d i a t e ' se lec t ion m o d e l 
(in w h i c h fitness is a q u a d r a t i c f u n c t i o n o f n u m b e r o f 
m u t a t i o n s ) , t he cr i t ical v a l u e of v is a p p r o x i m a t e l y 0-1 
( K o n d r a s h o v , 1984, p . 206) . T h e p r o b a b l e e x p l a n a t i o n 
for th i s s o m e w h a t c o u n t e r i n t u i t i v e effect o f t h e level o f 
s y n e r g i s m o n the cr i t ical m u t a t i o n r a t e is t h a t a l a r g e r 
q u a d r a t i c t e r m lower s t he e q u i l i b r i u m m e a n n u m b e r 
o f m u t a t i o n s (see T a b l e 3) . H e n c e , t h e d i s t r i b u t i o n o f 
t he n u m b e r of m u t a t i o n s is shifted t o t h e left, t o w a r d s 
t he r e g i o n w h e r e a r e d u c t i o n in v a r i a n c e l o w e r s m e a n 
fitness. A t all even t s , w i t h t he p r e s e n t m o d e l se lec t ion 
for free r e c o m b i n a t i o n o c c u r s a t m u c h sma l l e r 
m u t a t i o n r a t e s a n d g e n o m e d e g r a d a t i o n r a t e s t h a n 
w i t h t r u n c a t i o n se lec t ion . 

D e s p i t e these c o m p l i c a t i o n s , t h e ana lys i s o f t h e 
c o n d i t i o n s for s p r e a d o f modi f ie r s o f r e c o m b i n a t i o n a t 
t he l o w r e c o m b i n a t i o n l imit [sect ion 3 (h ) ] i n d i a t e s 
t h a t , w i t h synergis t ic ep is tas i s , n o n - z e r o r e c o m b i 
n a t i o n r a t e s a r e f a v o u r e d w h a t e v e r t h e m u t a t i o n r a t e , 
u n d e r b io log ica l ly r e a s o n a b l e c o n d i t i o n s . T h i s is 
c o n s i s t e n t w i t h t he n u m e r i c a l findings p r e s e n t e d in 
T a b l e 5. K o n d r a s h o v (1984) f o u n d e x a m p l e s in w h i c h 
a n allele c a u s i n g z e r o r e c o m b i n a t i o n c o u l d a p p r o a c h 
fixation. I n c o n t r a s t t o t h e p r e s e n t m o d e l ( w h e r e a n 
allele a s s o c i a t e d w i t h n e a r - z e r o r e c o m b i n a t i o n is itself 
c losely l inked to all selected loci) , h e a s s u m e d free 
r e c o m b i n a t i o n b e t w e e n t h e modi f ie r l ocus a n d all t h e 
selected loci , even w h e n o n e modi f ie r a l le le a t t h e 
modi f ie r l ocus c a u s e d z e r o r e c o m b i n a t i o n . A s p o i n t e d 
o u t by N e e (1988) th is is s o m e w h a t un rea l i s t i c , a n d 
t e n d s t o u n d e r e s t i m a t e t h e s t r e n g t h in f a v o u r o f 
i nc r ea sed r e c o m b i n a t i o n . A s c a n b e seen f r o m F ig . 3 
a n d T a b l e 4 , w i th t he p r e s e n t m o d e l t h e r e is q u i t e 
s t r o n g se lec t ion in f a v o u r of modi f i e r s i n c r e a s i n g t h e 
r e c o m b i n a t i o n r a t e a w a y f rom z e r o , a n d a g a i n s t 
s u p p r e s s o r s o f r e c o m b i n a t i o n in a p o p u l a t i o n wi th 

free r e c o m b i n a t i o n , o v e r a wide r a n g e o f m u t a t i o n 
r a t e s . T h e s t r e n g t h o f se lect ion i nc rea se s m a r k e d l y 
w i t h U, a s expec t ed . T h e difference in b e h a v i o u r f r o m 
t h e case o f modi f i e r s of small effect in p o p u l a t i o n s 
w i t h a h i g h f r equency o f r e c o m b i n a t i o n a r i ses f r o m 
the fact t h a t t he c h a n g e s i n m e a n n u m b e r o f m u t a t i o n s 
a s s o c i a t e d w i t h t he i n v a d i n g alleles a r e m u c h g r e a t e r 
t h a n w i t h freer r e c o m b i n a t i o n , a n d o v e r h e l m t h e 
effect o f v a r i a n c e o n m e a n fitness [see e q n s (16) , (21) , 
a n d T a b l e 4] . 

T h e ana lys i s o f t h e s t r e n g t h o f se l ec t ion o n t h e 
p r o p o r t i o n a l effect o f modif iers o n m a p l e n g t h (e), a s 
m e a s u r e d by t h e se lec t ion g r a d i e n t ( L a n d e , 1976) , 
i nd i ca t e s t h a t se lec t ion t o increase t h e m a p l e n g t h o f 
e a c h c h r o m o s o m e is s t ronges t in a g e n o m e w i t h a 
s ingle c h r o m o s o m e , a n d d imin i shes r a p i d l y a s t h e 
n u m b e r o f c h r o m o s o m e s increases (see T a b l e s 5 - 8 , 
a n d F ig . 4) , even w h e n t h e ini t ial m a p l e n g t h is a s 
smal l a s 0-05. A s n o t e d ear l ier , t h e s t r e n g t h o f se l ec t ion 
o n m a p l eng th itself is 1 / / t imes t h e v a l u e for e, s o t h a t 
it is s u b s t a n t i a l l y h i g h e r t h a n t h a t s h o w n w h e n / is 
sma l l . A b o v e a m a p l e n g t h of 1 o r s o , t h e se lec t ion 
g r a d i e n t falls off r a t h e r s lowly w i t h m a p l e n g t h ( T a b l e 
5). T h e s e f indings a r e in gene ra l a g r e e m e n t w i t h t h o s e 
o f K o n d r a s h o v (1984) , o n a modif ier t h a t is u n l i n k e d 
to t he se lected loci . Se lec t ion is s t r o n g e r in a h a p l o i d 
p o p u l a t i o n t h a n in t h e c a s e of a d i p l o i d p o p u l a t i o n 
w i t h t h e s a m e m u t a t i o n ra te p e r h a p l o i d g e n o m e , 
reflect ing the s t r o n g e r se lect ion a g a i n s t d e l e t e r i o u s 
alleles w i t h h a p l o i d y . T h i s effect m a y b e n e g a t e d b y 
the fact t h a t h a p l o i d species t e n d t o h a v e s m a l l e r 
g e n o m e sizes t h a n d i p l o i d s ( C a v a l i e r - S m i t h , 1985) , 
a n d so v a l u e s o f t h e o r d e r of 0-05 o r less m a y b e m o r e 
a p p r o p r i a t e for h a p l o i d s o the r t h a n R N A v i r u s e s , 
w h i c h a p p e a r t o h a v e v e r y h igh m u t a t i o n r a t e s p e r 
n u c l e o t i d e ( N e e & M a y n a r d S m i t h , 1 9 9 0 ; P r e s s i n g 
a n d R e a n n e y , 1984). 

W i t h d i p l o i d y a n d U = 1, select ion g r a d i e n t s o n e o f 
t he o r d e r o f 10~ 4 t o — 1 0 ~ 5 are f o u n d for a m a p l e n g t h 
of 1 w h e n the n u m b e r of c h r o m o s o m e s is g r e a t e r t h a n 
5 ( T a b l e 5) . W i t h h a p l o i d y , the c o r r e s p o n d i n g se lec t ion 
g r a d i e n t s a r e o f t he o r d e r o f 10" 3 t o 1 0 " 4 . T h e se l ec t ion 
g r a d i e n t s for / > 1 a n d j = 20 a r e in a p p r o x i m a t e 
a g r e e m e n t w i t h t h e select ion g r a d i e n t s o n m e a n 
r e c o m b i n a t i o n f r e q u e n c y with free r e c o m b i n a t i o n , 
g iven in T a b l e 4 , w h e n the a p p r o p r i a t e c h a n g e o f 
v a r i a b l e is m a d e . T h e s e resul ts i n d i c a t e t h a t t h e 
s t r e n g t h o f se lec t ion m a i n t a i n i n g l a rge m a p l e n g t h s is 
w e a k in g e n o m e s w i t h m o r e t h a n o n e c h r o m o s o m e , 
un les s t h e pe r g e n o m e m u t a t i o n r a t e is ve ry h i g h , in 
a g r e e m e n t w i t h t h e resu l t s o f K o n d r a s h o v (1984) . 
T h i s m a k e s it difficult t o j u d g e t h e p l aus ib i l i t y o f 
synerg is t ic se lec t ion se lec t ion on d e l e t e r i o u s m u t a t i o n s 
as a m e c h a n i s m for m a i n t a i n i n g t h e m a p l e n g t h s o f 
100 c e n t i m o r g a n s o r m o r e t h a t a r e c h a r a c t e r i s t i c o f 
h i g h e r o r g a n i s m s . Se lec t ion g r a d i e n t s o f t h e m a g n i t u d e 
o b s e r v e d a r e ineffective in p o p u l a t i o n s o f less t h a n 1 0 4 

o r so i n d i v i d u a l s ( L a n d e , 1976), a l t h o u g h th i s n u m b e r 
refers t o t he species p o p u l a t i o n size r a t h e t h a n loca l 
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p o p u l a t i o n size in spec i e s w h i c h h a v e even a m o d e s t 
a m o u n t o f m i g r a t i o n b e t w e e n p o p u l a t i o n s ( C r o w & 
K i m u r a . 1970 . c h a p . 9 ) . C l e a r l y , t h e se l ec t ion c o 
eff icients a t i n d i v i d u a l loci af fect ing r e c o m b i n a t i o n 
r a t e s will b e v e r y l o w w i t h t h e s e k i n d s o f se lec t ion 
g r a d i e n t s , s o t h a t a l le le f r e q u e n c i e s a t m o d i f i e r loci 
wi l l b e s t r o n g l y af fec ted b y m u t a t i o n a n d dr i f t , a n d 
wi l l o f t e n b e fa r f r o m t h e i r e q u i l i b r i a u n d e r se lec t ion . 
T h i s m a y a c c o u n t fo r t h e g e n e t i c v a r i a b i l i t y o f t en 
o b s e r v e d fo r r e c o m b i n a t i o n f r e q u e n c i e s ( B r o o k s , 
1988) . 

T h e p r e s e n t m o d e l a l s o e n a b l e s t h e s t r e n g t h o f 
s e l e c t i o n o n c h r o m o s o m e n u m b e r t o b e s t u d i e d . A 
c e n t r i c f u s i o n b e t w e e n t w o c h r o m o s o m e s o f e q u a l 
l e n g t h b e h a v e s f o r m a l l y a s a d o m i n a n t g e n e t h a t 
r e d u c e s t h e f r e q u e n c y o f c r o s s i n g o v e r b e t w e e n p a i r s 
o f loci t h a t w e r e f o r m e r l y l o c a t e d o n t w o dif ferent 
c h r o m o s o m e s ( C h a r l e s w o r t h , 1985) . T h e se lec t ion 
coef f ic ien t o n a r a r e c e n t r i c f u s i o n p r o v i d e s a m e a s u r e 
o f t h e i n t e n s i t y o f s e l e c t i o n fo r m a i n t a i n i n g h i g h 
c h r o m o s o m e n u m b e r s . C a l c u l a t i o n s fo r t h e s t a n d a r d 
v a l u e s o f t h e s e l e c t i o n p a r a m e t e r s i n d i c a t e t h a t c e n t r i c 
f u s i o n s a r e w e a k l y se l ec ted a g a i n s t w i t h syne rg i s t i c 
s e l e c t i o n . F o r e x a m p l e , w i t h U = 1 a n d a m a p l e n g t h 
o f 1, t h e s e l e c t i o n coeff ic ients a g a i n s t a c e n t r i c fus ion 
a r e - l - 8 x I O " 4 , - l - 6 x I O " 5 a n d - 5 - 5 x IO" 7 w i t h 2 , 
5 a n d 2 0 c h r o m o s o m e s r e s p e c t i v e l y . T h u s , a l t h o u g h 
t h e n u m b e r o f c h r o m o s o m e s h a s a m a j o r effect o n t h e 
e q u i l i b r i u m m e a n fitness o f t h e p o p u l a t i o n ( F i g . 2) , 
t h i s d o e s n o t s e e m t o t r a n s l a t e i n t o a s t r o n g se l ec t ion 
f o r c e fo r m a i n t a i n i n g c h r o m o s o m e n u m b e r . I t is t h u s 
n o t s u r p r i s i n g t h a t c e n t r i c f u s i o n s a r e a m a j o r m o d e o f 
k a r y o t y p i c e v o l u t i o n in a v a r i e t y of g r o u p s ( W h i t e , 
1973) . 

A p p e n d i x 

(i) Effect of selection on the distribution of a normal 
variate within a generation 

A s s u m e t h a t t h e d i s t r i b u t i o n <p(ri) b e fo re se lec t ion is 
n o r m a l , w i t h m e a n n a n d v a r i a n c e V. T h e se lec t ion 
f u n c t i o n o f e q u a t i o n (1) is a s s u m e d to b e a p p l i e d t o 
t h i s d i s t r i b u t i o n . T r a n s f o r m i n g t o t he s t a n d a r d i z e d 
n o r m a l d e v i a t e z = n — n)/\/V, we h a v e w(z)oc 
e x p - (dz + \fiz2), w h e r e a = (a + / ? « ) V V, a n d /? = §V. 
T h e d i s t r i b u t i o n o f z a f t e r s e l e c t i o n is 

<P*(z) = 
w(z) <p(z) 

w(z) <f>(z) d z 
J -OO 

e x p - { a z + f ( l + / ? ) z 2 } 

e x p - { a z + | ( l + / ? ) z 2 } d z 
-a 

J — 

( A 1) 

T r a n s f o r m i n g t o u = z ( l + /?) 5 + a ( l +8)~*, w e o b t a i n a 
s t a n d a r d i z e d n o r m a l d e v i a t e o n s u b s t i t u t i o n i n t o th i s 
e q u a t i o n . T h i s i m p l i e s t h a t z a f t e r s e l ec t ion is n o r m a l l y 

d i s t r i b u t e d w i t h m e a n — d/(l+fl) a n d v a r i a n c e 
1 / ( 1 + / ? ) . H e n c e , n is c h a n g e d b y A s « = — (a + 
pn)Vl(\+pV), a n d V b y A = -pV*/(\ + 0V). T h e 
m e a n fitness o f t h e p o p u l a t i o n is g iven b y \/\/2n 
t imes t h e d e n o m i n a t o r o f e q u a t i o n (A 1), a n d r e d u c e s 
t o 

w = (1 +/3V)-iexp 
1 

2(1 +/1V) 
{ofV-loLfi-jlfi2}. ( A 2) 

(ii) Covariances between loci in gametes carrying 
modifier allele M2 

C o n s i d e r first t he case w h e r e t he modi f i e r l ocus is 
ou t s ide all of t h e selected loci . F o r loci / a n d j , t h e s t a t e 
o f a n M1/M2 i nd iv idua l c a n be r e p r e s e n t e d a s Mx Xn 

Xn/M2Xi2Xj2, w h e r e Xn i nd i ca t e s t h e s t a t e o f t he 
allele a t l ocus / c o n t r i b u t e d by the Mx g a m e t e , Xn 

ind ica tes t h e s t a t e o f t he allele a t l ocus j c o n t r i b u t e d 
b y the Mx g a m e t e , e tc . (X = 0 for wi ld t ype , X = 1 for 
m u t a n t ) . A g a m e t e p r o d u c e d by th i s i n d i v i d u a l a n d 
w h i c h ca r r i e s M2 c a n h a v e t he fo l lowing g e n o t y p i c 
s ta tes , w i t h p r o b a b i l i t i e s c a l c u l a t e d o n the bas i s o f n o 
i n t e r f e r e n c e : 

Xt2XJ2(P = [ \ - P i ) [ \ - r m ] \ 

Xi2XN(P = [\-Pl)ri]2), 

XJZ(P = Pi r U 2 ) , 

XnXN(P = P t [ \ - r i l 2 ] ) . 

T h e new m e a n va lue of X( for these g a m e t e s , i g n o r i n g 
t h e effects of se lec t ion , is g iven by 

X'l2 = (1 -p^Xi2 + P i X n = Xi + (l-Pl)SXt, ( A 3) 

w h e r e 8X( is t h e d e v i a t i o n o f t he m e a n o f Xt for M2 

g a m e t e s f rom the m e a n for Mx g a m e t e s . I t will be 
a s s u m e d t h a t t h e effect o f t h e r e c o m b i n a t i o n modi f i e r 
is sufficiently smal l t h a t s e c o n d - o r d e r t e r m s in t h e SX( 

c a n be i g n o r e d . T h i s m e a n s t h a t d e v i a t i o n s f rom 
H a r d y - W e i n b e r g f requenc ies in t h e p o p u l a t i o n of 
Mx/M2 i n d i v i d u a l s , i n d u c e d by differences b e t w e e n 
t h e Mx a n d M2 g a m e t e s c a n b e neg lec ted , e n a b l i n g t he 
c h a n g e in c o v a r i a n c e b e t w e e n X( a n d X} in M2 g a m e t e s 
t o b e c a l c u l a t e d o n l ines s imi la r t o t h o s e u s e d in t he 
text for a h o m o g e n e o u s p o p u l a t i o n . 

T h e n e w va lue o f t h e c o v a r i a n c e b e t w e e n Xt a n d X} 

in M2 g a m e t e s fo l lowing r e c o m b i n a t i o n , b u t i g n o r i n g 
select ion, is g iven by 

C i n = E{ Xt Xj} — Xi2Xj2 = (l—rtj2) 

x [(1 -pt) E{Xi2 Xj2}+P( E{Xn Xn}] 

+ rij2[( 1 - Pt) E{Xi2 Xn} + P ( E{XnXj2}} 

X[2 Xj2 

= (l-rm)[(\-pl)(Cii2 + Xl2Xj2) 

+ Pt(Ctjl + Xa Xn)\ + rm[(\ - P i ) (Xi2 Xn) 

+ PiiXi i - ^ 2 ) ] — • 

( A 4) 
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S u b s t i t u t i n g f rom e q n (A 3) a n d neg lec t ing t e r m s 
8Xt8Xp th i s r e d u c e s af ter s impl i f ica t ion t o 

in 

cm ~ ( 1 -
 r

m) [(1 - Pt) Cm + Pi cml ( A 5 a ) 

In a d d i t i o n t o t h e effect o f r e c o m b i n a t i o n , t h e effect 
of g e n e f r equency c h a n g e s o n the c o v a r i a n c e n e e d t o 
be i n c l u d e d [see sec t ion 2( iv) of t he tex t ] , t o g e t h e r w i t h 
t he d i r ec t effect o f se lec t ion in c h a n g i n g l i n k a g e 
d i s e q u i l i b r i u m . Le t hs2 be t he se lec t ion coefficient 
a g a i n s t h e t e r o z y g o u s m u t a n t alleles in t he p o p u l a t i o n 
of Mx/M2 i n d i v i d u a l s (hs2 = — Asn2/n2, w h e r e A s n 2 is 
c a l c u l a t e d u s ing n2 a n d V2 in t he e q u a t i o n for t h e 
c h a n g e in m e a n d u e t o se lec t ion) . T h e r e is a c h a n g e o f 
— 2hs2 Ctj2 d u e t o c h a n g e in t he d i s e q u i l i b r i u m a m o n g 
the M2 g a m e t e s , a n d — 2hs2 Cm d u e t o c h a n g e in t h e 
d i s e q u i l i b r i u m a m o n g the Mx g a m e t e s . T h e s e c h a n g e s 
a r e c a l c u l a t e d f r o m the p o r t i o n o f t h e g e n e r a l 
e x p r e s s i o n for c h a n g e in l i n k a g e d i s e q u i l i b r i u m in a 
t w o - l o c u s sys tem, c o n s i d e r i n g on ly g a m e t e s t h a t a r e 
n o n - r e c o m b i n a n t w i t h r e spec t t o loci i a n d / T h e 
c o n t r i b u t i o n f r o m s u c h g a m e t e s is w e i g h t e d b y t h e 
r e c i p r o c a l of the i r f r equency (1 — r w ) , so t h a t t h e ne t 
c o n t r i b u t i o n h a s a we igh t o f o n e [cf. K o j i m a & 
L e w o n t i n 1970, e q n (15)] . H e n c e , M2 will b e a s s o c i a t e d 
w i t h t h e ind i rec t c h a n g e in c o v a r i a n c e a m o n g M2 

g a m e t e s w i t h p r o b a b i l i t y 1— p{, a n d w i t h t h e c h a n g e 
a m o n g Mx g a m e t e s w i t h p r o b a b i l i t y P i . 

T h e d i r ec t effect o f se lec t ion o n M1/M2 i n d i v i d u a l s 
c a n b e c a l c u l a t e d in t he s a m e w a y as for e q n (8) o f t h e 
tex t , n o t i n g t h a t t he r e l evan t c h a n g e in v a r i a n c e d u e t o 
l i n k a g e d i s e q u i l i b r i u m is A 2 = —pV\/( \ + ftV2). 

T h e final exp re s s ion for t he n e w va lue o f C m is t h u s 

Cm ~ (1 - rm) K 1 - P<) Cm + Pi C« J - 2( 1 - ft) 

A , 
xhs2Cij2-2pihs2Cm + 

4m(m — 1 ) ' 
( A 5b) 

T h i s c a n be fu r the r simplif ied b y u s i n g t h e first 
t e r m s in t h e T a y l o r ' s e x p a n s i o n of t h e q u a n t i t i e s in 
q u e s t i o n , wr i t i ng 8z for t h e d e v i a t i o n o f a q u a n t i t y z 
in M 2 g a m e t e s o r MJM2 i n d i v i d u a l s f r o m its 
c o r r e s p o n d i n g va lue for t he Ml/M1 p o p u l a t i o n . 
S u b s t i t u t i n g i n t o e q u a t i o n (A 5 b), a s s u m i n g t h a t Cm 

is a t t he e q u i l i b r i u m va lue g iven by e q u a t i o n (10) , a n d 
neg lec t ing s e c o n d - o r d e r t e r m s , t he a s y m p t o t i c v a l u e 
of 8Ctj is g iven by 

•C.-JPRi—1  

Pi) irin + 2hsx) 

8A 
4m(m — 1) 

-(8r(j + 28hs)Ctll . (A 6) 

T h i s a p p r o a c h is easi ly e x t e n d e d t o t he ca se w h e n 
the modi f ie r l ocus is l o c a t e d b e t w e e n a p a i r o f se lec ted 
loci , / a n d j . T h e f requenc ies o f r e c o m b i n a t i o n b e t w e e n 
M a n d t h e o t h e r loci a r e pt a n d ft, a n d the f r e q u e n c y 
of r e c o m b i n a t i o n b e t w e e n loci i a n d j is r m = 
ft + ft —2ft ft. I n th is case , t he fo l lowing M 2 g a m e t e s 
a r e p r o d u c e d : 

Xi2Xj2(P = [\-Pi][\~Pj]), 

Xt2X!1(P = [\-pl]Pj), 

XilXj2(P = pi[l-P]]), 

XnXn(P = P i P j ) . 

E q u a t i o n (A 3) gives t h e m e a n o f X( a m o n g M2 

g a m e t e s fo l lowing r e c o m b i n a t i o n . T h e a n a l o g u e of 
e q n ( A 5 a ) i s : 

Q 2 « ( L - f t ) ( L - f t ) C i 3 2 + FTP,C, (A 7) 

T h e ind i rec t effect o n c o v a r i a n c e o f c h a n g e s in gene 
f requenc ies c a n b e f o u n d as b e f o r e , n o t i n g t h a t t h e 
p r o b a b i l i t y t h a t M 2 is a s soc ia t ed w i t h a n Xi2Xj2 

g a m e t e is (1 — f t ) ( l —ft ) , a n d t h e p r o b a b i l i t y t h a t M2 

is a s s o c i a t e d w i t h a n XaXn g a m e t e is ft ft. T h e ne t 
ind i rec t c h a n g e in C(j2 is t h u s 

-2hs(piPjCtn + [l — P J [ L - p , ] C i J 2 ) 

T h e d i r ec t effect o f select ion o n c o v a r i a n c e c a n b e 
c a l c u l a t e d exac t ly a s be fo re . 

T h e s e c o n s i d e r a t i o n s yield t h e a n a l o g u e o f e q n 
(A 6) for t he a s y m p t o t i c va lues o f 8Cn: 

8C„ » 
1 

+ 2 f o I 0 - f t ) 0 - f t ) 
riji + PiPi 

SA 
4m(m— 1) 

-(8rij + 28hs)Cm \. ( A 8) 

G i v e n t h a t MJM2 i nd iv idua l s a r e f o r m e d f r o m the 
fusion o f Mx a n d M2 game te s , w e h a v e 

8V-8nx2 2Z8Cir 

i<i 
( A 9) 

(iii) Mean number of mutations in Mx/M2 individuals 

T h e a s y m p t o t i c v a l u e of 8n can b e f o u n d a s fo l lows . 
M o d i f y i n g e q n (A 3) t o inc lude t h e effects o f se lec t ion 
a n d m u t a t i o n , a n d a s s u m i n g t h a t e a c h l o c u s c o n t r i 
b u t e s e q u a l l y t o t he c h a n g e in m e a n d u e t o se lec t ion , 
we h a v e 

X'l2 = Xll + (l-Pi)SXt + ^ ± ^ . ( A 10) 

W r i t i n g A 8 n2 = A„ nx + 8(AS n), a n d a s s u m i n g t h a t t h e 
MJMX p o p u l a t i o n is a t e q u i l i b r i u m , w e o b t a i n t he 
fo l lowing exp re s s ion 

Pt*Xt = 
Aen1+U+8(Asn) 

2m 

S(Asn) 
2m 

( A 11) 

N o t i n g t h a t 8n = £ SX„ a n d w r i t i n g pH for t he 

h a r m o n i c m e a n o f t h e p(, w e o b t a i n 

Snx-k^SV, ( A 12) 
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where 

USV 

Equations (A 6), (A 8), (A 9) and (A 12) completely 
determine 8n and SV. In turn, these equations enable 
the mean fitness of M2/M1 individuals to be calculated 
from eqn (A 2). 
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