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Abstract

Given a lattice formation & of full characteristic, an &- Fitting class is a Fitting class with stronger
closure properties involving ^"-subnormal subgroups. The main aim of this paper is to prove that the
associated injectors possess a good behaviour with respect to ^-subnormal subgroups.

2000 Mathematics subject classification: primary 20D10.

1. Introduction

All groups considered are finite and soluble.
In a previous paper [2], ^"-Fitting classes associated to a lattice formation &

containing jY, the class of all nilpotent groups, are introduced and studied. A lattice
formation is a class of groups whose elements are the direct product of Hall subgroups
corresponding to fixed pairwise disjoint sets of primes. An ^-Fitting class is a class
of groups which is closed under taking ^-subnormal subgroups and the join of &-
subnormal subgroups (see Definition 2.3). The classical Fitting classes appear as
•yK-Fitting classes.

In [2, Theorem 3.9] a large family of ^"-Fitting classes, for every lattice formation
& containing JV, is presented. The Fitting classes in this family are also saturated
formations. Other examples of a different nature are also shown in [2, Examples I
and II].

Since JV is contained in the lattice formation &, the subnormal subgroups are
^•-subnormal and the ^"-Fitting classes are Fitting classes. Our main aim in this
paper is to prove that the following result, for an ^"-Fitting class 3C, holds: If W is an
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^"-injector of a group G and H is an ^"-subnormal subgroup of G, then H D W is an
^"-maximal subgroup of H. In fact, this property characterizes ^"-Fitting classes (see
Theorem 3.9 and Proposition 3.3), as the existence of injectors characterizes Fitting
classes. The result obtained in [4, Theorem 4.5] appears now as one particular case.

2. Preliminaries

The reader is assumed to be familiar with the theories of saturated formations and
Fitting classes and their projectors and injectors subgroups, respectively. We refer to
[8] for the relevant definitions, notations and results.

For the sake of completeness we will recall some concepts and results.
A lattice formation & of characteristic n is a saturated formation locally defined

by a formation function/ given by: / (p) = ynn if p e nt c n, where {7r,},6/ is a
partition of the set of primes n, and / (q) — 0, the empty formation, if q ^ re. 5?ni

denotes the set of all soluble 7T,-groups.
In this case, for a prime p e n, the set of primes nt such that p e nh will be also

identified by n(p).

LEMMA 2.1 ([5, Remark 3.6], [4, Lemma 3.2]). Let & be a lattice formation with
characteristic n and pen. Then:

(a) The canonical local definition of & and the smallest local definition of & are
given by setting:

• !f\n(p)\ = 1, then F(p) = yp andfjp) = (1).
• If\n(p)\ > 2, then F(p) = f (p) = .5^) . In particular, for a group G,

(b) A group G belongs to & if and only if G is a soluble n -group with a normal
Hall nrsubgroup, for every i e I.

Henceforth & will always denote a lattice formation containing J/ and the above
notation will be assumed.

In this section, <£ denotes a subgroup-closed saturated formation.

DEFINITION 2.2 ([8, III, Definition 4.13, IV, Definition 5.12]). A maximal sub-
group M of a group G is said to be <S-normal in G if G/Corec(M) € # ; other-
wise, it is called <£-abnormal.

A subgroup H of a group G is said to be ^-subnormal in G if either H — G or
there exists a chain H = Hn < Hn_i < • • • < Ho = G such that Hi+\ is a ^-normal
maximal subgroup of //,-, for every / = 0, . . . , n — 1. We write H <£ -sn G.
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DEFINITION 2.3 ([2, Definition 3.1]). A class %{•£ 0) of groups is called an &-
Fitting class if the following conditions are satisfied:

(i) If Ge .T and//J?-snG, then// e X.
(ii) If H, K & -sn G = (//, K) with H and K in X, then Ge X.

The Fitting classes are exactly the <yK-Fitting classes. Moreover, an .^"-Fitting
class is, in particular, a Fitting class.

PROPOSITION 2.4 ([2, Proposition 3.4 (a)]). Let 3£ be an &'-Fitting class and G a
group. The X-radical Gx ofG has the form: G%={H < G : H & -sn G, H e X).

DEFINITION 2.5 ([11, Definition], [12, Definition 5.8]). A subgroup H of a group
G is said to be ̂ -abnormal in G if every link in every maximal chain joining H to G is
^-abnormal, that is, H is a £f-abnormal subgroup of G if, whenever H < M < L < G
and M is a maximal subgroup of L, then M is a Sf-abnormal subgroup of L. We write

In [12, Definition 3.15], S?-pronormal subgroups are defined in terms of complement
Sf-basis. They are characterized in the following way:

THEOREM 2.6 ([12, Satz 3.21]). A subgroup H of a group G is &-pronormal in G
if and only if H satisfies the following property: 'Ifg 6 G, then Hg = Hx for some
x 6 (//, Hg)v\ In this case, we write H <£-pr G.

THEOREM 2.7. For a subgroup H of a group G, the following are equivalent:

(1) Htf-prG.
(2) ([12, Satz 3.26]) IfH<K<L<G, then L = K*NL(H).
(3) ([6, Theorem 3], [9, Theorem 2.10]) IfH <L< G, then L = SL(H, &)NL(H),

where SL(H, $) is the &-subnormal closure of H in L, that is, the intersection of all
&'-subnormal subgroups of G containing H.

By [12, Satz 5.14], a subgroup H of a group G is ^-abnormal in G if and only if
H is ^-pronormal and self-normalizing in G.

THEOREM 2.8 ([12, Satz 3.18, Satz 5.17]). Let H be a <£-pronormal subgroup of a
group G and N < G. Then:

(1) HN/N is <g-pronormal in G/N.
(2) NG(H) contains a &'-normalizer of G.

THEOREM 2.9 ([7, Lemma 5.1], [12, Satz 5.22]). Let H be a subgroup of a group
G. Then H is a &-projector of G if and only if H €& and H is &-abnormal in G.

In particular, the $-projectors of G are also tf-pronormal in G.
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THEOREM 2.10 ([8, IV, Theorem 5.18]). Let G be a group whose <#-residual G?
is abelian. Then G* is complemented in G and two complements in G of G* are
conjugate. The complements are the & -projectors of G.

For a group G, we write Proj^(G) to denote the set of all ̂ -projectors of G. Zy(G)
denotes the Sf-hypercentre of the group G ([8, IV, Definition 6.8]).

A subgroup H of a group G is called self-&-normalizing in G, if whenever H Sf-sn
T < G, then H = T.

THEOREM 2.11 ([2, Theorem 4.2]). For a subgroup H of a group G, the following
statements are equivalent:

(i) H is a &-projector of G.
(ii) H is a self-^-normalizing <£ -subgroup of G and H satisfies the following

property: ' ; / / / < K < G, then H D AT* < (K*)'\

3. ^"-Fitting classes and injectors. The main result

In order to prove our main result we proceed in the following way.

DEFINITION 3.1. Let 3C be a class of groups and let & be a lattice formation
containing c/K. An (5£, ^-injector of a group G is a subgroup V of G with the
property that VD K is an ^"-maximal subgroup of K, for all ̂ "-subnormal subgroups
KoiG. We denote the (possibly empty) set of {3C, .^-injectors of Gbylnj(5r

Obviously, the ^"-injectors are the (3C', <yfO-injectors.
Inj^(G) denotes the (possibly empty) set of ^"-injectors of a group G.

REMARK 3.2. Let G be a group and 3E a class of groups.

(a) If V€lnj(5r^.)(G)and K3?-sr\G, then Vn K e Inj^<3t)(K).
(b) If V e Inj(ar jr)(G) and a : G —> (G)a an isomorphism, then

in particular, Inj(jr ^}(G) is a union of G-conjugacy classes.
(c) Let Vbean ^"-maximal subgroup of G, and assume that VHM e I n j ^

for every .^"-normal maximal subgroup M of G. Then V e Inj(^- ^}(G).
(d) Inj(£- -^)(G) c Inj^-(G). This is because ^V c ^ , which implies that subnor-

mal subgroups are ^"-subnormal subgroups.

Moreover, if 5C is a Fitting class, then Inj,^- ^ ( G ) ^ 0 if and only if Inj(#- ^ (G) =
Inj x (G). This is clear by the very well known result of Fischer, Gaschiitz and Hartley
about the existence and conjugacy of injectors ([8, VIII, Theorem 2.9], [10]).

(We recall that the ^"-Fitting classes are Fitting classes.)
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It is well known that the existence of injectors in every group characterizes Fitting
classes. The first corresponding result for ^"-Fitting classes is the following one. It
can be proven by arguing as in the classical result with obvious changes (see [8, IX,
Theorem 1.4]). Thus we omit the proof.

PROPOSITION 3.3. Let S£ be a class of groups. If every group has an (36', &)-
injector, then 3£ is an ^-Fitting class.

Our aim is to prove that the converse of this proposition is also true. The proof of
our main result (Theorem 3.9) is inspired by the proof of the Fischer, Gaschutz and
Hartley classical result ([8, VIII, Theorem 2.9], [10]). We begin with some preparatory
lemmas. Also Theorem 2.11 will play an important role.

REMARK 3.4. It is well known that the injectors and the projectors associated to a
Fitting class and to a Schunck class (in particular, to a saturated formation), respec-
tively, are pronormal (see [8, III, Corollary 3.22, IX, Theorem 1.5]). Even more, the
^-projectors associated to a saturated formation &, are ^-pronormal (Theorem 2.9).
This is not the case for the injectors, if <& is a saturated Fitting formation. Take
for instance ^ = S^y^, the class of all 2-nilpotent groups, and G = Sym(4) the
symmetric group of degree 4. The ^-injectors of G are the Sylow 2-subgroups of G.
Let P e Syl2(G) and let x be a 3-element of G. Then G* = (P, Px)v is the normal
four-subgroup of G. It is clear that P and Px are not conjugate in G*. Then P is not
^-pronormal in G.

If 2E is an ^"-Fitting class, we will obtain that the {SC, Jr)-injectors are &-
pronormal. This means that the ^"-injectors are ^"-pronormal, for this Fitting
class SC'. A first step is given by the following result.

LEMMA 3.5. Let j?T be an &'-Fitting class and let G be a group. Suppose that U
is an {$> , &)-injector of G and U satisfies the following property

(*) ifU<T< G, then U € lnj(X ^(T).

Then U is ^-pronormal in G.

PROOF. Let x e G. Since U is an ^T-injector of G, then U is pronormal in G.
Consequently, there exists t e (U, Ux) such that Ux = U'. In particular, t e
([/, £/') = {U, Ux).

Assume that (U, U') < G. Since U satisfies the property (*), arguing by induction
on the order of G we can assume that U is ^"-pronormal in (U, U'). Then there exists
re(U, £/')•*• = ((/, I/*)1* such that Ur = [/' = Ux.

Consider now the case G = {U, Ux).
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If U(U, Ux)* = G, then x = urn for some ue U and m e {U, U*)*. Obviously,
we have Ux = Um with m e (U, Ux)*.

Otherwise we would have that T — U(U, If)* < G. But in the case under
consideration G* — (U, Ux)*', which implies that T is an .^"-subnormal subgroup
of G. Therefore, TO Ux e I n j ^ ̂ (T). Thus, U, TH Ux € Inj( - r ^(T) = Inj^-(7).
Consequently, there would exist t = ur e T = U(U, Ux)* with u e U and
re (U,UX)*, such that T D Ux = U' = Ur. In particular, Ur < Ux. Clearly we
would deduce also in this situation that Ur = Ux with r e (U, Ux)^.

Hence U is an ^"-pronormal subgroup of G. D

LEMMA 3.6. Let 3£ be an &-Fitting class and let G be a group. Let K be a
normal subgroup of G such that G/K e &'. Suppose that there exists an X -maximal
subgroup W of K and an 3£ -maximal subgroup X of G such that W < G and
X n K - W. Then:

(a) X/W<Zj,(NG(X)/W).

(b) X = (CW)^, for every C e Proj^(^G(X)).
(c) If CW/W e Pmjje(Nc(X)/W), then CW/W is a self-9-normalizing 3?-

maximal subgroup of G/ W.

PROOF. Let N = NC(X).

(a) Let Lt/L0 be an N-composition factor of X such that W < Lo < L\ < X.
Suppose that L\/LQ is a p-group, for a prime p. It is clear that XK/K is 7V-
isomorphic to X/ W is such a way that LXK/K and L0K/K are jV-isomorphic to
L\l W and Lo/ W, respectively. Consequently we have that (LlK/K)/(L0K/K) is a
chief factor of N K /K and CN{LXK/LOK) = CW(L,/L0). Moreover, [Lu N D K] <
L\ n K = W < Lo, that is, ,/V n K < CW(L,/LO). Then we have:

{NK)/CNK({L{K)/{L0K)) = {NK)/{CN{(L,K)/{L0K))K)

= N/{CN{L,/La){N n K)) = N/CN(LX/LO).

Since G/ K e &,\henNK/K e & and wecan conclude that/V/CWCZM/LO) € F(p).
This implies that X/ W < Z^(NG(X)/ W).

(b) We have that X/W < Z*{N/ W) < CW/ W, for all CW/ W e PTOJ^(N/ W),
with C e Proj^-(yV), by (a) and [8, IV, Theorem 6.14]. Since CW/ W e J2", then X
is an ^-subnormal subgroup of CW. But X is an j?f-maximal subgroup of G, which
implies that X = (CW)x because 5t is an ^"-Fitting class.

(c) Assume that CW is ^"-subnormal in T < G. Then X is also ^"-subnormal
in T, because X is normal in C W by (b). Again the ^T-maximality of X in G implies
that X = Tx- In particular, T < N. Therefore, CW/W is also an J?-projector
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of T/N (see [8, in, Corollary 3.22]) and then, CW/ W is Jf-abnormal in T/N by
Theorem 2.9. Consequently, CW = T.

In particular, CW/ W is ^"-maximal in G/N. This is clear because every subgroup
of a group in & is ^-subnormal in the group. •

LEMMA 3.7. Let X be an 3'-Fitting class, G a group and K a normal subgroup
of G such that G/K e &. Suppose that W is an 3£-maximal subgroup of K such
that W < G. Suppose also that G has an (SC', &)-injector X, which satisfies the
following property

(*) ifX<T< G, then X e I

(Note that X D K = W.)
Then X = (HW)x,for some H e Proj^(G).

PROOF. Lemma 3.6 implies that

X/W < UW/W, for every UW/ W e Pro}#(NG(X)/ W), and

X = {UW)*, for every U e

Note that every subgroup L of G containing X satisfies the hypothesis of the Lemma
just with K C\L instead of K.

Consider the sets:

£? = {L <G:X < L, ProipiNdX)/ W) c Proj^(L/ W)}, and

a = {L < G : X < L).

Note that si/ is non-empty because at least X e si. We claim that &/ = &).
Assume that it is not true and take a subgroup L of minimal order in 38 \ si. Take

UW/ W e Projj,(NL(X)/ W), with U e Projjr(NL(X)).
We use the 'bar ' notation to denote images under the natural homomorphism

G - • G/ W =_G. _ _ _ _ _ _ _ _

Whenever X < U < f < L, then V < Nz(X) n T = Nf(X) < NT(X). In
particular, U e Pro)p(Nf(X)). The choice of L implies that U e Pro}^(T).

By the hypothesis, we can apply Lemma 3.5 to L and X and conclude that X is
^"-pronormal in L. In particular, X is ^"-pronormal in L which implies that Nj;(X)
contains an ^"-normalizer of L by Theorem 2.8. It is clear that Nx(X) < L by the
choice of L. Thus, there exists M a maximal subgroup of L such that Ni(X) <
M < L. Since M contains an ^-normalizer of L, M is ^-abnormal in L by [8, V,
Lemma 3.4]. In particular, L = L^M. Moreover, M = M^ U, because U is an
^•-projector of M. Then L = L* U. This implies that every maximal subgroup of L
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containing U is .^"-abnormal. Moreover U is ^"-abnormal in every proper subgroup
of L containing U, by Theorem 2.9, because U is an ^-projector of a such subgroup.
Consequently U is ^-abnormal in L and U e &. Then U is an ^"-projector of L by
Theorem 2.9. This contradicts the choice of L and proves that si = 9S.

Consequently, if U 6 Proj^(NG(X)), then U e PTO]J,(NG(X)) c Proj^(G).
Since U e Proj^Ct/W), we have that U € Proj^G). Therefore X = (UW)X with
U € Projjr(Nc(A')) c Proj^(G) and we are done. •

LEMMA 3.8. Let 3£ be an & -Fitting classes, G a group and K a normal subgroup
of G such that G/K G &. Suppose that G satisfies the following property

(**) IfH<G, thenlnii3rjt)(H)^0.

Suppose that W is an 3£-maximal subgroup of K and that X is an X-maximal
subgroup of G such that W < G and X D K = W.

Then Pro}#(NG(X)/ W) C Proj ̂ (G / W), and consequently it follows that

Proj^(^VG(X)) c Proj^(G).

PROOF. AS in Lemma 3.7, we take into consideration the following facts.
By Lemma 3.6, we have that

X/W < UW/W, for every U W/ W e Pro}^(NG(X)/ W),

where U € Proj,(/Vc(X)).
It is clear that every subgroup L of G containing X satisfies the hypothesis of the

Lemma with K D L instead of K.
Consider the following sets

£/ = {L < G : X <L, Proj#(NL(X)/ W) c Projjr(L/ W)), and

B8 = {L < G : X <L).

Notice that X € si ^ 0.
Our purpose is to prove that si = 98. The result then follows easily.
Assume that this is not true and take a group L of minimal order in 9S\s/. Consider

UW/ W € Prqj,(WL(X)/ W), with U e Proj^.(^(X)).
We use the 'bar' notation to denote images in the factor group G/ W = G.
We split the proof into the following steps.

Step 1. IfX <U<f<I, then U € Proj^CT).
It is clear by the choice of L as in Lemma 3.7. Note that NL{X) < L, by the choice

ofL. _ _
Step 2. Every maximal subgroup of L containing U is ^-normal in L.
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Assume that there exists M an ^-abnormal maximal subgroup of L containing U.
Arguing as in Lemma 3.7 we can deduce that U is an ^"-projector of L, which
contradicts the choice of L and proves Step 2.
Step 3. If M = M/ W is a maximal subgroup of L containing U, then X e

By Step 1, we have that U € Proj^(M). Arguing as in Lemma 3.6 (b), we deduce
that X = (UW)*. Moreover, U e Proj^CM) as U e Proj^(UW). Since M < G,
there exists Y e Inj(5r ^(Af), by the hypothesis.

Notice that M satisfies the hypothesis of Lemma 3.7. In particular, we claim that
whenever Y < T < M, then Y e Inj(iK- ^ ( 7 ) . The hypothesis implies that 0 ^
Inj(ir ^ ( M ) = Inj^-(M) and 0 £ Jnj(X'^(T) = 1njx(T). Then Y 6 I n j ^ D =
ln}(ar,f)(T), by [8, IX, Theorem 1.5 (c)].

By Lemma 3.7, we have that Y = (ZW)X with Z 6 Projjf(M). Consequently,
X = Ym e ln){Sr ^(M), for some m e M.
Step 4. Let M be a maximal subgroup of L containing UW. Then L = L^NL(X D
MF(J>)) with p the prime dividing \L:M\.

By Step 2, M is ^"-normal in L. Then LFlp) = MF{p) < L, because MF(p) =
On(p){M). Step 3 implies that X e Inj(SrJt)(M), then X n MF^ = X n LF(p) =
J € ln]{X 3t){LF{P)). Take I e L. We have that J' e Inj(jr

 1 ™ '

In particular, J and / ' are ^"-injectors of LF(J>\ which implies that J' = J', for
some t € LF(p).

Arguing as in Step 3 we can prove that every {3£', ^-injector of LFip) is an
{SC', <^")-injector of every subgroup of LF(p\ containing the {SC', ̂ ")-injector. By
Lemma 3.5 we conclude that J is an ̂ "-pronormal subgroup of LF(p).

Consequently, there exists x € (J, J')* such that J' = J' = Jx. Since {J, J')* <
L*, it is clear that/ 6 L*NG{J). ThusL = L*NL{XCiLFW) = L* NL(X<1MF(P)).
Step 5. There exists a unique maximal subgroup M ofL containing UW. In particular,

^ _ _
Let M be a maximal subgroup of L containing U. By Step 1 and Step 2, it is clear

that M = M* U = L^ U and the conlusion is obvious.
Letp be the prime dividing \L:M\.

Step 6. X n MF(P) < L.
Note that UW < NL(X) < NL(X n MF^) = NL(X n LFip)). Consequently, if

NL(X n MF(p)) were a proper subgroup of L, then it would be contained in M, by
Step 5. Moreover L* < M by Step 2. Then we could conclude that L = M, by
Step 4, which is a contradiction.
Step 7. Let R be an ̂ -projector of I and f = (E*)'. Let

C/T = YvwCo^m ( (((^n M)T)/T)Flq)) •
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Then (U T)/T is conjugate to E/T = (C(R~n M))/T in M/T.
Since R is an ^"-projector of L, L = L^R. By Step 2, L* < M which implies

thatj? = Z*(M nil). Obviously, (UT)/T_e Proj^ (M/T). On the other hand^
M/T =_ (Lf_/T)(X(M n R) T)lT), with L*/T an abelian normal_subgroup of M/T
and ((M D R)T/T) e &. Consider for a moment a subgroup C/T, constructed as in
the statement, but with the primes in the direct product running all the prime numbers.
Thus the subgroup E/T constructed as in the statement is an .^"-projector of M/Tby
[8, IV, Theorem 5.16]. In particular, this subgroup W/T is conjugate to (17 T)/T in
M/T.

We claim that n(p) Dn(C/T) = 0, which proves Step 7.
Notice that the group L/T = (Z*/T)((RT)/T) is a semidirect product because

Z* n R < f by Theorem 2.10. In particular, M/T = (L*/T)(((M n K)T)/T) is
also a semidirect product.

Since M/T is ^"-normal in T/f, then (M/T)/(Z*/T) is J^-normal in (L/T)/
(L*/T), which implies that ((A/ n R)T)/T is an ^"-normal maximal subgroup of
R 1/ T with index a p -number. Consequently, ((RT)/f)F<J>) = (((MDR)f)/f)F(P\

Since (RT)/fis an ^"-projector of L/T = (JL* /T)((RT)/T) we can deduce by
using again [8, IV, Theorem 5.16] and Theorem 2.10, that

CO,<L*,T) ((((M n R)T)/f)Fip)) = C0,(L*iT) {((RT)/T)"W)

is the trivial group. Obviously, the same is true for every prime r e n(j>) = n(r).
Therefore n(p) H n(C'/T) = 0, which concludes this proof.
Step 8. U D / / ^ < (/7^)', for every subgroup H such that V <H <I.

If H < L, U is an ^-projector of H by Step 1 and the result is clear for this
subgroup H by Theorem 2.10. Thus, it is enough to prove that U n L* < (L1^)'.

By Step 7 and with the same notation, (U T)/T is conjugate to £/Tin M/T. Then
if we prove that (E/T) D (L*/T) is trivial, the result will be clearly deduced.

Thus, we are going to prove that (E/T) n (L*/T) is the trivial group. The notation
used in Step 7 is assumed.

Since E = (R~nM)CandRnl* <f< C,thenWnZ* = ((RnM)C)nZ* =
((k~nM)nZ*)Cj= c.

Assume that C/ T is non-trivial.
We observe that F / T = (C/T)(((RC\ M)T)/T) is a semidirect product, because

C/T is normal in E/T, and the intersection of the subgroups into consideration is
trivial.

Since X < 77, then (XT)/T < {UT)/T = (E/f)"T, for some m e M. Conse-
quently, (X*''T)/T_< E/T. Let 7 = X*~'._

Notice that Yn L^ ^J^G^^ YH K =_1, then ({YJT)/T) n (L^/7) is the
trivial group. Therefore, [C/7, (YT)/T] <_((Y T)/T)_n (L*/T) isjrivial.

We claim that RT < L. Otherwise, Z* = T(R~ C\Z*) = T, which would
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imply L* = I, that is, L e &. Then X would be ^"-subnormal in L. Since X is
j£~-maximal in L, we would conclude that X = Lx 53 L, because 3C is an ^"-Fitting
class. But this contradicts the choice of L and proves that RT < L.

Assume that (Yf)/f is contained in {(R C\ M)f)/f. In particular, 7 < RT.
Then_X < R*T < L. By the choice of LjC < R*'_e P r o j ^ C ^ ^ . J o r some
i € T. Arguing as above we can obtain that Rmt < Nz(X). In particular, R"" would
be conjugate to U, because they are ^"-projectors of Nz(X). Thus U is also an
^"-projector of L. Then U n I* < (E*)' and Step 8 would be proved.

Consider now the case when (Vf)/f is not contained in ((RH M)T)/T. We take
into account that {(YT)/T) n (C/f) is trivial and (YT)/T < E/T. Consequently
there exists an element I ^ xT e (?T)/T such that xT — (aT)(bT), with I /
of e ((j?n M)T)/T and 1 ^ b T e C/f.

Since [C/f, <jf)/f] = I, we have that {xf)hY = xf = (af)if(bf), which
implies that aT conmutes with b T. Notice that (o(aT), o(b T)) ^ 1. Otherwise,
1 / (xf)°<-dT) = (bf)o(aT) e ((?T)/T) n (C/f) = 1, which is a contradiction.
Thus there exists a prime q dividing o(aT) and o(b T) and certainly q ^ nip). We
write s to denote the product o(aT)ql and o(b T)q>, the greatest ^'-numbers dividing
o(af) and o(b f), respectively. Then (xf)s = (af)s(bfy £\.

Consequently we can suppose that xT = (aT)(b T) is a ^-element of (Y T)/T
with q g n{p), I ^ a e R D M and 1 ^ i € C. Since ^ is a lattice formation, we
deduce that f < I* < ZF{p) = MF(p) = OniJ>)(M). In particular, we obtain that
xf 6 ((Yf)/f) n iMF(p)/f) = i(Vn MF{p))f)/f, which is a normal subgroup in
L/rbyStep6.

We claim that bfe C0,(L*/T) (dRf)/f)FW)), but this subgroup is trivial because
(/? T)/ T is an .^"-projector of L/T. Thus, we will obtain a contradiction which proves
Step 8.

Let y f € HRf)/f)Fiq). We recall that Re&, which is a lattice formation. Then
(i7yf = iaf)ibfy7 e (?f)/f. Hence ibfy\bfyY e ((7T)/T) n (E^/f),
which is the trivial group, and this concludes the proof.
Step 9. 77 e Proj^.(Z). _

By Lemma 3.6, £/ is a self-^"-normalizing ^"-subgroup of L. Moreover, Step 8
proves that U D //"^ < (H*)', for every subgroup H of L containg £/. By Theo-
rem 2.11 we obtain that U e Proj^(L), which provides the final contradiction and
proves the lemma. •

THEOREM 3.9. Let X be an ^-Fitting class. For every group G, lx\){X

PROOF. Since 3£ is a Fitting class and i3£, ^")-injectors are ^"-injectors, it is
enough to prove that Inj(#- ^ ( G ) ^ 0, for every group G.
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Suppose that this result is not true and take a group G of minimal order such that
Inj (^ ^)(G) = 0. By the choice of G, there exists W € Inj(-!r ^(G1*) ^ 0. Let X
be an J2f-maximal subgroup of G containing W. It is clear that W = X D G1'.

Let Af be an ^-normal maximal subgroup of G. The choice of G implies that there
exists/ elr\}(sr ^(M). Since G^ <M,then IDG* e Inj( i r ^(G*) = Inj^-(G^)
and / H G1' is conjugate to W in G^. Without loss of generality, we can assume
that / D G* — W. Take J an ^"-maximal subgroup of G containing / . Obviously,
W= J HG*.

Assume first that (X, J) < G. It is not difficult to prove that the group {X, J)
satisfies the hypothesis of Lemma 3.6, so that we can deduce that X = (Hx W)%- with
//, e Pro)r(N{XJ)(X)) and J = (H2W)X with H2 e P r o j ^ ^ U ) ) . Moreover,
the choice of G and Lemma 3.8 imply that Hu H2 € Proj^((X, J)). Again by the
choice of G, we can deduce that {X, J) satisfies the hypothesis of Lemma 3.7. This
allow us to conclude that X and J are (3£', «^)-injectors of (X, J).

We observe now that X and J are ̂ "-pronormal in (X, J) by Lemma 3.5. Then,
there exists m e (X, J)* < G* < M, such that Xm = J.

On the other hand, J D M is ̂ "-subnormal in J e SC, because J* < J DM. Since
SC is an .^-Fitting class, we obtain that J C\ M e 5C and consequently / = J n M.
Therefore, (XfW)m = 7 f W = / e Inj( - r ^ ( M ) and clearly ATlM e Inj(5r ^ ( M ) .

Consider now the case when G = {X, J). In particular, W < G and the hypothesis
of Lemma 3.6 and Lemma 3.8 are satisfied with X and also with J. Therefore,
X = (//, W)$r and J = (H2W)X with // , 6 Proj,(N'c(X)) c Proj^CG) and W2 6
Projjr(A^c(^)) C Proj^CG). Thus //2 = //,x, for some A: € G. Moreover Hx is ^ - -
pronormal in G, then it follows that Hf = H[, for some t e {Hu Hf)* < G* <M.
Clearly J = X'. Again we have that I — J n M = (X (1 M)' e I n j ^ ^ M ) and
XHM elnj^^iM).

Consequently, we can conclude that X is an (J£", «^")-injector of G. This provides
the final contradiction which proves the theorem. •

As a consequence of the above proof we obtain the following result:

COROLLARY 3.10. Let X be an &-Fitting class and let G be a group. Let K be
a normal subgroup of G such that G^ < K, and let W € Inj^-(^) = Inj(j r ^{K).
Then an SC -maximal subgroup of G containing W is an 3£' - injector of G.

COROLLARY 3.11. Let SC be an &-Fitting class and let G be a group. Let V €

Inj^(G) = Inj(ir ^ (G) and let K < G. Then:

(a) V is ̂ -pronormal in G. In fact, V D K is & -pronormal in G.
(b) G = K*NG(Vr\K).
(c) If V < L < G, then L = SL(V,f)NL(V), where SL(V,&) is the &-

subnormal closure of V in L.
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PROOF, (a) Since the SIC -injectors are the (9C, ^")-injectors, Lemma 3.5 implies

that V is ^-pronormal in G. For the rest, argue as in the proof of [8, VIII, Proposi-

tion 2.14 (a)] taking account moreover Theorem 2.6.

Parts (b) and (c) follow from (a) and Theorem 2.7. •

PROPOSITION 3.12. Let SC be an & -Fitting class, let G be a group and let 1 =

Go < G\ < • • • < Gn = G be a chain of subgroups such that Gf < G;_i,/or every

i = 1 , . . . ,n.

For a subgroup V of G, the following statements are equivalent:

(i) Velnj^CG^Inj^ ^(G);

(ii) V H Gt is an SIC-maximal subgroup of G,, for i = 0 , . . . , n.

PROOF. If V e I n j ^ G ) , then statement (ii) is clear because every G, is &-

subnormal in G.

For the converse, argue as in the proof of [8, VIII, Proposition 2.12] taking Corol-

lary 3.10 into account. •
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