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HARMONIC MAPPINGS OF NEGATIVELY
CURVED MANIFOLDS

ZV1 HAR’EL

1. Introduction. Volume decreasing properties of harmonic mappings of
space forms were investigated by S. S. Chern and S. I. Goldberg [3] and the
author. In a previous paper [6], a step toward generalization of the results
was made proving the following theorem:

THEOREM. Let f: M — N be a harmonic mapping of n-dimensional Rieman-
nian manifolds, with C < 6. Suppose the scalar curvature of M 1is not less than
—S, and the Ricci curvature of N is not greater than —S/n, where S = 0 and
S > 0 are constants. Then, if u has a maximum on M,

u £ (S/S)"
i.e., f 1s volume decreasing up to a constant.

In this theorem, u is the square of the ratio of volume elements of N and M,
and C is a scalar invariant of the mapping (cf. [3]).

In the present paper, the case in which M is a complete manifold with non-
positive sectional curvature is considered by exhausting M with concentric
geodesic balls carrying certain convex functions. These functions are used to
define metrics in which the squared ratio of volume elements has a maximum,
as the last theorem requires. In this way it is shown that harmonic mappings
of negatively curved manifolds are volume decreasing, thus generalizing Chern
and Goldberg’s result for the ball. We thank the referee for mentioning that a
similar result follows using methods developed by S. T. Yau [8].

2. The geodesic radius.

Definition. Let M be a Riemannian manifold, and p, be a fixed point in M.
The geodesic radius on M (relative to the origin p,) is the function 7: M — R
defined by

7(p) = d(p, po),

where d is the Riemannian distance on M.
It is well known that 7 is differentiable in M — @ — {p,}, where Q is the cut
locus of po. In the case that M is complete and simply connected and has non-
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positive sectional curvature, @ = @ and r is differentiable in M — {po}. Ac-
cording to Bishop-O’Neill [2], 7 is also convex there, i.e., its Hessian V2?7 is
positive semi-definite. As a result, the inequality A7 = 0 holds in M — {p,}.
Better bounds on A7, the Laplacian of 7, which are valid in the general case,
are given in the following theorem.

THEOREM 1. Let M be a complete Riemannian manifold, and let Q be the cut
locus of po € M. Then,on M — Q — {po},
(a) if the Ricci curvature of M1s = (n — 1)K,

Ar £ (n — 1VK cotA/Kr;
(b) if the sectional curvatures of M are <K,
Ar = (n — VK cotN/Kr WKr < 7).

In the above formulas,\/fcot /K7 should be readv/—K cothn/—Kr for
K < 0 and 1/7 for K = 0. The restriction v/Kr < = should be omitted for
K =0.

For a procof, see Aubin [1], although a proof which doesn’t involve the
second variation of arclength is also available (cf. [7]).

3. Harmonic maps. In this section, we review some properties of harmonic
maps as found in [3] and [6], which will be required later.

Let M and N be Riemannian manifolds, and f: M — N a smooth mapping.
Let {X;} and { X,} be (local) orthonormal framesin 7°(M), T°(N) respectivelyf.
Let {s,} be the frame in the vector bundle E = f~'T(N) induced from {X,}.
Let {w;}, {@a}, { f*@a} be the corresponding coframes. A matrix (¢.;) is defined
by the equation

frGa = tawy.

Consider the differential of the mapping, fs, as a section of f~'I'(N) ®
1'(M)*, that is an E-valued differential form on M. Then,

f* = g iSa ® [OFN

Let V be the covariant differentiation operator of E-valued differential forms
defined by

V(sa ® %) = Ds, ® & + 5, @ Ve

where the ®= are real forms, V is the covariant differential in 47, and D is the
linear connection in E induced from the Riemannian connection in 7°(N).

Then,
Vie = taijSa @ 0; @
tLatin indices have the range 1 <17, j, k, ... = dim M, while Greek ones have the range
1 £« 8,7 ... =dim N. Quantities on N are distinguished by an upper bar. The Einstein

summation convention is used.
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where the components a,; satisfy
1) Uaij0; = Alai + ajw;s + g f*Gga.

Here w;; and ayg, are the connection forms in M and N respectively.
In the same way, we have

VVfe = QaijiSa @ o @ w; @ wy
where
(2)  Gaipwr = daai; + dagwr; + Qarjori + gijf*apa,

and so forth.
A mapping f: M — N is called harmonic, if

tr (ﬁf*) = UqiiSa = 0.

Suppose M and N are n-dimensional Riemannian manifolds. Let v, =
wi A ... A w,and vy = @; A ... A &, be their respective volume elements.
Let A = f*wy/v, be the ratio of volume elements. Then

A = det (aqq).

Let (B ) be the adjoint matrix of (@as), i.€., Biate; = 6;;4. Finally letu = A2.
Then we have the formula

3) TAu = (dA,dA) + 3u(R — aﬂk(L‘rkRﬂv) - %(Czucm — ABialagyi),

where R is the scalar curvature of M, Rg, is the Ricci tensor in N, and C,;; =
Battaqy- If f is harmonic, a,.;;; = 0 and therefore

(4) LAu = (dA,dA) + 2u(R — agaRey) — 1C,
where C = C,;;;Cyy;

4. The exhaustion method. Let f : M — N be a harmonic mapping of
n-dimensional Riemannian manifolds. We suppose that M is complete and

simply connected and has nonnegative sectional curvature.
Let p be an arbitrary positive constant. Consider the open submanifold

Me = {p € Mlr(p) < p}.

As exp,, is a diffeomorphism by Hadamand-Cartan theorem, M (the closure
of M?) is compact. Define on M* the conformal metric

(5) dsP = e'*ds

where

2
v, = log (pg f_ 72) .

https://doi.org/10.4153/CJM-1978-054-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-054-4

634 ZVI HAR'EL

It is easy to check that the function v, is C* and strictly convex on M?,
and has the properties

(a)v, 2 0 on Mp,
(b) v, — o0 on dM», the boundary of M?,
(c) for a fixed p € M, v,(p) — 0 for p — 0.

Let f* be the restriction of f: M — N to M*. f7is not harmonic with respect
to the metric (5). Nevertheless, we consider the square of the ratio of volume
elements

uP = e Moy

where the superscript p denotes quantities which are related to f? in the same
way as the quantities without the superscript are related to f. The function u*
is nonnegative and continuous on M* and vanishes on 9, thus attaining a
maximum on M?.

Consider the scalar curvature on M* (cf. (4, p. 115]):

R = e (R — (n —1)2Av, + (n — 2) (dv,, dv,))}

(s r )% - oDy st o 4 - DA

where we have used the identities

Av, = v,/Ar 4+ v, {dr,d7) = v,/Ar + v,
<dvm dvﬁ> = (i}p/)2<dT, dT) = (vp/)z-

Suppose that R = —S where .S, is a nonnegative constant. If M has non-
positive curvature, its Ricci curvature is =2 —S also, and from Theorem 1

(p* — )7AT £ (n — 1)p%r coth kr £ (n — 1)p2kp coth «p,
where S = (n — 1)«% Also
p:+ (n — 1)r* < np?

and so

where ¢, is a function on M* satisfying
(7)) 0< e =4(n — 1){(n — 1)kp~ ' coth kp + np~2}.
Now u* satisfies the following identity, which is identical to (3):
p
(8)  1Aw = (@4%,dA’) + 5 (R — aglan’Ray) — 3C",
where

)] Cr = CuppCiy» — APBioPlayjif,
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and
Ciiff = BiaPais
The second term in (9) appears due to the fact that f* is not harmonic.

The following lemma has been essentially furnished to me by S. 1. Goldberg

(cf. [5])
LEMMA. At the maximum point of u? on M»,
Cr = 2V C — (n — 2)u(Av, + (n — 1) {(dv,, dv,))}.

Proof. Let (ds?)? = > ;(w#)?, where w,” = e'»w; are fundamental forms on
(M, ds?). The appropriate connection forms are

Wi = WitV — Ui
Furthermore,

Goi® = € "0y, Bi? = e V%B,, and Ar = e"%A.
We then have from (1) and (2),

€20y i i? = Qaij + 04j0arVok — GaiVpj — AaVpi

€30y ;5" = Qajji — 20ajVpi + (B — 2)0aij,;

+ (n - 2)aajv,,ji —_ 2(” —_ 2)(1(,]-'0,,,-7)”.
Therefore,

10) Ci7Ch» = e H2%(C — (n — 2)u(dv,, dv,)),
(11)  A?Biafaqj;i® = (n — 2)e= "% (AB 400 v,; + udv, — 2u{dv,, dv,)).
On the other hand, the components u # of du?,
up = 24°BioPagif = 267V (AB oty — nUD,;),

vanish at the maximum point of #*. Substituting in (11) gives
(12) APBiala;ji|max o* = (n — 2)e=@ D%y (Av, + (n — 2){dv,, dv,)).
Substituting (10) and (12) in (9), the lemma follows.

All the preparations completed, we arrive at our goal.

THEOREM 2. Let f: M — N be a harmonic mapping of n-dimensional Rieman-
nian manifolds, with C = 0. Suppose that M is complete with nonpositive sec-
tional curvature. If the scalar curvature of M 1s not less than —S, and the Ricct
curvature of N is not greater than —S/n, where S = 0 and S > 0 are constants,
then

u = (S/S),

i.e., f 1s volume decreasing up to a constant.
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Proof. We assume that M is simply connected, for otherwise, we may take
its simply connected covering, and use the fact that the covering map is an
isometric immersion. Define 3/* as above, and choose an arbitrary ¢ > 0.
From (6) and (7), there exists a constant py, 0 < py < 00, such that on A,
for any p > po

(13) Re = —S —e

From the lemma, the convexity of v, implies that C* £ 0 at the maximum
point of u*. At the same point, we also have Au? < 0 and du® = 0, and (8)
reduces to the inequality

(14) Rr < (L/jkp(lykp]?[g-y.

Furthermore,

(15)  as’ty’Rey < — (S/n) 2. (ag’)’ £ —Sw’)™™
gk

Hence, from (13), (14) and (153),

u = ((S+ ¢)/S)

at the maximum point of #?, so obviously everywhere in M».
But, i« = e*?our. Let p be a fixed point of M, then for p large enough (greater
than pyand 7(p), where the latter condition ensures p € M?)

iw = e ((S + €)/S)m
Letting p — 00,9, — 0, so
w = ((S+ /S
As the last inequality is valid for an arbitrary ¢, the theorem follows.

Note. Since almost complex maps of almost Kaehler manifolds are harmonic,
it might be interesting to interpret the above result in this case. Furthermore,
it can be shown that Theorem 2 holds for holomorphic maps of hermitian
manifolds (not necessarily Kaehlerian) with the same curvature conditions.
(In this case, the scalar C does not appear.) Details will appear elsewhere.
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