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THE STRUCTURE OF SALLY MODULES AND
BUCHSBAUMNESS OF ASSOCIATED GRADED RINGS

KAZUHO OZEKI

To Shiro Goto on the occasion of his sixty-fifth birthday

Abstract. Let A be a Noetherian local ring with the maximal ideal m, and
let I be an m-primary ideal in A. This paper examines the equality on Hilbert
coefficients of [ first presented by Elias and Valla, but without assuming that A
is a Cohen—Macaulay local ring. That equality is related to the Buchsbaumness
of the associated graded ring of I.

81. Introduction and the statement of main results

Throughout this paper, let A denote a Noetherian local ring with the
maximal ideal m, and let d =dim A > 0. For simplicity, we assume that the
residue class field A/m is infinite. Let I be an m-primary ideal in A, and
suppose that I contains a parameter ideal @ = (a1,aq,...,a4) of A as a
reduction—that is, Q C I—and that the equality I"*! = QI™ holds true for
some (and hence any) integer n > 0. Let £4(M) denote, for an A-module M,
the length of M. Then we have integers {e;(I)}o<i<q such that the equality

e/ o ("5 ) e ("5 4 et

holds true for all integers n > 0, which we call the Hilbert coefficients of A
with respect to I.
Let

R=R(I):= A[lt] and T =R(Q) = A[Qt] C A[t]
denote, respectively, the Rees algebras of I and Q. Put F =T/IT, and let
R =R/(I):= A[It,t7'| C A[t,t™]
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and

G=G)=R/tT'R=PI1"/1"""
n>0

Following Vasconcelos [23], we then define

S=SqI):=IR/IT=PI"/Q"I
n>1

and call it the Sally module of I with respect to Q.

In the case where A is a Cohen—Macaulay local ring, we have the inequal-
ity

2e0(I) — ex(I) < 20a(A/I) + a(I/1? + Q)

which is given in [3, Theorem 2.1] and [11, Proposition 2.1], and they
showed that the equality 2eq(I) — e1(I) = 204(A/I) + £4(I/I? + Q) holds
true if and only if I? = QI? and Q N I? = QI. When this is the case, the
associated graded ring G of I is Cohen—Macaulay. Thus, the ideal I with
2e0(I) —e1(I) =204(A/I)+£a(I/I? + Q) has nice properties. The purpose
of this paper is to extend their results without assuming that A is a Cohen—
Macaulay ring.

In an arbitrary Noetherian local ring A, the inequality

2e0(1) —e1(I) +e1(Q) < 204(A/I) + L4(I/1* + Q)

holds true (see [18, Theorem 2.4], [1, Theorem 3.1]). It seems natural to ask
what happens on the ideals I satisfying the equality 2eo(I) —e1(I) +e1(Q) =
204(A/I) +La(I)1? + Q).

Corso in [1] conjectured that the associated graded ring G(m) of the
maximal ideal m is a Buchsbaum ring if A is a Buchsbaum local ring and
if the equality 2eg(m) —e1(m) +e1(Q) =v(A) — d+ 2 holds true for m and
a reduction @ of m, where v(A) denotes the embedding dimension of A,
and he gave a positive answer to this conjecture in 1-dimensional cases.
We should note that Rossi and Valla [18, Theorem 2.1] generalized this
result in 1-dimensional Buchsbaum module cases. The current author, in
[16, Theorem 1.2], gave an affirmative answer to Corso’s conjecture for the
case where A is a Buchsbaum local ring with an arbitrary dimension.

To state the results of this article, let us consider the following four con-
ditions.

(Co) The sequence a1, as,...,aq is a d-sequence in A in the sense of Huneke
[13].

https://doi.org/10.1215/00277630-2351002 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2351002

THE STRUCTURE OF SALLY MODULES 99

(Cy) The sequence aj,as,...,aq is a dt-sequence in A; that is, for all
integers ni,ng,...,ng > 1, the sequence aj',a3?,...,a,;" forms a d-
sequence in any order.

(C2) We have (a1, a2,...,d;,...,aq):aa; €I for all 1 <i<d.

(C3) We have depth A > 0.

These conditions (Cp), (Cy),(C2), and (Cs) are naturally satisfied when A

is a Cohen-Macaulay local ring. Condition (C;) (resp., condition (Cs)) is

always satisfied if A is a Buchsbaum local ring (resp., I = m). Here we notice
that condition (Cy) is equivalent to saying that our local ring A is a general-

ized Cohen—Macaulay ring; that is, all the local cohomology modules H¢ (A)

(i # d) of A with respect to the maximal ideal m are finitely generated, and

the parameter ideal @) is standard. In other words, the equality

-1
LA(A)Q) —en(Q) = (d B 1) L4 (HL(A))

. 1
=0

holds true. Hence, condition (C;) is independent of the choice of a minimal
system {a;}i1<i<q of generators of the parameter ideal (). We note here
that condition (Cs) is also independent of the choice of a minimal system
{ai}1<i<a of generators of Q.

Let us now state our own result. The main result of this article is the
following Theorem 1.1, which generalizes the results of [3, Theorem 2.1]
and [11, Theorem 2.2] given in the case where A is a Cohen—Macaulay local
ring, because ¢;(Q) =0 for all 1 <4 < d. We notice that, thanks to condition
(C1), the Hilbert coefficients e;(Q) of @ are given by the formula

‘ eo(Q) if i =0,
(—1)’es(Q) = 4 La(Hp(A)) 4 if i =d,
ST () ea(HL(A) i 1<i<d—1,

and one has the equality £4(A4/Q"!) = Zgzo(—l)iei(Q) ("gﬁl;l) foralln >0
(see [19, Korollar 3.2]), so that the {e;(Q)}i<i<q are independent of the
choice of the reduction @ of I and so are invariants of A. Here, W = H (A)
denotes the Oth local cohomology modules of A with respect to m, and
H,(G) denotes the ith local cohomology modules of G with respect to the
graded maximal ideal M =mT + T of T.

THEOREM 1.1. Suppose that conditions (C1) and (Ca) are satisfied. Then
the following two conditions are equivalent:

https://doi.org/10.1215/00277630-2351002 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2351002

100 K. OZEKI

(1) 2e0(1) — ex(I) +e1(Q) = 20a(A/T) + La(I/ 12 + Q);

(2) BCP+W, (Q"+W)N{I"" +W)=Q" I +W for alln>1, and
(a1,az,...,d; ... aq):4a0; CI2+Q for all 1 <i<d.

When this is the case, we have I?> D W, and the following assertions also

hold true.

(i) ForallneZ,

W/ IPNWw ifn=2,
[HY,(G)], =S I"nW/I"™ W ifn>3,
(0) otherwise.

Hence, [HY, (G2 =2 W/IBnW, [H,(@)]s = I3PNW, and [H,(G)], =
(0) for all n#2,3 if A is a Buchsbaum local ring.
(ii) We have
Hy (G) = [Hy (G)],_, = Hy(4)
forall1<i<d-1.
(iii) The a-invariant

a(G) :=max{n €7 | [Hﬁl\/[(G)]n #(0)}

of G is at most 2 —d.

(iv) We have ea(I) =e1(Q) +e2(Q) —eo(I)+e1(L) +La(A/I) if d> 2.

(v) We have e;(I) =e;—2(Q) +2¢,_1(Q) + e;(Q) for all 3<1i<d.

(vi) The associated graded ring G is a Buchsbaum ring with the Buchsbaum
invariant I(G) =1(A) if A is a Buchsbaum local ring.

The key of the proof of Theorem 1.1 is the use of the Sally module S of
I with respect to Q. In [16], the author used some techniques of [1] and [2]
concerning the Sally module Sg(m) of the maximal ideal m with respect to
a reduction @ of m and gave the Buchsbaumness of the associated graded
ring G(m) of m satisfying the equality 2ep(m) —e1(m)+e1(Q) =v(A) —d+2
in a Buchsbaum local ring (A, m). In this paper, to prove Theorem 1.1, we
will make some improvements to the techniques of [1] and [2] for the case
where I is an m-primary ideal (not necessary maximal ideal).

We are now in a position to briefly explain how we organized this paper.
We prove Theorem 1.1 in Sections 4 and 5. In Section 2, we summarize some
auxiliary results on Sally modules for later use in this article. In Section 3,
we introduce some techniques of Sally modules which are key for the proof
of Theorem 1.1. In Section 4 we give a proof of the equivalence of conditions
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(1) and (2) in Theorem 1.1, and in Section 5 we give the last assertions in
Theorem 1.1. In Section 6, we give one example of an m-primary ideal [
with 2eq(I) —e1(I) + e1(Q) = 204(A/I) + £4(I/I?> + Q) in a Buchsbaum
local ring (A, m).

In what follows, unless otherwise specified, let A be a Noetherian local
ring with maximal ideal m, and let d =dim A > 0. Assume that the residue
class field A/m of A is infinite. Let I be an m-primary ideal in A, and put
Q = (a1,ay,...,aq) a parameter ideal of A which forms a reduction of 1. We
put

R=A[It], T=AQt, R =A[Itt"],
G=R/t"'R, and  F=T/IT.

We denote by H: (x) (i € Z) the ith local cohomology functor of A
with respect to m. Let I(A) = Zf:_& (dzl)ﬂA(an(A)) denote the Buchsbaum
invariant of A. Let M =mT + T} be the unique graded maximal ideal in 7T'.
We denote by Hi,(x) (i € Z) the ith local cohomology functor of T with
respect to M, and we let I(G) = Zf:_ol (dzl)ég(H’M(G)) be the Buchsbaum
invariant of G. Let L be a graded T-module. We denote by L(«), for each
a € Z, the graded T-module whose grading is given by [L(«)],, = [L]a+n for
all n € Z. Let pa(I) denote the number of a minimal system of generators
of I.

§2. The structure of Sally modules

In our proof of Theorem 1.1, we need some structure theorems of Sally
modules.

The purpose of this section is to summarize some auxiliary results on
Sally modules, which we need throughout this paper (see [7], [8], and [23]
for the detailed proofs).

REMARK 2.1 (see [7], [8], [23]). We notice that S is a finitely generated
graded T-module and that m’- S = (0) for some integer £ > 0. Since R is a
module finite extension of the graded ring T" and since m = /@, dim7 S < d.
The following assertions also follow:

(1) S =(0) if and only if I? = QI,
(2) IS =(0) if and only if I"*2 C Q"I for all n > 0.

LEMMA 2.2. Suppose that conditions (Co) and (Cz) are satisfied. Then
F=T/IT = (A/I)[X1, Xs,..., X]
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as graded A-algebras, where (A/I)[X1,Xo,...,X4] denotes the polynomial
ring with d indeterminates over the Artinian local ring A/I.

Proof. See [8, Proposition 2.2]. U

Let us note the following lemma. We notice that Serre’s condition (S2) on
T is automatically satisfied, once both conditions (C1) and (Cs) are satisfied
(see [21, Theorem 6.2]).

LEMMA 2.3. Suppose that conditions (Cy), (Cz2), and (C3) are satisfied.
Assume that the ring T satisfies Serre’s condition (Sz). Then AsspS C
{mT}, whence dimp S =d if S # (0).

Proof. See [8, Lemma 2.3]. U

PROPOSITION 2.4. Suppose that conditions (Co) and (Cz) are satisfied.
Then

n n+d n+d-—1
/) a0 ("5 = fealn @ -ty (")
d ; n+d—i
F 0 ea@ e @) (M) - s
=2

for alln > 0.

Proof. Our condition (Cp) implies that £4(A/Q") =3¢ e;(Q) ("giﬂ)
for all n >0 (see [9, Proposition 3.4]). Hence, by [8, Proposition 2.4], we get
a required condition. []

Put s =dimp S <d. Then we write

n+s—1 n+s—2 _

s =) (") mas) (M) e 0 es)
s—1 s—2

for all n > 0 with integers {e;(5)}o<i<s—1. Then by Proposition 2.4 we get

the following result, which is also given in [18, Proposition 6.2].

COROLLARY 2.5. Suppose that conditions (Cg) and (Cz) are satisfied, and
put s =dimp S. Then we have the following.
(1) Suppose that s=d. Then
(1) ei(d)=eo(I) +e1(Q) — La(A/I) +eo(S) and
(ii) ei(I) = ei_l(Q) + eZ(Q) + ei_l(S) for all 2 <i<d.
(2) Suppose that s < d. Then
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(i) er(I)=eo(I) +er(Q) — La(A/T),

(ii)) e(l)=ei—1(Q) +€;(Q) for2<i<d-—s, and

(iii) e;(I) = e;i_1(Q) + e;(Q) + (=1)¥%ej_gys—1(S) for all d — s+ 1<
i<d.

We need the following lemma.

LEMMA 2.6. Suppose that conditions (C1) and (Cq) are satisfied. Then,
for each 0 <i<d, we have

’ HO(A)  ifi=n=0,
[Hy,(IT)] = HH(A) if3<i<d, 2—i<n<-1,
(0) otherwise

for all n € Z. Hence IT is a generalized Cohen—Macaulay T -module with
dimp IT =d+ 1.

Recall that, once condition (C;) is satisfied, all the local cohomology
modules {H%,(A) }o<i<a—1 of A are finitely generated (see [21, Theorem 2.1]).

Proof of Lemma 2.6. Taking the local cohomology functor H,(*) to the
exact sequence
0—-IT—-T—F—Q0,

we have isomorphisms HY,(IT) =2 H,(T) of graded T-modules for 0 <i <
d — 1, and the exact sequence

0—HY,(IT)—HL(T) - HY(F)

of local cohomology modules, because F' = (A/I)[ X1, Xo, ..., Xy4] is the poly-
nomial ring over A/I by Lemma 2.2.

Then since [H4,(T)],, = (0) for all n < 1—d by [21, Theorem 6.2] and since
[HY,(F)]n = (0) for all n>1—d, we have H,(IT) = H4,(T) as graded T-
modules. Therefore, by [21, Theorem 6.2], we get the required assertion. []

For a graded T-module L,

g-depthy, L :=sup{¢ € Z | M C /Annyp H, (L) for all i </}

denotes the generalized depth of L with respect to M (see [12, Section 2]).
Then we have the following result which concerns a relationship between

the generalized depth of Sally modules S and associated graded rings G
of I.
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PROPOSITION 2.7. Suppose that conditions (C1), (Cz), and (C3) are sat-
isfied. Assume that S # (0), and put s = g-depth,,; S. Then g-depth,; G =
s—1ifs<d, and S is a generalized Cohen—Macaulay T -module if and only
if g-depth,; G >d — 1.

Proof. Recall that s < dimp S =d by Lemma 2.3. Because I'T is a gener-
alized Cohen—Macaulay T-module with dimp IT =d+ 1 by Lemma 2.6, it
follows from the exact sequence

(a) 0—-IT—-IR—S—0

that g-depth,, IR > d if s =d, and g-depth,; IR =s if s <d. Since A is a
generalized Cohen—Macaulay ring with dim A = d, from the exact sequence

(b)) 0—-IR(-1)->R—A—0

it follows that g-depth,; R > d if s =d and that g-depth,; R = g-depth,, IR
if s < d. Therefore, the exact sequence

(¢c) 0IR-R—-G—0

implies that g-depth;; G > d—1if s =d. If s <d, then g-depth,; R = s, and
so by [12, Proposition 3.2] we get g-depth,; G =s— 1.

Suppose that g-depth;; G > d — 1. Then g-depth,,; R > d by [12, Proposi-
tion 3.2], whence by the exact sequence (c) we have g-depth;; IR > d, and
so g-depth,; S > d by the exact sequence (a). Therefore, S is a generalized
Cohen—Macaulay T-module. 0

§3. Preliminary steps for the proof

In this section, we introduce some techniques, being inspired by [1] and
[2], which play a crucial role throughout this paper. Let us begin with the
following.

LEMMA 3.1. Assume that I 2 Q, and put n=pua(I/Q). Then there exists
an exact sequence

T(-1)" 4 R/T = S(~1) =0
as graded T-modules.

Proof. Let us write [ = Q + (21, %2,...,2,), and let

¢:T(-)* - R/T
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denote a homomorphism of graded T-modules with ¢(ai,a0,...,a,) =
Sb it € R)T for o € T and 1 <i < p, where a;z;t denotes the image
of a;x;t in R/T. Then we have

Coker¢=R/It-T+T=Ry/It-T

as graded T-modules. Then two isomorphisms

RS IR(-1)  and  It-T'S IT(-1)

of graded T-modules induce the isomorphism R, /It-T = (IR/IT)(—1) of
graded T-modules. Therefore, Coker ¢ 2 S(—1) as graded T-modules, whence
we get a required exact sequence. 0

Tensoring the exact sequence of Lemma 3.1 with A/I, we get an exact
sequence

i) 0—Kerd— F(—1)* 5 R/IR+T — (S/IS)(=1) — 0

of graded T-modules, where ¢ = A/I @ ¢.
Furthermore, tensoring the exact sequence

0— [Kerg|; — F}' = [R/IR+T); —0
with F', we get the following commutative diagram:
(Ker )y @ F)(—1) = (F} @ F)(-1) = ([R/IR+T)1 @ F)(=1) = 0
o o) |
0— Ker ¢ - F(=1)* - Im ¢ -0

of graded T-modules. Then, since the map 3 is bijective, we have an exact
sequence

(i) 0—KY = ([R/JIR+T)®F)(~1) % Im¢—0

of graded T-modules, where K M = Ker 3.
We also have an exact sequence

(i) 05K® 5F %G 3 R/IR+T -0
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of graded T-modules induced by tensoring the canonical exact sequence

0TS R R/T—0

of graded T-modules with A/I, where i = A/I ®i and K® = Keri. Put
K® =T8.

Notice that dimp KO <dforall 1<i< 3, because KO and K@ are
embedded into ([R/IR+T]1 ® F)(—1) and F, respectively, and dimp S < d
by Remark 2.1.

We then have the following inequality, which is proved by [18, Theo-
rem 4.1] and [1, Theorem 3.1].

PROPOSITION 3.2. We have
2e0(1) — e1(I) + e1(Q) < 204(A/T) + La(I/1? + Q).

Proof. When I = (@), the required inequality is automatically satisfied.
Therefore, we may assume that I 2 ). We then have

CA([R/IR +T),) = La([m@],) + £a([S/IS]n-1),
Ca(mdln) = La([[R/IR+Th @ F], ) — La([KW))

for all n >0 by the exact sequences (i) and (ii), and we have
0a([S/18]n-1) =La(Sn-1) — €a([KP]n_1)

for all n > 0. Therefore, by the exact sequence (iii) we have

CA(I" /T = 04(G) = La(F) + La([R/TR + T1) — La([K D))
(Fn) + {€a(Mm@ln) + La([S/TS]n-1)} — La (K@)
(Fn) + {a([[R/IIR+Th @ F]_ ) —ta([KV],)}

{A(Suo) ~ Ea (K )u)} — L4 (K P),)

la
la

for all n > 0. Because F' is a homomorphic image of the polynomial ring
(A/I)[X1,X2,...,X4] over A/I, we have

La([[BR/IR+ Th @ F], ) <€al/T°+Q) (n_;ff_ 1>
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for all n > 0. Therefore, since dimp K (@) <d for all 1 <7< 3, we have

{GO(I) <LA(A/T) +La(I/ P + Q) +eo(S) i dimp S =,
eo(I) <LA(A)I) +0A(I/1? 4+ Q) if dimp S <d— 1.

Hence, because e;(I) —eo(I) —e1(Q)+La(A/I) > eo(S) if dimp S =d by [1,
Proposition 2.8] and [18, Corollary 6.1], and because eq (1) —eo(I) —e1(Q) +
CA(A/I) >0 by [6, Theorem 3.1], we have

eo(1) < La(A/I) +La(I/T* + Q) + {ex(I) —eo(I) —ex(Q) + La(A/D) }.
Thus, we get the required inequality. 0

We then have the following.

LEMMA 3.3. Suppose that conditions (Cgy) and (Cs2) are satisfied, and
assume that I 2 Q. Then we have

Ca(I /I = {EA(A/T) + La(I/ P + Q) (” = 1)

d—1

~eae+ (")

d—2
+La(Sn-1) = La([KD]n) = La([KP]n) = La((KP o)
for alln > 0.
Proof. By the same argument as in the proof of Proposition 3.2, we have
CA(I™ T =LA (Fo) + La([[R/IR+Th @ F] ) +£a(Sn-1)
—La([KY],) = La([KP]nr) — L4 ([KP)],)

for all n > 0. Since conditions (Cy) and (Cy) are satisfied, F' = (A/I)[X1, X2,
..., X4| is the polynomial ring over A/I by Lemma 2.2, whence [R/IR +
Th@F=(I/I?+Q)® (A/I)[X1,Xa,...,X4]. Therefore, we have

eatr) =eatam (")
and 9 n+d-—2
(/iR he B, ) = /e
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for all n > 0. Hence, we have

n+d

CaI™ /1) —EA(A/I)< g1 1) +0a(I/ P+ Q) <n§il;2)

a0~ (KO — ea (1K) 1) — ea (1K)
— 04(A/T) <”;f; 1>

ol (1) (547)]
FLa(Snor) ~ La([EV]) — Ca([KO)ao) — La((KP])

= {€a(A)D) + La(1/ 1 + Q) } <” ;f; 1)

d—2
€4 (Sn-1) = La([KW]n) = a([KP]uor) — €a((KP)]0)

—ee (")

for all n > 0. [
Recall that dimp K®) < d for 1 <i <3, and put

L={i|1<i<3,dimr K =d}.
Then, by Lemma 3.3, we get the following result.

LEMMA 3.4. Suppose that conditions (Co) and (Cq) are satisfied, and
assume that I 2 Q. Then we have

2e(1) — ex(I) +e1(Q) =20a(A/T) + La(IT/* + Q) = Y eo(K

el

where eo(K(i)) denotes the multiplicity of the graded T-module K® for 1 <
1< 3.
Proof. By Lemma 3.3, we have
eo(I) =La(A/T) +La(I/I? + Q) +eo(S) — X, eo(KW)
if dimT S = d,

eo(I) = La(A/T) + La(I/I? + Q) = i cpeo(KW)
if dimy S <d — 1.
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Meanwhile, since

{el(I) —GQ(I) —el(Q) —l—fA(A/I) :eo(S) if dimp S =d,
e1(I)—eo(!) —e1(Q)+a(A/I)=0 if dimp S <d-—1

by Corollary 2.5 (see also [1, Theorem 2.8]), we have
eo(I) = La(A/T) + La(I/T? + Q)
+{er(I) —eo(I) = e1(Q) + £a(A/T)} =) eo(KD).
el
Thus, we get the required equality. 0
In our proof of Theorem 1.1, we need the following.

PROPOSITION 3.5. Suppose that conditions (C1), (Cz), and (C3) are sat-
isfied. Assume that I 2 Q. Then the following three conditions are equiva-
lent:

(1) we have 2eo(I) —e1(I) +e1(Q) = 20a(A/T) + La(I/T* + Q);

(2) there exist exact sequences
0= (I/I’+Q)® F)(-1) - R/IR+T — S(-1) =0

and
0—+F—-G—R/IR+T—0

of graded T-modules; and
(3) KW =(0) for all 1 <i< 3.

Proof. Because of the fact that conditions (C;), (Cz), and (C3) are satis-
fied, F = (A/I)[X1, Xs,..., X4 is a polynomial ring over A/I by Lemma 2.2,
whence [R/IR+T)1 @ F = (I/I*+ Q) ® (A/I)[X1, Xa,..., X4).

(1) = (3) We have Assy K1) C {mT} by the exact sequence (ii), because
[R/IR+ T]; ® F is a maximal Cohen-Macaulay F-module. We also have
Assp KO C {mT'} forall 2 < < 3 by the exact sequence (iii) and Lemma 2.3.
Hence, dimy K = d if K(®) £ (0) for each 1 <i < 3. Then we have

> eo(KW) = {204(A/T) + La(I/I? + Q) } — {2e0(I) —ex(I) +e1(Q)} =0

el

by Lemma 3.4. Therefore, dimp K < d, whence K = (0) forall 1 <7 <3.
(3) = (2) This is obvious by the exact sequences (i), (ii), and (iii).
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(2) = (1) By our assertion, we have

CA(I™ /T = 0a(F,) + La([R/IR+T),)
=LaA(Fp) + {a([I/PP+ Q)@ F], ) +£a(Sn-1)}

for all n > 0. Then, by the same argument as in the proof of Lemma 3.4, we
get 2eo(1) —e1(I) +e1(Q) =204(A/I) +L4(I/1? + Q), as required. 0

We get the following corollary by Proposition 3.5.

COROLLARY 3.6. Suppose that conditions (C1), (Cz), and (Cs) are satis-
fied. Assume that 2eo(I) — ey (I) +e1(Q) =20a(A/I) +La(I/1? + Q). Then
we have the following:

(1) I"2C Q™I for alln >0,

(2) Q"NI" "t =Q"I for all n>0,

(3) depthG >0, and

(4) (a1,a9,...,d;,...,aq):a; CI?>+Q for all 1 <i<d.

Proof. Suppose that I = Q. Then assertions (1) and (2) are naturally
satisfied. Since £4(A/Q) = ep(Q) holds true, the base local ring A is Cohen—
Macaulay. Therefore, assertions (3) and (4) are also satisfied. Thus, we may
assume that 1 2 Q.

(1) By Proposition 3.5, we see that 1S = K®) = (0). Hence, I"*t? C Q"I
for all n >0 by Remark 2.1.

(2) We see that K(?) = (0) by Proposition 3.5. Therefore, because [K ()],
[Q" N I"TY/Q™T for n >0, we have Q" N 1"t = Q"I for all n > 0.

(3) We have exact sequences

12

0F—-G—R/IR+T—0

and
0= (I/IP+Q)® F)(~1) > R/IR+T — S(-1) =0

of graded T-modules by Proposition 3.5. Since conditions (C;), (Cz), and
(C3) are satisfied, we have F' = (A/I)[X1, Xa, ..., X4] by Lemma 2.2, whence
(I/P+Q)@ F=(I/I*+Q)® (A/I)[X1,Xa,...,X4], and Assy S C {mT}
by Lemma 2.3. Thus, we have depth G > 0 by the depth lemma.

(4) Take = € (ay,a2,...,d;,...,aq) : a; for 1 <i <d, and write a;x =
ZlSdeJ# ajrj with z; € A for 1 <j <d, j#i. Then we have z,z; € I
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for all 1 <j <d, j #i by our condition (Cs). Let us look at the monomor-
phism
(I/P+Q)® F)(-1) > R/IR+T

given by the composition map with o3 : ((I/I? + Q) ® F)(—1) — Im¢ and
the inclusion Im¢ — R/IR + T'; so for simplicity, we say ¢3. Put

g=T®al— Y Teaule(/I*+Q)®F,
1<j<d i

where T, T; denote the images of x, z; in I/I? + Q and a,t, a;t denote the
images of a;t, a;t in F, respectively. Then we have

3(g) = za;t? — Z zjat? =0
1<j<d,j#i

because a;z = Zlgjgd,j;éi ajz;. Therefore, g =7 ® a;t — Zl§j§d7j75if[f_j ®
a;t =0 since 3 is monomorphism. Then because (I/I?+Q)® F = (I/1* +
Q)®(A/I)[art, ast, . .., aqt], we get T = 0, whence x € I?+Q, as required. []

84. Proof of the main theorem: Part 1

The purpose of this section is to give a proof of the equivalence of condi-
tions (1) and (2) in Theorem 1.1. Let us note the following.

LEMMA 4.1. Suppose that d > 2. Let a € Q\mQ be a superficial ele-
ment with respect to I and Q. Let A= A/(a), let I =1/(a), and let Q =
Q/(a). Then 2eo(I) —e1(I) +e1(Q) =20A(A/I) +L4(I/1* + Q) if and only
if 260(T) — e1(T) + e2(Q) = 20a(A/T) + La(T/T + Q).

Proof. We have e;(I) =e;(I) and €;(Q) = ¢;(Q) for 0 <i<d— 2, and
we have eq_1(I) = eg—1(I) + (~=1)%4((0) :4 a) and eq_1(Q) = e4-1(Q) +
(=1)%4((0) :4 a). Hence, 2eo(I) —e1(I) + e1(Q) = 2eo(I) — e1(I) + e1(Q).
Meanwhile, we have 204(A/I) + 4(I/1% + Q) = 20A(A/T) + t4(I/T° + Q).
Therefore, we get the required equivalence. [l

LEMMA 4.2. Put C = A/W. Then 2eo(I) —e1(I) +e1(Q) =204(A/I) +
fA(I/I2 + Q) if and only if 2eg(IC) — e1(IC) + e1(QC) = 204(C/IC) +
LA(IC/IPC+QC) and I’ +Q 2D W.

Proof. Since e;(I) =¢;(IC) and €;(Q) =¢;(QC) for all 0 <i<d—1, and
ed(l) =eq(IC) + (=1)M 4 (W) and e4(Q) = eq(QC) + (—1)(W), we have
2e9(1) —e1(1) +e1(Q) =2e0(IC) —e1(IC) + €1 (QC).
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Assume that 2eg(1) —e1(I) 4+ e1(Q) = 204(A/I) + £A(I/I?> + Q). Then,
since 2eo(IC) — e1(IC) + e1(QC) < 204(C/IC) + LA(IC/I?C + QC) by
Proposition 3.2, and £4(C/IC) < l4(A/I) and (4(IC/I*’C + QC) <
CA(I/I? + Q), we have

260(]) — 61(1) +61(Q) = 260([0) — el(IC’) +61(QC)
< 204(C/IC) + L4(IC/I*C + QOC)
<20A(A/T) +La(T)T? + Q)
= 260([) — el(I) + el(Q).

Therefore, equalities
2e0(IC) — e1(IC) +e1(QC) = 204(C/IC) + £A(IC/I*C + QC),

CA(C/IC) = L4(A/I), and L4(IC/I?C + QC) = £A(I/I?> + Q) hold true.
Then we have I O W since (4(A/I + W) =104(C/IC)=1{€4(A/I). Hence,
because

AT/ 4+ Q+ W) =UA(IC/T*C +QC) =14(1/1* + Q),

we get I+ Q2D W.

Suppose that 2eo(IC) — e1(IC) + e1(QC) = 204(C/IC) + £A(IC/T*C +
QOC) and I? +Q D W. Then we have £4(A/I) =£4(C/IC) and £4(I/I? +
Q) =1LA(IC/I?°C + QC), so that

2e0(I) —e1(I) +e1(Q) =2e0(IC) — e1(IC) +€1(QC)
= 204(C/IC) +LA(IC/T*C + QC)
= 204(A/T) + £a(I/1* + Q),

as required. 0

We are now in a position to prove the implication (2) = (1) of Theo-
rem 1.1.

Proof of (2) = (1) of Theorem 1.1. Put C' = A/W. Then we have I3C =
QI?C and Q"C N I"'C = Q"IC for all n > 1. Since condition (C;) is
satisfied, we have (a1,as,...,d;,...,aq)C :a; C I*?C + QC for all 1 <i <d.
Therefore, passing to the ring C, we may assume that condition (Cs) is
satisfied by Lemma 4.2, because W C (ay,as,...,di,...,aq) : a; C I? +Q for
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1 <4 <d. Then since I? = QI? and Q" NI""1 = Q"I for all n > 1, we have
K® =18 =(0) and K® = (0).

We have to show that K1) = (0), and notice that [K1], = (0) for all
n < 1. Assume that K" # (0). Let n > 2 as the least integer so that [K (D], #
(0), and take 0 # g € [K(MD],, = [Ker 3],,. Put

d
F’:{(al,ag,...,ad)ezd’alZl,aiZOfor2§i§dand2ai:n—1},
i=1

d
F”:{(O,Bg,...,ﬁd)EZd}5120f0r2§i§dand2ﬁi:n—1}.
i=2

Then since

d
F’UF”:{(al,ag,...,ad)GZd‘aizofor 1<i<dand Zai:n—l},

i=1
we may write
> Ta @ (art) (agt)* - (agt)*
a€l'Ur”
= Z Ta @ (a10)2 (agt)2 - - (agt)™ + Z T5 @ (agt)P2 - (agt)Pa
a€el” Ber”

c(I/I*+Q)® Fp_1,

with x4, xg € I, where T, and T3 denote the images of z, and x3 in 1/12 +
Q, and (a1t)® (agt)®2--- (aqt)® and (agt)P2---(aqt)P¢ denote the images
of (a1t)® (agt)® .- (agt)™ and (asgt)® ---(agt)?* in F,_1, respectively. We

then have
= Z Toaftay? - agitn + Z zgay? - Bdt”—()
aclY ger
where zoa7"a3?---ay*t" and xgay” - - agdt” denote the images of z,a]"a5?

ag?t™ and zgay” ---agdt” in [R/IR+ T1,, respectively.
Then because

Z Taay'ay® - ag’ + Z zgay’ - --at e "4 Q,

el Ber”
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I7L+1+QTL Qn 1]2+QTLCQQ1’L 212+aQn ! (a2,a3,...,ad)”_1,
and D gepn zgay - - a?
¢ € Q™! such that

o (a0}

€ (ag,as,...,aq)" ', there exist ¢ € Q" 2I% and

acl”
a1 o [e7 / n—1
= E a7t ay? - ragt +aiq+aiq € (ag,a3,...,aq)" .
a€el”
Therefore, since (az,as,...,aq)" ' a1 C (az,as,...,aq)" 2 ((az,as,...,aq) :

a1) by [8, Lemma 3.5] and (ag,as,...,aq) : a1 C I? + Q, we have
Z zaaf' Tl aS? a5+ g+ ¢ € (az,az,...,a0)" 2 (12 +Q),
ael”

and hence

a;—1 a [ n n—1
ZIO‘ Tay?cayt e I+ Q1
a€el”

by the choices of ¢, ¢'. Hence, we get > Ta ® (a1t)*1 7 (agt)22 - - - (aqt)¥ €
[KM],,_1 = (0), whence

g= Z 75 @ (agt)?2 - (agt)Pa.
Ber

Therefore, g = 0 by the symmetry among the elements a;t, because, for
all 1 <i<d, we have I"t!1 + Q" = Q" 'I? + Q" C a;Q" %1% 4+ a;Q" ' +
(al,ag,...,di,...,ad)"_l, (al,ag,...,di,...,ad)"_l ta; C (al,ag,...,dl-,...,
aq)" 2 ((a1,az,...,di...,aq) : a;) by [8, Lemma 3.5], and (a1, as,...,d;,. ..,
aq) - a; C I? + Q. But this is a contradiction. Thus, we get K = (0) as
required. Consequently, the required equality 2eq(I) —e1(I) =204(A/I) +
£4(I/I? + Q) holds true by Proposition 3.5. U

In the rest of Section 4, we must show the implication (1) = (2) of The-
orem 1.1. Suppose that conditions (C;) and (Cz) are satisfied, and assume
that 2eo(I) — e1(I) + e1(Q) = 204(A/I) + La(I/I? + Q). Put C = A/W;
then we have 2eq(IC) —e1(IC) +e1(QC) =204(C/IC) +£4(IC/I?C +QC)
and W C I? + Q by Lemma 4.2. Therefore, passing to the ring C, we get
QP +W)NI"H +W)=Q "I+ W for all n > 1 and (a1, as,...,d;,...,aq):
a; C I?+Q for all 1 < i < d by Corollary 3.6. Thus, the implication (1) = (2)
in Theorem 1.1 has been proven modulo the following Theorem 4.3.
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THEOREM 4.3. Suppose that conditions (C1) and (Ca) are satisfied, and
assume that 2eq(I) — e (1) + e1(Q) = 204(A/I) + L4(I/I? + Q). Then we
have I? C Q12 +W and I2DOW.

Proof. We put C' = A/W; then all conditions (C;), (Cz), and (C3) are
satisfied for the ring C' and the ideals IC and QQC. We then have 2e¢(IC) —
e1(I0) + e1(QC) = 204(C/IC) + £4(IC/I? + QC) and I? + Q D W by
Lemma 4.2.

Take w € W C I? + @, and write w =i + ¢ with i € I? and ¢ € Q. Then
we have g = —i € QC N I?’C = QIC by Corollary 3.6(2), where g and —i
denote the images of ¢ and —i in C, respectively. Hence,

qeEQI+WNQ=QI

because W N Q = (0) by condition (C;) (see [21, Corollary 2.3]). Therefore,
w=1i+q¢€I? whence W C I?.

In the rest of our proof of Theorem 4.3, we have to show that I3 C
QI? + W. Passing to the ring C, we may assume that all conditions (Cy),
(C2), and (Cs) are satisfied. Put fi; =a;t € R. Then, since depthG > 0 by
Corollary 3.6(3), we may assume that f; is a regular element of G.

We proceed by induction on d. Suppose that d = 1. Since I* C QI C (ay)
by Corollary 3.6(1) and fi = a1 is G-regular, we have I3 = I* N (a1) = a1 I%.

We may assume that d > 2 and that our assertion holds true for d — 1.
We put A= A/(a1), I =IA, and Q = QA, and notice that conditions (Cy)
and (Cy) are satisfied for the ring A and the ideals I and Q. Then we have
2e0(1) —e1(I) +e1(Q) = 204(A/T) + EA(T/TQ + Q) by Lemma 4.1. Hence,
the hypothesis of induction on d says that

I’ CcQI’ +HY(A)
holds true. Therefore, we have
PP+ [(a): Q]

because a1, as,...,aq forms a d-sequence on A. Take x € I3 C QI? + [(a1) :
Q)], and write x =y + 2 with y € QI? and z € [(a1) : Q]. Then we have

z=x—ye(a):Q)NI*C [(a1): Q] NQ = (a1),

because I3 C QI by Corollary 3.6(1) and aq,as,...,aq forms a d-sequence
on A. Therefore, since f; = ajt is a G-regular element, we have z € (a1) N
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I3 = a 1% Thus, we get =y + 2z € QI?, whence I? = QI?. This completes
the proof of Theorem 4.3 and proof of the equivalence of Theorem 1.1,
conditions (1) and (2), as well. 0

85. Proof of the main theorem: Part 2

The purpose of this section is to prove the last assertions in Theorem 1.1.
To begin with, we note the following.

REMARK 5.1. Assume that I? C Q and that 2eq(I) — e1(I) + e1(Q) =
204(A/I)+LA(I/I? + Q). Then A is a Cohen-Macaulay ring and I? = QI,
so S = (0) by Remark 2.1. Hence, G is a Cohen-Macaulay ring, and the
a-invariant a(G) of G is at most 1 —d.

Proof. Since I? C Q, we have £4(I/I> 4+ Q) =£A(I/Q). We then have

{204(A/T) +La(I/ 1P + Q) } — {2e0(1) —ex(I) +e1(Q) }
= {204(A/T) +La(I/Q)} —2e0(I) +e1(I) —e1(Q)
> La(A/T) +La(A/Q) — 2e0(1)
+ {eo(I) +e1(Q) — La(A/I)} —e1(Q)
=0a(A/Q) —eo(I) =La(A/Q) —eo(Q) > 0
because e1(I) > eo(I) + 01(Q) — £4(A/T) by [6, Theorem 3.1]. Therefore, we
have £4(A/Q) = eo(Q), whence the base local ring A is Cohen Macaulay.

Then we have I2 = Q N I1? = QI by Corollary 3.6(2). Thus, G is a Cohen—
Macaulay ring with a(G) <1 —d. U

We divide the proof of the last assertions in Theorem 1.1 into a few steps.
Let us begin with the following.

THEOREM 5.2. Suppose that conditions (C1) and (Ca) are satisfied, and
assume that 2eo(I) —e1 (1) +e1(Q) = 204(A/I) +L4(I/I*+Q). Then G is a
generalized Cohen—Macaulay ring, and S is a generalized Cohen—Macaulay
T-module.

Proof. When I? C @, then G is a Cohen-Macaulay ring and S = (0)
by Remark 5.1. Therefore, we may assume that I? ¢ Q; hence S # (0).
We put C' = A/W. Then all conditions (Cy), (Cz2), and (C3) are satisfied
for the ring C' and the ideals IC and QC. We have 2e¢(IC) —e1(IC) +
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e1(QC) =204(C/IC) + £4(IC/I?C + QC) by Lemma 4.2. Let us consider
the canonical epimorphism

G2 GIo)

of graded rings. Then, since depth G(IC') > 0 by Corollary 3.6, it is easy to
see that Ker ¢ = HY,(G). Hence, we have H},(G) 2 H},(G(IC)) as graded
T-modules for all ¢ > 1. Thus, passing to the ring C, we may assume that
condition (Cs) is satisfied.

By Proposition 3.5, we have exact sequences

(t) 0= (I[/IP+Q)®F)(-1) = R/IR+T — S(-1) =0,
(fs) 0=F—>G—R/IR+T—0

of graded T-modules. Applying the local cohomology functor H,(*) to the
exact sequences (1) and (f5), we get monomorphisms

Hi/(G) — Hiy (R/IR+T) — Hy;(S)(—1)

of local cohomology modules for 0 <i <d — 1 because F = (A/I)[X1, X2,
..., X 4] is a polynomial ring over A/I by Lemma 2.2, whence (I/I*+Q)® F
is a maximal Cohen-Macaulay F-module. Then we have s < g-depth,; G,
where s = g-depth,,; S. Therefore, s = g-depth,; G = d by Proposition 2.7.

Q

The following Proposition 5.3 will give proofs of Theorem 1.1, assertions
(1), (ii), and (iii).
PROPOSITION 5.3. Suppose that conditions (C1) and (Cz) are satisfied,

and assume that 2eq(I) —e1(I) +e1(Q) = 204(A/I) + LA(I/I? + Q). Then
we have the following.

(1) For alln€eZ,

W/ IPnNw if n=2,
[HY,(G)], = I"nW/I" W ifn>3,
(0) otherwise.

(2) We have HY,;(G) = [H},(G)]a—; X HL(A) for 1<i<d-—1.
(3) We have a(G) <2 —d.
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Proof. When I? C Q, then G is a Cohen-Macaulay ring with a(G) <1—d
by Remark 5.1. Hence, we may assume that I2 Z ), whence S # (0). Let
C = A/W. Then all conditions (C;), (Cz), and (Cs) are satisfied for the
ring C' and the ideals IC' and QC. We have 2e¢(IC) —e1(IC) + e1(QC) =
204(C/IC) +£4(IC/I?C + QC) by Lemma 4.2.

Condition (1). Let us consider the canonical epimorphism

G- GI0)
of graded rings. Then, for each n € Z, we have
[Ker ), Z I"NW/I" ' nW,

so that Ker ¢ is a finitely graded module because I"NW = (0) for all n > 0.
Therefore, H},(G) = Ker ¢ since depth G(IC) > 0. Then because W C I? by
Theorem 4.3, we have [H), (G)],, = (0) forn = 0,1and [H},(G)]a = W/I3 N W.

Conditions (2) and (3). We proceed by induction on d. Passing to the ring
C', we may assume that condition (Cs) is satisfied. Then, since depthG >0
by Corollary 3.6(3), we may take fi =a;t as G-regular.

Suppose that d = 1; then I® = a;I?> by Theorem 4.3. Take the exact
sequence

0— G/ fiG —Hy (G)(~1) B HY,(G) = HY(G/1G)

of local cohomology modules. Then we have a;(G) <1 because G/f1G =
AJTeI/(I*+ Q) I%/QI.

Assume that d > 2 and that our assertion holds true for d —1. We put A =
A/(ay), I =TA, and Q = QA; then conditions (C1) and (Cg) are satisfied for
the ring A and the ideals I and Q. Then we have 2eo(I) —e1(I) +e1(Q) =
204(A/T) + ZA(T/TQ + Q) by Lemma 4.1. By the hypothesis of induction on
d, we get

01 (G(D) = max{n € Z| [ (CD)], #(0)} <2 (d—1) =3 —d

and . ' ‘

Hy, (G(D)) = [Hy (G(D))],_, = Hy(A)
for all 1 <i <d— 2. Since I> = QI? by Theorem 4.3 and condition (C1)
is satisfied, we have T N HY(A) C Q NHY (A) = (0) for all n >3 by [21,
Corollary 2.3]. Therefore, we have
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H, (G()) = [H3,(G())], = Hy(4)

by assertion (1).
Because fi = ajt forms G-regular element, we have G/ f1G = G(I). Apply
local cohomology functors H}W(*) to the canonical exact sequences

-GS esald=o

of graded rings and look at the derived long exact sequence
0 HO, (G(T)) - HY(G)(—1) B HL,(6) = B, (G(D) = -
i— 7 i ho i 7
(1) - = HLHGT)) = Hy (G)(—1) = Hy (G) = Hy (GIT)) — -

S HEY(GD) = B (G) (1) B ad,(6) =0

of local cohomology modules.
Setting a = a(G) in the exact sequence () shows that

[H(G)(-D)],,,, = AL (G)], (# (0))

is a homomorphic image of [H3; ' (G(T))]at1. Hence, a+1 < a(G(T)) < 3—d,
whence a <2 —d.

Because H4, 1 (G(T)) = [HY,; ' (G(T))]3—; for all 1 <i<d— 1, we get mono-
morphisms

0— [Hy(®)] _, = [Hy(G)]

for all n >4 — i by the exact sequence (), whence [H%,(G)], = (0) for all
n>3—1.

On the other hand, since H;(G(I)) = [H;(G(I))]2—; for all 1 <i < d—2,
we get epimorphisms

n—1 n

[Hy ()], = [Hu(G)], =0

for all n <1—1i by the exact sequence (f). Therefore, since G is a generalized
Cohen-Macaulay ring by Theorem 5.2, we have [H},(G)],, = (0) for all 1 <
i <d—2and n<1—i. Thus, H{,(G) = [H};(G)]2—; for all 1 <i<d-—2.
Then because
0= [Hy, (@), = [Hy (G)]

for all n < 2—d, to prove Hi; 1(G) = [H}, ' (G)]3_q it is enough to show that
H3H(G)]2—a= (0).

n—1 n

https://doi.org/10.1215/00277630-2351002 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2351002

120 K. OZEKI

Thanks to Proposition 3.5, we have exact sequences

(t1) 0= ([/IP+Q)®F)(-1) > R/IR+T — S(-1) =0,
(f) 0F—=G—R/IR+T—0

of graded T-modules so that applying local cohomology functors Hﬁw(*), we
get monomorphisms

[H8 (@] g = [Hy (R/TR+ D],y [Hy (9],

because F' = (A/I)[X1,Xs,...,X4] is the polynomial ring over A/I by
Lemma 2.2, whence (I/I?> + Q) ® F is a maximal Cohen-Macaulay F-
module.

We now need the following claim.

CLAIM 1. For each 1 <i<d—1, we have [Hy;(IR)], = (0) for alln <2—i
and n < 0.

Proof. Let 1 <i<d—1. Look at the exact sequence
Hy (@) — Hy (IR) — Hjy(R)
of local cohomology modules which is induced by the exact sequence
0—+IR-R—-G—0

of graded T-modules. Then, since HY;'(G) = [H4,'(G)]3—; by the above
argument, we have monomorphisms

[Hy (IR)] < [Hy(R)]

n

for all n <2 —14. We also have isomorphisms

[Hy(R)], = [, (IR)],
for all n < 0, which are induced by the exact sequence
0—>IR(-1)>R—A—=0
of graded T-modules so that
(1, (IR)], = [Hy(R)], = [Hy (IR)],

forall n<2—4 and n <0.

https://doi.org/10.1215/00277630-2351002 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2351002

THE STRUCTURE OF SALLY MODULES 121

Therefore, since Hi,(R) is finitely graded (because G is a generalized
Cohen—Macaulay ring by Theorem 5.2, so is R by [21, Proposition 6.1]),
so is HY,(IR). Consequently, we get [HY,;(IR)],, = (0) for all n <2 —i and
n <0. Q

We now look at the exact sequence

(3 IR,y = ()], — [H (IT)]

of local cohomology modules induced by the canonical exact sequence
0—=IT—-IR—-S—0

of graded T-modules. Then, since [H%,(IT)];_4 = (0) by Lemma 2.6 and
[HY H(IR)])1_g = (0) by Claim 1, we have [H% *(S)]1_4 = (0), whence
[H%I(G)]g_d = (0). Thus, we get HCXZI(G) = [H‘EI(G)]g_d.

In the rest of our proof of Proposition 5.3, we have to show that
[HY, (G)]2—; 2 HE(A) for 1 <i<d—1. Because conditions (C1) and (Cs)
are satisfied, we have the canonical exact sequence

) 05ASA-A-0

and a;HL (A) = (0) by [21, Theorem 2.5]. Then applying the local cohomol-
ogy functor HY () to the exact sequence (i), we have H% (A) = H. (A) (see
[10, Lemma 2.6], [21, Proof of Lemma 1.7]). Therefore, we get

Hy(G) = [Hy(G)], = [H}, (G()) ], = Hy(4) = Hy (4)

by the exact sequence (f).
Suppose that 2 <i < d — 1. Applying local cohomology functors H (x)
to exact sequences (f;) and (f5), we get monomorphisms

[Hy(G)],_, = [Hiy (R/IR+T)], . — [Hy(S)],_.-
Now take the exact sequence
[ (TR)], ;= [Hy ()], = [Hy (I,
induced by the exact sequence

0—=IT—IR—S—0.
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Then, because [Hy,(IR)];—; = (0) by Claim 1 and [Hy(IT)];-; = Hi (A)
by Lemma 2.6, we get

Hjy(G) = [Hiy (G)],_, = Hy(A)

for 2<i<d—1. Then because

d—1 d—1

[4)<1G) =3 (d; 1)@ (M (@) <3 (d; 1)& (HL(A4)) = 1(4)

i=1 =1

(see [5, Proposition 3.2], [21, Corollary 5.2]), we get £ (H%,(G)) = £4(HL (A))
for 1 <i<d—1. Thus, H{,(G) = [H};(G)]2—i X H,(A) forall 1 <i<d—1.

m

This completes the proof of Proposition 5.3. 0

Thanks to Proposition 5.3, we can explore the structure of the Sally
module S of the ideals I with respect to @ satisfying 2eo(I) —e1(I)+e1(Q) =
204(A/I) +LA(I/I? + Q) as follows.

COROLLARY 5.4. Suppose that S # (0) and that conditions (Cy), (Ca),
and (Cs) are satisfied. Assume that 2eo(I) —e1(I) + e1(Q) = 204(A/I) +
CA(I/I? + Q). Then we have

(1) eo(S) =eo(I) = €a(A/T) = La(I/I* + Q),

(2) e1(S) =er(I) —eo(I) + La(A/T),

(3) eZ(S) :ei_l(Q) +ei(Q) fOT 2<i<d-—1,

(4) H,(S)=[H,(S)h— 2HL(A) for 1<i<d—1, and
(5) the a-invariant a(S) of S is at most 1 —d.

Proof. Recall that dim7 S =d by Lemma 2.3.
(1), (2), and (3) By Lemma 3.3 and Proposition 3.5, we have

Ca(Snr) = La(I" /T = {La(A/D) + a1/ T + Q) } (nﬁI 1)
+0a(I/ 1P+ Q) (n jl_f; 2)

for all n > 0. On the other hand, we have
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€a(Sn-1)
Seen( )
_ di(—l)’ez(S) (” - clz i ‘f:j - Z) +(—1)Teq s (S)
1=0
=§(—1)zez<s>{<”§f[:’) S S | RACR T
e () e ()
w) ("5 S HedS) e (9)) ("2t

eo(S) =eo(I) — {La(A/T) + La(I/T* + Q)},
e1(S) +eo(S) = ei(I) — La(I/T* + Q)
GZ(S)+6171(S):GZ(I) for2<i<d-1.

Then we have

e1(S) =e1(I) = La(I/1* + Q) — eo(S5)
e1(I) = La(I/1* + Q) — {eo(I) — €a(A/T) — La(I/T* +Q)}
er(I) —eo(I) +La(A/),

and, because e;(I) =e;_1(Q) + €;(Q) + €;—1(S) for all 2 <i < d by Corol-
lary 2.5, we have

eZ(S’) = ei(I) — ei_l(S’)
={ei-1(Q) +e(Q) +ei—1(5)} —ei—1(S) =ei—1(Q) + &(Q)

forall 2<i<d-—1.
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(4) Thanks to Proposition 3.5, we have exact sequences
(1) 0= (I/I’+Q)® F)(~1) = R/IR+T — S(-1) =0,
(tfs) 0=F—G—R/IR+T—0

of graded T-modules. Then because F' = (A/I)[X1,Xo,...,Xy4] is a poly-
nomial ring over A/I by Lemma 2.2 so that (I/I?>+ Q) ® F is a maximal
Cohen—Macaulay F-module, we obtain
H)y (G) = Hy (R/IR +T) = Hy (S)(-1)
as graded T-modules for 0 < i < d — 2. Therefore, since HY,(G)
[HM(G)]Q,Z =~ H! (A) by Proposition 5.3(2), we get HY,(S) = [H%,(S)]1—
Hi (A) for 1<i<d-—2.
Let us look at the exact sequences

(t1) 0—HYYR/IR+T) —HIH(S)(—1) = HY, ((I/I*+Q)® F)(-1),
(o) 0—=HYNG) = HI YR/IR+T) — HY,(F)

el

of local cohomology modules induced by the exact sequences (f;) and (f5).
Then because H$,'(G) = [H4,%(G)]3_4 by Proposition 5.3(2) and
[HY,(F)],, = (0) for all n > —d, we get [Hi,*(R/IR+T)], = (0) for all n >
4 — d by the exact sequence (f,)’. Then since [H%,((I/I?+ Q) ® F)(=1)], =
(0) for all n > 2 —d and by the exact sequence (1,)’, we obtain [H%,*(S)], =
(0) for all n >3 —d.

From the exact sequence

HY, Y(IR) — HY,H(S) — HY,(IT)
of local cohomology modules induced by the exact sequence
0—=IT—IR—S5—0
of graded T-modules, it follows that H% '(S) = [Hi;'(S)]a_a because
[He,(IT)], = (0) for all n <1 —d by Lemma 2.6 and [Hi'(IR)], = (0)
for all n <1 —d <0 by Claim 1 in our proof of Theorem 5.3. Therefore, we

get isomorphisms

HY N (S) = [He1(9)],_, = [HYy H(G)],_, 2 HE(A)

by the exact sequences (1), (5)’, and Proposition 5.3(2).
(5) Since a(G) <2 —d by Proposition 5.3(3), we get a(S) <1—d by the
exact sequences (T;) and (f5). U

We are now in a position to prove the last assertions in Theorem 1.1.
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Proof of the last assertions in Theorem 1.1. Assertion (i). Thanks to
Proposition 5.3(1), we may assume that A is a Buchsbaum ring. Then since
I3 C QI? + W by Theorem 4.3 and m- W = (0), I* = QI holds true. There-
fore, I"NW CQNW =(0) for all n >4 by [21, Corollary 2.3]. Thus, we
get the required assertions by Proposition 5.3(1).

Assertions (ii), (iii). See Proposition 5.3(2),(3).

Assertions (iv), (v). When I? C @, then A is a Cohen—Macaulay local
ring and 12 = QI holds true by Remark 5.1. Then we have e (I) = eo(I) —
la(A/I)ande;(I)=0for2<i<d (see[14, Theorem 2.1], [7, Corollary 2.3]),
and €;(Q) =0 for all 1 <i<d, whence our assertions hold true. Thus, we
may assume that 12 C /Q, whence S # (0).

Put C = A/W. Then all conditions (Cy), (C2), and (Cs3) are satisfied
for the ring C' and the ideals IC and QC, and we have e;(I) = ¢;(1C),
ei(Q) =¢;(QC) for all 0 < i < d—1, eq(I) = eq(IC) + (1)U 4(W), eq(Q) =
ed(QC) + (—1)UA(W), and £A(A/I) = £4(C/IC). We also have 2eq(1C) —
e1(IC) +e1(QC) =204(C/IC) +L4(IC/I*C + QC) by Lemma 4.2, whence
passing to the ring C', we may assume that condition (Cs) is satisfied.

Thanks to Corollary 5.4, we have

e1(S)=ei(I)—eo(I)+€4(A/T) and ei(S) =ei—1(Q) +;(Q)
for all 2 <i <d — 1. Therefore, by Corollary 2.5, we have

e2() = e1(Q) +e2(Q) +e1(S) =e1(Q) +e2(Q) +er(I) —eo(I) +La(A/T),
ei(l) =ei—1(Q) +ei(Q) +ei-1(5) = ei-2(Q) + 2,1 (Q) + €;(Q)

for all 3 <7 <d.

Assertion (vi). We proceed by induction on d. Suppose that d =1. Then
since m - W, we have M - H},(G) = (0) by assertion (i). Thus, G is a Buchs-
baum ring (see [20, I. Proposition 2.12]).

Assume that d > 2 and that our assertion holds true for d — 1. Put
C = A/W. Then all conditions (C;), (Cz), and (C3) are satisfied for the
ring C' and the ideals IC and QC, and we have 2eq(IC) —e1(IC) +e1(QC) =
204(C/IC)+£A(IC/I*C+QC) by Lemma 4.2. Then we have depth G(IC) >
0 and

H), (GIC)) = [Hy (GUC))], |, = H(C)

for 1 <i<d—1 by assertion (ii).
Let D =C/a1C, and put f=ajt. Then f is a G(IC)-regular element,
and all conditions (Cp) and (Cs) are satisfied for the ring D and the ideals
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ID and @QD. We also have 2eo(ID) —ei1(ID) + e1(QD) =204(D/ID) +
¢4(ID/I?D + QD) by Lemma 4.1.

Then the hypothesis of induction on d says that G(ID) is a Buchsbaum
ring. Because f = a1t is a G(IC)-regular element, G(ID) = G(IC)/fG(IC),
and fHY;(G(IC))=(0) for 1 <i<d—1, G(IC) is also a Buchsbaum ring
by [20, I. Proposition 2.19]. Furthermore, the kernel of the graded homo-
morphism G — G(IC) coincides with HY,(G). Thus, we get that G/HS,(G)
is a Buchsbaum ring.

Let V. =m+ It C R. Then, because the residue class field A/m is infinite,
we may choose a system of generators £1,&a,...,& of V such that {&}ien
form a system of parameters for G for any subset A C {1,2,...,¢} with d
elements. In order to prove the Buchsbaumness of G, it is enough to show
that

({&}iea)G NHY,(G) = (0)
for any A stated above (see [20, I. Proposition 2.22]).

We may take A = {1,2,...,d} for simplicity, and let §; = z; — b;t with x; €
m and b; € I for 1 <i<d. Put q=(b1,b2,...,bq). Since (£1,&2,...,&q)G +
mG = (bit,bat, ..., bgt)G+mG, bit,bot,. .., byt forms a system of parameters
for G/mG. Hence, q = (b1,b2,...,bq) is a reduction of I. Then we have that
condition (Cyp) is satisfied for the ideal q = (b1,b,...,bq) by our assump-
tion that A is a Buchsbaum local ring. Since the Castelnuovo-Mumford
regularity

reg G(IC) :=max{n +1i | [Hﬁ\/[ (G(IC’))L #(0),i,n €}

of G(IC) is at most 2 by assertions (i) and (ii), we get I3C = qI*C, whence
I3 CqI? + W (see [22, Proposition 3.2]).
Let g; = b;t for 1 <i <d. We then have the following claim.

Cram 2. We have that g1,92,.-.,9q 18 standard on G.

Proof. Since G is a generalized Cohen-Macaulay ring with I(G) =I(A)
by assertions (i) and (ii), we have

]I(G) Z ég(G/(gl,gg,. .. ,gd)G) — eo(gl,gg,. .. ,gd;G)
> La(A/q) —eo(q) =1(A) =I(G),

where ey(g1,92,...,94;G) denotes the multiplicity of G with respect to

(917927 <o 7gd)G' Therefore? ]I(G) = EG(G/(gtha <o 7gd)G) - 80(917927 s
94; G), whence g1, 92, ...,gq is standard on G (see [21, Theorem 2.1]). 0
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Take any ¢ € (&1,€2,...,£)GNHY,(G). Then we can write p = wat? + w3t3
with wy € W and w3 € W N I3 by assertion (i), where wot? 4 wst3 denotes
the image of wot? + wst3 € R in G.

Let us write ¢ = Zle &m; with m; € R for 1 <4 <d, where 7; denotes
the image of ; in G. Taking N > 0, we write 7; = Z;V:o nijtj with 7;, € I
for 0 <j < N and 1 < <d. Then we may express ni; € qu_l for3<j <N
and 1 <i <d, because & € mA[t], I? C qI? + W, and m - W = (0). Then
since we have

d
wot? + wstd =Y &7
i=1
d N L
= Z&‘ (Z mjtj)

i=1 7=0

e
)

<
Il
=)
-
Il
—

(m; — bit)n;, t7

M&

win; ) — Zzbzm titl

7=01i=1

N d d
RETED ) MICTIELINEES UM
i=1

]: =1

g~ 1-
m

—

.
Il

in G, we get the following equations:
d
w2 — Z(wmm —bin;,) € I,
i=1
d
w3 — > (2 — bimiy) € T*,
i=1
d
Z(ﬂfimj —bini;_,) € Tt for 4<j <N,
i=1
and
d
Z biniy € TNT2.
i=1
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Let us now look at the second equality,

d
w3 — Z(minis — bin’ig) S I4 = qu.
=1

Then because z;1;, € mI® Cm(qI?+ W) C q and condition (Cy) is satisfied,
w3 € qNW = (0) by [21, Corollary 2.3], whence ws = 0.
It is now enough to show that wy € I2. We need the following claim.

CLAIM 3. There exist elements y( €l for2<j<Nandl<a<p<d
such that

Zb (mg +) zay) Zxﬁyfg)) e’ *?,

a<i i<p

Proof of Claim 3. We proceed by descending induction on j. When j =
N, we may take yé{,}:@ forall 1<a< p<d.

Assume that 7 < N — 1 and that our assertion holds true for j + 1. Then
by the hypothesis of induction j there exist elements yfjj” € '+ for all
1 <a < f<dsuch that

Z (mm + waydth - ngygﬂ)) e I3,

i=1 a<i i<f

Then since z; € m and :Bly(]ﬂ) € x; 0t C oz (qu + W)= xinj, we may
take yéﬁ b €ql’ forall 1 <a< B<d. Put

+1 (G+1)
(] ) _ =iy + Z%y(”l Zx yZ]

a<i i<

for 1 <i<d. Let K¢ =Keo(g1,92,---,94;G) be the Koszul complex with the
differential maps 0, : K, = Kp_1, and let 77,75, ..., Ty be the free basis of

K. Puto=Y" v§j+1)t1+1T¢. We then have

d

d
)= gl Vet = (bl ez =0

i=1 i=1
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in G because Zle bivi(jH) € I’+3. On the other hand, since Ul(j—’—l) € ql’ we
have o € (91,92, --.,94)K1. Hence, o € (g1,92,...,94)K1 N Z1(K) = B1(K)
because g1, g2, ..., gq forms a d-sequence on G by Claim 2, where Z;(K) :=
Kerd; and Bi(Z) := Imd,. Therefore, there exist elements ygﬂ) e I’ for
1 <a < B <dsuch that

02(D YW T A T) =
a<f
Then we have
—-82(§E:y&gtj75/\ib)
a<f
=" gy~ gyt T,
a<f a<f
= Z baygﬁ)tj“Tﬂ - Z bﬁygﬁ)tj“Ta
a<f a<f
d . .
=3 (bl = b )T
i=1 a<i i<p

Hence, we have

J+1 HHl — (Z bay) — Zb n )t]Jrl

a<i i<f

(y+1 (Zbaya Zbﬂyfg))eﬂﬂ

a<i i<f

in G so that

for all 1 <4 <d. Then since fo:l :Bwl(jﬂ) = Z?:1 Tini;,,, we have the fol-
lowing:

d
sz( (+1) Zb y Zbﬁyg)) c [/+2

=1 a<i i<p

i (G+1) (ZZ% aya Zszbﬁy >

i=1 a<i =1 i<
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d
S N o >

=1 1< =1 a<i

_melgﬂ Zb (ngy ZfL‘ay&{)>

i1<f a<i

Therefore, because Zle(xmijﬂ —bini;) € 12, we get

Zb (i, + S wasld) = Sy} € 1742,

a<i i<
as required. 0
Thanks to Claim 3, there exist elements y,%) €I? for 1 <a < f<dsuch
that
2
S b+ Cas - Y am?) e
i=1 a<i i<p
Put
2 2
vi=v =n > zay@ = wayl”
a<i i<p

for 1 <4 <d. Then we have Z?Zl biv; € I* = qI3. Therefore, there exist v} €
I? with 1 <i < dsuch that Zle biv; = 2?21 b;v}, whence we get 2?21 b (v; —
v}) =0. Then for each 1 <1i <d we have

(3 —U; S [(bl,bg,...,gi,...,bd) bz} = [(bl,bg,...,bvi,...,bd) :m}
so that x;(v; —v}) € q. Since z;v} € mI3 Cm(ql? + W) C q, we get z;v; € q.
On the other hand, since Ele Tiv; = Zle x;iMiy, We have

d

d
Z(xmiz = bini,) Z zivi — bimiy) € 9.
i=1

i=1

Put ¢ = Z?Zl(acmiz — bini, ); then because we — q € I? C qI? + W, we may
write wy —q = ¢ +w' with ¢’ € qI? and w’ € W. Then as wy —w' =q+¢ €
gN W = (0) by [21, Corollary 2.3], we get ¢ = —q' € qI%. Thus, because
we — q € I?, we get wy € I2. This completes the proof of assertion (vi) and
that of Theorem 1.1 as well. []
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86. An example

In this section, we construct one example of an m-primary ideal I which
satisfies 2eq(I) —e1(I) +e1(Q) =20a(A/I) +£a(I/I*+ Q) in a Buchsbaum
local ring. Our goal is the following.

THEOREM 6.1. Let £ >0 and d > 2 be integers. Then there exists an
m-primary ideal I in a Buchsbaum local ring (A,m) such that

d=dimA,  HL(A)=(0) fori#l.d,  a(Hy(A))=¢,
and
2e0(I) —e1 (1) +e1(Q) =204(A/I) + LA(I/I? + Q)

for some reduction Q = (a1,as,...,aq) of I.

To construct the necessary example we need some techniques which are
due to [4, Section 6]. Let us begin with the following.
Let m,f >0, and d > 2 be integers. Let

U =k[{Xihi<i<m, {Yih<j<e Vi h<j<ei<i<a {2k bi<r<d]

be the polynomial ring with m + £ + ¢d + d indeterminates over an infinite
field k&, and let

>J 6>

+ (Vi Vi | 1<5,5' < 61<k K <d,j#j or k#K)
+ (V2 -Y;Z,|1<j <1<k <d).

We put C'=U/a and denote the images of X;, Y}, Vj,, and Z, in C by z;,
Yjs Vj,, and ag, respectively. Then dimC =d, since /a = (X;,Y;,Vj, |1 <
i<m,1<j<l1<k<d). Let M=Cy = (x;,95,v,a, |1 <i<m,1<
Jj <¢,1<k<d) be the graded maximal ideal in C. Let A be a subset of
{1,2,...,m}. We put

a=(a;|1<i<d)
and

Ja=q+ (@a|a€A)+ (v, [1<j <1< Kk <d).
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Then M?=gM, J3 =qJx +q(y1,92,.--,9¢), and J3 = qJ3, whence q is a
reduction of both M and Jy, and aq,ae,...,as is a homogeneous system of
parameters for the graded ring C'.

Let B = Cuy, and let n = MB denote the maximal ideal of B. We then
have the following.

THEOREM 6.2. The following assertions hold true:

(1) B is a Cohen-Macaulay local ring with dim B =d;

(2) eo(qB) = e()(JAB) =m-+Lld+{+ 1;

(3) e1(JaB) =eg(JAB) —€p(B/JAB) + £ =4A+ ¢d + ¢, where A denotes
the number of elements of the set A;

(4) e;(JAB) =0 for all 2 <i<d;

(5) G(JaB) is a Buchsbaum ring with depth G(JyB) =0 and [(G(JAB)) =
ld; and

(6) R(JAB) and R/(JAB) are Buchsbaum rings with I(R(JAB)) =
I(R/(JaB)) = {d.

We divide the proof of Theorem 6.2 into a few steps. Let us begin with
the following.

PROPOSITION 6.3. Let p= (X; |1 <i<m)+(Y;[|1<j<O)+(V;, |1<
j<01<k<d) inU. Then £o,(Cy) =m+Ld+ £+ 1.

Proof. Let U = U{1/Zx}1<k<d), and put k = k[{Zx }r<h<a, {1/ Zi}1<red]
in U. Let X! =X;/Z1 (1<i<m), Y/ =Y;/Z (1<j<0),and V] =
Vie/Zv (1 <j <4 1<k<d. Then {X[}i<i<m, {Yj}igj<e, and

{‘/j,k}lgjg,lgkgd are algebraically independent over k,
ﬁ=%[{Xf}lgigm,{Yj,}lgjsza{Vj,k}léjS&lSde}’

and

aU = ({ X[ h<i<m Y] J1<j<e AV}, i<n<a) - (X 1<icms {Y] i<j<0)
+ (VI Vi 114, S61<k K <dj#j or k#K)

21 /
HGve -y

1§j§&1§k§d)
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Let W = k[{X/}1<i<m, {V}, h<j<ti<k<d in U, and let

b=(X/,Vj [1<i<m,1<j<l1<k<d) (X.,V?|1<i<m,1<j<0)

L " Jk

+ (Vi Vi 114, S61<k K <dj#j ork#K)
AR ) -
+(Z—kvjk —VE|1<i<e2<k<ad)

in W. Then, substituting Y} with Vj’f in U for 1< j </, we get the isomor-
phism L

U/aU =2U :=W/b
of /;:—algebras, under which the prime ideal p(? / al corresponds to the prime
ideal P/b of U, where P=W, := (X, V! |1<i<m,1<j</(1<k<d).

2 " Jk

Then, since b+ (V2|1 <j </)=P? and
b (b4 (V211 <5< 0O)Wp/bWp) =1,

we get

5, (Up) = bw,(Wp/P*Wp) + w, (b + (V2 | 1 <j < 0))Wp/bWp)

=(m+Ld+1)+4L.

Thus, BCP(Cp)zﬁﬁp(Up) =m+Lld+{+1. [

We have by the associative formula of multiplicity that

eo(q) = Le, (Cy) - o5 P ((q + pC) /pC) = m + £d + £+ 1

because p =+/a and C/pC =U/p =k[Z; | 1 <k <d]. On the other hand,

we have

C/a=k[{Xih<rem {YVih<i<e AV h<j<ea<i<al /¢,
where
Thus, eo(q) =Lc(C/q) =m +€d+ ¢+ 1, so that C is a Cohen-Macaulay

ring.

PROPOSITION 6.4. We have £c(Jp/Jr) =4, J3 = qJn, and J} = J} for
alln>2. Here J\ = UK>O[J£+1 : JX] denotes the Ratliff-Rush closure of Ja
(see [17]).
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Proof. Let K = Jx + (y1,v2,--.,Y¢). Then {c(K/Jy\) =¢ and K? = qK =
J3 A Therefore, K = K because K2 = = qK, while we have K = J, because
= J2. We also have JA =q" 2J2 =q"2K?%=J} for all n > 2. Thus, we

get the required assertions. []

We are now in a position to finish the proof of Theorem 6.2.
Proof gf Theorem 6.2. Because j/;/B — Jp\B, we get EA(j/:/B/JAB) =/
and JAB = q(JaB) by Proposition 6.4. Hence, we have
e1(JaB) = e1(JaB) = eo(JaB) ~ L5(B/JrB)
eo(JaAB) — l5(B/JAB) + L5(JrB/J\B)
eo(JAB) —lp(B/JAB) + ¢

and ¢;(JyB) = ¢;(JyB) =0 for all 2<i <d by [14, Theorem 2.1]. Since
ClIN=E[X;,Y;|1<i<m,1<j</{/d,

where ¢ = (X;,Y; |1 <i<m,1<j</)?+ (Xo|a€A), we have {5(B/
JAB)=Lc(C/Jr) =m+ L+ 1—4A. Hence, e;(JaB) = A + ¢d + ¢ because
eo(JaAB) =eo(qB) =m +€d+ ¢ + 1. This gives the proof of assertions (1),
(2), (3), and (4).

Assertions (5) and (6). Since jﬁ?Q = qJAB, R/(JAB) is a Cohen—Macaulay
ring. We put W’ = R/(JyB)/R/(JyB) and look at the exact sequence

0—R/(JAB) = R/(JoB) — W' — 0(x')

of graded R/(JoB)-modules. Observe that W’ = [W’]; = Jy B/Jy B because
I\B" = = (JpB)™ for all n > 2 by Proposition 6.4, whence we have {g(W') = £.

Let N = (n,R(JAB)+,t H)R/(JAB) be the unique graded maximal ideal
of R/(JpB). Then since R’ (Jj;é) is a Cohen—Macaulay ring, applying local
cohomology functors HY; (*) to the exact sequence (') yields Hy(R/(JAB)) =
(0) for alli # 1,d+1, and Hy(R'(JAB)) = W'. Then because nW’ = n(JpB/
JAB) = (0), we have nH} (R'(JyB)) = (0). Thus, R/(JAB) is a Buchsbaum
ring with the Buchsbaum invariant

d

I(R/(JAB)) Z( )63 (Hy (R'(JAB))) =d - £p(W') = dd,
=0
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whence so is the graded ring G(JyB) = R/(JAB)/t 'R/(JAB). We simi-
larly have that R(JyB) is a Buchsbaum ring with I(R(JyB)) = ¢d, because
R(,Z\VB) is a Cohen-Macaulay ring and R(JfAvB)/R(JAB) = Z\VB/JAB. This
completes the proof of Theorem 6.2. H

Let us now consider the following.

Put J=Jg1 5. myB, and put A=k + J. Then A is a local k-subalgebra
of B with maximal ideal m = J, and B is a module finite extension of A,
because £4(B/A) =/04(B/J) —1={. Hence, A is a Noetherian local ring
with dim A = dim B = d by Eakin-Nagata’s theorem (see [15]). We fix a
subset A of {1,2,...,m} and put

I=J\B and Q= (a1,az,...,aq)A.

Then [ is an m-primary ideal in A and () is a parameter ideal in A and a
reduction of 1. We then have the following.

THEOREM 6.5. The following assertions hold true.

(1) Here A is a Buchsbaum local ring with Hi (A) = (0) for all i # 1,d and
HL(A)= B/A, whence {4(HL(A)) =¢;
eo(l)=m+Ld+L+1;

61<I) = ﬁA—Ffd-i-g;

e;(I)=0 for2<i<d—1 and eq(I) = (—1)4T1¢;
2e0(1) — ex(I) +e1(Q) = 2a(A/1) + La(I/ T +Q);
G(I) is a Buchsbaum ring wzth Hi,(G(I)) = (0) for all i #1,d, and
HY, (G(D)) = [H, (G(I))y = HY(4) = B/A,

N N N S
— — N —

Before giving the proof of Theorem 6.5, let us note the following.

LEMMA 6.6. We have [(a1,a2,...,d;...,a5)A:4a;] C1 for all 1 <i<d,
whence condition (Cy) is satisfied for the ring A and the ideals I and Q.

Proof. Take x € [(a1,a2,...,di,...,aq)A 14 a;], then a;x € (a1,a2,...,d;,
.,aq)AC (a1, az,...,d;,...,aq)B. Then since B is a Cohen-Macaulay ring
and aj,ag,...,aq forms a system of parameters for B, we have z € (a1, az,
sy .yaq)B C JyB =1, as required. [l

Proof of Theorem 6.5. Assertion (1). Look at the canonical exact se-
quence

0—-A—-B—B/A—0
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of A-modules. Then since B is a Cohen-Macaulay ring and ¢4(B/A) =
(4(B/J) —1=1{, we get H (A) = (0) for all i # 1,d and HL(A) = B/A.
Because mB = J C A, we have mH},(A4) = (0), whence A is a Buchsbaum
local ring (see [20, I. Proposition 2.12]).

Assertions (2), (3), and (4). Since Lo(B/A) =0s(B/J) — 1=/, dim A =
dimB=d>2, and

CA(A/TY = 04(B/ I} B) — £4(B/A)

for all n >0, we have eg(I) =eo(JaB) =m+Lld+{+1, e;(I) =e1(JrB)
BA +0d + ¢, e;(I) =ei(JAB) =0 for 2<i<d—1, and eq(I) = e4(JrB)
(—1)™104(B/A) = (—1)4T1¢ by Theorem 6.2.
Assertion (5). Because I? + Q = qB, we have
(A(A/T? 4+ Q) =La4(B/I* + Q) — £a(B/A)

— (4(B/aB) — (4(B/A)

={m+L4+Ld+1} -4

=m+Lld+1.

+ 1l

Then because €4(A/I) =04(B/Jy\B) —fa(B/A)=m+1—§A and ¢;(Q) =
—hY(A) = —€A(B/A) = —¢ by [19, Korollar 3.2], we get 2eq(I) — ey (I) +
e1(Q) =204(A/I) +LA(I/I* + Q), as required.

Assertion (6). The ring G(I) is a Buchsbaum ring with H%,(G(I)) = (0)
for all i #1,d and H},;(G(I)) = [H},(G(I))]1 & B/A by assertions (1) and
(5), Lemma 6.6, and Theorem 1.1. This completes the proof of Theorem 6.5.

O
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