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1. Introduction and notation

In this paper we study a property which we call residual X-commutativity.
This idea was kindled by a paper of Ayoub (1) and one of Stanley (6). Durbin
has defined a similar property in (2) which has also been studied by Slotterbeck
in (4). Durbin’s property implies residual X-commutativity but we have not
been able to decide if they are equivalent. However, we have shown that they
coincide in certain circumstances. The notation, unless otherwise stated, is that
of Robinson (3).

Let X be any class of groups. We define the family (G : X) of normal
subgroups of G by

H(G:X)={N<G|G/NeX}
and the X-residual of a group G by
pi(G)=n{N | NeH#(G: X)}.
Following Stanley (5), we define the X-centre H,(G : X) of a group G by
H(G:X)={xeG|(ANeH#(G: X))[x,N]=1}
so if X is a variety, for example, H,(G : X) is the centraliser of the X-verbal

subgroup in G. We say that G is X-abelian if G = H,(G : %).
Wesay that Q = {W_, V| ¢ € £} is a normal X-factor covering of a group G if

() foralloeZ, W, <G, V,<aGand V, < W,
(ii) whenever 1 # g € G, there exists ¢ € X such that g € W,— ¥V, and
(i) forallo e X, W, [V, e X.
We denote by X' the class of groups which have a normal X-factor covering.
If, in addition to (i), (ii) and (iii) above, we have
(iv) whenever A<ag, W, £ V,
we say that Q is a normal X-series for G and denote by P,X the class of groups

which have a normal X-series.
We shall use the following closure properties of a class X:

a class X is H-closed if and only if every homomorphic image of an ¥-group
is an X-group and we write X = HX;

a class X is S,-closed if and only if every normal subgroup of an X-group is an
X-group and we write X = S, X.
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The property introduced by Ayoub in (1), which we shall call residual
commutativity, is defined by

a group G is residually commutative if and only if whenever ¢ and b are
non-trivial elements of G, there exists M normal in G such that M
contains [a, ] but not both a and b.

Following Stanley in (6) we say that a group G is residually X-central if
and only if whenever 1 # g € G, there exists H normal in G such that H does
not contain g but gH € H,(G/H : X). We denote by X* the class of residually
X-central groups.

We now define the relation €(g, h, M) on elements g and £ of a group G
and a normal subgroup M of G by

%(g, h, M) if and only if M contains [g, 4] but not both g and A

and the relation %(g, H, N) on the element g of G, a normal subgroup H of
G and Ne #(H : ¥) by
Z%(g, H, N) if and only if g € H and whenever 1 # he N there exists M
normal in G such that ¥(g, h, M).
We are now able to define the classes X(® and XV by

G € X9 if and only if for all 1 # g € G, there exists N € (G : X) such that
%(g, G, N);

G e X if and only if for all 1 # g € G, there exist H normal in G and
Ne #(H : X) such that %#(g, H, N);

and we say that G is residually X-commutative if and only if G € ¥V, Finally,
we define I, to be the class of groups which possess the minimal condition
on normal subgroups.

2. Statement of theorems

Theorem A. Let G be a group which possesses the minimal condition on
normal subgroups and let X = S,X = HX. The following conditions are
equivalent:

(i) G is residually X-commutative,
(ii) G has a normal X-abelian factor covering,
(iii) G has an ascending normal series with X-abelian factors.
The proof of (ii) if and only if (iii) is due to Durbin (2).
Theorem B. If X is a variety of groups then the class of residually %X-com-
mutative groups is a local class.

3. Basic lemmas

Let X be an arbitrary class of groups.
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Lemma 3.1. X = X© when X is the trivial class, with inequality in general,
even when X is a variety.

Proof. Let € denote the trivial class of groups. Itis clear from the definitions
that €@ < G and so we need only show the inclusion ) < G, Let
G e €™ and g and b be two non-trivial elements of G. Since G is residually
¢-commutative, we can find H normal in G such that %#(a, H, H); if b does not
belong to H then %(a, b, H) and %#(a, G, G). If be H, then there exists M
normal in G such that €(a, b, M) and again %(a, G, G). In both cases we have
shown that G € €®.

To show that X(®<X®), consider the following example. Let X be the
variety generated by 45, the alternating group on five letters. Define

H® =1
and
H*D =H™A4,, (n20)
the wreath product.

We can identify H"~ 1 with one of the direct factors of the base group of
H™ and so obtain a series

1=HO9<HOV <H®P < . .<H®"W<..

© .
and let G= () H™. Let N™ be the normal closure of H™ in G; then

n=1

G= |J N®and N"*D/N® e X, which shows that G has a normal ascending

n=1
series with X-factors and hence is residually ¥-commutative.
We now examine the X-verbal subgroups W(H™). Since

WHY) =1 = (HO)H?
we take as inductive hypothesis
WH®) = (H*~ V¥ fork=1,2,3,...,n—1
and let N denote the normal closure of H") in H™, Then, as
H®/N ~ -1
it follows that
W(H®™|N) = (H®~ a0
and in particular
WH™)N _ (HO~D)EON
N N
But N is contained in (H®~ V) and W(H™) and thus
W(H®™) = (H~1)E®
as required. This implies that H®~ " < W(H™).
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We now assert that W(G) = G; for if ge G, then ge H™, for some
integer n, and so ge W(H"*Y) < W(G). Thus the only choice for N in
the X© definition is N = G. Let a and b be two non-commuting elements of
HY = 4, TItis then clear that G cannot satisfy the ¥ definition.

Lemma 3.1 shows that the class XV is a generalisation of Ayoub’s class of
residually commutative groups €%, in the sense that when X = € the property
residual ¥-commutativity coincides with Ayoub’s property.

Lemma 3.2 (i) P, X(1) £ X,
(i) ¥* < ¥© < 3O,
(i) X(Dt = ¥V,
(iv) if X is S-closed then XV is (C, S)-closed.

Proof. The proofs are routine and are omitted.
For the rest of this section we shall assume that X = HX = S, X.

Lemma 3.3. If Ge X" and M is a minimal normal subgroup of G, then
M is X-abelian and G/M € XV,

Proof. (i) Suppose that M is not X-abelian and let xe M—H,(M : X).
Since G € X, there exist N<a H<1G such that #(x, H, N) and H/N e X. Then
1 #xeHnM,so M < H. Note that MnN e s#(M : X) since

M/(MAN) =~ MN/N<H/N and X = S,X.

Hence [x, MnN] # 1 and there exists b€ MnN with [x, 4] # 1. By
Z(x, H, N), there exists A<aG such that €(x, b, A). Then 1 # [x, b] e MnA,
so that M £ A. But M contains both x and b and thus so does 4, contrary to
E(x, b, A).

(ii) Suppose that G/M ¢ XV; then there exists 1 # xM € G/M such that
R(xM, *, *) never holds with an X-factor group. Now Z(x, H, N) for some
N<iH<sG and HM/NM e X by H-closure. Since Z(xM, HM|N, NM/M) is
false, there exists 1 # bM/M € NM/M such that €(xM, bM, *) is always false:
here we can assume be N. By Z(x, H, N), there exists P<«G such that
%(x, b, P). Clearly [xM, bM] e PM/M so that PM contains both x and b,
as ¥(xM, bM, PM/M) cannot hold. Write

x=pm; and b=p,m,, (p;eP,meM,i=1,2).

Here p, # 1 since x ¢ M.

Next #(p,, H,, N,) is valid for some H, and N, with H,/N, € X. Without
loss we may replace H, by H,nP and N, by N,nP, using S,-closure. Thus we
can assume that H, < P and of course N, < P. Notice that MnP =1 for

otherwise M < P and we have xe PM = P, be PM = P in contradiction to
%(x, b, P).
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R(xM, H,M/M, N,M/M) is not valid, so there exists 1 # dM e N,M/M
such that ¥(xM, dM, *) is always false: here we can assume de N,. By
Z(p,, H,, N,) there exists P,<1G such that €(p,, d, P,): here we can assume
P, < P. Then of course [xM, dM] = [p,M, dM] e P,M/M. However, as
G (xM, dM, P,M|M) cannot hold we conclude that P, M contains both x and
d. Write

x=psymy; and d=pm, (p,ePy, meM,i=234).
Then pym, = pyms yields py'py=mm3'eMnP=1 so p, = p;eP, and
pi'deMnP =1 sod=p,eP,: but this contradicts €(p,, d, P,) and com-
pletes the proof of the lemma.
We remark that even when X is H-closed, ¥*) need not be; for by Lemma

3.2, free groups are residually X¥-commutative for any class X, e.g. ¥ = & but
the alternating group on five letters is clearly not residually X-commutative.

4. The proof of Theorem A
Lemma 4.1. When X = S,X = HX, ¥XV~M, is H-closed.

Proof. Let M<1G e X¥*) and suppose G/M is not residually ¥-commutative.
Then there exists 1 # xM € G/M such that Z(X, *, *) is always false with an
X-factor group; we are using ~ to denote images under the natural map from
G onto G/M. Since Ge X, there exist N H<aG such that H/Ne X and
R(x, H, N). Since #(%, H, N) is false, there exists 1 # be N such that
(%, b, *) is always false and be N. But there exists K< G with 4(x, b, K)
and we may assume K < H. Then [x, b]€ K and so [X, bJeK. Since
%(x, b, K) is false, K contains both x and b, say X = k and we may assume that
k e K. Now there exist Ny<tP<aG such that P/N, € X and %(k, P, N,), and by
S,-closure we may assume K contains P and N,. As 2(x, P, N,) is false, there
exists 1 # b, € N, such that €(x, b,, *) is always false. Now, there exists
0<G with 4(k, by, Q) and we may assume that @ < K. Then [%, b,]e 0
means that Q contains X and b;. Put H, = Pand K; = Q. Then

H>K=H;>K,,
for H; = K, would yield keP = Q and b, e N, £ P = Q, contrary to
%(k, by, 0). In this way we produce an infinite descending chain
H>Kz=zH,>K,=2H,>K, = ...

of normal subgroups of G, contrary to min-». This completes the proof of the
lemma.

Thusif Ge XM and H is any homomorphicimage of Gthen H e XV ANy
and so has minimal normal subgroup M, say, which is X-abelian by Lemma 3.3;
hence G is hyper-X-abelian. Hence (i) implies (iii) in Theorem A: that (iii)
implies (ii) is obvious and (ii) implies (i) is part of Lemma 3.2.
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5. The proof of Theorem B

Throughout this section X will be a variety of groups. We show that ¥
is a local class using a method similar to that of Theorem 10 of (6).

Let Ge LXV and pick 1 # ae G. Let ®(a) denote the collection of all
finite subsets of G containing a and for each § in ®(a@) denote by I'(S) the
collection of all finitely generated subgroups of G containing S. Hence for
each HeT(S), He X and so there exist N<aK<1H such that %(a, K, N).
Let ©(S) denote the collection of all such X, i.e. Ke ©(S) implies that there
exists H e I'(S) such that there exists N< K and %(a, K, N). Write

K,(S) = n{K | KeO(S)}
K, = U{K.(5)| Sed(a)}

L(S) = n{pz(K)| KeO(S)}
L, = U{L/(S)| Se®(a)}.
We now need the following two Lemmas.

Lemma 5.1. K, is a normal subgroup of G containing a.

Proof. It is clear that K, contains a. Let x and y belong to K,. Then we
can find S, and S, in ®(a) such that xe K,(S,) and ye K,(S,), hence
xy~' e K(S,uS,). Now let geG, then xeK,(S,v{g}) so whenever
H e T(S,v{g}), g € H and as K (S,U{g}) is normal in H, x’ € K,(S,u{g}) < K,,
as required.

Lemma 5.2. L, is a normal subgroup of K, and K,[L, € X.

Proof. We show first that whenever S e ®(a), L,(S) is normal in K(S).
Let m e L,(S) and k € K,(S), then for each Ke O(S), mep¥(K)<K and so
m* lies in L(S). Now if x e L, and y € K,, there exist S, and S, in ®(a) such
that x e L,(S,) £ L,(S,US,) and ye K,(S,) £ K,(S,vS,). Normality now
follows by the opening remarks.

Now let w(x,, ..., x,) be a word which is satisfied by the variety X and let
kiL.e K,/L,fori =1, ..., n. Then we can find S e ®(a) such that k&, € X for
each Ke ©(S). But K/p}(K)eX and so w(x,, ..., x,) € p¥(K) for every K in
O(S) which implies that w(x,, ..., x,) € L,(S) £ L,; hence w is identically 1
on K,/L, as required.

Because of Lemma 5.2 we are now able to deduce that whenever
1+ bep¥(K,), beL, and so for some Se®(a), be pi(K) for every K e O(S).
Let @'(a) denote the collection of S e ®(a) such that b e L(S). Let Se ®'(a);
for each K € ©(S) we define

M, (K) = n{M<H | %(a, b, M)}
M, (S) = n{M,,(K)| Ke®(S)}
M, = U{M, (S)| Se®'(a)}.
The proof of Theorem B is now completed in two Lemmas.
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Lemma 5.3. Whenever S;, S, € ®'(a) and S, is contained in S,, M,, ,(S;)
is a subgroup of M, (S,).
The proof of this lemma is obvious.

Lemma 54. %(a, b, M, ,).

Proof. Clearly, in view of Lemma 5.3 M, , is a normal subgroup of G
containing [a, b]. Suppose both a and b lie in M, ,. Then we can find
S € ®'(a) such that g and b lie in M, ,(S) and hence in M, ,(K) for every K
in ©(S), which is contrary to hypothesis.

As a result of Lemma 5.4 we now see that for each 1 # a € G there exist
L,<aK,<aG such that %(a, K,, L,) and we conclude that G € ¥V,
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