
A NOTE ON ARC-PRESERVING FUNCTIONS 

F O R MANIFOLDS 1 

H. J . Char l ton 

Hal l and P u c k e t t [2] have shown that an a r c - p r e s e r v i n g 
funct ion defined on a local ly connected cont inuum having no 
loca l s e p a r a t i n g po in t s i s a h o m e o m o r p h i s m if i t s to ta l 
i m a g e i s not an a r c o r po in t . This note shows tha t t he i r 
r e s u l t s can be extended to n o n - c o m p a c t m a n i f o l d s . 

A function f: X -* Y, X and Y topolog ica l s p a c e s , i s 
a r c - p r e s e r v i n g if the i m a g e of e v e r y a r c i s an a r c or po in t . 
And f i s loca l ly a h o m e o m o r p h i s m if for each x £ X ^ a 
ne ighbourhood U of x a f |U i s a h o m e o m o r p h i s m . An 
n-mani fo ld (n-manifo ld with boundary) i s a connected 
s e p a r a b l e m e t r i c space each poin t of which has a ne ighbourhood 

•. . -r^n/-rnx 
h o m e o m o r p h i c to E (I ) . 

THEOREM 1. Le t f be a funct ion whose d o m a i n i s a 
n -mani fo ld M and whose r ange i s in a n -mani fo ld M . 

If f i s a r c - p r e s e r v i n g and d im (f(M )) > 1, then f i s a 

h o m e o m o r p h i s m . 

Proof : As M, i s a manifold cover i t with a countable 1 
co l lec t ion , {C.} , of c losed n - c e l l s with b i c o l l a r e d b o u n d a r i e s . 

Now t h e r e ex i s t s a n - c e l l C in {C.} such that d im (f(C')) > 1. 

F o r suppose not, as f p r e s e r v e s a r c s f(C.) m u s t be 

connected and is hence e i ther a point or an a r c w i s e 
connected one d i m e n s i o n a l se t . We m a y suppose that f(C.) 

is a subse t of an a r c , for if not, f | C. i s a h o m e o m o r p h i s m 

This r e s u l t i s f r o m the a u t h o r ! s d o c t o r a l d i s s e r t a t i o n , 
V i r g i n i a P o l y t e c h n i c Ins t i t u t e , 1966, d i r ec t ed by 
P r o f e s s o r P . H. Doy le . 
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by 4 .1 [2]. Thus f ( M j = f ( . U C.) = U f(C.) can be 3 J 1 i= l l i= l i 
expressed as a countable union of closed a r c s or points as each 
f(C.) is either a point or expressible as a countable union of 

a r c s . However, this is not possible by the Sum Theorem for 
Dimension. Therefore, at least one C., say C1, i s such that 

l 

dim (f(Cf)) > 1. Then f |C f i s a homeomorphism by 4 .1 [2]. 
Suppose now that f is not locally a homeomorphism at p e M . 

Then p U C lies in a n-ce l l Cn with bicollared boundary by 
Lemma 1 [ l ] . Thus f| C" is a homeomorphism by 4 .1 [2]. 
Consequently f is locally a homeomorphism. Suppose f is 
not 1:1. Let p and q be contained in M and such that 

f(p) = f(q). Then p U q lies in ter ior to a closed n-cel l , 
cl C,,f D Cn in M. Therefore f | cl C" is a homeomorphism. 
Thus f(p) i f(q) and so f is 1:1. To see that f is open and 
continuous observe that, as f is locally a homeomorphism, it 
p r e s e r v e s local dimension and f(M ) is locally Euclidean by 

Brouwer ' s Invariance of Domain. Thus by Invariance of 
-1 

Domain f and f a re open. Therefore f is a homeomorphism. 

An analogous theorem for manifolds with boundaries 
does not hold. But it does follow that: 

COROLLARY 1. Let f be a function whose domain is 

an n-manifold M with boundary and whose range is an 

n-manifold. If f p r e s e r v e s a r c s and if dim (f(M )) > 1, 

then f is continuous, 1:1 and fjint(M ) is a homeomorphism. 
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