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Abstract

We construct a wavelet based almost-sure uniform approximation of fractional Brownian
motion (FBM) (B ),e[o 1) of Hurst index H € (0, 1). Our results show that, by Haar
wavelets which merely have one vanishing moment, an almost-sure uniform expansion
of FBM for H € (0, 1) can be established. The convergence rate of our approximation
is derived. We also describe a parallel algorithm that generates sample paths of an FBM
efficiently.
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1. Introduction

A fractional Brownian motion (FBM) (B ) 1€[0, T] of Hurst index H € (0, 1) is a centered
Gaussian process with covariance ]E[B,(]H B, 1= 2(t — |t — 12|2H ) for allty, 1 €
[0, T]. A standard Brownian motion (BM) (B;):c[0,7] 1S the spemal case H = 2 There are a
great number of applications of FBM in engineering and the sciences; see [4] and the references
therein. The study of approximations of FBM has been active since the 1970s. A major focus
is to find approximations of FBM that converge in law; see, for example, [3], [6], [7], [14],
and [17], and references therein. However, practical implementations often require almost-
sure umform also termed strong uniform, approximations of FBM, which work as follows.
Let (B )te (0,11 be an FBM of some H € (0, 1). Then, with respect to the probability space
Where (B )ie[o, 1] 1s defined, the following event occurs with probability 1. For a sample path
of (B )),e[o 1], there is a sequence of functions of ¢ € [0, 1] produced by the approximation
which uniformly converges to the sample path; conversely, a sequence of functlons oft € [0, 1]
produced by the approximation uniformly converges to a sample path of (B ),E 0,1]-

Meyer et al. [16] obtained several wavelet series expansions of FBM for H € (0, 1) that
almost surely and uniformly converge. Their results brought deep insights into the spectral
properties of FBM. For instance, the wavelet series expansion of FBM in [16, Section 7]
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yielded a very, if not the most, efficient mathematical representation of the spectral properties
of FBM—a subject that has attracted much research for decades—see [16, Section §].

Kiihn and Linde [12] showed that the optimal convergence rate that a series expansion of
FBM may reach is O(N~,/log N) if the expansion converges almost surely and uniformly.
Ayache and Taqqu [2] proved that, under certain conditions, the wavelet series expansions of
FBM in [16] converge at the optimal rate. Dzhaparidze and van Zanten [9] constructed a series
expansion of FBM for H € (0, 1) (in the frequency domain) which almost surely and uniformly
converges at the optimal rate [10].

The above results will have a long-lasting impact on the study of FBM; in the meantime they
stimulate further studies. Theorem 2 of Meyer et al. [16] and their Remark 4 on the theorem
motivated our investigation. Haar wavelets are very convenient to compute. Moreover, the
simple form of the Mandelbrot—van Ness representation of FBM [15] is likely to yield a fast
algorithm. We ask whether we can construct an almost-sure uniform approximation of FBM for
all H € (0, 1) using the Mandelbrot—van Ness representation and Haar wavelets. In this paper
we establish such an approximation of FBM for H € (0, 1). Our approach is to apply Lévy’s
equivalence theorem (see, e.g. Theorem 9.7.1 of [8]) to a Haar wavelet-based approximation
of FBM obtained from the Mandelbrot—van Ness representation, and then to carefully evaluate
the wavelet coefficients.

As shown in [16], wavelet approximation of FBM is a powerful approach. A key idea of
this approach is to almost surely and uniformly approximate the sample paths in a process,
using independent and identically distributed (i.i.d.) Gaussian random variables with a finely
designed basis of L? space such as Meyer’s or Daubechies’ wavelets. The conditions for wavelet
approximations of FBM with the optimal convergence rate [2] need wavelets to have the first
six vanishing moments. It is a question of whether we can use Haar wavelets that merely have
the first vanishing moment to obtain an almost-sure uniform approximation of FBM for all H
€ (0, 1). We show this is possible. The convergence rate of our almost-sure uniform approx—
imation of FBM by Haar wavelets reaches the optimal O (N~ W ) for H € (0, 2] but
the convergence slows down to rate O(N~U =) /log N) for H (2, 1) (Theorem 6.2). Haar
wavelets (piecewise-constant functions) do not introduce computational errors by themselves,
and our approximation (based on the Mandelbrot—van Ness representation) is in a rather simple
form. These two advantages make our approximation of FBM suitable for practical applications
when H is not close to 1. We also describe a parallel algorithm that efficiently generates sample
paths of an FBM.

We give some preliminaries in Section 2. In Sections 3, 4, 5, and 6, we construct and prove
an almost-sure uniform approximation of FBM for H € (0, 1). We describe a parallel algorithm
for the approximation of FBM in Section 7.

2. Preliminaries

LetCy = (I'(H + %))_1 , the reciprocal of the gamma function at H + % The Mandelbrot—
van Ness stochastic integral representation of FBM [15] is

(H) / (« - S)H 12 (g )H 112y 4B,

for H € (0, %) U (%, 1); when H = % FBM becomes BM. In what follows, we denote the
underlying probability space for the above representation of FBM by (2, ¥, P), where ¥ is
a standard Brownian filtration. Our construction of an almost-sure uniform approximation of
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FBM is based on a rewriting of the Mandelbrot—van Ness stochastic integral representation:
B = I,(t, H) + b, H) + I, H), 1 €0, 1]. @2.1)

Here

t
1, H) =CH/ (t — )" 12 4B,
0
0
L, H) = Cy f ((t — )1~V — (=)= B,
-1

-1
I3, H) = Ch f ((t — )11/ = (—5)H~112) gB,.

—0o0

Let (¢)n>0 be a complete orthonormal basis for L?[a, b]. For f e L?[a, b], we have
F=Y0l0(f dn)pn in L%[a,b]. We take the Wiener integral on both sides of f =
Y nlolfs dn)Pn. Then we mforma]ly interchange the order of integration and summation
on the right-hand side, with f f()dBs =302 (f. én) f ¢n(s) dBs. By Lévy’s equivalence
theorem we have the following result.

Theorem 2.1. It holds that im0 YN0 (f, &) [ ¢u(s) dBy = [ f(5) dBy almost surely.

The Haar wavelet on [0, 1] is defined as follows. Let #(s) = 1if s € [0, 2) H(s) =
ifs € [ 1], and #(s) = 0 otherwise. For n =2/ 4+ k with j > 0and 0 < k < 2/, deﬁne
Hy(s) = 21/2J€(21s —k) and #o(s) = 1. The sequence (#,)n>0 is the Haar wavelet on [0, 1],
which constitutes a complete orthonormal basis for LZ[O, 1]. In a similar way, we can define
the Haar wavelet on any given interval [a, b] C R to constitute a complete orthonormal basis
for L?[a, b] (see [5]).

3. Approximation of I;(¢, H)

We construct and rove an almost-sure uniform approximation of /;(t, H). Consider a
family of functions f, € L?[0, 1] with a parameter ¢ € (0, 1] N Q:

V) = {(t —9f7I2 ifs e 10.0),

0 otherwise.

By Theorem 2.1 we have

1 e}
P{(fo fz“)(s)st)(w)=<Z £, / an(s)dB)(w)} G.1)

n=0

foreach ¢t € (0, 11N Q, and, as a consequence,

1 (%]
PN {(/0 ﬁ”(s)d&)(w)z(z £, / Jf(s)dB)(w)}

te(0,11NQ n=0
We define, forall N > 1,
N
Cu Y (V)LD forre 0. 11NQ,

n=0
0 fort = 0.

Wi(t, H,N) = (3.2)
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Here £(1) fo Hy(s)dBg, n =0,1, ..., N,arei.i.d. Gaussian random variables with mean O
and variance 1.

In what follows, n € Z is said to be at level j if n =2/ + k with j > 0and 0 < k < 2/,
and the interval [k/2/, (k 4+ 1)/2/) is meant to be [k/2/, (k + 1)/2/] when (k + 1)/2/ = 1.

Lemma 3.1. There i lS an absolute constant D1 > 0 such that, for every t € (0,11 N Q and all
N>1, 32 0 (Y, 3% < Di(HA — H)N?H)~L,

Proof. Fort € (0,1]1NQ, ateachlevel j =0, 1, ..., we partition the set
m=2+k:k=0,1,...,2/ -1}

into three subsets: §(j, 7) consisting of all n (= 2/ + k) such that [k/2/, (k+1)/27) € [0, 1);
G2(Jj, t) consisting of the one n such that r € [k/2/, (k + 1)/27); and $3(J, t) consisting of all
n such that ¢t ¢ AT k* /27, (k* + 1)/20).
Consider a fixed j. By the definition of f, we have
(£, 7,y =0 forevery n € 43(j, 1). (3.3)

For the only n € §2(J, t), we denote by k,,j the k that appears in n = 2/ + k. We have
‘ (ki j+1) /27! (ki j+2)/27+!
(A ) =27 2[/ o V(o) ds - / - f,“)(mds}
2ky,j /271 2k, j+1)/2/+!1
which implies that

Qe j+1)/24" f o H-1/2
|(f,(]),J€n)| < 272 max / ' M—s ds,
= 2];.\1./21'4—1 2Jj+1

/(215;+2)/2j+1 <2E\J ) >H—l/2d }
— ] — S S¢.
@k it \ 27

Using this inequality, by calculation we have, for n € §2(j, t),
(ft“)s an)z < 2—2jH(2—(2H+1)(H+ %)_2). (3.4)
For each n (= 2/ 4+ k) € §1(j, t), we have

(1 . (2k+1)/2/+1 (2k+2) /21
(fe s Hn) =2j/2|:/ , (t—s)H_l/zds—/ . (t—s)H_l/zds:|
2k/27+1 (2k41)/2i+1

2i/2 2k \H+1/2 2k + 1)\ HF1/2
wapl(lam) ~(-5) )
2k + 1\ 172 2k + 2\ H+1/2
(3] e

To facilitate our argument, we introduce a function w of h: w(h) = g(xg + h) + g(xo — h) —
2g(xo) where g(-) = ()VH*TY2 and xg =t — (2k + 1)/2/11. We let h = 1/2/F! and rewrite
(3.5) as

2i/2

) -
(fi 7 Hn) = H+1/2w(h). (3.6)

https://doi.org/10.1239/jap/1395771410 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1395771410

A wavelet-based approximation of fractional Brownian motion 5

By Taylor’s expansion,

w'(©)  w'@h) ,
w(h) = w(0) + T h+ 5 h* (forsome0 <6 < 1)
"(Oh
Y ; i? (since w(0) = w'(0) = 0).
Hence, we have
w(h) = h*2 ; )
_ 2_2(j+1)(H + 1/2)(H — 1/2)

2
2k +1+0\H32 2k+1—0\F37
T T T\ T :

This equality leads us to consider the case where n (=27 + k) € §1(j, t) withk +2 < I;,\, . In
this case, by (3.6), we have
; . 1 2k+ 146\
(£, 3t} < 29227200 ‘(t - )

H— 2 2j+1

(since0 <0 < 1and 0 < H < 1), which yields

1D, 3| < 27/22720+D | g

2Jj+1 2Jj+1

1 sz’,\] 2k +2)H—3/2
2

H—1/2] .y —
AP @G -k iy,

Thus, for n (= 2/ + k) € §1(j, 1) with k + 2 <k, ;, we have

—1/2?

iy — S |H
1D, H) P < 272 H (I — (k4 1))2173 T (3.7)

There isge and only one ( ft(l), H,) withn € §1(j, t) whichis notincluded in (3.7), namely,
n =2/ +k; ; — 1. However, in this case we have

1 . (2a_1)/2.i+l 2/{,_7/2.1'-*-'
(f,(),ﬂn)=2//2|:/A _ (t—s)H_l/zds—/A , (t—s)H_l/zds]
(2k,,j72)/2-/+' (2kw~71)/2-/‘H

and, hence,

2/ ; ; 1\ 2
1 2 —QH+1)j _ ~»—2jH
, J, P ] 2 H+ — . 3.8
i n" = (H +1/2)2 ( 2) (3:8)
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Now, putting (3.3), (3.4), (3.7), and (3.8) together, there is an absolute constant DT > 0 such
that, at any level j,

) 0 1 3-2H
S 1 H P < Dy Z(Z)
{n at level j} =1
_ o0 1\3-2H
— DT22JH(1 + Z(Z) )

=2
< DTZ_ZJH(l +/ ﬁ)
1

This inequality can be written as

)R s S e
t kl n — 1 H ’

{n at level j}

where DI* > 0 is an absolute constant. Therefore, we have

PRI A= S S AN A e

n=N+1 j=llog, N] {n atlevel j}

o0

D** )

Z 1 2—2][‘1
. 1-H
Jj=llogy N]

DT* 2|log, NJH % 2jH

=~ p—=lo =4

IA

D ooy 1
1—H [ _ o2

Lemma 3.1 now follows from this inequality and the fact that there is an absolute constant G > 0
suchthat 1/(1-272#) < G/H forall H € (0, 1) (because limpy .o, (1—2724)/H = 21log2).

Lemma 3.2. For any given H € (0, 1) and q > 2, we have, forall N > 1,

C 2D Toe N 1
t€[0,11NQ H(-H) N ﬁNq

where D1 is the absolute constant used in Lemma 3.1.

Proof. By definition, 11(0, H) =0 = W (0, H, N). So, we focus on the case in which ¢ €
(0, 11N Q. By (3.2) and the consequence of (3.1), we have

00 1

P {(Il(r,H)—Wla,H,N))(w)=CH > <f,“),ﬂn>/ an(s)st<w)}=1.
1€(0,11NQ n=N-+1 0

(3.9)

Here Z;’,O: Nl f,(l), Hy) fol #t, (s) dBy is a Gaussian random variable with mean 0 and vari-
ance 30 v (1Y, #,)%. By of(1, H, N) we denote Y22 . (£, #,)? . For any given
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H € (0,1) and g > 2, we have

1) 2D1q10gN }
{ZNjH/ 0 0) H(s) dBy| = B AT

o L (“sem)
= exp| —————— ) du

o1(t, H, N)J/m J /3DiqTlog N/NH JHI=H) 20X(t, H, N)

— _/ e dv
N7 J /2D 1qT0g N )20t H NN H JH=H)
2 o
< — e du (by Lemma 3.1)
\/_ Jqlog N
l o

f JqlogN

Putting this and (3.9) together completes the proof.

2veV dv (since \/qglogN > 1forg >2and N > 1).

4. Approximation of I (¢, H)

Our construction and proof for an almost-sure uniform approximation of /> (¢, H) are similar
to those for I (¢, H) presented in the preV10us sectlon Consider the Haar wavelet (}(’,,)n>o on
[—1, 0]. We consider a family of functions f, € L?[—1,0] witha parameter t € [0, 1] N Q:

FO(5) = (t —s)H-12 — (—)H-1/2 if g € [—1,0),
! o otherwise.

By Theorem 2.1 we have

0
IP{( f f,(z)(s)de)(w)=<Z(f(2) Hon) / Jen(s)dB)w)} @1
-1

n=0

foreach ¢t € [0, 1] N Q, and, as a consequence,

PN {(f f(”(s)dB)(w) (Z(f@ H) f Jen(s>d8>(w)}

£€[0,11NQ n=0
We define, forall N > 1,

N
(2) ~ 2)
w)Ly”  fort €[0,11NQ,
Wy(t, H,N) = ,;) i
0 fort = 0.

4.2)

Here QCflz) = f?l J?n(s)st, n = 0,1, , N, are 11d Gaussian random variables with
mean 0 and variance 1. Note that the sequence (£( )n>0 is independent of the sequence
(Ly ))n>0 used in the definition of W, (¢, H, N).

Lemma 4.1. There i lS an absolute constant Dy > 0 such that, for everyt € [0, 11N Q and all
N> 1, Y02 v (AP, H0)? < Dy(H(1 — H)N?H)~L,
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Proof. Foreacht €[0,1]1NQ,

oo oo

> <f}2),ﬂn>252( YA =" A+ Y (=) ién>2). 43)

n=N+1 n=N+1 n=N+1

By changing variables, the terms on the right-hand side of (4.3) become
(=T 36) =+ 95712 36,) and (=972 3 = (M2, ).

Below we estimate Z;’,OZNH ((t + )22 3,)% and Zf,o:NH (sH=12 g0.)2. _
For ¢t € (0, 11N Q, at each level j, we have, foreachn =2/ +k, k=0,...,2/ — 1,

(t+)"712 3¢,

, (2k41)/27+1 (2k+2) /2711
— 2//2U (t 4 )12 ds —/ (t + )12 ds}
2

k/2i+1 (2k+1)/27+1
2i/2 2%k + 1\ HH1/2 ok \ H+1/2
= — t+ ——— —t+—
el 5e) (vam) )
2% +2 H+1)/2 2k + 1 H+1)/2
((5F) () ) e

To facilitate our argument, we introduce a revised version of the function w of & used in the
proof of Lemma 3.1. Since there will be no confusion, we denote this revised version by w as
w(h) = 2g(xo) — g(xo + h) — g(xo — h), where g(-) = ()12 and xg = t + 2k + 1) /271,
We let & = 1/2/F! and rewrite (4.4) as

2
H—1/2 _
t , Hy) = ———=w(h).
((r+s) n) H+1/2w()
Then, by Taylor’s expansion,
/! 0 4 Gh
w(h) = w(0) + wl(‘ )h+ v ; )h2 (for some 0 < 6 < 1)
4 9/’!
=Y ; )12 (since w(0) = w'(0) = 0).
Hence, we have
" eh
w(h) = hZM
2!
_ _272(j+1)(H +1/2)(H - 1/2)

2

2k 4+140\7732 2% +1—6\7732
X t+2jT + t+T .

Using this equality, rewriting (4.4), and using the factthat0 < 6 < 1and 0 < H < 1, we have

1 2k +1—0\1732
H—o|(t+ =5 : (4.5)

H-1/2 7/29=2(+1)
[{( + ) )| <2772 it
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Now, as in_the proof of Lemma 3.1, we denote by 2/ + I;,\] the unique n such that t €
ke, j /27, (K it 1)/27). Then, there are two and only two cases to consider.
Case I: k; ; > 1. By (4.5) we have

H

[t + )12, t,)| < 277227200

V(2K 2k+1—0\173?
2|\ 2/l 2j+1

1

<2 UH|g 5'2“’“/2)@ + 32,

Thus, there is an absolute constant Dy 1 > 0 such that

. 00 1 3-2H

{n at level j} =1
Case 2: k/,\] = 0. Using (4.4), we have

1/2/+1 2/2i+1

((t +S)H—l/2’ Hoj) = 2//2[/ (t +S)H—l/2 ds _/
0 1/2i+1

j/2 H+1/2
_ PP T AN e
H+1/2 2/+1

2 \H+1/2 1\ H+12
((+5m) ~(+am) )}

i H+1/2
(2 4 $)7712 36,)| < 2 2 " : 4.7
- H+172\2/

Forn =2/ + kwithk =1,...,2/ — 1, by (4.5) we have

1| /2k+1—0\"73?
n-3| (M)
2 2Jj+1

i/2 H-3/2
_2P gk 438)
H+1/2 27

(t +s)H~1/2 ds]

and, hence,

(@ +9)1712 3| < 277227200

since |H2 — 41T| < 1 for H € (0, 1). Putting (4.7) and (4.8) together, we have

3-2
H—1/2 2 —2jH - l "
E ((r+5) s Hn)” < D212 E 7 . 4.9)
=1

{n at level j}

Without loss of generality, we can let D; ; be the same absolute constant as in (4.6).
Using an argument similar to that used for ((t + -1z Hn) presented above, there is an
absolute constant Dy » > 0 such that

3—2H
H-1/2 2 _2jH - 1
>0 T ) < D2 RN ; : (4.10)

{n atlevel j} =1

Lemma 4.1 follows from putting (4.3), (4.9), and (4.10) together.
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Lemma 4.2. For any given H € (0, 1) and g > 2, we have, forall N > 1,

Cy/2D J91og N 2
IP’{ sup |Da(t, H) — Walt, H, N)| = —"229 V02 }5 ,
t€[0,11NQ JH(1—H) N JT N4

where D, is the absolute constant used in Lemma 4.1.

Proof. By (4.2) and the consequence of (4.1), we have

o - 0 -
P N {(Iz(t, H) — Wa(t, H, N))(@) = Cy Y . <f,<2>,m>/lﬂn<s)d3s(w)}=1.

1€[0,11NQ n=N+1

Here > 72 v ( ,(2), F,) .[—012‘%’1(3) dB; is a Gaussian random variable with mean 0 and
variance » 02 v f,(Z), H,)°. The rest of this proof follows the same lines as the proof
of Lemma 3.2.

5. Approximation of I3(¢, H)

By the time inversion of BM, we define a BM (E’S)SE[_LO] : ES = 5By fors € [—1,0) and
Eo = 0. Consider a family of functions fu(3)(v) € L*[—1,0] with a parameter u € [—1, 0]:
3wy =1ifv e u, 0); £ (v) = 0 otherwise. Let

0
gn(t, H) = f (== DHI=32 (¢ = )YH=32y, =3 (0O 36, du.
—1

Let (£f,3))nzo be the sequence with £f,3) = /91 J?,, (s) dﬁs, and let £* = B_;. We define, for
allN > 1,

N
1
Ws(t, H,N) = C((t + DH12 — e — Cyy <H — E) > gnt. H)LY. (5.1)
n=0

Applying Lemma 3.2 to the case in which H = % and the Haar wavelet (#,),>0 on [0, 1]
is replaced by its counterpart (#,),>0 on [—1, 0], we have

o 0
Bo= Y (0 ) [ Rt B, 52)
n=0 -

almost surely for every u € [—1, 0]N Q. Part of Theorem 6.2 below for the case H = % claims
that Lemma 3.2 can be extended from discrete time to continuous time. The proof for that part
of Theorem 6.2 does not involve I3(¢, H) and I;(¢t, H) (see Remark 6.1). We can in this section
use the same part, i.e. (5.2) can also be extended for every u € [—1, 0].

Lemma 5.1. There is an absolute constant D3 > 0 such that, for any given H € (0, 1) and
q > 2, we have, forall N > 1,

CyD3/glog N 1
IF’{ sup | I3(t, H) — Wa(r, H, N)| > —H—3V4 08 }5 .
1€[0,11NQ ~VHN-H JTNY
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Proof. Using stochastic integration by parts and the inversion law of BM, Garzén et al. [11]
showed a technical lemma (see Lemma 3.1 therein). By this technical lemma, we almost surely
have, for any fixed ¢ € [0, 1],

L(t,H)=Cu((t+ D"'2 - 1B_,
0
—Cy (H - %) / (—u D32 (¢ —u=YHH3/2), 3B, du. (5.3)
—1

Using the extension of (5.2), we have, for any fixed # € [0, 1] N Q, almost surely,

0
/ ((_M—I)H—3/2 _ (t _ u—l)H—3/2)u—3éu du
—1
0 - 0 _ 5
=/ Z((—u_l)H_3/2—(t—u_l)H_3/2)u_3(fu(3),J€,,)/ Hy(v)dB, du. (5.4)
-1,20 -1

For any fixed ¢ € [0, 1] N Q, on the right-hand side of (5.4), the summation over n and the
integration with respect to du are interchangeable. To see this, we regard the summation as a
discrete version of integration. By Lévy’s equivalence theorem we have, almost surely,

2
Z<fu(3>=% U Jt’n(de] /(f(3)(v))2dv[f dB} =u|(B_)%. (5.9

n=0

Furthermore, we have, for H € (0, 1), u € [—1,0),and ¢ € [0, 1],

((—u Y H=32 _ (¢ — = )H-32, 'H '/ (s — u~YH=5/2 g
3 t
|3 (_u)—H+5/2f ds
2 0
< 3(—u) M2, (5.6)

By (5.5) and (5.6), we have, for H € (0, 1),
0 I Ut S
/ 1{Z((—u—l)’*—m— (1 — ™1y =3/2)2 76 u“),e%nﬂ[ | J&(v)dm} } du
& §

31B_1| (©
< u/ (=)~ H du
2 )y

_ 3B
T 2(1—H)
< 0o with probability 1,

which implies that the stochastic Fubini theorem is applicable (see, e.g. Condition (1.5) of [18]).
Then it follows from (5.4) that, for any fixed ¢ € [0, 1] N Q, almost surely,

0
[ R R, du= 3" eutt. 1) / ) dB,. ()
-1

n=0
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Throughout the rest of this proof, we suppose that H € (0 D\ { }. Consider a famlly of
functions fx (s) e L?[0, 1] with a parameter x € [0, 1]: fx (s) =1 1fs € (0, x); fx (s) =0
otherwise. Replacing x by —u and (Jf’n)nzo by (#n)n>0, We have

1
gn(t, H) = f ((t +x~HAT32 _ (mHYH=32) =35 @) 30,) dux. (5.8)
0

Recall the two conventions: n € Z+_ is said to be at level j if n = 2/ + k with j > 0 and
0 <k <_2j, and the interval [k/2/, (k + 1)/27) is meant to be [k/2/, (k + 1)/2/] when
(k+1)/27 = 1. Forn =2/ + k, let

(k+1)/2

gt H) = / (4 xYH2 _ (Y23 (1@ gy dy
k/2i

For simplicity, let G; g (x) = ((z + x~HH=3/2 _ (x=1)H=3/2)x=3 We have

(2k+1)/2/+1 X
gialt, H) = / T G / Hu(y) dy dx
2k/2i+1 0

(2k+2)/2/+1 X
+ / Gon(x) / F,(y) dy dx
( 0

2k+41)/2/+!
) (2k+1) 27+ ) (2k+2)/2/+1
=2f/2/ _ G i (x)x dx —21/2f  Gru(x)xdx
2k /21 (2k+1)/2/+1
) (2k+1) /2741 (2k+2) /27 +1 2% +2
21/2/ G u(x —dx+2]/ / xX)———— dx
2k /271 rH )2]+1 (2k+1)/2i+!1 H(x) 2J+1

For the first two terms on the right-hand side of (5.9), we have

b _
y=1/b

G drv = —— (Y2 _ (4 4 yH-112 ‘ for b, a > 0.

/a r,H(x)x dx _ 1/2(}’ t+y) ) e orb,a >
Let _

. @k 27 L Qkt2) /207

hiwjx =272 / Gy.p (x)x dx — 27/ / Gy.1 (x)x dx.
2k/27+1 (2k+1)/2/+1

In the k = 0 case we have

2J/2 ot
—1/2 _ H=1/2 _ (4 Hl/Z‘
T-172 1/2[@ (t+y - (t+y) N

i H—-1/2
_ 2P Lgenamyna (o !
H—1)2 27+

H-1)2
_nJjH=-1/D[1 _
(= () )]

which implies that, for ¢ € [0.1],

he B j0=
y=00

D31
g0l < 270 (5.10)
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with an absolute constant D; 1 > 0. Inthe k£ > 0 case we have

N 2i/2 y=2/%1/(2k+1)
o= | yH-Y2 g H—1/2 ‘
CHKS T [(y t+y) ) .
B B y=2+1/(2k+2)
— T2 T2 ‘ ]

y=2/+1/(2k+1)
2jHyH—1/2 1k + 1 H—1/2 2k H—-1)2
e PY Y EiC (1= (== +1
H-1)2 2i+T 27Tl
1(2k +2 H=172
- (1 - <(21—+1) + 1) )} (5.11)

For the right-hand side of (5.11), we introduce a function w of h: w(h) = 2g(xp) — g(xo +
h) — &(xo — h). Here g(x) =1 — (1 + 12k + 1+ x)/2/t1YH=1/2 and xy = 0. We then have
hiwjk= (Q/HH=1/2 /(g — %))&)(1). By Taylor’s expansion we have

"’/O ~//eh
w( )h+ W )hz (forsome 0 < 6 < 1)

w(h) = w(0) + T o

_ @"(6h)

5 h?>  (since w(0) = w'(0) = 0),

where

(H — 1/2)(H — 3/2)t?
22(j+1)

R ) H=3/2 L Tk —x) H=5/2

Hence, we have an absolute constant D;k » > 0 such that, forn = 2/ + kwith0 < k <2/,

,J}//(x) —

2jH2H71/2

D*
< 3,2
H-1)2

T 2/C-MH —1/2|

(5.12)

» 2jH2H71/2 lI)N(Q)
|he b, jk| = | ’

H-1/2 2

w(l)’ =

Using the same method, we estimate the last two terms on the right-hand side of (5.9). Let

- o @kD/2H 2% L k4220 42
howjx= _21/2/ Gru(x) 57 dx + 21/2/ G,,H(x)% dx.
2k )2+ 2/ (2k+1)/2/+1 2/

~ . j+1
In the k = 0 case we have h; g j0 = 2-j/2 f12//221/:1 G, g (x)dx. Then, using (5.6), we have an
absolute constant D§’3 > 0 such that
. 3 % 2—i/2 227" o DX
. —-H-1/2 3,3
|he, w0l < 5 /1./2#1 x dx < ST (5.13)
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For the k > 0 case we have, forb > a > 0,

b 1/a
/ Gy p(x)dx = / (¢t + w732 — yH=32yy du
a 1/b

INAHV2T (ar + 1)H-1/2 1 (ar + DHH+1/2
=<E) [ H—1)2 _H~|—1/2_(H—1/2)(H+1/2)i|
I\IHV20 (bt 4 HHE-1/2 1 (bt + DH+1/2
_<Z) [ H—1)2 _H+1/2_(H—1/2)(H+1/2)]'
(5.14)

We introduce the function w(h) = g(xg + h) + g(xo — h) — 2¢(xp), where xo = 0 and

R 2k+1+4x( 200 \HTL2
gx) =
2 2k 4+ 14+ x
(k + 1+ x)t/2/F 4 HHA=1/2 1 (k + 1+ x)t/2/+! 4 1HF1/2
X — —
H—1/2 H+1)2 (H—1/2)(H + 1/2)

We denote by f(x) the factor of g(x) in square brackets. By Taylor’s expansion we have, for
some 0 <6 <1,

Wh) = B(0) + wl(!o)h + 2 ;Qh)fﬁ =Y é?h)hz
and
121//()6) — 2j(H+1/2)+H—1/2
» (H—-1/2)(H+1/2)f(x)  QH-Df'(x) 1" (x)

2k 4+ 1 4 x)H+3/2 Qk+14x)H+1/2 " 2k + 14 x)H-1/2
(H—1/2)(H+1/2)f(—x) QH-Df'(—x)

2k + 1 — x)H+3/2 2k + 1 — x)H+1/2

f(=x)
2k +1 —x)H—1/2”‘ (5.15)

By (5.14) and (5.15), we have /i, g j x = 27//%i(1) = 277/%0"(0)/(2!). Then, using calculus
we have an estimate as follows (specific details are available from the authors upon request).
There is an absolute constant D; 4 > O such that, forn =2/ + k with0 < k < 2/,

2_j/212)”(9) - D§<’4 1 H+1/2
2! — 2=\ k41

Now, putting (5.8), (5.9), (5.10), (5.12), (5.13), and (5.16) together, we have the following
estimate. There is an absolute constant D3 ; > O such that

Y g, P < P =127 ;(Z) . (5.17)

{n at level j}

Ve w jxl = ' (5.16)

Then, by (5.3), (5.4), (5.7), and (5.17), we use arguments similar to those used in the proof of
Lemma 3.1 and then those used in the proof of Lemma 3.2 to complete the proof.
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Remark 5.1. In the above proof, the time inversion of BM adds a factor u~! to the
integrand ((—u=HHE=3/2 _ (¢ — y=1HH=3/2y,4,73 in the second term on the right-hand side
of (5.3), where the factor #~2 in u > is from a change of variable. Denote the integrand by
@. We have @ ~ u~H=1/2 a5y — 0. The exponent in u~H~1/2 causes the convergence rate
O(N’(I’H)M) of Wi(t, H) to I5(t, H). For H € (0, %), it is faster than the convergence
rate O(N H /logN) of Wi(t, H) to I(t, H) as well as Wa(t, H) to I,(¢t, H). But, for
H € (2, 1), the convergence rate caused by the exponent becomes slow, which reflects an
impact of the long-range dependence of an FBM for H € ( 1).

6. Approximation of FBM
In (2, ¥, P) we define, forr € [0, 1]NQ and g > 2,
W, H,N) =W (t, H, N)+ Wa(t, H, N) + W3(t, H, N).

By Lemma 3.2, Lemma 4.2, Lemma 5.1, and the fact that H > 1 — H for H € (1/2, 1), we
have the following theorem.

Theorem 6.1. There are absolute constants C1,1, C12, C2,1, C2,2 > 0 such that, for any given
H < (0, %] and g > 2, we have, forall N > 1,

C Jlog N
Bl sup 1B Wi H Ny = eV Vog
1€[0,11NQ VH(1—-H) N

and, for any given H € (%, 1) and q = 2, we have, forall N > 1,
C Jlog N C

Bl sup 1B® Wi H Ny = 2T V1N Coa

1€[0,11NQ JH(1—H) N N4

With respect to a Holder continuous version of an FBM, Theorem 6.1 can be extended from
discrete time ¢ € [0, 1] N Q to continuous time ¢ € [0, 1].

Theorem 6.2. An FBM (B(H)),e 0,11 of H € (0, 1) has a wavelet-based almost-sure uniform
expansion as follows. In (2, ¥, P) we have, fort € [0, 1], with probability 1,

Ci
=< Ne (6.1)

6.2)

B =cy Z W 3£ + Cy Z @A) LP + Cy (@ + DIV - 1L
n=0 n=0

1 — 3
+CH(H— 5);&10, H)LY,
where (fV, 36,y and (L) n=0, (P, H,) and (L) =0, and L£*, gn(t. H), and Ly >)n>o
are the same as in (3.2), (4.2), and (5.1), respectively. Regardlng Zn o as Timy_ o0 Zn —0 »
the convergence rates are O(N~ H«/logN) for H € (0, 2] and O(N~U- H)./logN) for
H e (2, 1), as expressed by (6.1) and (6.2), respectively.

Recall that by (2.1) we write B,( ) as Ii(t, H) + I (t, H) + I3(t, H) and that these terms
are then approximated by Wi (¢, H), Wa(t, H), and W3 (¢, H) separately. Below we provide a
proof for the extension of the approximation of 7; (¢, H) by Wi (¢, H) fromt € [0, 1]NQtot €
[0, 1] in the case H € (0, %]. Proofs for H € (%, 1) and all other cases, including the extension
of the approximation of I(¢, H) by Wa (¢, H) as well as I3(¢, H) by W3(t, H), can be carried
out in a similar way.
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Proof of Theorem 6.2. Using « € Z* as a parameter, let [0,1] = 'S [G — 1)/162,
i/16%) U {1}. We define

N 1
MW, = Coy YU g Ho) [ ) B,
n=0

N 1
Q1(t*, N i) == Cu Y (fS, Jen>f Hy(s)dBs — My(N, e, i)
0
n=0

fort* e [(i — 1)/16%,i/16%*)\Q. By Lemma 3.2 we have, forqg > 2 and all N > 1,

IP{ sup M (N, o i) — B(Hl)/16a| Cu/2D1q ./loiN} - 1 .
a€Zt, 1<i<16% VH(1-H) N JNT

Recall the Holder continuity of FBM. Almost surely, a sample path B,(H) (w) (t € [0,1]) is
Holder continuous of order SH for 8 € (0, 1) where 8 cannot be 1 by the law of the iterated
logarithm; see [1]. We choose 8 close to 1, having

i —1 M
P B . — B — 1. (623
{aez+,s?§,-fl6a{| e I 6o 167 )\ = 16w ©.3)

where M > 0 is a constant depending only on the chosen 8.
Note that Q(t*, N, «, i) is a Gaussian random variable with mean O and variance

2
3 Z( / () = £521) 160 (s))%(s)ds) .

We estimate the variance. Without loss of generality, we suppose that o« > log, N. Then, for
all1 <n < N and 0 < k < 2/, one and only one of the following three cases occurs:

i—1 i 2k 2k+1Y i—1 i 2k +1 2k+2Y
16 16 ) < |21 2 ) 16 16 ) < | 2 2T )
i—1 i k k+1
! N L N ) + =g
16% ~ 16 27 21
Then by calculus we have the following estimate (specific details are available from the authors
upon request). For any r* € [(i — 1)/16%,i/16%) \ Q,

* . \/2G1 1 _pu
P{|Q1(l‘ ,N,a,i)| > (ﬁ)“}sﬁe (6.4)

with an absolute constant G; > 0. Consider the Holder continuous version described in (6.3)
over every time interval ¢ € [(i — 1)/16%,i/16%). Then by (6.4) we have an absolute constant

G > 0 such that
16%

P { sup |M*(t*, N, a, i) — BY|
iy Urreli=1)/16%,i/160)\Q
- G n Cu+/2D1q +/logN n }
W2 JH(I—H) NH" 1628
3% 16% 1
< c .
- Jr JT N1

(6.5)
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Note that (6.5) holds for all « > log, N. Given H € (0, %] and g > 2, by (6.5) and (6.1), we
have, forall N > 1,

(H) (1) (1) \/_(CH\/ZD + C1,1) /log N
P{ sup —Cy Z H
r€[0,1] VH( — H) N
Gt 1.
- JAN4
Remark 6.1. The above proof shows that 11 (¢, 1/2), which is a BM, has an almost sure and
uniform expansion » > ( f,(l), fo H,(s) dB; for t € [0, 1]. The proof does not involve

1> and I3, which justifies our use of this expansion in the previous section.

7. A parallel algorithm for the approximation

We give a mathematical description of an algorithm to demonstrate how a sample path of
FBM can be generated in parallel over time. Readers who are interested in parallel algorithms
are referred to [13]. Theorem 6.2 implies that a sample path B, H)(a)) t €[0,1] = R can
almost surely and uniformly be approximated by

(H)(w)NC Z (1) (1)(a))+C Z 2) ’*) (2)(w)
n=0

n=0

N
+ Cu((t + D2 — 1) L¥(w) + Ch (H - %) > gt H)LY (). (1.1)

n=1

Hence, given an% time instances f1,...,f € [0, 1], we can calculate approximations of

,]H)( ), . )(a)) as follows. Make 3N + 4 independent observations of a normal
d1str1but10n N (O 1). Denote the results from the first N + 1 observations by £ (w) n =
0, ..., N; denote the results from the second N + 1 observatlons by £ (2) (a)) n=20,. N ;
denote the results from the third N + 1 observations by £ (a)) n=20,...,N;and denote
the result from the last observation by £} (w). Then, using (7.1), we compute approx1matlons
of BZ(IH) (), . (a)) separately in an arbitrarily chosen order of #1, .. . This means
that the ¢ approx1matlons can be carried out in parallel over time ¢, ..., #; € [O, 1] on multiple
(e.g., £ in the ideal case) processors available in today’s computer systems.

By (7.1) we can see that the number £ of time instances is not related to N, the number of
approximation steps. Given N, we can decide at what time instances 71, ..., € [0, 1] we
want to find approximations of Bl]H) (w), . B,([H) (w). The accuracy of such approximations
is determined by N, as respectively shown by the deviation bounds (6.1) and (6.2) for the cases
H e (0, %] and H € (%, 1). Given time instances t{,...,1; € [0, 1], we can choose the
number N of approximation steps to ensure the accuracy of the approximation by the above
two deviation bounds.

By using the Mandelbrot—van Ness representatlon and Haar wavelets, the coefficients on the
right-hand side of (7.1), i.e. f,(l) Hy), ( an) and g, (¢, H), are easy to compute.
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