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Abstract Given a number field F' with ring of integers O, one can associate to any torsion free subgroup
of SL(2,0F) of finite index a complete Riemannian manifold of finite volume with fibered cusp ends. For
natural choices of flat vector bundles on such a manifold, we show that analytic torsion is identified with
the Reidemeister torsion of the Borel-Serre compactification. This is used to obtain exponential growth
of torsion in the cohomology for sequences of congruence subgroups.
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1. Introduction

Let G be a connected semi-simple algebraic group over Q [Mill8], [BT65] and let
G := G(R) be the group of real points of G. Let I' C G(Q) be an arithmetic subgroup.
Then T" is a lattice in Goo. Let p: G — GL(V') be a rational finite-dimensional complex
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1312 W. Mueller and F. Rochon

representation. Suppose that there is a I'-invariant lattice L C V with L®zC =V. The
cohomology groups H7(T';L) are finitely generated abelian groups. Let H’(I'; L)fee and
Hi (T'; L)tor be the free and the torsion subgroups, respectively. We have H i (T5 L) ree ®7
C = H/(T';V). If the underlying locally symmetric space has an algebro-geometric
structure, the Langlands conjectures predict that there are deep connections between
the cohomology groups H?(I';V) and the theory of automorphic forms and number
theory. Recent results show that torsion classes are also connected to number theory.
Ash [Ash92] conjectured that for a congruence subgroup I' C SL(n,Z), any Hecke
eigenclass & € H*(I';F,) is attached to a continuous semisimple Galois representation
p: Gal(Q/Q) — GL(n,F,) such that Frobenius and Hecke eigenvalues match up. A more
general version of this conjecture has been proved by Scholze [Sch15]. However, much
less is known about the structure of the torsion group, for example, its size. If G is Q-
anisotropic, i.e., I'\G is compact, Bergeron and Venkatesh [BV13] obtained first results
concerning the growth of torsion, if I" varies in a tower of lattices, and they also formulated
a conjecture predicting the growth of torsion in general.

To state the results and the conjecture we need to introduce some notation. Let K C G
be a maximal compact subgroup. Let X =G /K be the associated global Riemannian
symmetric space. Let g and £ be the Lie algebras of G, and K, respectively. The
fundamental rank 6(G) of G is defined by §(G) := rank(gc) — rank(€c). As explained
by Bergeron and Venkatesh [BV13], when §(G) = 1, one expects for arithmetic reasons
that H*(T; L) should have a lot of torsion and a small free part. This conjecture is
supported by the following result proved in [BV13] for anisotropic G. Assume that

- CI'yjcT'j_; C--- CT is a decreasing sequence of congruence subgroups such that
N,;T; ={1}. Lis called strongly acyclic for the family {I';} if the Laplacians on V-valued
i-forms on Fk\)}: are uniformly bounded away from 0 for all degrees ¢ and all I'y. In this
case, H*(T';,\ X; L) is a pure torsion group. If §(G) = 1, then by [BV13, Theorem 1.4] one

has
1 Hq or iy
hmlnfz o8| L)t > ¢, vol(T\X) >0, (1.1)
j—o0
. . dim(X)+1 . .
where the sum is over the integers ¢ such that ¢+ =——5"— is odd and cg, 1 >0 is a

constant that depends only on G and L. To establish the lower bound, Bergeron and
Venkatesh prove the following result

4K+ log|H9(T'j; L) or| X
I 1)¢ = L(T\X). 1.2
jlm } : [F Fj] CG7LVO( \ ) ( )

The proof of (1.2) uses the equality of analytic torsion and Reidemeister torsion. It follows
from (1.1) that for some ¢, |H?(I';; L)tor| grows exponentially as j — co. Based on (1.2),
Bergeron and Venkatesh made a conjecture with a precise prediction of the growth of
torsion [BV13, Conjecture 1.3] without any assumption on L. The conjecture states that
for each ¢

lim log |[H4(T'j; L) tor|
Jj—o0 [F F]]

(1.3)
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exists and equals zero unless §(G) =1 and ¢ = % In this case it equals

ce, LVOI(F\)} ) with ¢ > 0. All this is under the assumption that the Q-rank of G
is 0.

Since many important arithmetic groups are not co-compact, it is desirable to extend
these results to groups G with Q-rank > 0. In [AGMY20] the authors made comprehensive
computations of torsion subgroups in H(I',Z), where I' C G(Q) is an arithmetic subgroup
for G=GL,, /Q,n=3,4,5, or G = GLy over specific number fields for which §(G) =1 or 2.
They use their computations to extend the conjecture (1.3) of Bergeron und Venkatesh by
removing the restriction to the cocompact case and allowing any growth of level, not just
in a tower. These are Conjectures 7.1 and 7.2 in [AGMY20]. In particular, Conjecture 7.2
predicts that for a family {T';};en of congruence subgroups in a fixed arithmetic groups
I’ with level(T';) — oo,

.. 10g|Hq(Fj§L)tor|
it = m 1)) (14)
exists. If G has Q-rank > 0, then the lim-inf equals zero unless 6(G) =1 and ¢ is the top
degree of the cuspidal range.

The first step beyond Q-rank 0 is the case of hyperbolic manifolds of finite volume which
has been treated in [Pfal4], [MR21]. This is the R-rank 1 case. The method of [BV13]
is based on the equality of analytic torsion and Reidemeister torsion [Che79], [Mil78],
[Miil93]. This equality is not available in the non-compact case. However, for hyperbolic
manifolds of finite volume there is a formula with an explicit defect term [MR20], whose
asymptotic behaviour can be controlled for a family of congruence subgroups {I';};en
of a fixed arithmetic group I'. There is another obstacle if one wants to apply the
result to deduce a formula similar to (1.2). Even if L strongly acyclic, the cohomology
H*(T'; L®C) does not vanish. Only the interior cohomology vanishes. In general, there is
cohomology coming from the boundary of the Borel-Serre compactification. This is the
Eisenstein cohomology which gives rise to a non-trivial regulator in the expression of the
Reidemeister torsion in terms of the order of the torsion subgroup in the cohomology
H*(T; L) [BV13, § 2]. We were able to cope with these problems and established a lower
bound similar to (1.1) [MR21].

In this paper we consider Q-rank 1 cases with R-rank > 1. The corresponding locally
symmetric space is a manifold with fibred cusps. The semi-simple group G is defined as
follows. Let F' be a number field of degree dr over Q. Let O denote the ring of algebraic
integers of F. We consider SL(2) as an algebraic group over F. Let Gy = SL(2)/F and let

G:RGSF/Q(GQ) (15)

be the algebraic group, which is obtained from Gy by restriction of scalars [Wei82]. Then
G is a semi-simple algebraic group over Q. Moreover, we have

Goo =G(R) = [[SL(2.F,), G(Q)=SL(2F).

v|oo
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Let 01,...,0,, be the embeddings of F' in R and let 7,71, ...,7,, 7, denote the remaining
embeddings of F' in C, so that dp =11 4+ 2r5. Then

Goo =SL(2,F g R) = SL(2,R)™ x SL(2,C)"

and K, = SO(2)™ x SU(2)™ is a maximal compact subgroup. The corresponding
symmetric space equals

X := Goo/ Koo = (H?)™ x (H)"2.

Let I' € SL(2,0F) be a torsion free subgroup of finite index. Then I' is a discrete subgroup
of G via the embedding ¢ : I' — SL(2,R)"™ x SL(2,C)"™ defined by

2
(265 ) )G ) %)
and the quotient

X=T\X

is a manifold. As described in [Bor74], it comes with a natural metric. First, the invariant
metric one should consider on X = (H?)™ x (H3)" is

i "2 |dzy |2+ dt2

2 2
5;2%4_227 (1.7)
J

2
i=1 Yi j=1

using the upper half-plane and the upper half-space models for H? and H?. Since I" acts
by isometries, g descends to a metric g on X. The manifold X has the homotopy type of
a compact manifold with boundary with each boundary component corresponding to a
fibred cusp end. If P*(F) is the projective line of the number field F, then the fibred cusp
ends are in bijection with I'\P!(F). Let in fact Br C P}(F) be a set of representatives for
the classes in I'\P}(F), so that Pr naturally corresponds to the set of fibred cusp ends
of X. Without loss of generality, we will assume that [1:0] € Pr. As described in [Shi63,
n0.28, p.69], when I = SL(2,0F), the fibred cusp ends are also naturally identified with
the ideal classes of F.

Thus, X has a natural compactification as a manifold with boundary X with boundary
components Y;, labeled by 1 € Pr. Each boundary component comes with a natural fibre
bundle

O Yy — Sy (1.8)
with base S, and fibres ¢, (y) diffeomorphic to tori,

577 ~ TrlJrrzfl’ ¢;1(y) ~ Tn+2r2 vy c S77‘
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In the fibred cusp end associated to 7, the metric g, up to scaling, takes the form
d,r,Q * —2

g= T—2—|—¢ng5n+7“ K, 1€ (R;,00), (1.9)
for some R, >0, where gg, is a flat metric on S, and & is a 2-tensor inducing a flat
metric on each fibre of (1.8) in such a way that ¢p9s, + £ is a flat metric on Y, making
(1.8) a Riemannian submersion with respect to the metric gs, on the base. Moreover,
the natural connection of (1.8) induced by the metric ®pgs, + K has trivial curvature in
the sense of [BGV04, § 10.1]. However, the second fundamental form of this Riemannian
submersion does not vanish in general, which by [BGV04, Lemma 10.3] corresponds to
the fact that the family of fibrewise metrics is not necessarily parallel with respect to
the natural connection. From (1.9), it can also be inferred that g is a complete metric of
finite volume.

There are natural flat vector bundles associated to the Riemannian manifold (X,g).
To describe them, let V be the standard representation of SL(2,R) and let W be the
standard representation of SL(2,C). Denote also by W the complex conjugate of W,
that is, the dual representation. For ¢ € N, let V, be the gth symmetric power of V,
W, be the gth symmetric power of W and W, be the gth symmetric power of W.
Then for m = (mq,...,my,) € Ni* and n = (01,71, ...,y Tiry) € Ng”, the tensor product
representation (Vy,, @+ @ Vi, )@ (Wy, @Wr, @---@ W, @ Wy, ) with map

Mpgy
Om,n : SL(2,R)™ x SL(2,C)™ — (1.10)
GL(Vi, ® @ Vi, )@ (Wi, @Wi, @@ W, @Wr )

is an irreducible representation of G. There is a natural flat vector bundle E,, , = X,
associated t0 @y n|r

Epn =T\ (X X (Vi @+ ®@ Vi, )@ (Wi, @ Wi, @+ @ W, @ W, )).

By [MM63, Sect. 3] this bundle can be equipped with a canonical bundle metric h, which
is defined by an admissible inner product in the representation space [MM63, Lemma
3.1]. The flat connection is not unitary with respect to this metric, but it is at least
unimodular.

One central goal of the present paper is to study the analytic torsion T'(X,E,, »,g,h)
of (X,Em, n,g,h) as defined in [ARS21] and to relate it with the Reidemeister torsion of
(X,Eum.»n). Recall that on closed manifolds, such a relation was conjectured by Ray and
Singer [RS71] and subsequently established independently by Cheeger [Che79] and the
first author [Miil78] when the flat connection is unitary. This was extended to unimodular
flat connections by the first author in [Miil93], while the general case was treated by
Bismut and Zhang [BZ92].

For non-compact manifolds, some relation between analytic torsion and Reidemeister
torsion has been obtained on manifolds with cylindrical ends by Hassell [Has98] using the
surgery pseudodifferential calculus of Mazzeo and Melrose [MM95, HMM95]. Developing
instead a surgery pseudodifferential calculus adapted to fibred cusp ends, a corresponding
result was obtained in [ARS21] when the Riemannian manifold has fibred cusp ends with
a sharper result in [ARS18] when there are only cusp ends, that is, fibred cusp ends
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whose bases are points. Following [Has98], the strategy of [ARS21, ARS18] consists in
considering the double

M=XJX
oX

of X obtained by gluing two copies of X along their boundaries and to consider a family of
smooth metrics g. on M degenerating to the fibred cusp metric of interest on each copy of
X in M as € 0. Through a uniform construction of the resolvent and of the heat kernel
as € \(0, it was then possible to describe the asymptotic behaviour of analytic torsion on
M as €\, 0 and identify one of the limiting terms as analytic torsion on each copy of X
in M. On the other hand, through the formula of Milnor [Mil66] for Reidemeister torsions
appearing in a short exact sequence of complexes, one can relate the Reidemeister torsion
of M with the one of X via a suitable Mayer-Vietoris long exact sequence in cohomology.
Combining with the result of [Miil93] on M, one can then obtain a relation between
analytic torsion and Reidemeister torsion.

In general, the limiting behaviour of analytic torsion as € N\, 0 involves many terms,
some of which possibly not very explicit. However, assuming that the base of each fibred
cusp ends is even dimensional with the vector bundle being acyclic in each fibre, many
of these terms vanish, yielding the simple formula of [ARS21, Theorem 1.3]. In the cusp
case, it was possible in [ARS21] to replace the acyclicity condition by a much weaker
Witt condition. Moreover, in this latter case, instead of the Reidemeister torsion of X,
what appears in the formula is the intersection R-torsion of Dar [Dar87] associated to
the stratified space obtained from X by collapsing each of its boundary component onto
a point.

In both [ARS21] and [ARS18], one important restriction is that the bundle metric h
of the flat vector bundle is required to be smooth on the compactification X, excluding
in particular the natural bundle metric of Matsushima and Murakami [MM63] on locally
homogeneous spaces. This is the starting point of [MR20], where it was shown that
the strategy of [ARS21, ARS18], suitably adapted, but still using the same analytical
tools, works to obtain a relation between analytic torsion and Reidemeister torsion on
finite volume hyperbolic manifolds when the flat vector bundle comes from representation
theory and is equipped with the bundle metric of [MMG63].

The present paper expand further in this direction by obtaining the following result for
the Riemannian manifold with fibred cusp ends (X,g) described above.

Theorem 1.1. Let F be a number field such that ro is odd (i.e. dimX is odd) and
r1+re>2. If ry =0 suppose also that My = --- =7, =0 and n # 0. In this case,

T(X,Emnig:h) = 7(X, B s iix)

where T(X,Epy n,iix) is the Reidemeister torsion of (X,E,, ) associated to pux, an
explicit choice of basis of H*(X; Ey, ) described in (5.2) below.

Remark 1.2. When 7; > 0, notice that our result applies to the trivial line bundle Ey ¢.
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Compared to [ARS21], notice that we no longer require that dim.S, be even, but only
that dim S, > 1. This improvement is relying on the fact that the metric g is exactly
given by the model (1.9) in each fibred cusp end and that (1.8) has vanishing curvature
as a Riemannian submersion. The case where r; =0 and r5 = 1, so in particular with
dim S,, =0, is not covered by Theorem 1.1, but there is a corresponding result in this case,
namely [MR20, Theorem 7.1], this time however with an explicit defect term depending
on E,, ». On the other hand, if r; =7, =1, that is, when dim S,, = 1, there seems to be
a defect term as well, but hard to determine or estimate with the current techniques.

Our next goal is to apply this result to study the growth of torsion in the cohomology
of the arithmetic groups I' as described above. To this end, let

0: G — GL(V) (1.11)

be a Q-rational representation of G on a finite dimensional Q-vector space V. Since p is
a Q-rational representation of G on V, we know by [Milll, Chapter VII, Prop 5.1, p.400]
that there exists a lattice A C V, i.e., V = A®zQ, which is invariant under I". Let 0., be
the representation of G on Vg =V ®g C obtained by restriction of the representation of
G(C) to G- Let E — T'\X be the flat vector bundle defined by goo|r. In analogy with
the compact case, we call A a L?-acyclic I-module if E has trivial L?-cohomology, namely
H,, (T\X;E) = 0. If in fact H*(I'\X; E) =0, we say that A is an acyclic D-module.

Now, if n C Op is an ideal, we can take I' to be the principal congruence subgroup of
SL(2,0F) of level n defined by

I'(n) {( CCL Z > € SL(2,0r) |a1,d1,b,c€n}. (1.12)

This can be seen as a subgroup of G, via the embedding (1.6). Let {n;};en be a
sequence of ideals in Op satisfying

n, Cng, €N, and N(n;) — ocoasi— oo, (1.13)

where N(n;) := [OF : n;] is the absolute norm of n;. The associated sequence of principal
congruence subgroups I'(n;) C SL(2,0F), i € N, satisfies

IF'(n;)c(ng),7€N, and [I'(n1): I'(n;)] = o0 asi — oo.
Let X, :=I'(n;)\X. Assuming that I'(n;) is torsion free will ensure that X; is a smooth
manifold for each . Let
Li =T(n)\(X x A)

be the local system of free Z-modules on X; associated to A. Let F; — X; be the flat
vector bundle, which is defined by Qoo‘p(ni).

Combining Theorem 1.1 with [MM23] allows us to conclude the following result about
the size of H*(X;; L;)tor; see Theorems 7.3 and 7.8 below for further details.

Theorem 1.3. Let F be a number field with ro =1 and r1 > 1. Let p be a Q-rational
representation of G on V. Let A CV be an arithmetic T'(ny)-module and let L; be the local
system over X;, associated to A. Suppose that 9o, decomposes into a sum of irreducible
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representations T; such that T; 2 1; 00, where ¥ is the standard Cartan involution of G
with respect to K. If A is an acyclic I'(n;)-module for each i, then for the sequence of
principal congruence subgroups {T'(n;) }ien we have

L log |[H9(I'(n;); A)| it
liminf 3" [gr(nl);rn(ni)] > 2(~1)" 142 (ge) vol(Xy) > 0,

g+r1 even

where tg)(goo) is the L%-torsion [Lot92, Mat92] associated to X and 9oo. If we drop the
assumption that A is acyclic, but assume that the natural isomorphism V* 2V induces
an isomorphism A* = A, then

.. 10g|Hq(F(ni)'A)tor‘ (2)
liminf ’ > (=) T (000) vOI(X7) > 0.
B q+z [[(ny) : T(ny)] A x (e vollX)
r1 even
Remark 1.4. As explained in Proposition 6.1, the approach of Bergeron and Venkatesh
[BV13, 8.1] yields many examples of acyclic I'(n;)-modules to which Theorem 1.3 applies.

Remark 1.5. If A is L?-acyclic but not self-dual, we can apply Theorem 1.3 to A@A* C
V @ V* to obtain exponential growth of torsion in cohomology.

Remark 1.6. The condition r =1 is important in the theorem, since when ry > 1, the
fundamental rank of G, is not equal to 1, so t(;)(g) =0 by [BV13, Proposition 5.2].

Remark 1.7. The case ro = 1 with 71 = 0 is not covered by this result, but in this case
the exponential growth of torsion was obtained in [Pfal4], see also [MR21, Corollary 1.6].

The paper is organized as follows. In §2, we give a detailed geometric description of
the metric g and the bundle metric h in the fibred cusp ends. This is used in §3 to study
the Hodge-deRham operator and its asymptotic behaviour under degeneration to fibred
cusp metrics, so that in §4, we can obtain the corresponding asymptotic behaviour of
analytic torsion. This is combined in §5 with the fine understanding of the asymptotic
behaviour of small eigenvalues of the Hodge-deRham operators under a cusp degeneration
to prove Theorem 1.1. In §6, we explain how to construct acyclic I'-modules. This provides
examples in §7 to which we can apply our result to deduce Theorem 1.3 about the
exponential growth of torsion in cohomology.

2. Geometry of the fibred cusp ends

Recall from the introduction that the fibred cusp ends are identified with T'\ P!(F') and
Pr C PL(F) is a fixed subset of representatives that includes [1 : 0]. Let us first describe
the cusp end corresponding to [1:0] € Pr. Thus, let B C SL(2) be the standard Borel
subgroup. Set

Boo = B(F®g C) = B(R)"™ x B(C)"

B(R):{(S o ) |>\6R*,xeR}

with
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and

B((C)z{(g uil ) IuEC*,ze(C}.

Let v: By — (RT)* be defined by

o= (1T (T 1)

. A 1 >‘7"1 Ty M1 21 Hry  Zrg
b<( O )\1_1 >7...,( 0 A;ll >,< O ,LL1_1 gy O H,;Ql GBoo

If
Bo(1)={b€ B | v(b) =1},
then
B (1)NK =BxNK, By(l)NI'=B,NT,
and

Y := B NT\ Boo(1)/Boo NK

is the cross-section of the cusp end associated to [1: 0] € Pr, where K =SO(2)™ x SU(2)"
is the standard maximal compact subgroup of G.. In fact, by definition,

BOOOFCBOOQSL(ZOF):{L(( 6\ ;_11 )) | AL 2y eop},

so A€ Of. If Np/g: F — Q is the norm defined by

NF/@%)—(Hm(k)) [[inwe ). ker.

then since A is a unit, one has that

Npo(A) = =1,

I/OL(< 3 )\x_ll )) =N =1,

confirming that Boo NT' = By (1)NT.

The other cusp ends admit a similar description. First, if I' = SL(2,0r), the cusp ends
are identified with the ideal classes c¢1,...,c, of F. If a is a representative in the ideal class
¢y, pick a,b € Op such that a is the ideal in Op generated by a and b. Without loss of

so that
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generality, we can assume that a # 0. Then the cusp end associated to ¢, corresponds to
the point

n:=la:b] € PL(F).

Since the element
(Cb‘ a(_)1> € SL(2,F)

sends [1: 0] onto [a : b], the parabolic subgroup P, associated to 7 is given by
—1
a 0 a 0
=i h) nG )

POZB(F):{@ ;1) AEF*,zeF}

is the parabolic subgroup of [1:0] € P}(F). In particular, a computation shows that
a 0 at 0\ _ /X w . 2
(b a_1>PmP,,<_b a>_{<0 )\_1> A€ Or,wea }7

a?={weF |uweOpVuea}.

where

where

Thus, the cross-section of the cusp end associated to n € P*(F) is

Y, = o\ Boo(1)/Boo N K (2.2)

[y:= {L(((é )\%1)>) INEOs we u‘Q} C Boo(1).

More generally, if T is a subgroup of SL(2,0F), the cusp ends are of the form
Y, =T\ Bx(1)/Boc N K (2.3)

with

with I'j, a finite index subgroup of I'q for some ideal a representing an ideal class of F.
Denote the unipotent radical of B by N. Then T'= B/N is a split torus of dimension
r1+7r9—1. Set

Too =T (F®qR)=T(R)"™ x T(C)"
with

T(R)::{(g\ /\91>|)\6R*} and T(C)::{(’g M(ll)ue(c*}.

Let K7 (respectively I';) 1) be the image of K N B (respectively I';)) under the projection
Poo : Boo — T Then

Kz = (T(R)NSO(2))™ x (T(C) NSU(2))" (2.4)
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with

T(R)NSO(2) = {+1d} and T(C)mSU(2){(ew Y ) |9€R},

e {o((2 ) lnear).

In particular, (2.4) shows that

while

Too /K = ((RT)*)717F72.
If we set
To(l):={teTy|v(t)=1},

this means T, (1)/ K7 is identified with the kernel of the group homomorphism induced
by v,

v ((RF)7)rere - (RT)
Oty Arastinsotte) = ([T ) (T 02)
namely
Too(1) /K = ((RF) )72,
By the Dirichlet’s Unit Theorem (see for instance [Mar18, Theorem 38]),
Ly \Too(1)/ Kp 2 T 7271

is a real torus of dimension r; +ry — 1. The projection map ps : Boo — Two induces a
projection

by Yy =Ty \Too(1)/Kp 2 T 271 (2.5)
This map is a locally trivial fibration with fibre
[N Noo \ Nog =TT 272 = T,
where

Naw = N(F8gR) = N(R)" x N(C)"™

N(R):{((l) ”f)ma&a} and N((C):{((l) i)|z€(€}.

To describe the metric ¢ in (1.7) in the cusp end corresponding to 1 € Pr, let us make
the following change of variables with respect to the coordinates used in (1.7):

with

1 ™1 T2
logr = . Zlogyi +ZZlogtj . u; =logy; —logy:, v;=logt; —logy:, (2.6)
F\i=1 j=1
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if the number field F' admits at least one real embedding. If the number field F' admits
no real embedding, that is, if 1 =0, then we define logr as before and set instead

v; =logt; —logty Vje{2,...,m}.

Using the conventions that u; =0 if 1 > 0 and v; =0 if r; =0, we set

W= dF ;ul—FQZUJ R

so that
logy; =logr+u; —p and logt; =logr+v; — p.
Setting u; = u; —p and v; = v; — p, the metric g becomes

d 2
dF 5 +drgs, + Ze 2 dac +QZ€ 2”7\dz |2

when 71 > 0, where gg, is a flat metric on the base S, = Tr1+72=1 of the fibred bundle
(2.5) and the cusp is when r — 0o. Thus, the metric gs, can be seen as a Euclidean metric
in ug,...,Up,01,...,0r, (just in va,..., v, if 1 =0), though not necessarily the canonical
one.

To ease the comparison with [MR20], we will divide this metric by dr and let

d 2
Jtc = L—i—gs + Ze‘zu‘dm +2Ze‘2vﬂ|dz ? (2.7

be the fibred cusp metric we will consider on X. For this metric, a local basis of
orthonormal forms is given by

dr e "dx, e Yrdx,, e Ydz e "'dz; e Vr2dz,, e r2dz,,
Uy +re—1
where v1,...,Vp, 4r,—1 1S & basis of orthonormal parallel forms for gs,-

On the other hand, in terms of these coordinates and the bundle metric of [MMG63], a
local basis of orthonormal sections of the flat vector bundle E,, ,, when |m|:=m;+---+
my, =1 with m; =1 for some fixed ¢ and n =0 is given by

ei,1=(3At—1)(é)_ ( >a:

1
0 A= Jli=ries t = ——
At 0 _a x CVHETRe =
€i,2 = -1 e 2 )
’ 0 A 1 1

m\»—-
N‘ 2

N)\»—A
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If instead m =0 and |n| :=n1+71 +---+n,, + 7y, =1 with n; =1 for some fixed j, then
a local basis of sections of Fy, , is given by

n=(3 () (1)

FETLU 0 AT 0 /) 0 )’ 1 Zj
b 4 A= \/>—7"5 ]_.

-3 ) () (1), ﬁ

Finally, if m =0 and |n| :=nq +71 + - + 1y, + 7y, =1 with 77; = 1 for some fixed j, then
a local basis of sections of E, , is given by

=L g A1 0/ 0 )’ 24
Va o = . A= \/;77ﬂ26 ].
Tam (2 8 ()=t (%) Vh

Notice in particular that fj,l and fjﬂ are precisely the complex conjugates of f; 1 and
fj,2 respectively. Hence, more generally,

71 o o B
ke i~k b ol n;—l o 7l
Wk, = <®(ei,1 ®e; s )) ® ®(fj,1 ®fj}1 @fm ®fj,2 )|,

i=1 j=1

W=

fork<meNj andl<ne Ngrz, form a local basis of orthonormal sections of E,, ,,. One
computes that

d ~ dz; 1/d .
de; 1 = ’ +duz €1, deijo=|e ™ i €i1— = @& +du; | e; 2
2 ’ ’ r ’ 2\ r ’

and
1 d'r' _ dz dr
dfj1= 2( —&—dvj) fi, dfjo= ( T j)f;,l— <r+dvj> fi2
so that
@m 2=l - a2k T —n -y
dwy,; = 2 . —|—Z 5 du; + ' 5 dvj | wg,
=1 ]:1

(2.8)

L . d.]?l
—‘rz;(mi—ki) (e “zr) Wh41,,1

1=

- iy dZ Y df
+;((nj—lj) <€ 7 rj>wk 11, + (7 =1 )< ’ rj)wk,zm)’

where 1; is the r;-tuple with ith entry equal to one and the other entries equal to zero,
1, is the 2ro-tuple with (2 — 1)th entry equal to 1 and other entries equal to zero and 1,
is the 2ro-tuple with (27)th entry equal to 1 and other entries equal to zero.
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Since the representation p, » is self-dual, notice that the dual flat vector bundle Ey, ,,
is naturally isomorphic to E,, , as a flat vector bundle, as well as a hermitian vector
bundle. This can be seen directly in terms of the local sections w; ;. The orthonormal
basis of sections dual to {e; 1,e;2} is given by

Uy

1:7"_%(3_7(1 —z; ) and e

e

3 (2

=rie % ( 0 1 )
while the local orthonormal basis of sections dual to {f; 1,f;j 2} is given by

f}:r*%e*%(l fzj) and ff:r%e%( 0 1)

—1 —2
with their complex conjugates f; and f; giving the local orthonormal basis of sections
dual to {f; 1,f;»} For these sections, one computes that

de} = —3 (dr +dul> (e‘idmz> e,
de? = % (dr +du; )
df? = (dr dv]> 2,

so that the natural isomorphisms of flat vector bundles Eq, o — ET, o, Eo,1; — (E071j)*
and E, 7, — (E, 1,)"are induced by

2 1 2 1 i 72 7 -1
€1 €, eiar—e, [ f7 fi2——f; and fii i lio——1;

)

3. Cusp degeneration and the Hodge-deRham operator

As in [MR20], X can be compactified to a manifold with boundary X by adding a copy
of Y, at infinity for each cusp end n € Pr,

Y:XU(UUE‘DrYn)v 0X = unemryn'
On X, we can choose a boundary defining function z such that for each n € Pr, z = % in
the cusp end (2.7) corresponding to 7. If
M=XUyzX
is the double of X along 0X, then on M, one can consider a family of metrics g.

parametrized by ¢ > 0 which in a tubular neighborhood Y, x (—=6,6), of Y, in M takes
the form

dr 2
Jtc,e = —5 7 +g9s, +— Ze 2 2 +226 Wildz? |, pi= a2 te? (3.1
dp

j=1

and which on M\ 9X = X U X converges to gg. on each copy of X as ¢ \,0.
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€

/ %sb \
x
Bsm

Figure 1. The single surgery space Xs.

For such a family of metrics, we can consider as in [ARS21] the single surgery space of
Mazzeo-Melrose [MM95]
X, =[M x[0,1].;0X x {0}] (3.2)

obtained by blowing up 90X x {0} inside M x [0,1]. in the sense of Melrose. It is a manifold
with corners with natural blow-down map (s : Xs — M x [0,1].. We denote by By, :=
BsH(M\ 0X) x {0} the lift of the old boundary hypersurface at € =0 and by B, :=
B:HOX x {0}) the new boundary hypersurface created by the blow-up.

There is a corresponding flat vector bundle E\m,n corresponding to E,, , on each copy

of X. We can equip Em,n with a bundle metric h. depending on € > 0 and such that
he — h on each copy of X as € 0. To describe this metric near Y, it suffices to give a
local basis of orthonormal sections, which we take to be

"1 T2 NP AT —1s
N N iy —k; AL =3 i —1; =Tl
g o= (@(e§1®e;72 k)>® QU @f 1 ®f% " efs )

i=1 j=1

for k <m € Nj' and | <n € N2™ with

1 14 ; ~ 1T 1 A 1% ;
(0),éi,2t:p§6 2 (? >7fj,11:/) é62](0),13,2:,0;8 5(?)

and fj71,?j,2 the complex conjugates of fj,l and fj’g. In terms of these sections, notice
that the following analog of (2.8) holds,

N ‘fz

[SIC

éi1:=p 2e

—2lk| =2l zdr ~=2ki—m; . =20l +1)—n;,—7;
dy,; = (| +In] = 21k] ||)££+27mdui+z Ui tly) =, n]dvj (7

2 pp = 2 = 2

1
+ Z(mz - /fz) (e_“‘pdxz) ,Lkarl’hl
i=1

5 (05 =15) (7™ pdz; ) o, + (5 = 1) (7 pd2; ) 141, ) - (3.3)
j=1
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Let O, = d+d* be the Hodge-deRham operator associated to (M,Em’n,gfc75,h€),
where d is the exterior differential and d* is its formal adjoint with respect to gs . and
he. In a tubular neighborhood Y}, x (—=6,d), of Y, in M, we can describe O . in terms of
the decomposition of forms

d
w:wo—|—?x/\w1 (3.4)

with wp and wy forms not involving %I. To do so, we need to introduce a weight operator
W defined on forms by the number operator in the fibres of the fibre bundle Y, — S,

d
W(;) =W(y,) =0, ge{l,...,r1+r2—1},

(3.5)
Ww)=w for we {e_ﬁipdxi,e_gj pdzj,e_gjpdzj}, 1<, j <79,

and on sections of Emﬁn by

_ (Iml+Inl _

Wi = (" = - ) (3.6)
In terms of this weight and the decomposition (3.4), we have that

_ p_layn/sn +6Sn %( _dF) _p%
6&:,5 - ) W ,15 3 (37)
pax + P -p Yy /Sy T YSy

For some vertical and horizontal operators dy, /5, and Os, with respect to the fibre bundle
¢n: Y, — S, of (2.5). Compared to [ARS21, §2.2], notice that there is no curvature term,
which is due to the fact that the Riemannian submersion ¢,, : Y;, — S, has trivial curvature
in the sense of [BGV04, §10.1].

Let D, , be the vertical family of [ARS21] associated to the family of Hodge-deRham
operators Og. . at Yy, that is,

D — ( 6Yn/5n 0 ) .
o 0 —Ddyys,

This is a family of operators acting fibrewise on the fibres of the fibre bundle
O Yy — 5.

As in [MR20], in each fibre, it corresponds to the Hodge-deRham operator with respect
to the induced fibrewise metric and trivial flat vector bundle of rank rank E,, ., that is
the trivial vector bundle E,, ,, with flat structure obtained by declaring the sections ; ;
to be flat. Its kernel is naturally a vector bundle over S,, with local sections given by

* d — W, —0, —, . . ~
A (%,Vq,e “ipdzs,e” " pdzie” Vpdzi | g <ri4+re—1,i <71,5 <12) @ (Wi, | K <m, I <n).

https://doi.org/10.1017/51474748025101564 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101564

Torsion in the cohomology of arithmetic groups 1327

The corresponding horizontal operator Dy, ,, of [ARS21] is obtained by letting

_ x d o
R I G - A e (3.9)
c,e = T - ’
Pos+ o (W—F) —p~'dy,s,—0s,

act on such sections extended smoothly off the boundary hypersurface B, of X (defined
in (3.2)) and then restricting back to Bg,. A computation shows that in terms of the
decomposition (3.4),

_D(% _
Do = ( v ) D(%sn " ) (3.9)
where
D) = (X) 7" (X) e () = (X0 + 15, aeR X =20 = VTN,

and Og, is the Hodge-deRham operator on S, (with metric induced by gs.) acting on the
flat vector bundle generated by the space of sections

C* = N (e % pdus,e ™ pdzj,e % pdZ; | i < 1r1,§ < 719) @ (py | k <my 1 < ). (3.10)

Let 0¢ be the natural (Kostant type) Hodge-deRham operator associated with the finite
dimensional complex (3.10) with differential d¢ defined by

71

dek,l e Z(mz — ki) (eiﬂipdl‘i) wk—&-l,;,l (3.11)
i1
* TZQ <(nj ) (67@ szj) W41, + (70— 1) (675]‘ szj) wk,l-&-fj)
j=1

with natural metric induced by g, and h.. By Hodge theory, the kernel of d¢ corresponds
to the cohomology of the complex C*. It admits in fact the following explicit description.

Lemma 3.1. The kernel of O¢c is given by

T1
H*(C) = (/\(é?{,éfﬁe_ﬂipdxi>> A (3.12)
=1
T2 o, S on S 7 n; RS 7, sn; AN 9w, 9 -
N ffia®f e " pdz, [ © f 167" pdzy, [ © f e pPdz; N dz;)
j=1

Proof. Notice first that the complex C* admits the decomposition into subcomplexes
T1 T2 T2 e
c*:(/\c;>A AD; | A AD; | (3.13)
i=1 j=1 j=1

where

Cr=(ely@ely M el ey e pd; | k; € {0,1,...,m;})
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is the complex with differential given by
de, (é?fl ® émi_k"') (mi —ki)e; ki +1 ®eis Fimle=ti g,
de, (éﬁi1 ®é;"217k e~ 'pdxi) =0,
while
D =(fa@fy Y 1L e {01 .} @ (Ldz)
is the complex with differential given by
dDj(fgl‘l‘g’fnJilJ/\w) (nj— )fl +1®f bl “Yipdz Aw

for w e (1,dz;) and 5j is its complex conjugate. There are corresponding Hodge-deRham
operators J¢, and 5Dj AD; A direct computation shows that their kernels are respectively

given by
H*(Ci) = (€, el e pday),
H (D ADy) = (F4. 0750 pdzy) A (T2 T ne ™™ pdz).
Since

1 o
¢ =) 0, + Y 0p,rp,
i=1 j=1

and the various Hodge-deRham operators in this sum anti-commute, the result follows. In
terms of cohomology, this is just the Kiinneth formula for the decomposition (3.13). O

The differential dg, of the complex
Q*(S,;kerdy, /s, ) (3.14)
is then of the form
ds, = ds, +dc (3.15)
with an also a differential, namely
ds, e, = Z 2k Z 1y dvj | Wi,
i=1 j=1

JSW (e_ﬁ'ipdxi) = —du; A (e_“ipdwi), 1 <1, (3.16)

Bs, (e pdz;) = —diy A (P pdz,), G <1
JST/ (6 U pcf ) —dﬁj A (67’% szj)a .7 <7y,
and

an(w/\y):(dw)/\u—k(—l)qw/\gsny for weQ(S,),vecl.
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Using the natural metric induced by g . and h., the differential d; s, has a formal adjoint

d’gn. In particular, there is a corresponding Hodge-deRham operator 5377 and we see from
(3.15) that

5577 = 557] +0c.

Since, dg, = gsn +dc is a differential, we see that the differentials an and de anti-

commute. Correspondingly, their formal adjoints Jgn and dj anti-commute. In fact,
writing the formal adjoints in terms of the corresponding Hodge star operators we see
that Og, and Oc¢ anti-commutes. Hence, we see that

2 52 2
8377 - 6577 +5C

This implies that an element in the kernel of g, will be in the kernels of 5577 and J0¢ and
vice-versa. Combined with Lemma 3.1, this can be used to obtain the following description

of kerdg,, .
Lemma 3.2. If ry > 1, the kernel of Os, is trivial unless my = --- = m,, and n; €
{2mq1 —mj,2mq +2+7;,7; —2mq — 2} for all j € {1,...,72}. In this latter case, the kernel
s given by

(Wi, 1 /\ e Yipdz; | A /\ e Yipdz; |, (3.17)

jed JjE€T
r1
W0, n—1 </\ euipdﬂfz') A /\ e " pdz; | A /\ e Ypdzj | ) NH(Sy),
i=1 2 ¢
where J ={j € {1,...,ro} |n; =71; —2mq —2}, J={j € {1,...,m2} | nj =2m; +2+7;},

{0, JEJ; 7 {07 Jeja

nj, ] ¢ Ja ﬁja ] ¢ 7&
and H*(S,), which can be identified with the cohomology ring of S, = T +r2=1 s the
finite dimensional exterior algebra generated by dus,...,du,,,dv,. .. ,do,,.

Proof. First, in the special case where 7 =1 and 7, = 0, notice that S, is a point and
the result is a direct consequence of Lemma 3.1. Otherwise, since we assume r; > 1, we
must have dim S, > 1 and by the discussion above, kerdg, corresponds to the kernel of
5&7 acting on Q*(S,;kerdc). In terms of the differential an and the induced metric, we
see from Lemma 3.1 that ker ¢ splits orthogonally into a direct sum of flat line bundles
on S,. It thus suffices to compute the kernel of agn when acting on sections of each
of these flat line bundles. To describe the corresponding differentials, it is convenient to
use, instead of ug,...,up,,v1,...,0r,, the local coordinates uo, ..., ur,,1,...,0y, on S,. This
is possible, since as readily checked, the corresponding linear change of coordinates has
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non-vanishing Jacobian. In terms of these coordinates, notice that
1 T1 T2 1 T2

MZE Zui—i-ZZUj :Zui—i—QZvj,
=2 j=1 =2 j=1

so the differential an is given by

_ Yook iy a2l — 7T |
ds, Wk, = ZTdUHrZ G J)z L v | g,
i—2 j=1

Wlth Fkvi:kifkl, ﬁLi:mifml,Flvj :ljfkl, lj :ijkl, ﬁj :lefml and %j :ﬁjfml,
while

T1 )
dsn(e_ﬂlpdxl) =dune " pdey = Zdﬂi +22d5j Ae™ " pday
i=2 j=1

and otherwise is described as in (3.16). Now, by Lemma 3.1, assuming that m € N™ and
n € N?"2 for the moment, the flat line bundles of the decomposition of kerd¢ over S, are
spanned by sections of the form

o=y, /\ e_aipdmi A /\ e_mpdzj A /\ e_mpdéj
j,1;=0

4, k; =0 7, lj =0

for k and [ such that k; € {0,m;} for all i and [; € {0,n;}, I; € {0,72;} for all j. In particular,
we compute that

dS"U =

"2k — g _
Z (27,” —5;“0—1—6;910) du; (3.18)
1=2

"2 o L) — T — T
+§:<(%+bg & Th+2%m—&ﬂ_®m>d% Ao
j=1

Using the Kiinneth formula in terms of the decomposition induced by the coordinates
Uy« vy Upy,U1,...,Up,y, We see that the cohomology is trivial unless do = 0, that is, unless
the line bundle is trivial as a flat vector bundle, in which case the cohomology is isomorphic
to H*(S,). A careful inspection of (3.18) then shows that the only way do =0 is if

0 = Wm,1 /\e*”jpdzj A /\e*”jpd?j
Jed Jj€T

or

Ty
0 =Wo,n—1 (/\ e_“ipda:i> A /\ e_T’jpdzj A /\ e_ﬁ-fpdfj

i=1 igJ J¢T
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with m,n,l, J and J as in the statement of the lemma, yielding the result. When we allow
m € N(* and n € N2, the formula (3.18) must be modified appropriately, but again the
same conclusion can be reached. O

When r; =0, the kernel of 05, can be computed as follows.

Lemma 3.3. Ifr; =0, suppose that iy =---n,, =0 and assume without loss of generality
that nqy > --- >mn,, > 0. If n; > 0, then the kernel of 6577 is trivial unless nj € {n1,n1 —2}
for all 3, in which case it is given by

(woun(e " pd2) " woo |\ e pdz; | A(eTpd2)?) AR (S,), (3.19)
j=1

where o, 3 € {0,1}"2 are such that

nj=n = o; =, B; =P,

nj:n1—2:> Ozjzo,al:l,ﬁjzlaﬁlzo-

In particular, if nj =ny —2 for some j, then o and B are uniquely determined by these
conditions, while otherwise o, € {(0,...,0),(1,...,1)}. If instead ny = --- =n,, =0, then
the kernel is of the form

((pdz)™ A (pdZ)? | aj+ Bj = a1 + B1 Vi) AH*(S,). (3.20)
with
(e "pdz)? = (e ™ pdz1)P1 A+ A (P2 pdZ)or? (3.21)
and similarly for (e~?pdz)®.

Proof. If ro =1, then S, is a point and the result is a direct consequence of Lemma
3.1. Otherwise, we can still follow the strategy of the proof of Lemma 3.2. We will only

highlight the changes needed. First, we can use the local coordinates vs,...,0,, on S,
instead of vg,...,v,,. In terms of these coordinates,
2 ) T2
N
Pz =2

and the differential cflv&7 takes the form

ro ~ ~
~ o0 —n:\ | .
ds,,,wo,z = <J2]> dv; | wo,;

=2
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with now l; =1; -1 and n; =n; —ng, while

72
EZVSW (e P pdzy) = duhe " pdzy = Zd’ﬁj Ae P pdzy,
j=2

T2
ds, (e ™ pdz,) =duNe " pdz, = Zdﬁj Ne " pdz,
j=2

and otherwise is as in (3.16). Now, ker0¢ still splits into flat line bundles. Assuming that
n € N™_ it is spanned by sections of the form

o=, /\ e Yipdz; | A(e”Ppdz)?
j,1;=0

for [ such that I; € {0,n;} for all j and with dz° as in (3.21). We compute in this case
that

T2

~ 20; — 1 .
dS,?O' = Z (JQJ +6l1076lj0+5,[311 (5/3j1> dvj No. (3.22)

=2

Again, to have non-trivial kernel, we must have that dgo = 0. Looking at (3.22), we see
that the kernel must be of the claimed form (3.19). If more generally n € Ng?, formula
(3.22) must be suitably modified, but again the same conclusion can be reached, except
in the case where n; =0, that is, when n = (0,...,0) and Ey ,, is a trivial flat line bundle,
in which case the kernel is instead described by (3.20). O

Remark 3.4. The assumption that 71 =--- =n,, =0 in Lemma 3.3 can be removed,
but then the result has a more complicated description.

These results can be used to study the operator Dy ,. To see this, we need the following
lemma.

Lemma 3.5. The operator 0s, commutes with the weight operator W.

Proof. From their definitions, the differential d¢ and an clearly commute with the weight
operator W. Since W is self-adjoint, this means that d; and dgn also commute with W.

Hence, so do O¢, agn and 05, = Oc +5Sn. O

Using Lemma 3.5, we see that the operator Dy, of (3.9) is such that

pp [ % DUE WDV ) 0o
" 0 05, —D(W = 5)D(F = W) (3.23)
s +D(W —22)*D(W — 4r) 0
0 0%, + D(% —W)*D(% —W)
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Hence, as in [MR20], Dy, ,, can possibly be non-Fredholm or have a non-trivial L?-kernel
only if g, has a non-trivial kernel.

Proposition 3.6. The operators Dy, and Din are Fredholm as b-operators for the b-
density % for XeRifri>0o0rifr1=0,n#0 andny=---=n2=0. When r; >0
the L?-kernel of Dy, ,, (and Din) is trivial unless my =---=m,, and

n; € {2m1 —nj,2my +2+n;,n; —2my — 2}

for all j €{1,...,r2}, in which case it is given by

5 5 ml=|n 5 dX
(Wim,1 (/\ e“fpdz]) A (/\ e”jpdEg) /\<X>*dTF*%*|”+‘J‘+”‘7<X>,

Jjed jeJ
WO, m—1 </\ e_aipd:m) A (/\ e—ﬂjpdzj> A (/\ e—%pdzJ) (X))~ F =AU Ty A 3%(8,)
i=1 jeJ J¢T
(3.24)
with J,J and 1 as in Lemma 3.2. If instead r1 =0, but ny =--- =N, =0, n1 > 1 and we

assume without loss of generality that nqy > -+ > n,,, then the L?-kernel of Dy, is trivial
unless nj € {n1,n1—2} for all j, in which case it is given by

15l yja) dX

(wo,n(e_ﬁpﬁ)a A (X)_dT ) JW0,0 (/\ e Ui pdzj> A (e_ap(ﬁ)@X)_%_lm) AH"(Sy),

(3.25)
with «,8 € {0,1}"2 such that
n;=n1 = o =y, 3 =P,
n; =mny 2= &7 =0,a1 = 17/8j = 1751 =0.

Proof. By [Mel93], it suffices to check that the indicial family of I(Dbz’n,/\) is invertible
for all A € R. As shown in [ARS1S, (2.12)],

I(D(a),\) = £(a—i))
at X = +o0, hence
0% + (W —42)24+ 22 0
2 _ Sy 2
I(%M)—( 0 0, + (W —4)2 + 2

at both ends. Clearly, this is invertible for A # 0, while at A =0, it is invertible provided
W — %F # 0 when acting on kerdg, . By the explicit description of kerdg, given in Lemmas
3.2 and 3.3 and the definition of W in (3.5) and (3.6), this is indeed the case unless
r1 =0 and n = 0. To describe the L?-kernel of Dy, and Dg,n’ notice from (3.23) that it
corresponds to the kernel of

0, TPETM)
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acting on sections of the trivial vector bundle kerdg, ©kerds, over R. Since the L?-kernel
of D(a) is non-trivial and spanned by (X)~* if and only if a > 0, the description of the
L?-kernel of D, and D[i , therefore follows from Lemmas 3.2 and 3.3 and the definition

When Dy, is Fredholm, we can apply the uniform construction of the resolvent of
[ARS21, Theorem 4.5] to 05 as € \, 0.

Theorem 3.7. Suppose that either 11 #0 or r1 =0 with 7y =+ =7, =0 and n # 0.
Then the family of operators Dy . := pdTF 5fc,5p_dTF (using b-densities) has finitely many
small eigenvalues, that is, there are finitely many eigenvalues of Dy . tending to 0 as
e \( 0. Furthermore, the projection Igman on the eigenspace of small eigenvalues is a
polyhomogeneous operator of order —oo in the surgery calculus of [MM95] and

rankITg .1 = 2dimker2 O¢ + Z dim kerLi Dy . (3.26)
nePr

Proof. As already noticed, ker D, , is a vector bundle over S,, which ensures that
Assumption 1 of [ARS21, Theorem 4.5] holds, while Assumption 2 of this theorem holds
thanks to Proposition 3.6. Hence, the result follows from [ARS21, Theorem 4.5 and
Corollary 5.2], cf. the proof of [MR20, Theorem 3.5]. O

4. Cusp degeneration of analytic torsion

Let T(M,Em7n,gfc7g,h5) be the analytic torsion of (M,E\m7n,gfc7€,h€). In this section, we

will study the limiting behaviour of T(M;Em7n,gfc75,h5) as € \, 0. To do so, we need

first to give a better description of the small eigenvalues occurring in Theorem 3.7. First,

on the fibred cusp end (7,00), x Y;, we can compute L?-cohomology as follows. As in

[MR20], we can use polyhomogeneous forms, so the L?-cohomology can be computed

using the complex

L? ;thq((Taoo)r X Yn§Em,n) =
{v € L? Apng Q1 ((T,00) X Yy; B | dv € L? Apng Q4 ((T,00), X Yoy; Ern) b

(4.1)

where LQApthq((T,oo)r X Yy Em ) is the space of smooth L?-forms admitting a
polyhomogeneous expansion in z = L in the sense of [Mel93]. The differential of this
complex decomposes as

d=d, +dy,

with d, the differential in the (7,00), factor and dy, the differential in the Y factor.
Using that the natural connection of the fibred bundle ¢, : Y, — 5, is flat, we see that
the differential dy, further decomposes as

dYn =dc+ JSn + dYn/Sn
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where dc is the differential of the complex (3.10) with p =1, dy, /s, is corresponding
to the vertical differential of the smooth coefficients in front of the basis generating the
complex C and ilvgn is the remaining horizontal differential. Using this decomposition, we
can in particular induce a double complex out of (4.1) with differentials d 4 := dy, /s, and
dp :=d, —l—(jgn +dc¢ with bi-degree given by (W,N, + Ng, + Ny, /s, — W), where W is the
weight operator defined earlier on and N,., Ng, and Ny, /s, are the number operators in
the factors (T',00), the base and the fibres of the fibre bundle Y;, — S,,. The first page of
the corresponding spectral sequence is

By =L* AL 0 ((T,00), X Syiker Dy )

with dy =dp =d, +(fivgn +dc. In fact, this spectral sequence degenerates at the second
page, which is just the cohomology of (E7,d;). We can again decompose this differential
by

di=dia+dip withdia=ds, +dc and dip=d,,

inducing on (Ej,d1) a structure of double complex with bi-degree (Ng, + Ny, /s, ,N:).
The corresponding spectral sequence has first page

B =I? ohg(T',00),, ker T, )

with differential dy = dy, g = d,., where a basis for kerds, is given by Lemmas 3.2 and 3.3.
This spectral sequence degenerates at the second page E} so that the L2-cohomology of
the fibred cusp end is identified with EY', that is, with the cohomology of the complex

L? ;hg *((T',00),; ker s,

with differential d} = d,.. By [HHMO04, p.501], we deduce the following.

Proposition 4.1. When ry > 0, the L?-cohomology of ((T,00), X Yy; Ep, ) is trivial
unless my =---=m,, andn; € {2mq —7;,2mq +2+70;,7; —2mq — 2} forall j € {1,...,m2},
in which case it is given by

Hiy (T,00)r X Yo Empn) & @ | N\ ez | A N\ e ™dz; |) A1 (S,)
jeJ jeT

with J,J and 1 as in Lemma 5.2 and W, 45 wi,; with r = 1. If instead 7 =0, but
ny=---=np, =0 and ny > 1, then assuming without loss of generality that ny > --- > ny,,
the L?-cohomology of ((T,00); X Y,Ey, ) is trivial unless nj € {n1,n1 —2} for all j, in
which case it is given by

H{) ((T,00); X Yy Bin,n) 2 (Wo,n (e d2)*) ANH(Sy)
with a € {0,1}™ such that

nj=n; = aq;j=ai, nj=n1—2 = a;=0,a;=1.
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If we forget about the factor of (7T',00),, notice that the above spectral sequence
argument also shows that

H*(Y,); Em,n) = ker g, (4.2)

so Lemmas 3.2 and 3.3 give an explicit description of H*(Y;; E., »). It also induces a
natural orthogonal decomposition

H*(Yn;Em,n) :H—T—(Yn;Em,n)@Hi(Yn;Em,n)a (43)
when the cohomology is not trivial, where
T1 ~ ~ _
H (Yy; Em,n) = Wo,n—1 (/\ e_uipdivz‘) AN e Tpdzy | AN eV pdzs | AHE(S,),
i=1 JEJ i¢J

H; (Y Epn) =W, /\efﬁjpdzj A /\efgjpdfj ANH*(Sy)

jed JjET
(4.4)
in the setting of Lemma 3.2, while in the setting of (3.19),
T2 ~ ~
H* (Yy; Ep,n) =Wo,0 /\ e Yipdz; | Ae”PpdZ)? AH*(S,), (45)
j=1 :
H (Yy; Emyn) = Wo,n (e " pdZ)® AH*(S,).
In particular, notice that Proposition 3.6 implies that
keI‘Lg Db,n gHj_(Yn;Em,n)@Hi(Yn;Em,n)- (46)
The decomposition (4.3) also implies that
H*(0X; Ey,n) = H{(0X; Byn) ® HZ (0X; Epy,n) (4.7)

with

HL(0X;Emn) = @ HL(Yy; Emn).
nePr

Let pry : H*(0X; Ep.n) — H}(0X;E,, ) be the induced projections. Lemmas 3.2 and
3.3 yields the following description of these spaces.

Lemma 4.2. When r1 >0, the cohomology of (0X,Ey, ) is trivial unless my = -+ =m;.,
and nj € {2my —n;,2my +2+n;,7; — 2mq — 2} for all j € {1,...,ro}, in which case it is
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given by

H* (0X;Epmn) = EB (Wo,n—1 (7\ e_ﬁ"dmi> A (/\ e_gjdzj) A (/\ e_ajdzj-) YAH™(Sy)

nePr i=1 i¢J T
HY(0X; Emyn) 2 @D (W, ( N e "pdz; | A ( A e@'pdzj)MH*(Sn),
nePr JjEJ JET

for J={j€{l,...;ra} |n; =7; +2m1+2} and J ={j € {1,...,r2} | n; =2m1 +2+7;}.
If instead r1 =0, but my =--- =N, =0, ny > 1 and we assume without loss of generality
that ny > -+ -n,,, then the cohomology of (0X,Ey, ) is trivial unless n; € {n1,n; —2} for
all j, in which case it is given by

H*(0X;Emn) = @ (Wo,0 /\ e Yidz; | A "dz)PY ANH(S,),

nePr j=1
H(0X; Em,p) = @D (@o.n(e ™" pdz)™) NH ().
nePr

where a, B € {0,1}"2 is such that
n; =nyp — o5 =y, 5;‘ = b1,

nj:n1—2:> Ozj:(),ali]_,ﬂj:].,ﬂlio.

We can use this information to compute the cohomology group H*(X;E,, ) using
known results and the Mayer-Vietoris long exact sequence in L?-cohomology

~--H(qz) (X;Emn) — HEIQ)((T,OO)T XOX;Em n) ®HY(X; Em,n) — HY(OX; Em,n)--.

(4.8)
This yields the following.
Theorem 4.3. Suppose that r1 > 0 or that 1 =0 with 7y = --- =7, =0 and n # 0.
Then there is an isomorphism
H*(X; Epn) = Hiy)(X; Enn) @ H-(0X; By ). (4.9)
Furthermore, if n; #n; for some j € {1,...,r2}, then
H{y) (X Ep,n) = {0} (4.10)
and this simplifies to
H*(X;Epp) = H (0X; B, (4.11)

Proof. By a result of Harder [Har75, Remark (3), p.159], we know that the image of the
restriction map

L H*(X;Epmn) — H (0X; Ep.n)
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is identified with H* (0X; Ep, ) via the projection pr_ : H*(0X; Ep.p) — H* (0X; Em ),
Vi H (X5 Epn) & H* (0X; By ). (4.12)

On the other hand, Proposition 4.1 and Lemma 4.2 show that the restriction map also
induces an isomorphism

H(*Z)((T>OO)T X Yn;Em,n) = Hi(aY, Em,n) (413)

By the decomposition (4.7), this means that the boundary homomorphism of the long
exact sequence (4.8) is trivial, yielding the isomorphism (4.9). To prove (4.10), let
T: Goo — GL(V;) be an irreducible finite dimensional representation. Let E,. — X be the

flat vector bundle which is associated to 7|r. Equip E, with the Hermitian fibre metric
defined in [MMG63]. Let

Ag(1): A(X,E;) = A(X,E;)

be the Laplacian acting in the space of E.-valued g-forms. Let L3, AY(X,E;) be the
subspace of L2AY(X,E,) which is spanned by the square integrable eigenforms of A, (7).
Let L3, (I'\Gw) be the subspace of L?(I'\Gw,), which is spanned by the irreducible
subrepresentations of the right regular representation of G, on L?(I'\G ). Then we have

Koo

L3 AY(X,E;) = (L3 (M\G) ® V5) (4.14)

s

Let Ay qis(7) be the restriction of A,(7) to L3, AY(X,E,). Now assume that 7 % 7049
where ¢ is the standard Cartan involution of G with respect to K. Using (4.14) it
follows as in the proof of [BV13, Lemma 4.1] that there exists ¢ > 0 such that

Spec(Ag,ais(T)) C [¢,00) (4.15)
for all ¢ =0,...,n. In particular, it follows that
H(*2) (X?ET) = /Hé) (XaE‘r) =0, (416>

where the right hand side denotes the space of square integrable harmonic forms. Now
assume that ro > 0 and that there exists j € {1,...,72} with n; # n;. Then p,, , is not
self-conjugate, that is, om,n & 0m,n 0¥, so (4.10) follows from (4.16). O

Remark 4.4. Comparing (4.8) with the long exact sequence in cohomology for the pair
(X,0X), we can also deduce from (4.12) that
Hioy (X5 B ) 2 Im(HZ (X5 Eryp) = HY (X5 Eyn)) -
Using the Mayer-Vietoris long exact sequence in cohomology
aq*l = iq ~ ~ q ~ aq
2N HY(M; Bynyn) —> HY(X; Eyn) @ HY(X; Bynyn) ——s HY(0X; Emyn) — > -+
(4.17)

and Proposition 3.6, we deduce the following.
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Lemma 4.5. Ifr1 >0 orry =0 withny =---=n,, =0 and n # 0, then

H*(M; B, ) = Hy)(X; Emon) @ Hioy(X; Emn) D | €D kerpz2 Dy |
nEPr

%kerchy)fC’O@ QakerLng,?7 ,

n€Pr

where Bt o is the operator corresponding to g on each copy of X in M\ 0X.

We deduce from this lemma and Theorem 3.7 that the eigenspaces associated to small
eigenvalues are cohomological, that is, all the small eigenvalues are zero. As in [MR20],
this allows us to apply [ARS21, Corollary 11.3]. However, one important hypothesis
in this corollary is that the base S, of the fibre bundle ¢, : Y, — 5, has to be even
dimensional to ensure that some terms in the short time asymptotic expansion of the
trace of the heat kernel vanish. Our setting, on the other hand, is very special within the
framework considered in [ARS21, Theorem 11.2]. This will allow us to establish directly
the vanishing of these terms in the asymptotic expansion of the trace of the heat kernel
without assuming that S, is even dimensional.

The first useful special feature of our setting is that the family of metrics g . is not
just asymptotic to the model (3.1). It is in fact exactly given by (3.1) for p = Va2 +¢&2
sufficiently small. Moreover, as already observed, the fibre bundle ¢,, : Y;, = S, has trivial
curvature in the sense of [BGV04]. Consequently, there is no curvature term in the
asymptotic model (3.7) of the corresponding Hodge-deRham operator in the limit p — 0
and this operator is in fact exactly given by (3.7) in a small region near p =0.

To study the asymptotic behaviour of the heat kernel near p =0 in the limit ¢ — 0, this
means that we can use the model operator (3.8), namely

—1 z d 9
- p~ Dy, /s, +0s, L(W-2)-pZ
5 o5, +0s, 5 (V v 4.18
fc,e (P(%er(Wsz) —p IBYn/Sn76Sn ( )

seen as defined on Y;, xR, for ¢ small. Since 05, commutes with W and anti-commutes
with Oy, /s, , we see that

N2 D2 2
ch,s_Dc,aJ'_aST,v (419)
where
b s Btk
oty W—=5)  —p0vys,

is an operator anti-commuting with Jg, . The corresponding heat kernel is therefore given
by

N2 N2 2
7thc,e — eitD _tﬁsn .

e cce
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For analytic torsion, we are in fact interested in the weighted version
(_]_)N]\/veftf)fi,E _ (—1)NN (e*tﬁige*mén)’

where N is the number operator multiplying a form (of pure degree) by its degree. This
can be rewritten

(1) NemPiece = (—1)NetNoursntNon (N, + Ny, /5, + Ng,) (e Peee™% ), (4.20)

where N, is the number operator in the factor R, while as before Ny, ;5 and Ng,
are the number operators in the fibres and the base of the fibre bundle ¢, : Y, = S,.
To understand this operator, it suffices to understand it when acting on each of the
eigenspaces of (N, + Ny, , Sn) and W.

We can also decompose in terms of the eigenbundles of dy, /s, . Let us first see what
happens in a given fibre ¢, ' (s) of the fibre bundle (2.5). There, the restriction (dy, /s, )?
of 5%," /S, is the Hodge Laplacian associated to the trivial flat Hermitian vector bundle

bt (s) x CrankEmn on a flat torus. In this case,

dimc ker(dy, /s, )2 = dimg ker(dy, /s, )s = 297 rank E,,,

and (dy, , Sn)z is canonically identified with 297 rank E,,, ,, copies of the scalar Laplacian
Ay on ;" (s). Hence, the eigenspace of (Jy, s, )? associated to the eigenvalue v is
canonically of the form

ker((ﬁyn/sn)i —v) ¥ ker(Ad);l(s) —v)®ker(dy, /s, )s- (4.21)

The torus ¢, '(s) can be taken to be (I'y N Nu)\ Noo, but notice that the flat metric
on it depends on s. In other words, the fibres of ¢, :Y; — 5, are not isometric with
their induced metrics. Nevertheless, under the identification ¢, (s) = (I'; N )\Noo,
notice that for ¢ # s, ker(A¢ ()~ V), can also be seen as an eigenspace of A o but
possibly with a different elgenvalue These eigenspaces can be combined to form a flat
vector bundle on S, as follows.

Denote by 1 the element of S, =T') 1\ Too(1)/ K7 corresponding to taking

Alz'”:ATl :/_Ll :"':/-‘L’!‘z :1.
The fundamental group T';, 7 of S, acts on ¢;*(s) in such a way that

Yy =Dyr \ (T (1)/Kr) x 7 (1))

with respect to the diagonal action of I';, 7 on (Too(l)/KT) x ¢;'(1). The action of T,
on ¢;*(1) also induces an action on ker(A s-1(1) — V), so for v an eigenvalue of Ay-r(a)s
we can consider the flat vector bundle

Hy = Tpr\ (Too(1)/K7) X kex(A 1) — 1)) (4.22)
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on Sy, where the quotient is taken with respect to the diagonal action of I'; 7 on
(T (1)/ K1) x ker(A%—l(l) —v). For s € S, the fibre of H, above s corresponds to an

eigenspace of A 671 (s) with eigenvalue v(s) possibly different from v.

Remark 4.6. The flat vector bundle H, comes with a natural Hermitian structure h,
induced by the metric gf.. This is the Hermitian structure that we will consider on H,,.

Together with the canonical identification (4.21), we see that the flat vector bundles
H, as v varies yield the decomposition

L2(Y; A*(T*(Yy/S0) @ En) = &P L*(S,; H, @ kerdy, /s, ). (4.23)
VESpeC(Ad):,](l))
Correspondingly, the restriction of Jg, acting on sections of the vector bundle H, ®
ker(dy, /s, ) is given by

0s,» =0c+0s,, with 0% ,=02+0% ,.

where Oc¢ acts trivially on H, and Og, , is a version of Jg, twisted by the flat vector
bundle H, with Hermitian structure h,. Hence, to understand the pointwise trace of
(4.20), it suffices to understand the sum

ri+ro—1

_ 472
Z (=1)P*9(p4q)tr ((e tas"’")Qq(Sﬁ;L@)Hu))a (4.24)
q=0

where L — S, is a flat line bundle on S, seen as a subbundle of C* — S,, which
corresponds to a common eigenspace of ¢ and W contained in {w | (N + Ny, /s, Jw = pw}.
But by (3.16), in a trivialization of such a flat line bundle L,

ds, , =dy,+arld, (4.25)

for some parallel 1-form aj, € Ql(Sn), where Id, is the identity section of H, and d, is
the differential on Q*(S,; H,), so

tr (¢ augs, mem,) ) = tr(eT A )e el ( e 1) , (4.26)

where A, is the scalar Laplacian of (S,,gs,,H,,h,) and |ar| is the pointwise norm of ar,
with respect to the metric gs, . Hence the sum (4.24) will vanish provided we can show
that

ri+ro—1
>, Ot (’”’; ‘1) (4.27)
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vanishes. When 71 4+ 73 —1 > 1, the vanishing of (4.27) is a consequence of the binomial
theorem, since

ri+ro—1

q=0

ri1+re—1
> (1P (p+q) (Tl T2 1) = (-1)"p

qfr1tra—1
; > e (M
r14re—1

+(=1)P (—1) ri+ry—1

3 o)
(_1)Pp(1_1)r1+r2—1

ri+ro—1 T1—|—T2—1

rer S ()

B pr1+r271 . r1+r2_2
=0+(-1) qZZI (-1) (1"1—|—r2—1)< S >
ri4reo—1
)P (ry 41y — g (ritre—2
(—1)7(r1 + 1>;<1>( o )
r1+reo—2
=(=1)P(ry+rp—1 (_1)q+1 r1+re—2

L+ —1) ;) ( ' )

= (1P (ri+re—1)(1-1)"1 122 =0,
If 1 +7ro — 1 =1, this argument does not show that (4.27) vanishes. However, we should

notice that the flat line bundles L — S, arising in (4.24) come in pairs using the Hodge
star operator of C* and R,. Namely, if L — S, is such that

(W - d;) (0)=vo (Ny+Ny,s, )0 =po (4.28)

for each of its sections, then there is a dual line bundle L* also arising in the decomposition
(4.24) such that

d

(4.29)
If the flat connection of L® H,, is locally given by (4.25), then the one of L* ® H,, is given
by

d,, —ay, Id,, (4.30)
since L* is the dual of L. Alternatively this can be seen directly from the description of
ds, in (3.16), see also (3.18) and (3.22). In particular, from (4.26), we see that

_4R2 _x2
tr (e tssn |Qq(Sn;L*®HU)> :tr (e tESn |Qq(Sn;L®HV)) . (431)
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However, since (4.28) is replaced by (4.29) for sections of L*, we see from (3.23) that the
contribution (4.27) coming from L, namely

> ()P p+a) ( e 1) = () () ) = (1P (432)

q=0
since r1 +7r9 — 1 =1, becomes the contribution
1

Z(_l)dp+1—p+q(dF +1 —p+q) (Tl +ry— 1) — (—1)dF+1_p+1 _ (_1)dp+p (4.33)
q=0 q
for L*. Therefore, if dp is even, we see that (4.33) exactly cancels (4.32).

To summarize the discussion so far, provided 1 +7r3—1 > 1 or that r; +70 — 1 =1 and
dp is even (i.e. 1 =2 and o =0 or 7, = 0 and 9 = 2), we see that the pointwise trace of
(4.20) identically vanishes,

tr ((—1)NNe_“5fZC~E) —0. (4.34)

2
fc,e*

This implies the following result for the heat kernel of D

Theorem 4.7. Suppose that r1 >0 or that r1 =0 with my =--- =Ny, =0 and n # 0.
Suppose also that r1+re—1>1 or that (r1,r2) € {(2,0),(0,2)}. Then as € \ 0, the
logarithm of the analytic torsion of (M,Em7n,gfc75,h5) has a polyhomogeneous expansion
and its finite part is given by

FP log T (M; En,ngtc, e, he) = 2108 T(X; Epn,ns e, h),
e=
where T(X; Eyy n, 9o, h) 1s the analytic torsion of (X;Ep, n,Gic,h).

Proof. By the discussion above, in a region near p = 0, the heat kernel of DfQC) . has

the same short time asymptotic expansion as the heat kernel of the model (4.19). In
particular, we see from (4.34) that

tr ((—1)NNe*tD?C=€)

has a trivial short time expansion near p = 0, in particular at the front face B¢ of the
surgery heat space of [ARS21]. Thus, by [ARS21, Theorem 11.2], T'(M; Eyy . gtc, e, he ) has
a polyhomogeneous expansion as € \, 0 with finite part given by

FPlogT(M; En,ntc, e, he) = 2108 T(X; By gieh) + ) 1ogT(Dj ),
E= y

nePr
where T(Din) is the analytic torsion defined by
1
2\ _
10gT(Db,n) = 54;35‘”(0)
with

1 i s P2 dt r1+7e
§ng(5) = FiS)/o () Tr ((fl)NN (6 Db —IMyer ngn>) R Re(s) > 5
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admitting a meromorphic extension to the complex plane which is holomorphic near s = 0.
Here, N is the number operator giving the form degree, but also including the vertical
degree of the forms e~ % pdx;, e~ pdz; and e pdz; seen as sections of ker D, , when
multiplied by wy,; for some k and . The vanishing of (4.34) however implies that

T+
CDan(s) =0. Vs> B
so logT(Dj ) = 0 and the result follows. O

5. Small eigenvalues

When keryz Dy, # 0, there are small eigenvalues. However, assuming that r; > 0 or that
r1=0withm =--- =7n,, =0 and n # 0, all these small eigenvalues are zero by Lemma
4.5, which will allow us to obtain a formula relating analytic torsion and Reidemeister
torsion. We will in fact closely follow the argument in [MR20].

First, Lemma 4.5 can be used to compute the fibred cusp degeneration of Reidemeister
torsion using the long exact sequence in cohomology (4.17). This requires choosing
suitable bases for the spaces involved in this long exact sequence. When the cohomology
on the boundary is not trivial, we can pick an orthonormal basis

phe = (uh,ul) (5.1)

for H1(0X;Ey, ), compatible with the orthogonal decomposition (4.7) with u% an
orthonormal basis (with each element of pure degree) for HY (9X; E,, ). Without loss
of generality, we can assume that uy is Poincaré dual to y_. On HY(X;E,, ), we can
then just take the basis p% = (u§7(2),pg(,inf) compatible with the decomposition (4.9)
and such that

Pr_ Oty = P Olygh int = KL, (5-2)

where u&) @) is an orthonormal basis of Hé) (X;Epm,n) Z2kerp20g. On H1(M; Em’n), there

is a decomposition
HY(M;Epp ) = 30,1 ® iy (5.3)

in terms of the long exact sequence (4.17), so we can choose a basis u$, compatible with
this decomposition and the previous choices of bases, namely

Sy = @)y )- (5.4)

More precisely, if p% = {v1,...,vx} with Ng(,(z) ={v1,...,vk+}, then pu, ; will be chosen
such that

ii](:utll\/[,i) = {(l/l,O),(O,I/l),... (VK”O)v(OvVK’)v(VK/-HvVK/-i—l)v"'a(VKaVK)}'
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Now, on HY(X; Epn ) © HY(X; Epn ), we can consider, instead of u% @ u%, the equivalent
basis

{(yl,()),(o,yl),... (v,0),(0,v1), (”@’;,”@’;), <”f\(/’§+1, - ”i;’;) sy (55)

(). (% -2 |

obtained by an orthonormal transformation. It is such that

ker j, = span{(yl,O),(O,Vl),... (vk1,0),(0,vk/), (VI\(//%FI,VT/;I) ey (\V/I%,T/KE) },

]{<1\<@+_§g> (%,—%)}:\/ﬁ%x(m)

(). (528))

In particular, in terms of these bases, we see that
|det(jq) | = [det(ig) L.

Using the formula of Milnor applied to the long exact sequence (4.17) therefore yields the
following.

and

Theorem 5.1. Ifry >0 orry =0 withn, =--- =7n,, =0 and n #0, then
T(X;Em,m,uX)z
T(ay; Em,mMaY)

Proof. The result would follow from the discussion above if instead of p;+%, we would
have chosen the basis

T(M;E\rmna/f('M): :T(X;Em,n7MX)2-

o = (B Uy hix)-

However, since the change of basis from p,z+ to “IaY is not orthonormal, but has
determinant 1, we can simply replace ,uéy by p5% to obtain the result. Since we assume
that the basis ;% is self-dual, we also know from [Miil93, Corollary 1.9] that

T(@Y;Em)n,,uay) =1. 0

To relate analytic torsion and Reidemeister torsion on X when dim X is odd, that is,
when rs is odd, the idea is to start with the formula of [Miil93]

IOgT(M§Em,m,uM) = 1ogT(M7Em,nang,EahE) —log (H[N}I\Awg](l)q) (5'6)
q
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for € > 0, where w? is an orthonormal basis of harmonic forms in degree ¢ with respect to
gtc,e and h., while [pu,|w?] = |[detW9| with W7 the matrix describing the change of bases

ZWq (w?);

Taking the finite part at € =0 of the formula (5.6) shall lead to a formula on X. First,
assuming that r1 +72 —1 > 1, we know by Theorem 4.7 that

Flf)logT(M,Em,n,gfc,E,hE) = 2108 T (X, By gte: h). (5.7)
e=

By Theorem 5.1, we can express 7(M,E,, n,tar) in terms of the torsion on X. So, what
remains to be done is to take the finite part of

log (H[u%lwé’](‘”q>

q

as € \(0.
By the definition of ¢, in [MR20, (4.16)] and our definition of pyx in (5.1), we see that
an orthonormal basis of Gane‘ﬁr ker L2 Dy, ,, is given by

(C;<X>W‘?pwu+&x>,cld<?(>‘wpwu > (5.8)
VoW Wi

As in [MR20], this can be extended to a polyhomogeneous basis of harmonic forms on
the single surgery space (XS,Em’n) of (3.2) with respect to Dy . := pd7F5fc’5p_dTF. Let
(wa’(g),wgﬁ,weﬁ) be a corresponding orthonormal basis of harmonic forms with respect
to Ofc,e, where w, () corresponds in the limit € \, 0 to an orthonormal basis of ker L2 Dsc o

. ar _4dF
with Dgs o = p72 0,00 2 , We,+ corresponds to

—— () F

w
e 2" g o
VI _w (X)
and w,,— corresponds to

1 dp _
— (X)) F W

If e#w for p > 0 is a higher order term in the expansion of w, € we 4 as € \, 0, then since
d
Dy . commutes with multiplication by e, we see that pTFw € ker Dy, ., so in particular

its restriction pdTFwa to By, the front face of the single surgery space X, considered
in [ARS21, MR20], is in €D, cyp,. Db, As in [MR20], we can check that cohomologically,
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these terms are negligible, so that in the limit € \ 0,

1 _dp dx
We, 4~ (X)W~ =
Cdl_W p
: (5.9)
:gwdeF<X>2W7dp 1 ax

Since

%) W,dl
€ 2 dX dp
X 2W —dp R
[m Cdi,w< > <X> : Cd2F -
2

when acting on the negative eigenspaces of W — dTF, we see that cohomologically,

ar
[wet] ~ e T Jeap 0 [1y] (5.10)

as € (0. On the other hand, if e#w for some p > 0 is a higher order term in the
. . ar . .. ar
expansion of w. € w,,_, then again p=2 w € ker Dy ., so its restriction p=2 ws, to By
is in @ne‘ﬁr Dy, As in [MR20], though such a term is negligible in L?-norm, it could
still give a contribution in cohomology. More precisely, if
dr

d
P2 wsp = (X) §7prw

for some ¢ € span{uyx ,, ), then cohomologically

e _w
eriul ety | ()7

= W E ),

As in [MR20, (6.18) and (6.19)] and keeping in mind [MR20, Remark 6.1], we expect in
general a non-trivial contribution in cohomology from some lower order terms and we can
deduce that

-
[%}Ws,—] ~ 7[%§,UX] ase N\ 0, (5.11)
Cw_ dp
2
where the weight operator W is defined by
WE=0vE

T ek iq Q
if=e Uihix 18 such that

=Z mod span{uy)

with Z € Mo 0.0 Such that W= =1E.

https://doi.org/10.1017/51474748025101564 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101564

1348 W. Mueller and F. Rochon

Combining (5.10) and (5.11) yields the following.

Lemma 5.2. Whenri+r,—1>0,

FPlog (H[u?wlw“](”q) =0 (5.12)

q
in the limit € 0.

Proof. From (5.10) and (5.11), we see that

EF:P(’Jlog (H[ﬂ?\/qu](l) ) = Z By, x(Sy),
q ne€Pr
where x (S;) is the Euler characteristic of S, and B,, is a certain sum of terms. Our
assumption that dimS, =r;+ry —1 > 0 ensures that x(S,) =0, from which the result
follows. O

This yields our main result.

Theorem 5.3. Suppose that r1 >0 or that 1 =0 withmy =---=n,, =0 and n #0. If
ro is odd (i.e. dim X 4s odd) and r1 +ro—1> 1, then

logT(X7Em,n?ng7h) = lOgT(YaEm,’rH,U/X)'

Proof. Theorem 4.7, Theorem 5.1 and Lemma 5.2 allow us to obtain the result by taking
the finite part at £ =0 of (5.6). O

In many cases, the long exact sequence (4.17) is trivial, in which case this result
simplifies as follows.

Theorem 5.4. Suppose that m,n are chosen in Proposition 3.0 with n; #m; for some
j and in such a way that Dy, , is Fredholm and has trivial L*-kernel for each n € Br. If
dim X is odd and r1 +ro—1> 1, then

T(XvEm,mgfcah) = T(YvEm,n%

where T(X7Em7mgfc’h) iithe analytic torsion Of (XvEm,nagfcah) and T(Y,Em,n) 18 the
Reidemeister torsion of (X, Ey, ). If instead dim X is even with vy +ry—1>1 or (r1,m2) €
((270)7(072)), then

T(XaEm,mngah) =1

Proof. Since we assume that n; # m; for some j, we know by Theorem 4.3 that
H{y) (X5 Emn) = {0}. Since kerp2 Dy = {0} for each n € Pr, this implies by Lemma
4.5 and (4.6) that H*(M;Ep, ) = {0} and H*(0X;E,, ) = {0}. We deduce from the
long exact sequence (4.17) that H*(X;E,, ) = {0} as well, hence that this long exact
sequence is trivial.

Thus, if dim X is odd, Theorem 5.4 is just Theorem 5.3 when the long exact sequence
(4.17) is trivial. If dim X is even, the result follows instead from Theorem 4.7 due to the
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fact that Emm is self-dual as a flat vector bundle and as a Hermitian vector bundle, so
by [Miil93, Proposition 2.9],

T(M7Em,nagfc,a,hs) =1 Ve>0. O

6. Construction of acyclic bundles

Following [BV13, sect. 8.1], we explain in some detail how acyclic T-modules are
constructed in our case. To construct the corresponding representations we proceed
as follows. Let Gy = SL(2)/F and let Ty C Gy be the standard maximal torus. Let
T :=Resp/q(Tp) be the corresponding maximal torus of G. Let G,, be the multiplicative
group. We select an isomorphism G,,/F =Ty /F, given by

0 a 0
0 a !

for a € G,,(F). This gives rise to an identification
RQSF/Q(Gm) = RGSF/Q(TQ) =T.

Let E/Q be a Galois extension splitting 7' such that Hom(F,E) # 0. Such a Galois
extension always exists [BT65, Prop. 1.5]. We denote by {o: F — E} the set of
embeddings of F' into F on which the Galois group Gal(F/Q) acts transitively. Note
that

#{oc: F=> E}=[F: Q).

Let G xg E and T xg E be the groups obtained from G and T, respectively, by extension
of scalars [Milll, I, 4c]. We have

GxgE= [] GoxcE= [] SLQ)/Fx.E. (6.1)
o: F—»FE o: F—»FE
Hence an irreducible representation p of G xg E is a tensor product
r= & ro
o: F—»E

where p, is the irreducible representation of SL(2)/E on the E-vector space W, :=
Sym? (E?) of homogeneous polynomials of degree d, in two variables. Thus we have
an F-rational representation

p: GxgFE — GL(W), (6.2)
where

W= & Wo= (X Sym™(E?). (6.3)

o: F—FE o: F—»FE

The base change T xg E is a split torus, i.e., we have

TxoE= ] Toxr.E= ] T (6.4)
o: F—FE o: F—-FE
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Let X*(T xg E) = Hom(T xq E,G,,) be the group of characters of T xg E and let
X3 (T xq E) be the dominant characters. By (6.4) we have

X' (TxgE)= @ X*(Toxr.E)= @ X (Tv). (6.5)
o: F-»FE o: F-»FE

Remark. If E’ is another Galois extension of F' with injection ¢: E— E’, then ¢ induces
an isomorphism X*(T'x E) = X*(T' x E') by A= X\, :=10\.

By (6.5) the highest weight A\, € X% (T' xq E) of p is given by
Ap = (doysensdy,,). (6.6)
and to every highest weight as above there is associated a unique irreducible finite
dimensional rational representation of G xg E defined over E.

Now observe that the functor “restriction of scalars” is right adjoint to the functor
“extension of scalars” [Milll, I, 4d]. Thus we have

Homg(G, Resg/q(GL(W))) = Homp(G xq £, GL(W)). (6.7)
Hence the representation (6.2) corresponds to a representation
p: G — Respgo(GL(W)) (6.8)
which is defined over Q. Since Resg/q is a functor, there is a canonical homomorphism
Resg/o(GL(W)) = GL(Resg/q(W)). (6.9)

Let V = Resg/q(W) which is just W considered as Q-vector space. Combining (6.8) and
(6.9), we obtain a representation

0: G — GL(V), (6.10)

which is defined over Q. Now recall that by (6.3), W is the tensor product of the E-vector
spaces Sym? (E?), o: F — E, and Sym® (E?) is the space of homogeneous polynomials
of degree d, in two variables with coefficients in E. Choose an integral basis ey,...,eq of £
over Q, where ¢ = [E: Q. Expressing the coefficients of the polynomials in this basis, we
obtain a vector space over Q. So

q
W, = ResSym® (E?) = EQW;, 6.11
ResSy (E7) @ (6.11)

where W; consists of homogeneous polynomials

do

ky ds—k
E arie; XY , akiGQ.
k=1

Correspondingly, the tensor product W becomes a vector space over Q, which is denoted
by V.

Next we determine how V ®g C decomposes into irreducible representations of G(C).
Let S, denote the set of Archimedean places of F. For v € S, let F, be the completion
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of I with respect to v. Let G/R := Resp, /r(SL(2)/F,). We have

GxoR= [] G.. (6.12)

VES o
Fix an embedding ¢: E — C. Then
W g, C= Q) W,
VES

If v is a real place, it corresponds to an embedding o: F' — R and if v is complex then it
corresponds to a pair of conjugate embeddings

o,0: F—C,

which are viewed as the two continuous isomorphisms ¢,6: F, 2 C. In the first case, we
have W, = W, ®g C, and in the second case

W, = (W0®EC)®(W5®EC)

Let o4,...,0,, denote the real embeddings and (v1,71),...,(Vry, P, ) the complex embeddings
of Fin C. Then the highest weight A, of p takes the form

Ap = oy, s (diys iy )yoon (Ao o)) (6.13)

An embedding 7: E — C induces an isomorphism X*(T' x E) =2 X*(T x C). From (6.11)
follows that V ®gC is the direct sum of irreducible representations whose highest weights
are obtained from A, by applying the various embeddings E — C. Now assume that ro > 1
and the highest weight A\, = (ds,,...,ds, ) of the representation p of G xq E satisfies

o, #doyy T # 5. (6.14)

Then it follows from the considerations above that V ®gC decomposes into the direct
sum of irreducible, non-selfconjugate representations with respect to the standard Cartan
involution ¥ of G, with respect to K.

We summarize the properties of the representation o: G — GL(V') which is defined as
(6.10).

Proposition 6.1. Assume that the highest weight of p satisfies (6.14). Then o has the
following properties:

(1) Let gm,n be defined by (1.10). The irreducible constituents of goo: Goo — GL(V ®q
C) are of the form om n, where m; #m; fori#j and n; #nj, j=1,..,r2.
(2) LetT' C G(Q) be a congruence subgroup. There exists a I'-stable lattice A C V.

(3) Let T C G(Q) be a torsion free congruence subgroup. Let X =T\ X and let Ep— X be
the flat vector bundle associated to po|r. Assume that ro > 0. Then H(*Q)(X,fg) =0.
Moreover, if r1 >0 as well, then in fact H*(X,&,) = 0.

Proof. The irreducible representations of G are of the form g,, ,,. It follows from (6.11)
that the highest weights of the irreducible constituents are permutations of (6.13). Then
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(1) follows from (6.14). By [Milll, Chapter VII, Prop 5.1, p.400] there exists a lattice
A C V', which is stable under I'. This proves (2).

Now assume that 72 > 0. By (1) every irreducible constituent of g is of the form gy, »
with nj # nj;, j = 1,...,ro and m; # my, for 4,k € {1,...,r} distinct. Hence g, is not
self-conjugate. Then by (4.10) it follows that H 5 (X; Ep,»n) =0, while H*(X;Ep ) =0
if 11 >0 by (4.11) and Lemma 4.2. This implies (3). O

7. Exponential growth of torsion in cohomology

To prove Theorem 1.3 we follow the approach of [BV13]. Recall that in [BV13] only
the case of co-compact arithmetic groups is considered. The method is based on the
approximation of the L2-torsion of X = F\)Z' by the renormalized logarithm of the analytic
torsion of the compact manifolds X; as ¢ — oco. Since in our case the manifolds are
not compact, we use a regularized version of the analytic torsion, which for a general
reductive group G has been defined in [MM23]. The approximation of the L2-analytic
torsion has been studied in [MM23]. We recall the definition in our case. To define the
regularized analytic torsion, one has to define the regularized trace of the heat operator.
The definition of the regularized trace of the heat operator, given in [MM23], uses the
adelic framework. Let A be the ring of adeles, A the ring of finite adeles, G(A) the group
of adelic points, and Ky C G(Ay) an open compact subgroup. Then the adelic space is
defined as X (K¢) = G(Q)\G(A)/KY, - K¢. Now observe that G is simply connected and
Q-simple. Therefore G satisfies the strong approximation property with respect to the
infinite place and we have

X(Kf) g]-—‘Kf\)?v

where ', := G(R)N Ky. In [MM23] the truncation of X(Ky) is used to define a
regularized trace of the heat operators. For the truncation we need a height function.
Recall that X (K ) is the union of a compact manifold with a finite number of fibred cusps
ends (2.3). On the fibred cusp ends, one can use the radial variable r of the coordinates
(2.6) to define a height function. A height function is not unique. For our purpose we
chose the height function h as in [Har87, p. 46]. Sufficiently far in a given fibred cusp end,
this corresponds to the square of the function v of (2.1). On the other hand, the function r

2
in (2.6) corresponds to v?r | so for r sufficiently large in a given fibred cusp end, we have

the identification r = h#, that is, h = 7% in terms of the boundary defining function
z =1 introduced at the beginning of §3. For 7> 0 let X(T) ={z € X: h(z) <T}. Let 7
be an irreducible finite dimensional representation of Go.. Let K, ,(t,2,y) be the kernel
of the heat operator e~ *2#»(7) of the Laplacian on p-forms with values in the flat vector
bundle E, associated to 7. Then one can show that there exist functions a(t),b(t) of ¢ >0
such that

/ tr K, (t,2,0)dx = a(t)log(T) + b(t) + O(T ™) (7.1)
X(T)

as T'— o0o. In general this follows from the work of Arthur related to the trace formula. In
the present case, however, this can be worked out explicitly, using the spectral expansion
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of the kernel K, ,(t,z,y) as in the case of hyperbolic manifolds of finite volume [MP12,
§ 5]. This regularization of the heat kernel is the Hadamard regularization, which was
introduced by Melrose in the case of manifolds with cylindrical ends. In the present paper
we use the regularization considered in [ARS21, Sect. 9]. This is the Riesz regularization
of the heat kernel. The relation between the two is discussed in [AIb09]. By [ARS21,
(7.1)], seen as a b-density, the expansion of the pointwise trace of heat kernel at infinity
for fixed ¢ only has nonnegative integer powers of the boundary defining function z,
so in particular the expansion contains no logarithmic terms. By [Alb09, p. 146], for a
fixed choice of boundary defining function, Hadamard and Riesz regularizations agree.
Similarly, replacing = by a positive power u = z* yields the same Riesz or Hadamard
regularization, e.g.

H .5 s B R .5
do _ / M ogs = / du v (7.2)
0 0

0 T Au A Jo T

This implies that the regularization used here and the one used in [MM23] give exactly
the same regularized trace.

Remark 7.1. We note that in [MR21] we also used two different regularizations of the
trace of the heat operators. On the one hand, we use the main result of [MR20], relating
analytic torsion and Reidemeister torsion. In this case, we use the Riesz regularization
of the trace of the heat operator as defined in [ARS21]. On the other hand, we use
[MP14, Theorem 1.1], which is equivalent to (7.3). This result is based on the Hadamard
regularization of the trace of the heat operator. As above, it can be shown that the two
methods lead to the same regularized trace.

Let X; =I'(n;)\X, i € N, be the sequence of manifolds associated to a sequence {n; }icn
of ideals in O satisfying (1.13). Then we have

Proposition 7.2. Let T € Rep(Goo) be irreducible and assume that T #1049, Let B — X;
be the flat vector bundle over X; which is associated to T|p(,). Then

. logT(Xi,ET,ng,h)
lim

oo vol(X;) B tg) ™) (7:3)

where

2 =5 S 5

q20

1 /oo -1 YN )
s=0T= 5 Tr(e” "2 (a,x))dt
i [ )

is the L?-analytic torsion of ()N(,g,ET,E) with g, E. and h the lifts of gte, B and h to X
and with e A7 (z,2) the heat kernel of the Hodge Laplacian in degree q of ()?,ﬁ,ET,h)
evaluated at some arbitrary point (x,x) on the diagonal of X x X.

Proof. Assume that there exists a finite set S of primes such that p{ N(n;) for all p ¢ S
and ¢ € N. Then (7.3) follows from [MM23, Theorem 1.5]. However, in our case one
can eliminate the additional assumption on the n;’s as follows. The analogous result
for G = SL(n)/Q and principal congruence subgroups of SL(n,Z) was proved in [MM20,
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Theorem 1.1]. The proof can be extended to G = SL(n)/F for any number field F. The
reason is the following. The proof of (7.3) involves the use of the Arthur trace formula,
in particular the unipotent part of the geometric side of the trace formula. Arthur’s
fine expansion of the unipotent contribution [MM23, (8.1)] involves global coeflicients,
for which appropriate bounds are needed. The existence of such bounds is not known
in general. However, for GL(n)/F J. Matz [Mat15] has obtained suitable bounds for
these coefficients. Using these bounds one can proceed as in [MM20] and prove (7.3) for
G =SL(n)/F, which implies the corresponding result for G = Resg/q(SL(n)/F). O

Following [BV13], we can use the identification of analytic torsion with Reidemeister
torsion to prove Theorem 1.3 about the exponential growth of torsion in cohomology for
the sequence {I'(n;)};en of principal congruence subgroups. Let

0: G — GL(V,) (7.4)

be a Q-rational representation over a finite dimensional Q-vector space V, and let £, = X
be the flat vector bundle associated t0 goo: Goo — GL(V, ®g C). We will suppose that
0so decomposes into a sum of irreducible representations which are not self-conjugate, so
that Proposition 7.2 implies that

hm IOgT(Xivgmnguh)

i—o0 vol(X;) - tg)(goo). (7.5)

By (4.15), &, has trivial L?-cohomology. Let us first focus on the case where the flat
bundle &, is acyclic. Assuming 1 > 1 and ry > 0, Proposition 6.1 provides many instances
where this is the case. Let A, C V, be a SL(2,0p)-invariant lattice, which by [Milll,
Chapter VII, Prop 5.1, p.400] exists. Let L, be the associated local system of free Z-
modules over X. Then H*(X;L,) entirely consists of torsion elements, namely

H*(X;L,)=H;

tor

(X ;LQ)‘
In this case, Theorem 1.3 asserts the following.

Theorem 7.3. Let F' be a number field with ro =1 and r1 > 1. Let (7.4) be a Q-rational
representation and assume that 0, decomposes into a sum of irreducible representations
that are not self-conjugate. Let A, CV, be a SL(2,0r)-invariant lattice. If for a sequence
of congruence subgroups I'(n;) with ideals n; satisfying (1.14), A is an acyclic I'(n;)-module
for each i, then

imint 3 AR > 2 e ol >0

q+r1 even

where tg)(goo) is the L2-torsion associated to X and oo.

Proof. Let 7(X;,£,) be the Reidemeister torsion of X; and &,. By assumption
H*(X;;&,) =0 for all j € N, so no choice of a basis of the cohomology is needed to
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define the Reidemeister torsion. By Proposition 7.2 and Theorem 5.4 we have

. logT(Yjﬁg) L2
Jlgrolom =t (00c) vol(X1). (7.6)

By [BV13, Proposition 5.2], tg)(goo) #0 if and only if 6(X) = 1, where §(X) = 6(Goo)
is the fundamental rank of G,. Since we assume that ro = 1, this is indeed the case by
[BV13, § 1.2]. Moreover, still by [BV13, Proposition 5.2], we know that

(_1) dimz)?fl

Since dim X = 2r1 + 3ry = 2r1 + 3, this means that

(2
5 (0s0) > 0.

()" (00) > 0. (7.7)
On the other hand, by a result of Cheeger [Che79, (1.4)], we know that
(X080 = [ [1H(X3: L) " (7.8)

q

By (7.6) we thus conclude that
2o (-1)7" log|HI(Xi; Ly)|

: — 92
Am [C(ny): T(ny)] =203 (o) vol(Xa).
Using (7.7), this implies the result. O

If the flat vector bundle &, — X; is not acyclic, but L?-acyclic, we can still obtain
exponential growth of torsion following the approach of [MR21]. In this case, there are
also non-trivial cohomology groups on the boundary. The decomposition (4.7) induces in
fact a decomposition

H*(0X;E,) = Hi (0X ;€)@ H (0X5E,). (7.9)
Proposition 7.4. Assume that the number field F is such that ro =1 and ry > 0. Then
Hfyoo 1 (0X 43 Ly) := HL(0X33€,) N Hir oo (0X 53 Ly)
induces a lattice in H% (0X;;E,).

Proof. Since we assume that 7 =1 and r; > 0, we see from Lemma 4.2 that the space
H*(0X;;&,) corresponds to the subspace of forms in H*(9X;;&,) of vertical degree
greater than or equal to r, + 7 with respect to the fibre bundle (2.5) induced on each
boundary component of 0X;, while HY (0X;;€,) corresponds to forms in H*(0X;;E&,)
of vertical degree less than or equal to re. By Leray’s theorem [BT82, Theorem
15.11], the vertical degree still makes sense on Hy, (X ;;L,), hence Hf . _(0Xy;L,)
corresponds to cohomology classes of vertical degree greater than or equal to ro 471,
while Hg,. +(6Yll;LQ) corresponds to cohomology classes of vertical degree at most ra.
This gives the decomposition

Hfikrcc(ayi;LQ) = Hfikrcc,Jr(ayi; LQ) @Hf*rcc,f(ayi; LQ)
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Since Hj, (0Xi;Ly) is a lattice in H*(9X;&,), this means that Hp,,, (0Xi;L,) is a
lattice in H3 (0X;;E,). O

For 1; € Pr(n,), let [n;] be the induced element in Pr(,,) and let 7; : Y, — Y}, be the
induced covering map, where

Yy, =T(0)y, \ Boo(1)/Boc NK  and  Y},,,; =T (1)1, \ Boo(1)/Boo N K.
By the previous proposition,
Hf*rcc,:l:(ym;LQ) = Hftcc(ym;LQ) nHj:(Ym;gQ)
is a lattice in H(Yy,;&,) and
fo;ee,i(yr[m] ; LQ) = fo;ee(yv[m] ; LL)) N Hl (Y[m]égg)

is a lattice in HX (Y},,);&,). Using the metric on Y;, induced by restriction of the metric
(2.7) at r =1, namely

1 T1 _ T2 ~
g5+ gz | Do 123 e s ).
i=1 j=1

as well as the restriction at r =1 of the bundle metric h, Hodge theory gives an
identification of HZ (Y;;&,) with the corresponding space of harmonic forms, inducing
in particular on the vector space H} (Y;;&,) a natural inner product and a volume form.
With respect to this volume form, the covolume vol(H{ ., _(Y;,;L,)) of HE . (Yy,;L,)
in H{(Y,,;;&,) can be estimated in terms of the covolume VOI(nge,i()/[;z¢]§L9)) of
Hf o+ (YiniLo) in HE(Y},,);€,). More precisely, the following estimate will be useful.

Proposition 7.5. Suppose that the natural isomorphism V* 2V induces an isomorphism

A* = A. Then for each i € N,

_bq,i

(L)) D(ni) ]2

S V01<ngee,:|:(y ) LQ))

vol(Hiot 727 (Vi L)) " (7.10)
< VO H gy 4 (Vi L) () s D) ] 57
where by, 1 := dimp H{ (Y},,;&,).
Proof. Since 7} H{, . . (Y];,):L,) is a sublattice of Hy . 4 (Yy,;L,), we see that
VOl(Hge 1 (V5 L) < vol(mi Hi oo 1 (V.13 L))
bo.t
- () el VL) 71

bq. £
= [P(1) gy, : T(i)n,] 77 vol(HE o s (Y13 Lo)),

giving the inequality on the right. For the inequality on the left, recall that the
representations g, , are self-dual, hence the flat vector bundle &, is naturally self-dual
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both as a flat vector bundle and as a Hermitian vector bundle. Using our assumption

that L} = L;, Poincaré duality therefore induces an isomorphism

2r 2— *
Hfrelejrq: (Y5 L) :ngee,i(ynﬁLg)

as well as an isometry

H:2FT1+2_(1(YW§59)* = Hi(Yy:;€0),

where we recall that dimY;, = 2r| +3ry — 1 = 27, + 2 since we assume that r, = 1. Hence,

we see that

VOl(H - 279(Y,, 1 Ly)*) = vol(HL(Yy,; Ly)).

Since essentially by definition,

VOL(Hort 7274(Y,, s Ly)*) = vol(Hy 27 (Y, 1 L,)) 7,

we see from (7.11) that

1
vol(H Y, L,)) =
Wieeos o) = 2530, 1,)
S 1
- 2r1+2—q barj42-9.F ’
VOI(Hfrce,I (}/[777],.[/@))[1—‘(1’11)[771] : F(nl)’fh] 2

so the result follows by noticing that ba,, 42_q + = bgq,+ by Poincaré duality.

O

We also need to control the number of cusp ends. Proceeding as in [MP14, Proposition

8.6], this can be achieved as follows.

Proposition 7.6. The sequence (1.13) is such that

i #%F(nq,) + Zmemr(‘”) IOg[P(nl)[m] : F<nl)7h] 0
im ' =Y
00 C(ny): T(ny)]

Proof. Since I'(n;) is a normal subgroup of I'(n; ), notice that for 7 € Pry,),

#{ni € Br,)

and

[['(n1) : T'(ny)]
[[(m)N B, :T(ny) N By’

AL )\ () /(C(m1) NPy} =

SO

#Proy T AL () \C(n)/(C(na) N Fy) }
[C(ny) - T(ni)] [C(ny) : T(ng)]

1

= Z —0 asi—> o0
e Prns) [C(ny) NPk,: I'(n;) ﬂP,,]

NEPT(ny)

https://doi.org/10.1017/51474748025101564 Published online by Cambridge University Press

(7.12)

37y, € T'(nq) such that n; =y} =#{T(n;) \T'(n1)/ T ()N P,)} (7.13)

(7.14)

(7.15)


https://doi.org/10.1017/S1474748025101564

1358 W. Mueller and F. Rochon

and

log[I'(n1) () : T'(ni) ]
2 [T(n1) : T(ny)]

B #{L () \'(m)/(T'(m1) N Py) Hog[I'(n1) NPy : P(ny) N 5]
= > 1[r(n1) T(m)] (7.16)

i E‘Br(ni)

NEPBr(ny)

Z log[T'(m1) NP, :T'(n;) N Py)

—» 0 asi— oo.
[F(nl)ﬂPn:F(ni)ﬂPn]

NEPBr(ng)
O
Now, consider the long exact sequence in cohomology
%5 HY(X,,0X ;L) — HY(X;;L,) —> HY(0X;L,) —2>---  (7.17)
associated to the pair (X;,0X;), as well as its version tensored over the reals
2 H(X;,0XE,) — HI(X ;&) —= HI0X ;&) —2> . (7.18)

The choices of orthonormal bases in §5 for the bundles E,, ,, induce corresponding bases
for the cohomology groups of the bundle &,. Trusting this will lead to no confusion, we
will still denote by px,, pox, = (fi,+,44,—), ti,+ and p; — the bases we obtain in this
way for H*(X;;E,), H*(0X;E,), H (0X;;E,) and H* (0X;;E,). By Poincaré-Lefshetz
duality [Mil62], we know that

T<yi7ggaMXi) = T(yiaayiaggvuyi’ayiL (719>

where px, ox, is the basis of H*(X;,0X;;&,) dual to px,. As in [MR21, Lemma 4.1], the
basis j1x,,0x, admits a simpler description compared to px;.

Lemma 7.7. In terms of the boundary homomorphism of the long exact sequence (7.18),
1x;,0x;, = (i, +)-
Proof. Since Poincaré duality induces the identification
(HL(0X:3€,))" = HZ(0X:3E,),

the result follows by observing that the map pr; oy, : H*(X;E,) = H* (0X;E,) is
an isomorphism (this is in agreement with [Har75, Theorem 4.6.3]), where

pr; _: H (0X;;€,) — H* (0X;E,)
is the orthogonal projection induced by the orthogonal decomposition (7.9). O

By [CheT79, (1.4)], we know that

o o (71)q+1
|HL (X3,0X5;L,)]
VOINI){Q,axi (HL  (X;,0X;;L,)) 7

(7.20)

free

T(YiyayivgguﬂXi,axi)Q = H
q
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where NI)R;i,aXi = {px, 0x,,V—11tx, 0x,} is the real basis associated to the complex
basis px;ox, and vols  (H{ (Xi;,0X;;L,)) is the covolume of the lattice
HE (X;,0X;;L,) in H1(X;,0X;;E,) with respect to the basis M%{;i,axi‘ Since px, ax; =
O(pi,+ ), this covolume can be rewritten
_ volx (H{! (0X;1L,))
vols  (HE. (X:,0X:;L,)) = s Teet VTR (7.21)
Xin0X; [He (X;,0X;;L,): 0HL ©  (0X;;L,)]

free free,+

with )LL]EJF = {pi +,v/—1p; +} the real basis associated to the complex basis p; y. On the
other hand, from the long exact sequence (7.17), we see that

1< [H}

free

(X5,0Xi:Lg) : OHE! (X5 L,)] < |H,(Xi; Ly)|
= ‘Ht20?+4_q<yi7ayi;l’g)|v
where in the second line we have used the fact that

q
Htor

(Xi;Ly) 2 Hy 1 (X5 Ly)tor = HI 79X ,,0X 1, L), (7.22)

tor

which is itself a consequence of the universal coefficient theorem and Poincaré-Lefshetz
duality. Consequently, we deduce that

71 —_— .
vl (AL (0K L) -
[HZ UK, 0K, Ly)| — Reoxs

free

Therefore, using (7.19) and inserting the above inequalities in (7.20) using (7.22) and the
fact that |HZ 79X ;,0X,,L,)| > 1, we see that
(X i, = T(XOX Epix, ox, )
(L, even | o (X205 L) 2) (7.24)
(I, volue , (L (0K L) 0 )

Combined with Theorem 5.3 and Proposition 7.2, this inequality yields the following
result, namely Theorem 1.3 when the flat vector bundle &£, is not necessarily acyclic.

Theorem 7.8. Let F be a number field with ro =1 and r1 > 1. Let (7.4) be a Q-rational
representation and assume that oo, decomposes into a sum of irreducible representations
that are not self-conjugate. Let A, C V, be a SL(2,0)-invariant lattice. If the natural
isomorphism V; =V, induces an isomorphism Ay = A,, then

> log | Hi,, (T'(ni);Ap)|
lim inf —=4treven or > (=) 142 (o) vol(X . 2

Proof. As in the proof of Theorem 7.3, we know that (7.5) holds, while by [BV13,
Proposition 5.2]

(—1)" 12 (o) vol (X1) > 0.
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On the other hand, combining Proposition 7.5 with Proposition 7.6, we see that

2o (=D log(vol,s  (Hfl, 4 (0Xi:Lo)))

lim =2 Pig o froe,t 27 . (7.26)
i—00 [F(I‘ll) : F(ﬂl)]

We note that by (4.2) and Lemmas 3.2 and 3.3 the exponent b, + occurring in (7.10) does

not depend on i. Hence, (7.25) follows by combining (7.24) with Theorem 5.3 together

with (7.5) and (7.26). O
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