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Previous studies of shear dispersion in bounded velocity fields have assumed
random velocities with zero Lagrangian time scale (i.e. velocities are §-function
correlated in time). However, many turbulent (geophysical and engineering) flows
with mean velocity shear exist where the Lagrangian time scale is non-zero. Here,
the longitudinal (along-flow) shear-induced diffusivity in a two-dimensional bounded
velocity field is derived for random velocities with non-zero Lagrangian time scale
7;. A non-zero Tt results in two-time transverse (across-flow) displacements that
are correlated even for large (relative to the diffusive time scale tp) times. The
longitudinal (along-flow) shear-induced diffusivity Ds is derived, accurate for all 7,
using a Lagrangian method where the velocity field is periodically extended to infinity
so that unbounded transverse particle spreading statistics can be used to determine
Ds. The non-dimensionalized Dg depends on time and two parameters: the ratio of
Lagrangian to diffusive time scales 7./tp and the release location. Using a parabolic
velocity profile, these dependencies are explored numerically and through asymptotic
analysis. The large-time Dy is enhanced relative to the classic Taylor diffusivity, and
this enhancement increases with ,/7,. At moderate 7,/7p = 0.1 this enhancement is
approximately a factor of 3. For classic shear dispersion with 7, =0, the diffusive time
scale tp determines the time dependence and large-time limit of the shear-induced
diffusivity. In contrast, for sufficiently large t,, a shear time scale 73 = (rLrD)l/z,
anticipated by a simple analysis of the particle’s domain-crossing time, determines
both the Dy time dependence and the large-time limit. In addition, the scalings for
turbulent shear dispersion are recovered from the large-time Dg using properties of
wall-bounded turbulence.
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1. Introduction

A sheared mean current can greatly enhance the dispersion of a passive tracer
(‘scalar’) in the direction perpendicular to the shear. This phenomenon is called shear
dispersion and was first investigated for laminar Poiseuille flow in pipes (Taylor
1953). For laminar flow in a two-dimensional (2D) pipe, tracer evolves following the
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advection—diffusion equation

dac ac )
a*UaJV c, (1.1)

where ¢ is the tracer concentration, ¢ is time, x is the Ilongitudinal (along-
flow) direction, U is the longitudinal velocity, K is the diffusivity, and V? is
the two-dimensional Laplacian operator. Instead of explicitly solving (1.1), Taylor
heuristically derived a simpler diffusion equation for the transverse (across-flow)-
averaged concentration C(x, f)

aC ac _9C

where

1 [E 1 [E
cmn=L/cwxn® mdlh=L/lmmm (13)
0 0

with y the transverse direction and L the width of the transverse domain. The effective
diffusivity

D3 =K + D (1.4)
has two contributions: the small-scale longitudinal (in the flow direction) diffusivity K
and the (shear-induced) Taylor diffusivity D7°. For a parabolic current with (transverse-
averaged) mean velocity Uy, U = 6Uyy(L — y)/L?, the Taylor diffusivity is

DY = Ustp/210, (1.5)

where the diffusive time scale is 7, = L?/K. It should be noted that the diffusion
equation for transverse-averaged concentration (1.2) is an asymptotic result valid
only for times ¢ > tp when tracer concentration is Gaussian and the dispersion
is independent of the initial concentration distribution. By reducing the number of
independent variables needed to describe the longitudinal dispersion, Taylor’s theory
is both elegant and practical. As such, this theory has been used by scientists and
engineers from a variety of disciplines (including hydrology, physiology, chemical
engineering, meteorology, oceanography, etc.) to study, model and understand tracer
dispersion (Young & Jones 1991).

Taylor’s derivation of (1.2) assumed that the Péclet number Pe = UyL/K is large
so that D > K. However, the large Péclet number assumption is unnecessary and
the tracer spreading rate, i.e. the effective (shear-induced) diffusivity can be found
using the so called method of moments (e.g. Aris 1956). Using this method, Barton
(1983) properly derived expressions, valid for all time, for the effective spreading rate
Dr(t, yp) that depend upon time and initial tracer release location y,. In the large-time
limit, the Taylor asymptotic diffusivity was recovered, i.e. D7° = lim,_, o D7 (¢, yo).

Generalized dispersion is often studied from a Lagrangian perspective. Taylor (1922)
showed that the particle spreading rate (diffusivity) depends only on Lagrangian
velocity autocovariance function. For times small compared with the Lagrangian
velocity decorrelation time, i.e. the Lagrangian time scale t;, the dispersion is ballistic
and the mean-squared displacement in unbounded and homogeneous flows is quadratic
in time ([Ax(#)]*) = u?f%, where u? is the mean-squared random velocity. For > 1,
the dispersion is Brownian and ([Ax(r)]*) = 2«xt where the constant diffusivity is
given by « = u?t;. For molecular diffusion the Lagrangian time scale is so small,
7, ~ 0(077s) (Li et al. 2010), it is generally assumed to be zero. However, this
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assumption is unphysical and leads to undefined velocities. Hence, a complete theory
of molecular particle dispersion requires a finite 7, (Uhlenbeck & Ornstein 1930).
Turbulent dispersion is also characterized by ballistic and Brownian dispersion regimes
despite a different mechanism of dispersion, namely finite-sized eddies. In turbulent
dispersion the Lagrangian time scale t; and eddy diffusivity x are much larger than
their molecular counterparts. Thus, a more complete view of bounded turbulent shear
dispersion, requires a non-zero t;.

The majority of shear dispersion investigations are Eulerian and based upon the
Fickian diffusion equation (e.g. Taylor 1953; Aris 1956, and others). However, shear
dispersion is also investigated from a Lagrangian perspective. In particular, using
the probability distribution function (p.d.f.) of particle displacements in a bounded
domain, Van Den Broeck (1982), and more recently Camassa, Lin & McLaughlin
(2010), reproduced the Eulerian shear-dispersion results (e.g. Barton 1983). These
results were also obtained by Haber & Mauri (1988) using a similar method, but with
displacement p.d.f.s in an infinite transverse domain rather than a bounded domain.
These Lagrangian analyses of shear dispersion (e.g. Van Den Broeck 1982; Dewey &
Sullivan 1982; Haber & Mauri 1988; Camassa et al. 2010) assumed that the random
particle velocities were §-correlated in time, i.e. 7, = 0 in these studies.

For laminar flows in the smallest microchannels (L ~ 107® m), using values of
K~ 107" m? s7! and 7, ~ 102 s for the diffusion of fluorescein (a tracer commonly
used in laboratory studies) in water, the ratio t;/7p is very small, about 107! and
Lagrangian time scale effects can be neglected. However, numerous mean-sheared
turbulent geophysical flows have 7;/tp &~ O(107"). Although the following geophysical
flows are inhomogeneous, using representative published values for the transverse
eddy-diffusivity (x), the transverse scale of the mean current (L), and transverse
Lagrangian time scale (t;), the ratio t,/7p can be estimated. In the surfzone, t,/7p is
as large as 0.5 (Spydell, Feddersen & Guza 2009), for surface currents in the Santa
Barbara Channel it is as large as 0.1 (Dever, Hendershott & Winant 1998), as large as
0.5 for the Gulf Stream extension (McClean, Poulain & Pelton 2002), as large as 0.3
for the Kuroshio extension (Zhurbas 2003), as large as 0.25 for the California Current
(Davis 1985), and as large as 0.1 for the Antarctic Circumpolar Current (Sallée et al.
2008). For these flows, the effective longitudinal diffusivity may be affected by the
presence of correlated random transverse motions (i.e. 7; # 0).

The effect of non-zero t; on shear dispersion in various regimes has been examined.
For unbounded shear dispersion with U(y) = «y, the effect of t; is transient and
disappears for > 1, (Zambianchi & Griffa 1994; Katayama & Terauti 1996)
with the large-time shear-induced diffusivity given by D2 o« K**. This effective
diffusivity is fundamentally different than the bounded 1, = 0 shear flow version
Dy = U;L?/210K. For a steady square integrable velocity field, i.e. a quasibounded
velocity field, the effective shear-induced diffusivity increases with the Lagrangian
time scale (Castiglione & Crisanti 1999), although a complete expression for the
effective diffusivity’s dependence upon time and t; was not considered. Numerical
simulations of particle dispersion in steady and time-dependent Taylor—Green flow
show that the effective diffusivity increases with increasing t;, (Pavliotis & Stuart
2005; Pavliotis, Stuart & Zygalakis 2007). An expression for the effective long-time
diffusivity for a broad class of flows (for zero and non-zero t;) was determined
using the method of homogenization. For the flows considered, the expression for the
7, # 0 case is not easily solved and an explicit formula for the effective diffusivity’s
dependence on 7; is not given. However, for sinusoidal shear flow (U(y) = sin(y))
and small 7;, Pavliotis, Stuart & Zygalakis (2009) showed asymptotically that the
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long-time effective diffusivity increases with ,/7; relative to 7, = 0. Moreover, this
scaling was confirmed by Monte Carlo simulations of particle trajectories.

The effect of a non-zero Lagrangian time scale on shear dispersion may be
important for bounded flows, or square integrable flows, when t; is not very small
compared with the diffusive time scale tp. Thus, the problem of shear dispersion in
a bounded two-dimensional sheared velocity field with a non-zero Lagrangian time
scale is considered here. In particular, the expression for the particle spreading rate,
the effective diffusivity, as a function of release location y,, time since release ¢ and
Lagrangian time scale 7, is derived. The derivation follows that of Haber & Mauri
(1988), but allows for non-zero t;. The coordinate system, the Langevin equations
for particle position and velocity, and the averaging methods are defined in §2.
Unbounded particle statistics for non-zero t; in the transverse (across-flow) direction
(parallel to the velocity shear) are considered in § 3. For non-zero t;, the correlation of
successive transverse particle displacements becomes non-zero and must be accounted
for in deriving the longitudinal (along-flow) shear-induced diffusivity. The transverse
particle statistics are used to derive the 7, # 0 shear-induced longitudinal particle
dispersion statistics, including the Lagrangian autocovariance function and the shear-
induced effective diffusivity Dg(?) (§4).

The non-zero t; derivation for the shear-induced diffusivity is for any square-
integrable velocity profile. Properties of the shear-induced diffusivity are examined
using a parabolic velocity profile (§5), in order to compare the results with Taylor’s
theory (7, = 0). The shear-induced diffusivity normalized by the Taylor diffusivity,
Ds(1)/D%, is a function of time ¢ and depends on two non-dimensional parameters: the
ratio 7./tp and the normalized release location. The dependence of Dg(f) on each of
these parameters is examined separately. Of particular note, the ratio D3°/D7° (where
D is the Dg(#) large-time limit) is enhanced (>1) and increases with 7,/7p. At
7./tp = 0.1 the ratio DY°/D ~ 3, a significant deviation from Taylor’s result. For
moderately sized 7;, asymptotic analysis of the shear-induced diffusivity reveals the
leading-order time scale and large-time limit of Dg(¢) (§ 6). In contrast to a time scale
of 7, and large-time diffusivity D® o« Ujtp for 7, =0, the 7, # 0 time scale is given
by 75 = (tp7,)"/? and the large-time diffusivity is D ~ Ults. The time scale transition
from 7p to 75 can be anticipated by considering the particle’s transverse-crossing time
(§7.1). In addition, Dg° is shown to be consistent with expressions (D* o< u,L, where
u, is a friction velocity) found for wall-bounded turbulent shear dispersion (§ 7.2). The
main results are summarized in § 8.

2. Langevin equations

Shear dispersion in a two-dimensional (x,y) domain is studied using Langevin
equations for particle velocities and displacements. The longitudinal (along-flow) and
transverse (across-flow) directions are x and y, respectively. The imposed velocity U
is only in the x direction and depends only on y, thus, U = U(y) (see figure 1).
This velocity is analogous to the mean velocity for turbulent flows. The domain is
bounded by walls at y =0 and L, thus distances will be scaled by the domain width L
throughout.

Particle evolution is governed by the Langevin equations

du u 2u?
— =—— 41— W 2.1a)
dr 7L T
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FIGURE 1. A schematic diagram of the flow domain with walls at y = 0 and L. The imposed
velocity U(y) is in the longitudinal direction, x, and only depends on transverse coordinate y.

dv v 20?2
S @.10)
dr 7L 7L

%:U(y)—ku (2.1¢)
dy .
N =v (2.1d)

where (x,y) in these equations refers to the particle position. The random particle
velocities are u and v in the x and y directions, respectively, and have variance denoted
by u? and v? and it is assumed that u?> = v? for simplicity. The W; are independent
incremental Wiener processes such that W;(f) = fot w;()dr so dW;(r) = w(r) dt where
w(f) is a zero-mean, stationary, white-noise process with variance (squared ensemble-
averaged) (w;(¢) w;(t')) = 6(t — t')é;;. To account for particle reflection at the boundaries
y= (0, L), an additional ‘noise’ term np is included in (2.1b) resulting in no particle
flux through the boundaries (Van Den Broeck 1982).

Particle velocities are correlated in time with the memory of earlier velocities over
the Lagrangian time scale 7,. More realistic Lagrangian models for inhomogeneous
turbulence used to investigate atmospheric boundary layer dispersion, and basin-scale
oceanic dispersion, can include spatially varying Lagrangian time scales and velocity
variances (e.g. Wilson & Sawford 1996; Berloff & McWilliams 2002). Similar to
Lagrangian models of dispersion in turbulent uniform shear flows (e.g. Sawford &
Yeung 2001), here 1;, u> and v?> are constant in the transverse direction, to isolate
and analytically examine the effect of t; on shear dispersion. The Lagrangian time
scale t; is set equal in both directions. Unique transverse and longitudinal Lagrangian
time scales only slightly alter the analysis that follows. Note that for 7, = 0, the set
of four Langevin equations (2.1) is replaced by two equations for the (x,y) position
with noise added directly to the positions (e.g. Zambianchi & Griffa 1994) such that
positions perform a classical random walk. In this case, the p.d.f. of particle position is
governed by (1.1).
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Before addressing the statistics of (2.1), different averages need to be defined and
their notation introduced. Consider the velocity time series of a particle v(r). The
ensemble-averaged velocity of particles that have an initial velocity vy = v(z =0) is
denoted by

(v(t|vg)): ensemble averaging v with same initial velocity vy (2.2)

and is considered a subensemble (or conditional) average as all trajectories have the
same initial velocity. Ensemble averaging the velocity over all trajectories with any
initial velocity is given by

(v(?)): indicates ensemble averaging v over all possible initial velocities.  (2.3)

This average is considered the ensemble average in contrast to the subensemble
average for which each trajectory has the same initial velocity. Averaging a particular
quantity, for example the initial velocity vy, is indicated by an overline

vo: indicates averaging the quantity vy over all possible values 2.4)

and was used in (2.1a,b) to indicate the random velocity variance.

3. Unbounded transverse particle statistics

In this section, the transverse (across-flow) particle dispersion statistics for a
non-zero Lagrangian time scale are developed. Although bounded in the transverse
direction, the domain can be assumed unbounded for the purposes of determining
the effective longitudinal diffusivity (Haber & Mauri 1988) since the transverse
displacement statistics of (2.1b,d) in an infinite y domain can be used to calculate
the shear-induced longitudinal statistics (i.e. shear dispersion). Although the transverse
statistics in the unbounded domain are different from those in the bounded domain, the
analysis of transverse motions with t; # 0 is greatly simplified as nz =0 in (2.1b) and
the difficulty of integrating (2.15) in the bounded domain (e.g. Camassa et al. 2010)
is avoided.

Many of the transverse statistics that follow were investigated and derived in
Uhlenbeck & Ornstein (1930) and are stated here without derivation. However, one
derivation appears in appendix A to introduce the reader to the techniques from which
all of the statistics that follow can be derived. The subensemble-averaged velocity of a
particle is found by integrating (2.15) with np = 0 (see appendix A) and averaging

(v(tlvy)) = v exp(—t/71), 3.1

where vy = v(t = 0) is the initial velocity. As the average over all initial velocities is
zero, vy = 0, the ensemble-averaged velocity is

{v(®)) = voexp(—t/7.) =0. (3.2)

The subensemble-averaged squared velocity (v(#|vg)v(fz|vg)) is found by integrating
(2.1b) once to t;, to obtain v(#;|vg), and then again to #, to obtain v(f,|vy) and then
ensemble averaging the product (see appendix A for the complete derivation) resulting
in

(v(t1]vo)v(t2]v0)) = (vg — v2)e” 1H/L 4 e ln=nl/m (3.3)

When averaged over all possible initial velocities, such that 173 = v2, the Lagrangian
velocity autocovariance function is obtained

(v(t)v(ty)) = v2e 271V, (3.4)
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Since the noise w(#) is stationary, this function only depends on the time difference
t, — t;. Many statistics will depend on the two times ¢, and t,, and henceforth #, > ¢, is
assumed, although (3.4) is good for all #, and t,.

The subensemble-averaged particle position is found by integrating (2.15) twice and
averaging (see appendix A)

(y(t11vo, 0)) = yo + vorr(1 — e/, (3.5)

where y, = y(t = 0) is the initial transverse particle location. Thus, the subensemble-
averaged position is the integral of the subensemble-averaged velocity (3.1). The first
displacement is defined as Ay, = y(¢;) — y(0) and its subensemble average is

(Ayi(t1]ve)) = (v(t1) — ¥(0)) = vorr(1 — e"1/™L), (3.6)

Using the same techniques (appendix A) for deriving (3.4), the subensemble-averaged
squared first displacement is

([Ayi (1 |v)P) = k1p (201 /7, + 4e™1/m —e721/% — 3) 4222 (1 —e /%), (3.7)

where the definition of the diffusivity x = v?t; is used. The last term in (3.7) is the
mean displacement’s (3.6) contribution to ([Ay;]%).

The second displacement, needed to determine the effective longitudinal diffusivity,
is defined as Ay, = y(t,) — y(#;) (recall #, > t;) and its subensemble average is

(Aya(ta, t1]v9)) = (V(12) — y(11)) = vy (€™ — e72/T), (3.8)
The subensemble-averaged squared second displacement is

([Ay(t2, 11v0)P) = kT2t — 11) /Ty, + 26~ (1H2)/L
_1’_267(12711)/11 _ e—Ztl/rL _ 672t2/1’L _ 2)

n Ué‘fz (e /T — e—fz/fL)2 3.9)

with the last term in (3.9) due to the mean second displacement.

Owing to the memory of previous velocities, i.e. a non-zero t;, first and second
displacements are correlated in a manner similar to velocity. The displacement
analogue to the velocity autocovariance (3.3) is

(Ays(ta, 11]v) Ayy (t1]v0)) = kT (22 4 721/ — 2e1/TL
—e @t/ _ o=(=1p)/7 +1)

+viti(1 —e Ly (e L — e/, (3.10)

This statistic, not previously considered in the literature, is critical to determining
the effective longitudinal diffusivity. For 7, =0, (Ay,Ay,) =0 indicating that non-
zero Ay, and Ay, covariance is entirely due to the non-zero Lagrangian time scale.
Although the proof is omitted here, first and second displacements can be shown to
be Gaussian from higher displacement moments (e.g. Uhlenbeck & Ornstein 1930).
Furthermore, as Ay, (t|vy) + Ay(ty, t1]vg) = Ay (t2|vy), the sum Ay, + Ay, is also
Gaussian. Thus, the displacements Ay, and Ay, are jointly Gaussian and correlated.
Although it is possible to calculate effective longitudinal statistics based upon
subensemble-averaged transverse statistics, which would make them dependent on the
initial velocity, the effective longitudinal statistics will be calculated from ensemble-
averaged transverse statistics by averaging the subensemble-averaged statistics over all
possible initial velocities. Thus, averaging (3.6) over vy, the ensemble-averaged first
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f,t
s . . p(t1, 1) . .

(tr —t1)/tL

t/TL

FIGURE 2. The correlation coefficient p of first (Ay;) and second (Ay,) displacements as a
function of #; /7, and (¢, — t;) /7. (3.12).

displacement is (Ay,(#;)) =0 and similarly for the second displacement. However, the
ensemble-averaged squared displacements are non-zero and are found by replacing

vStL with « in (3.7), (3.9) and (3.10) since vT%rL = v21;, =k, hence
ol (t) = ([Ay (1)) =26 (t; + 1pe™V/™L — 17) (3.11a)
03 (t1, 1) = ([Aya(ta, 1)) =2k (ty — 1y + 1pe” 27/ — ;) (3.11b)
o (11, 1) = (Ay (1) Aya (1, 1)) = k(1 4 €72/ — e/ — e~ 7/ - (3.11¢)
Note that the variances for #; > #, are found by switching ¢, and #, in (3.1a—c).
The correlation coefficient between first and second displacements is given by

0122
p(t, ) = (3.12)

0102

Thus, as with Lagrangian velocities, displacements are also correlated when 7, # 0
(figure 2). In particular, p =~ 0.6 when both displacement times are equal to
the Lagrangian time scale (t;/t, = (t, — t;)/7. = 1). Even at the relatively large
displacement times of # /1, = (t, — t))/tu =3, p = 0.25 as p does not fall
off exponentially like the Lagrangian velocity autocovariance function (3.4). The
correlation coefficient p has a symmetry about t, — ¢, =#; (figure 2), which can be
shown explicitly by defining { =1t and n =1¢, — t;, and noting that p(&, n) = p(n, ¢).
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(a) (b)  Pua(Ayz, o, Ay, t1) (o)
2 = D,y» h = I-STD.}' H = 0.8‘[[),“ Hh = 1.61’])“\- = 0.51’1)_)-, h = 1.5‘[1)'“‘,
1
=2
2o o 0
<
-1
-2
-2 0 2 -2 0 2 -2 0 2
Ay1/L Ay1/L Ay1/L

FIGURE 3. The unbounded y domain joint p.d.f. Py, as a function of Ay,/L and Ay,/L for
three different combinations of #; and #, as indicated in each panel. In each panel, times were
chosen such that 2 + (1, — t,)* = 5/4. The Lagrangian time scale is equal to the diffusive time
7, = Tp. Note that the contour intervals in each panel are equal and at an interval of 0.08.

Previous investigations (e.g. Haber & Mauri 1988) assumed uncorrelated velocities
(. = 0), hence successive displacements were independent (o = 0).

The transverse particle spreading rate is the transverse effective diffusivity D,(z),
defined by

Dy(1) = %%af(r) =x(l —e"m), (3.13)

and equal to the integral of the velocity autocovariance function D,(f) =
fot(v(tl)v(t)) dz;, (e.g. Taylor 1922). For t — oo, the effective y-direction diffusivity is
constant (Brownian motion) and given by D, = . The diffusive time scale 7, the time
it takes particles to Brownian-diffuse across the transverse domain, is given by

2

p = L (3.14)

K
and is the natural time scale for bounded shear dispersion (e.g. Aris 1956).

Probability distribution functions of transverse displacements are required to
determine effective longitudinal statistics. Since higher-order displacement moments
indicate Gaussian displacements (Uhlenbeck & Ornstein 1930), the p.d.f. of ensemble-
averaged first displacements is

1 1

Pi(Ayi, 1) = ———7; €Xp [_Ayz] . (3.15)
Qnod)'” 207

Similarly, since first and second displacements are jointly Gaussian, the joint

probability distribution function (j.p.d.f.) of ensemble-averaged first and second

displacements is

Pia(Ay, by, Ay, 1) = (05 Ay + 07 Ay; — 200, Ay, Ayz)] ,(3.16)

2mx? p[ 254
where ¥* = o{0] — o/,. Because first and second displacements are not independent,
the o term in the exponential of (3.16) rotates the contours of Pp, so that the
major and minor axis of the ellipse, setting the terms in the exponential to a
constant, are not parallel to the Ay,- and Ay,-axes. For t, — #; less than #;, the
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major axis of Py, is rotated positively from the Ay;-axis (figure 3a). When ¢, = 2t
the major axis is rotated by exactly m/4 (figure 3b) and when f, — #; is larger
than ¢, the rotation is greater than m/4 (figure 3c) and approaches m/2 as t, > 1.
In contrast, for t, =0 displacements are independent and o, = 0, hence Py, is
the product of two independent Gaussians and therefore not rotated (e.g. Haber
& Mauri 1988). Moreover, the bounded domain displacement j.p.d.f. for 7, =0 is
also readily calculated as the product of independent (but not Gaussian) displacement
p.d.f.s (Van Den Broeck 1982). In contrast, the t; # 0 bounded domain j.p.d.f. is
unknown, motivating the use of infinite domain statistics.

4. Longitudinal particle statistics

The same Lagrangian method of Haber & Mauri (1988), used to calculate the Taylor
diffusivity D%, is used to calculate the non-zero Lagrangian time scale longitudinal
statistics. Three primary longitudinal statistics are calculated: the mean Lagrangian
velocity, the velocity autocovariance and the effective diffusivity.

4.1. The mean Lagrangian longitudinal velocity

From the Langevin equation (2.1c), the longitudinal particle velocity is x = dx/dt =
U(y) + u. Thus, the ensemble-averaged longitudinal velocity of particles, the ‘mean
Lagrangian longitudinal velocity’, with the original position of particles given by
y(t = 0) =y, is found from

(x(tlyo)) = (U(y(tly0)) + u(®)) (4.1)

and has been previously called the ‘Lagrangian mean-velocity history’ (Dewey &
Sullivan 1982). Since the ensemble-averaged random velocity is zero, (u(¢)) = 0, the
mean Lagrangian longitudinal velocity is the expected value of the imposed velocity
U(y) that particles released from y, feel at time 7, i.e.

(x(t]y0)) = (Ur(tlyo)))- (4.2)
This is related to the p.d.f. of particle position

L
(UG (lyo))) :/o U®) pi(y, tlyo) dy (4.3)

where p;(y, t|yg) is probability of finding particles at y after time ¢ for particles that
were originally at y, in the bounded (0, L) y domain. The bounded domain p.d.f. is
given by

1,2 .2
1
9

Ot = 24 23 cos(ym) costrayore e (4.4)
p1y, [1|yo) = .7 - COS(¥nY) COS(VnYo)C .

where y, = nit/L and o} is defined in (3.11q).

However, rather than working in the bounded domain, it is possible, and
advantageous for calculating the effective longitudinal diffusivity, to work in a periodic
transverse domain extended to infinity (also denoted as the infinite domain) by using
the cosine series of U(y)

UG =Y Upcos(yuy), (4.5)

n=0
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where U, = 1/L j;)L U(y)dy is the transverse average of U(y) and the Fourier
coefficients for n > 1 are given by

L

In an infinite domain, (4.3) becomes

2 L
U,=—- / U(y)cos(y,y)dy forn>1. 4.6)
0

(U(xy(tlyo))) / ZU cos(vuy) Z1(y, tlyo) dy, 4.7

where Z|(y, tlyo) is the probability of finding a particle at y after time ¢ that was
released at y,. For the longitudinal statistics, periodically extending the velocity field
to infinity with particles released in an unbounded domain is equivalent to having
reflecting boundaries at y = (0, L) since U(—4§) = U(§) and U(L + §) = U(L — §) when
U(y) is given by (4.5) (Haber & Mauri 1988). Hence, (4.7) is equivalent to (4.3).

Because transverse (y) particle dispersion in an infinite domain is homogeneous,
i.e. independent of position, Z?,(y, t|yo) = P1(y — yo, ), where P, is given by (3.15)
since Ay; =y — yy. Thus, (4.7) becomes

=)’
({UO(tyo)) = \/720 / ZU"COS(W) eXp{ 207 (1) ] o

and performing the integral, the non-zero Lagrangian time scale mean longitudinal
velocity is

(4.8)

2
7 oi )} . (4.9)

((1y0)) = (UO(tlyo))) = Up + Y _ Uy cos(¥ayo) exp [ 2

n=1

Note that using the bounded domain displacement p.d.f. (4.4) in (4.3) also gives (4.9).
The expression (4.9) is valid even for t;, =0 and describes how the ensemble-averaged
velocity of a particle transitions from U(y,), the velocity particles have at t =0, to U,
the transverse mean imposed velocity. The large-time velocity is U, since all memory
of the initial position of the particle is lost and a particle is equally likely to be at
any transverse location. Note that (4.9) is only modestly different from the previously
published expressions for 7, = 0 (equation (15) in Haber & Mauri 1988).

4.2. The longitudinal velocity autocovariance
The longitudinal velocity autocovariance is found in a similar manner to the mean
Lagrangian longitudinal velocity. Again using x = dx/d¢ = U(y) + u, the autocovariance
is
(x(t11y0)x(121y0)) = (U(t11yo)) U(y(t2]y0))) + (u(t)u(r2)), (4.10)

where the cross terms are zero ((Uu) = 0) since the random velocities u are
uncorrelated with the imposed velocity U. Using the results in §3, e.g. (3.4),
(u(t)u(t)) = u?> exp(—|t, — t1|/t.), only the shear-induced autocovariance, the first
term on the right-hand side of (4.10), requires calculation. This term is the expected
value of the product of the imposed velocity U(y) that particles released from y, feel
at t =t; and the imposed velocity felt at t =¢#,. This term is calculated analogously
to the mean Lagrangian longitudinal velocity but requires the j.p.d.f. of first and
second displacements (derived in §3). In the bounded domain the shear-induced
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autocovariance is found from

L pL
(U(t11yo)) U(y(121y0))) = / / UyD)UQG2) pio(ya, 1, yis tilyo) dy dyr,  (4.11)
o Jo

where p12(y2, 2, 1, t1]yo) i the probability density of finding a particle at y,(t = 1,)
and at y;(t =1t;) given that the particle was originally at y,(z = 0). As mentioned
previously, unlike the readily determined t;, = 0 bounded domain j.p.d.f. p;; (Van Den
Broeck 1982), the bounded domain j.p.d.f. p;» for 7, # 0 is unknown. However, using
the Haber & Mauri (1988) method of expanding the imposed velocity in a cosine
series, the transverse domain is periodically extended to infinity and

0o 00 00

WO D UGEI) / |33 vt costm costran

n=0 m=0
X 912()727 t27ylstl|y0) d)’Zd)’l’ (412)

where P1,(y2, ta, y1, t1]yo) is the j.p.d.f. of displacements for particles originally at yo
in the infinite y domain. Again, transverse particle diffusion is homogeneous such that
Ay, =y, —y; and Ay; = y; — yo, thus &, is the j.p.d.f. introduced earlier

'@12()121 t29 Y1, tll)’O) = Plz(yz — Y1, tZs Y1 — Yo, tl)9 (413)
where Py, is given by (3.16). Expanding the sums in (4.12) results in

(UG (n1yo))U(y(t2ly0))) = / / {U§+UOZU [cos(yuy1) + cos(yuy2)]

n=1

+ ) ULU,cos(yayr) COS(ymyz)}

n=1 m=1
X Pia(y2 — y1, b, y1 — Yo, 1) dy2 dyy, (4.14)

and evaluating the integrals gives the initial-position-dependent shear-induced
autocovariance

- —*(7 (72 (72 o
WOGBDUGGI) = U3 + Uy Y Urcos(yyo) {e ot 4 et ranyi |

n=1

2
+ ZZ Um2U" e—l(azz—(alz/az))ym { ”lz(Vm(]+(l7122/‘712))+}’i1) COS[()/m + yn)yO]

m=1 n=1

1

2
+ e 2ot (m(1etysad)-m) cos[(Vm — yn)yo]} , (4.15)

which is the non-zero Lagrangian time scale extension of equation (27) of Haber &
Mauri (1988). Note that this periodic velocity extension method only works if the
infinite domain displacement p.d.f.s (and j.p.d.f.s) are independent of position, and
can be written as functions of the displacements (i.e. y, — y;) only. Hence, unlike the
bounded domain p.d.f. method of Van Den Broeck (1982), the method used here is
not applicable for 3D pipe flow, because the (semi-)infinite domain p.d.f. for radial
displacements depends explicitly on the particle’s initial radial position ry, and not
radial displacements. Thus, radial displacements for particles which leave the bounded
domain, which ought to be reflected, would be incorrectly represented in the infinite
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domain p.d.f. method. Hence, the infinite domain p.d.f. method (Haber & Mauri 1988)
used here is limited to certain geometries.

4.3. The shear-induced diffusivity
Like the effective transverse diffusivity D,, the effective longitudinal diffusivity D, is
the longitudinal displacement variance rate of change, namely
1d ) )
Di(tlyo) = d (([xlyo) ) = (x (tlyo))?) (4.16)

which can be written in terms of velocity autocovariance integrals
t t
D (tlyo) = / (X (t11y0)x(tlyo)) dry — (x(t]y0)) / (x(t1]y0)) dt;  which is
0 0

t
= / [{u()u(®)) + (U (t1]yo0)) Uy(t]yo)))
0 S
Q] (ii)

— (x(tlyo)) (x(11]y0))]1dt;. (4.17)

(iif)
The effective diffusivity involves three terms: (i) the autocovariance of random
longitudinal velocities; (ii) the shear-induced longitudinal velocity autocovariance; and

(iii) a particle’s mean longitudinal velocity. Term (i) is due to random longitudinal
motions and given by

t t
/ (u(r)u(n) dr =/ W exp(—|t — |/t dfy = k(1 —e™"'™), (4.18)
0 0
whereas terms (ii) and (iii) are both shear-induced. Thus, the effective longitudinal
diffusivity is
Dy (tlyo) = e (1 — e™"™) + Ds(t]yo), (4.19)

where Dg(t]yy) is the time-dependent shear-induced diffusivity, i.e. Dy is terms
(ii) 4 (iii) of (4.17). Using (4.15) in (4.17)(ii) and (4.9) in (4.17)(iii), the shear-induced
diffusivity is

o0 t (o]
1 1
Ds(tlyo) = U, Z U, cos(y,,yo)/ ealstrsit2shln gy, — UétzCOS()/nyo)ffngV"2
0

n=1 n=1
+ ii Uszn Ote—é(szz—(gfz/slz))yﬁ {e—ég,z(ym(1+(§122/§,2))+yn)2
m=1 n=1

12 2,20 \?
% cosl(vm + y)yol + ¢ 355 (m(Hrsirsd) =m)” o1y, J/n))’o]} dr,

= 1.2.2
> Uy cos(yuyo)e 28 V"]
n=1

00 t
S U, cos(ryo) / e dsid dm], (420)
n=1 0

where
si=oi(t), si=o0,h,0, sh=0ph,0) and F=o7@). (421

The expression (4.20) describes the imposed shear velocity’s affect on longitudinal
particle spreading rates when the random velocities have a finite Lagrangian time scale.
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The shear-induced diffusivity Dg(#|yo) depends on time ¢, particle release location yy,
the velocity profile through U,, the domain width L, the transverse dispersion
properties « and the Lagrangian time scale 7;.

5. Properties of the shear-induced diffusivity

Properties of the shear-induced diffusivity Dg are explored by first isolating the
relevant parameters. The expression for Ds (4.20) is for any square-integrable velocity
profile. A parabolic velocity profile, U(y) = 6Uyy(1 — y/L)/L, is chosen in order to
compare the effects of 1, # 0 with previous results for 7, =0 (e.g. Taylor 1953;
Haber & Mauri 1988, and others), even though a turbulent (7; # 0) flow will not have
such a laminar velocity profile. The Fourier coefficients for this parabolic U(y) are

Uy forn=0

I+ (-1)" 5.1
n*m?

n

—12 U,

which will be used subsequently whenever a specific velocity profile is needed.

It is also possible to remove some of the other dependencies by non-
dimensionalizing the shear-induced diffusivity Ds. By scaling Ds in (4.20) by Uty
where 1, = L*/k, the resulting expression depends on time ¢ and two parameters:
7./tp and yo/L. As the effect of 7, on Dy is of primary interest, k (recall that
k = v?ty) will be kept fixed when varying 7; by changing v? accordingly. Hence, «,
and therefore tp, can be considered constants as the effect of varying t,/tp and yo/L
on the time dependence and long-time limit of Dy will be investigated. Although
all of these dependencies will be addressed, it is instructive to first remove the y,
dependence by considering the special case where particles are initially uniformly
distributed.

5.1. The uniform initial distribution

The dependence of initial particle position y, is removed by considering particles
which are initially uniformly distributed across the domain. The shear-induced
diffusivity for an initially uniform particle distribution is a considerable simplification
of the point-release version (4.20). To derive Dy for initially uniformly distributed
particles, (x(¢)) and (x(#;)x(t;)) need to be determined for initially uniformly
distributed particles with p.d.f. Po(y) = 1/L. These two statistics are readily obtained
for any Py(y) from the previous point release statistics, e.g. (4.9) and (4.15), since the
previous point release versions are like Green’s functions, hence

L
(x(t|Po)) =/ (x(t]y0)) Po(yo) dyo (5.2a)
0
and
L
(x(#1|Po)x(t,|Po)) = / (x(t1[yo)x(t21y0)) Po(yo) dyo. (5.2b)
0

For an initially uniform particles distribution Py = 1/L and (5.2a) is the integral of
(4.9) over y,. Hence, the uniform-release mean Lagrangian velocity is the imposed
transverse mean velocity (x(¢t|1/L)) = U, as fOLcos(y,,yo) dyo =0 for all n> 1.
Similarly, for the shear-induced component of (x(t;|1/L)x(t,]1/L)), the integral of
(4.15) over y, results in only two non-zero terms, the Ug term and the term with
cos[(¥m — Vu)Yo] for m = n since cos[(y,, — ¥u)¥o] = 1 in this case.
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Using these results, the shear-induced diffusivity calculated from (4.17)(ii) and
(4.17)(iii) for an initially uniform distribution of particles is

U2 [
Dyt =Y = e 29 4y, (5.3q)
n=1 0
or
U [t
227 / e 251 df, (5.3b)
0

where the last expression (5.3b) is found by changing variables, ¢ — t; — ¢, in (5.3a).
For brevity, the conditional notation is omitted and Dg(¢|1/L) = Ds(¢). Properties of Dy
for a initially uniformly distributed particles are now investigated.

5.2. The large-time shear-induced diffusivity

Shear dispersion was first investigated for large times and t, = 0, resulting in the
classic ‘Taylor’ asymptotic diffusivity D° = UZtp/210 = U3L?/210« (Taylor 1953).
Here, the analogous result but with 7, # 0 is examined. The large-time shear-induced
diffusivity is defined as

D = lim (1), (54)

where Dg(#) refers to the shear-induced diffusivity for an initially uniform particle
distribution. Note that it is not necessary to define D¢ in terms of an initially uniform
distribution as Dg° is independent of the initial particle distribution since for large ¢
particles are uniformly distributed in the transverse direction regardless of the initial
distribution. Moreover, the large-time limit of the shear-induced diffusivity for particles
released from any y, (4.20) indicates that all terms in (4.20) containing cos(y,) are
exponentially small, thus only the m = n term in the double sum remains, the same
term that remains for the uniform initial distribution Dg(#) (5.3). Thus, the large-time
shear-induced diffusivity D§° is (from (5.30))

U [ 1,
W=Z{Aefwm (5.5)

n=1

which has no closed-form solution due to gf = 2k (t; + tpexp(—t /1) — 1) in the
exponential. However, for each n, the integral in (5.5) can be calculated numerically
and then summed over n (an upper limit of n = 50 is more than sufficient) to
obtain Dg°.

With the parabolic velocity profile Fourier coefficients U, (5.1), the effect of
non-zero 7, on DY° is studied by examining the DZ°/D7° dependence on 7./7p,
where 7, = L?/k is the across-flow diffusive time scale (3.14). The ratio DY/Dy
is significantly affected by non-zero 7, (solid black curve in figure 4). At small
7,/1p = 1073, the large-time shear-induced diffusivity is nearly the Taylor diffusivity
(D /D ~ 1). However, at the relatively small 7, /7p = 0.1, the ratio D{/DF ~ 3
and is enhanced substantially. For a Lagrangian time scale equal to diffusive time
(tu/tp = 1), DY /D¥ =~ 8. Thus, for 1,/tp > 0.01, a non-zero Lagrangian time scale
significantly (>50 %) enhances the large-time shear dispersion over that of the classic
Taylor result. From Monte Carlo simulations of particle trajectories, this 7, % 0
enhancement was also found for sinusoidal shear flow U(y) = sin(y) (analogous to
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10l T :

Full solution
—— Small 7, approx

_______ 2 term asympt. approx.

= = mmmms 4term asympt. approx.

B~
Q
S~
8en
Q
100 .
10-3 10-2 10-1 100

1./TD

FIGURE 4. The ratio DY°/D$ (the long-time shear-induced diffusivity to the Taylor
diffusivity) versus 7, /tp (the ratio of the Lagrangian time scale to the diffusive time). The
full solution (5.5) is indicated by the black curve, the small t; (6.7a) and asymptotic (6.7b)
approximations are indicated by the grey thick and grey thick dashed curves, respectively. The
first two terms of the asymptotic approximation is indicated by the black thin dashed curve.
The thin vertical line at 7, /T, = 8 x 10~ indicates the boundary between the small 7, and
four-term large t; asymptotic approximations.

keeping only the n = 1 term in (5.4)) by Pavliotis et al. (2009). Similarly, in numerical
simulations of dispersion within a steady Taylor—Green flow, the effective diffusivity
for t, # 0 can be as large as 1000 times the t;, = 0 value (Pavliotis & Stuart 2005).
The D /D7 dependence on 7, is further examined with asymptotic analysis in § 6.2.

5.3. Time dependence of Dg

After considering the large-time limit D$° which is independent of time and the initial
particle distribution, the dependence of Dg on initial position, time and Lagrangian
time scale is considered. First the time dependence for different initial release
distributions is examined and then the effect of t;/7p on the time dependence for
initially uniformly distributed particles is investigated.

5.3.1. Effect of initial distribution

The effect of the initial particle position on the Dgs(t|y,) time dependence is
considered by varying y, and keeping 7,/7p fixed. For 7, =0, the effect of initial
particle position has been considered (Latini & Bernoff 2001; Camassa et al. 2010).
The shear-induced diffusivity Ds(t|yy) is calculated for yo = L/2 and yy = L/4 with
(4.20), and for an initially uniform particle distribution given by (5.3). The Ds(t|y,)
are calculated numerically in the same manner as D¢ in § 5.2. However, now integrals
of the form fot exp(—y?c?/2)dt, are calculated numerically for all 7, with U, given
by (5.1) and a maximum 7 = 50. Stochastic numerical simulations of the Langevin
equations (2.1) in a bounded domain were performed for 10° particle trajectories
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35 T T

Uniform initial distribution

Ds/D%o

t/tp

FIGURE 5. The shear-induced diffusivity (4.20) normalized by the Taylor diffusivity
Ds(tlyo) /D3 versus t/tp with 7, /tp = 0.1 for three different initial release locations (black
curves, see the legend). Thick grey curves, under the black curves, are from stochastic
simulations of Langevin equations (2.1) in a bounded domain with particle reflection at
the boundaries (i.e. 7z # 0) and particles released from the same locations.

released uniformly and from y, = L/4, and y, = L/2 with a Péclet number of
Pe =UyL/k, =10 and a forward Euler time step At/t; = 1/80. In the simulations,
particle reflection at the boundaries (i.e. np # 0 in (2.1b)), is implemented as follows.
At every time step, if a particle has left the domain (y < 0 or y > L), the particle’s
transverse location is reflected, y - 2L —y for y > L or y — —y for y <0, and the
sign of the particle’s transverse velocity is flipped (v — —v). As the imposed velocity
is U(y), numerical problems occurring when the Langevin equations are time stepped
for large Pe using an Euler method were not observed (e.g. Pavliotis et al. 2009). The
Lagrangian time scale is fixed at 7, /7p = 0.1, which results in a substantially increased
DY /DF ~ 3 (e.g. figure 4).

The shear-induced diffusivity Ds(t|y,) time dependence for y, = L/2, yo = L/4,
and for initially uniformly distributed particles is shown in figure 5. The numerical
particle simulations result in an effective diffusivity identical to the theoretical Ds(|y,)
(compare black curves and thick grey curves under them in figure 5), confirming the
theory. The uniformly distributed release Dg(f) has the shortest ramp-up time (solid
black curve in figure 5) because uniformly distributed releases feel the entire velocity
shear from the moment of release. For particles released at y, = L/2, Ds(t|y,) (black
dashed-dot curve in figure 5) has the longest ramp-up time due to the initially zero
velocity shear felt at y, = L/2. For particles released at y, = L/4, Ds(t|y,) (black
dashed curve in figure 5) ramps up more rapidly than for y, = L/2 due to the non-zero
velocity shear felt at y, = L/4. For t;, =0, the dependence of ramp-up time on
the initial particle distribution, point release and uniform, can be derived (Camassa
et al. 2010) and has similar release location dependence as for 7; % 0 (figure 5). In
particular, the ramp-up time for an initially uniform distribution is shorter than for a
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10! T T
e 7, /7 = 0.001

s 7 /775 = 0.01
= = = =1/tp = 0.1asympt.

TL/‘L’[) =0.1
TL/‘L’D =1.0

100

Ds/DY

10-!

10-3 10-2 10-1 100
t/tp

FIGURE 6. The shear-induced diffusivity scaled by the Taylor diffusivity Ds(¢)/D5° versus
t/tp for four different t; /7p (see legend). Particles are initially uniformly distributed for all
curves. The dashed curve is the asymptotic approximation (6.3).

point release. As demonstrated, the large-time shear-induced diffusivity D3° does not
depend upon the initial particle distribution and is larger than the 7, = 0 Taylor result
D ~3DF (i.e. figure 4).

5.3.2. Effect of the Lagrangian time scale

To remove the dependence on y,/L, the effect of t, on the shear-induced diffusivity
time dependence is studied by considering an initially uniform particle distribution
where Dy is given by (5.3b). The time dependence of Ds(f)/D3° is shown in figure 6
for various t,/tp, where, as before, the integral in (5.3b) is calculated numerically.
As shown in figure 4, the large-time shear-induced diffusivity Dg° increases with
increasing t;. In addition, the time it takes Dg(¢f) to reach its large-time value,
the ‘ramp-up time’, increases with increasing 7, (figure 6). In particular, for v, /tp
between 1073 and 1, the ramp-up time varies by approximately an order of magnitude
(compare thick and thin black curves in figure 6). For initially uniformly distributed
particles, the very small time behaviour (# < tp) of the shear-induced diffusivity is
independent of 7, (the curves collapse for #/t;, < 1 to a single line in figure 6).
This is demonstrated by assuming that exp(—yn2 glz /2) = 1 in (5.3b) and results in the
small-time (t/tp < 1) Ds(f) given by Ds(f) ~ UZt/5 for all 7,/tp. The dependence
of the ramp-up time on 7; will be clarified in the next section by considering the
asymptotic approximation to the shear-induced diffusivity for an initially uniform
particle distribution.

6. Asymptotic analysis of the shear-induced diffusivity

Asymptotic analysis of Dg(f) provides insight into time dependence and large-time
limit of Dg(¢f) and its dependence upon 7t;/7p, bypassing the need for numerical
integration. The asymptotic time dependence of Dg(¢) is investigated first.
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6.1. Asymptotic time dependence

This analysis requires the asymptotic approximation of the integral
fot exp(—y?si/2) dt, in (5.3D) for finite 7, since a closed-form solution does not exist.
Using Taylor’s method of asymptotic integration (see appendix B), in the asymptotic
limit of large t;, the integral becomes

T 1o T < nit ) 1
e 2517 dpy ~ erf —+ o
/0 N V27 3n’m?

Y|t +1 t\*
3ntn? 6\ 1

where a new time scale g and ratio « are defined as

Ts=4/TtTp and o =+/7p/7;. (6.2)

Plugging this into (5.3b) results in the asymptotic approximation of the shear-induced
time-dependent diffusivity for an initially uniform particle distribution

7%n2n2(

Al

—e o + O(a?), (6.1)

o0

UZTS 1 nit 1
Ds(t) ~ 2 f
s (1) Z 5 {n St (ﬁrs) + L

n=1

7%n2n2(i>2 1 1/
_ g [ T
© 3n2n? + 6\ 75

Although the error terms are proportional to o = (tp/t.) ', this O(x) asymptotic
result is nearly the full result, over four orders of magnitude in ¢/tp, even for a ‘small’
Lagrangian time scale (the dashed line in figure 6 is (6.3) for t,/tp = 0.1). Hence,
although (6.3) is better for larger 7, it is still quite good for relatively small 7;.

It is of interest to compare this asymptotic result to the very small 7, (@ > 1)
version of the shear-induced diffusivity

a} + 0(a?). (6.3)

172

= Ut 1 1 2.2
Dy(t) ~ Y =5~ [MJFO[Z] [1 e '/TD} +o(1/a") fora>1, (6.4)

n=1

derived using y’¢i/2 ~ n*n*(t; + 11)/tp + e.s.t. in (5.3b), where ‘e.s.t.” denotes
exponentially small terms. The leading-order term in (6.4), proportional to 1/ (nm)?,
is the time-dependent Taylor diffusivity Dr(#) (e.g. Barton 1983). By comparing the
leading-order term of the very small 7, shear-induced diffusivity (6.4) to the leading-
order term of the asymptotic shear-induced diffusivity (6.3), an important difference
between non-zero and zero 7, dispersion is evident. For 1, # 0, the ramp-up time is
governed by erf(¢/ts) with time scale 7y whereas for 7, = 0, ramp-up is governed by
1 —exp(—t/tp) with time scale tp. Thus, for non-zero Lagrangian time-scale dispersion
(as long as 7, > 0.011p), T is the natural time scale for the shear-induced diffusivity.

6.2. Asymptotic large-time shear-induced diffusivity

The asymptotic large-time shear-induced diffusivity is the large-time limit of the
results above, thus it is dictated by the behaviour of fooo exp(—y2si/2) dsy. Similar
to the asymptotic time-dependent shear-induced Dg(#) above, there are two regimes to
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consider: the small and large t; limits. For small 7;, the integral is
n'm
> {1 +r’e + —o

© 122
/ e 2517 dpy ~
0 2

and at leading order is ~ tp with a 7, correction at next order. For large t;, the
asymptotic approximation to the integral (derived in appendix B) is

® 139 Tg V2 1 42
e 2517 dfy ~ 1+ o+ o + o + 0(a®)
/o ! n«/2m [ (

4.4

_4+0(a_6)] fora>1 (6.5)

3nmd/? 12n2 135n377/2
for o <« 1, (6.6)

which at leading order is ~ 7g with a 7, contribution at next order. This is
considerably different than the ~ 7, leading-order behaviour for small 7;/tp. Plugging
these integrals into (5.5) and performing the sums for U, given by (5.1) results in the
large-time shear-induced diffusivity (scaled by the Taylor diffusivity)

1 1
1 +42— + 1260— + O(1/a®) for, <1p  (6.7a)
DY ot
D¥ 945/2¢(5)1 1 315V2¢(7) o? ;
7759/2 & + g + 167132 o+ 1350 + O(Ol ) for 7L > Tp, (67b)

where ¢(x) =Y 2, 1/n". For small 7, DY is perturbed from the Taylor value D3
by a term proportional to t,/7p and for t, < 0.0077p, this small t; approximation to
D¢ (thick grey line in figure 4) is very close to the full solution. For finite 7;, the
asymptotic large-time shear-induced diffusivity is at leading order given by

DY ~0.132 Ul ts (6.8)

when all constants are evaluated. Thus, at leading order, t5 = ,/Tp7, is the time scale
that determines the large-time limit D$°. Moreover, for non-zero t,, the large-time
shear-induced diffusivity D?° depends upon ,/7;. This leading-order dependency of
D on 7, was also found for sinusoidal shear flow (Pavliotis et al. 2009).

The first two and four terms of (6.7b) reasonably reproduce the D3°/D3° (dashed
curves in figure 4). The two-term approximation is close to the full result for
approximately 7, /75 > 8 x 1072 (thin dashed curve in figure 4) whereas the four-term
approximation is close to full result for approximately 7, /7, > 7 x 1072 (thick dashed
curve in figure 4). Although only formally valid for small «, the four-term asymptotic
approximation (6.7b) is accurate even for relatively large «, in this case it is good for
o < 12.

6.3. The leading-order self-similar diffusivity

At leading order, the normalized (by Dg°) shear-induced diffusivity Dg(¢)/Dg° for
uniformly distributed particle release is

= U;
DD ~ Y ert () / (©9)
N

n=1

which is a function of only t/t5. Hence, for any moderately sized 7;, the normalized
shear-induced diffusivity collapses onto a single function. The (non-asymptotic)
numerically integrated Ds(f)/D3°, (5.3b) divided by (5.5), is shown in figure 7 as
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1ok Asymptotic leading term (s)
t/tp = 0.001
s 77 /71y = 0.01
08} e 77 /7 = 0.1 7
/tp = 1.0
8 L |
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~
%2}
Q
04} b
02F ]
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FIGURE 7. The shear-induced diffusivity scaled by the large-time shear-induced diffusivity
Ds(t)/Dg° versus t/ts where 15 = (tpt)"? for four 7. /Tp (see the legend) with initially
uniformly distributed particles. The dashed line is constructed using the leading-order term of
the asymptotic Dg(f) and the asymptotic DY°, i.e. (6.9).

a function of t/tg for various 7;/7p (the solid curves in figure 7 are the same curves
in figure 6 but with the x- and y-axes rescaled). For 7, /tp > 0.1, Ds(f)/Dg° collapses
onto a single function of #/tg given by (6.9) (see the grey dashed curve in figure 7).
At small 7,/7p < 0.01, Dg(#)/D§° does not collapse onto a single function of ¢/t
(solid grey curves in figure 7). This is not surprising since this is within the t,/7p
range where the two-term asymptotic approximation, which is better than the one-term
approximation used in (6.9), for Dg° is no longer valid (figure 4).

7. Discussion
7.1. The time scale for shear dispersion

As shown, the large-time shear-induced diffusivity is given by D3° = CU;t where C is
a constant and 7 is a time scale: for 7, < tp, T = 7p; and for large 7, (tr./7p > 0.1),
T = (tp7,)"%. By considering the time it takes a Lagrangian particle to cross the
domain, the change in the time scale from tp to (tpt)'/* can be anticipated. Solving
o?(t) = L?, where o} is given by (3.11a), i.e.

2kt + e VT — ] =1% (7.1

for v gives the crossing time. As solving explicitly for t in (7.1) is not possible,
approximate methods are used. For small 7, (t, < 7p), the left-hand side of (7.1)
becomes 2«1 and the correct time scale T = L*/2k or T = 15/2 is recovered. For large
7;, the left-hand side of (7.1) can be expanded in a Taylor series so that at leading
order (7.1) becomes

— =1 (7.2)
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and T = ,/7p7;. Hence, the time scale in the formula D® = CUjt is the Lagrangian
particle domain-crossing time.

Elegant and intuitive derivations of the shear-induced diffusivity scaling Dy ox U}t
are given by Taylor (1953) and Young & Jones (1991). Both particle domain-crossing
times regimes, v = (tp7;)"* and T = 7, can be anticipated on physical grounds.
Consider a domain with a few persistent (i.e. large 7;) eddies with transverse

velocity scale \/v? superimposed upon a mean longitudinal current. In this case,
particles are effectively advected by the eddies across the domain and the transverse

1/2

domain crossing time is T = L/V v? = (1p7y) /°. For a constant x, as assumed here,

2 . . . ..
(tpt)'/* = (thL//c)l/ , and the increase of DY° with 1, is anticipated. In contrast, for

constant v? rather than constant x, the time scale T =L/ \/vi2 is independent of ;.
For a transverse domain filled with many rapidly evolving eddies (small 7;), so that
particles spread eddy diffusively, the appropriate transverse crossing time is Taylor’s
time scale T = 1 = L?/«.

7.2. Relationship to turbulent dispersion in pipes and channels

The shear-induced diffusivity Dg derived here is for random non-§ correlated
Lagrangian velocities superimposed upon a bounded, sheared mean flow. Although
the random velocities and 7, are often inhomogeneous in general turbulent flows,
this D can be approximately related to the turbulent longitudinal diffusivity found
for wall-bounded turbulent shear flows. For both turbulent flows in pipes of width L
(Taylor 1954) or channels of depth L (Elder 1959), the large-time longitudinal shear-
induced diffusivity D has been shown to be D o u,L, where u, is the friction velocity.

Using representative values for 7, and r.m.s. transverse velocity fluctuation \/ v? within
an inhomogeneous turbulent flow, a representative value of the eddy diffusivity is

k ~ v2r, and the non-zero 7, shear-induced large-time diffusivity given by (6.8)

becomes DY o« UL/V v2. In the analysis here, V/v? was prescribed independently
of the mean velocity U,. However, in many turbulent settings the velocity fluctuations
are related to the mean flow. In particular, for wall-bounded turbulent shear-flow

(e.g. Tennekes & Lumley 1972), the r.m.s. velocity fluctuations (v/v2) and U, are

both proportional to the friction velocity u,. Thus, U3/ V2 o u, yielding D ocu,L,
consistent with the turbulent dispersion results of Taylor (1954) and Elder (1959).

8. Conclusions

Dispersion in a sheared flow (shear-dispersion) previously has been studied
analytically for diffusion with zero Lagrangian time scale r; =0 (i.e. molecular
diffusion), and applied to a number of engineering and geophysical flow settings.
However, various mean-sheared turbulent geophysical flows, including western
boundary current extensions, the Antarctic Circumpolar Current, and surfzone
alongshore currents, have a 7; that is not very small relative to the diffusive time scale.
To illustrate the role of non-zero 7; in shear dispersion processes, shear dispersion in
a two-dimensional bounded sheared mean flow for a diffusive process with a constant
7, # 0 was examined.

Analysis of the transverse (across-flow) particle statistics was performed in a
unbounded periodic domain by extending the imposed longitudinal velocity in a cos
series, allowing estimation of the longitudinal shear-induced diffusivity. Although this
method does not correctly reproduce the bounded transverse statistics, the classic
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longitudinal particle dispersion statistics in a bounded domain are recovered for
7, — 0. To calculate the 1, # 0 longitudinal shear-induced diffusivity, the key analysis
piece is the correlation of transverse particle displacements, induced by a finite
Lagrangian time scale 7;, as a function of two subsequent displacement times. For
1, = 0, the correlation is zero.

Using the j.p.d.f. of successive transverse particle displacements, and the imposed
sheared velocity, the analytic expression for the time-dependent non-zero Tt
longitudinal shear-induced diffusivity Dg(#) was derived for both a single transverse
release location y, and a uniformly distributed particle release. The shear-induced
diffusivity Ds scaled by classic Taylor diffusivity is a function of time and depends
upon non-dimensional parameters t,/tp and release location y,/L. The properties
of the shear-induced diffusivity were investigated by numerically evaluating the
expressions with the imposed classic parabolic velocity profile used in previous
investigations.

At all 7./tp, the large-time Dg° is enhanced over the Taylor diffusivity
(DF/DF > 1) and increases with 7,/7p. The enhancement is significant even for
relatively small Lagrangian time scales, in particular for t,/tp = 0.1, DY/D¥ ~ 3,
and for 7, /7p =1, DF°/D% ~ 8. For uniformly distributed particle releases, the Dg(7)
ramp-up time increased with t,/7p. These results suggest that application of Taylor’s
asymptotic diffusivity in regions where the diffusive process has non-zero 7, may
result in a significant underestimate of the large-time shear-induced diffusivity. At a
fixed t./tp, the Ds(t|yy) ramp-up time was affected by yy/L (analogous to previous
studies with 7, =0), and was largest when y,/L is in regions of low shear.

Many of the Dg properties were explained with asymptotic analysis. For small
7. /Tp, the large-time shear-induced diffusivity has a small linear 7,/tp correction to
the Taylor diffusivity and the Dg(f) ramp-up time scale is tp. For larger t,/tp, the
ratio of the large-time shear-induced diffusivity to the Taylor diffusivity D$°/D% is a
function of (rL/tD)l/ 2 at leading order and the ramp-up time scale is 75 = (tptp) .
For 7, /tp > 0.1, the normalized curves Dg(#)/Dg° collapse onto the same function of
t/ts. The form of the large-time shear-induced diffusivity can be written as a squared
velocity times a time scale t. By interpreting t as the Lagrangian particle domain-
crossing time, the leading-order asymptotic results are recovered. Moreover, the
leading-order expression for the large-time shear-induced diffusivity Dg is consistent
with the turbulent shear dispersion diffusivity (D o< u,L) when properties of wall-
bounded turbulence are considered.

These results demonstrate that shear-induced dispersion, for non-zero Lagrangian
time-scale random velocities, has a significantly different large-time limit and time
dependence than that for the well-studied classical zero-Lagrangian time-scale case.
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Appendix A. The subensemble-averaged squared velocity

Here the derivation following Uhlenbeck & Ornstein (1930) of the subensemble-
averaged squared velocity (3.3) is presented. Other transverse statistics, in particular
the squared displacements (3.7), (3.9) and (3.10), are similarly derived. First, the
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particle velocity along a trajectory is determined by integrating (2.15) from 0 to #; to

obtain
v(tllvo)—voe_’l/TL+\/ —’l/fL/ eyt dr, (A

which after subensemble averaging gives (3.1) since (w(#)) = 0. The subensemble-
averaged squared velocity is found from (v(#)v(z,)), namely

(v(t2|vo)v(ti|vo)) = < voe 2/ + \/ _ZZ/TL/ e Lw () d
% Vo€ =t/ + / —zl/rL/ t/er(t//) dr’ > (AZ)

Since the average of the random forcing is =0, and the noise covariance is
w@)w(@")) =68 — "), only two terms remain

202
(V(tavo)v(t|vg)) = vge 1T/ 4 Zemt1tR)/nL

/ / eI (¢ — 1"y dr dr’, (A3)

where the ¢ limit is only to #; as §(¢ — ¢”) is zero for all ¢ > #; due to the assumption
t, > t;. Changing variables toa=+¢ —t"and b=1¢ 41"

E 2[1 o0

(V(ta|vo)v(t1|vg)) = vje /L 4 — 1)/ / / e?8(a)dadb, (A4)
L 0 )

where the a integral is from —oo to oo due to the localized nature of §(a). Performing

the integrals gives

((t2|vo)v(t1]vg)) = U(2)e—(ll +1)/TL + E[e(” L AU +lz)/fL] (A5)

which when rearranged becomes (3.3). The position statistics are found similarly using
the displacement

tl J 2? J t/ v
yi(ti|vo) =/ voe /L 4 4| e /’L/ e w(’ydr’ | dr. (A 6)
0 T 0

Working from this expression and others like it, the position statistics (yf(tllvo)),
(v1(t1|vo)y2(f2]vg)) and (y3(12|vy)) are found using the same techniques from which
(v(t;|vg)v(ta|vg)) was derived above.

Appendix B. Asymptotic analysis

We find the asymptotic approximation to the integral in the shear-induced diffusivity
f exp(—giy?/2) dt; using Taylor’s asymptotic method of evaluating integrals. We start
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with the Taylor series expansion of ¢? in powers of t:

1, , a1’ (Y L of 2 -
2§ Va 2 T 3 7L T ’
where the shear time scale is 5 = (1p7.) "> Clearly, this expansion has difficulties

for r, — 0 since 1, appears in the denominator of the expansion’s leading term.
Furthermore, (B 1) does not possess the proper 7, = 0 limit of ¢?y?/2 =t/7p. Thus,
the expansion (B 1) is only good for finite t;, however, it is convergent for all
non-zero 7;. The integral sought is then

t12no VTS 1222 1 25 3 1 20 24

= S 1 3_ 345
/e 307 Vit dfl’\"tg/ e 2 ggmintal — gatntatl 0@ ) gy (B2)
0 0

172

where ¢ = t/tg is non-dimensional and o = (tp/17) Expanding the second

exponential in a Taylor series yields
ro1 TS 19 9,2 1 1
/ e 21 dgy ~ rs/ e 2" |1 4 Satntar? — — et + 0P| dr,
0 0 6 24
(B3)

and when integrated results in the asymptotic series for the integral

/t _%alzyz dr Tg " nmt 1 1 > i 1
e rdfy ~ —erf | —— | |- — —— ——u
0 Y Von V2t |n ot 3n2n?
_Lanri)? 1 1/1\°
— T5€ 2 (TS> + — () o

3n2m? 6 Tg

1 AVRNE 3+n2n2 N\, 0@, B4
— | = — — — | — o a’).
12n%272 \ 1 36 \ 75 72 \ 15
up to order O(a?). Keeping terms up to O(a?) in the series, and letting t — oo, yields
the asymptotic series for the large-time limit of the integral

%) 7%012y,gd 21/2 1 21/2 5 4 3 o . BS
0 DT g2 T 3 T 2 T g TO@) )-(BY)

This is the crucial expression needed for evaluating the large-time shear-induced
diffusivity D3° in (5.5).
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