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1. SQ-universal groups

Following a suggestion of G. Higmanwesay that the group G is SQ-universal
if every countable group is embeddable in some factor group of G. It is a well-
known theorem of G. Higman, B. H. Neumann and Hanna Neumann that the free
group of rank 2 is SQ-universal in this sense. Several different proofs are now
available (see, for example, [1] or [9]). It is my intention to prove the

LEMMA. If H is a subgroup of finite index in a group G, then G is SQ-uni-
versal if and only ifH is SQ-universal.

This fact has several applications. For example, it follows that the modular
group M = gp(a, b | a2 = b3 = 1) is SQ-universal because the commutator sub-
group M' has index 6 in M and, being free of rank 2, is SQ-universal by the original
theorem of Higman, Neumann and Neumann. More generally it provides an answer
to the question raised by Higman in his Oxford seminar in November 1966
whether the triangle groups

(/, m, ri) = gp(fl, b | a' = bm = (ab)' = 1)

are SQ-universal if 1 / / + 1/m + Ijn < 1 . I s h a l l p r o v e t h a t th is is so , a n d sl ightly

m o r e ,

THEOREM. If G is a finitely generated Fuchsian group which does not have
an abelian subgroup of finite index, then G is SQ-universal.

2. Proofs of the lemma and the theorem

The proof of the lemma depends on the well-known fact that every count-
able group can be embedded in a countably infinite simple group. So, let X be
any countable group and let S be a countable, infinite simple group which has
a subgroup isomorphic to X.
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2 P. M. Neumann [2]

Suppose first that G is sQ-universal and that H is a subgroup of finite index
in G. There will exist a normal subgroup N of G such that G = Gj N contains a
subgroup 5 isomorphic to S. Now H = HNIN has finite index in (7. Therefore
H Ct 5 has finite index in £ and consequently contains a subgroup which is normal
and of finite index in 5. Since S is simple and infinite it follows that H C\S = S.
Thus S, and consequently also X, is isomorphic to a subgroup of
H=HNIN^H/Hn N. Hence H is SQ-universal.

To prove the converse suppose that H, a subgroup of finite index in G, is
SQ-universal. The intersection of the conjugates of H is a subgroup K which is
normal and of finite index in G and in H. What we have already proved applies
and so we know that K must be SQ-universal. Let Lo be a normal subgroup of K
such that S is embeddable in K/Lo, say S S To/Lo where Lo ^ To ^ K. The
maximal principles of set theory guarantee the existence of a normal subgroup
L of K containing Lo and maximal subject to the condition that L/Lo(~\ T 0 / I 0 = l .
If T = T0L then of course T jL ^ To/Lo ^ S, and moreover, since S is simple,
every normal subgroup of K which contains L properly also contains T, that is,
every non-trivial normal subgroup of A = KjL contains T jL.

The normaliser of L contains K and therefore has finite index in G. Let
g j ,-••,#„ be a transversal for this normaliser, and put Lf = ^" 'L^.for l ^ i ^ n,
so that Lt ,-",Ln are all the conjugates of L in G. Since X is normal in G all of
L!,•••,£„ are contained as normal subgroups in K and K/Lt ^ K/L = A. Now
put iV = D "=i Lt. Then KjNis isomorphic to a subdirect product of the groups
KILlt---,K/Ln, that is,KjNis a subdirect power of ,4.1 shall show by induction
on the number of factors that any subdirect product B of finitely many copies of A
has a subgroup isomorphic to S.

Suppose therefore that B ^ Ay x ••• x v4r(r^ 1), where A^ A, and that
each of the r projections of B to 4̂; (1 g i ^ r) is surjective. Let St denote the
subgroup of At which corresponds to the subgroup T /L of A. If r = 1 then
B = /4( £ J4 and so B certainly has a subgroup isomorphic to S. Therefore as
inductive hypothesis we may suppose that any subdirect product of r — 1 groups
isomorphic to A has a subgroup isomorphic to S. Since the projection of B to 4̂P is
surjective, B nAr is normal in Ar. If B n 4̂r = 1 then B is isomorphic to a sub-
direct product of At ,---,Ar_l and, by inductive hypothesis, contains a subgroup
isomorphic to S. But if B nAr jt 1 then B n i r ^ S , and so again B contains a
subgroup isomorphic to S.

I have shown now that K/N has a subgroup isomorphic to S. But JV is normal
in G. Therefore G/N has a subgroup isomorphic to S, and so X is embeddable
in G/N. Thus G is SQ-universal.

PROOF OF THE THEOREM. A finitely generated Fuchsian group may be present-
ed by generators
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a1,---,ag,bl,---,bg,c1,---,ch,e1,---,ek (F)

and relations

[aub1~]--[ag>bg]c1--che1~-ek = 1

where n; 2: 2for j = l,--,fcand where [«;,&,] denotes the commutator ai~
1bi~

1aibi.
For our purposes this may be taken as a definition of the term 'Fuchsian'. By a
theorem of Nielsen, Bundgaard and Fox (see [12], p. 85 and [2], p. 68 for an
elegant proof due to A. M. Macbeath and appropriate to this algebraic description
of Fuchsian groups) there is a subgroup H of finite index in G, which is isomorphic
to the fundamental group of a compact orientable surface. If the genus is g' and
the surface has h' bounding circles, then H can be presented in terms of generators

i g g

and the one relation

[cc1j1]-~ltxg,,pg>~]y1-yh> = 1 .

If fir' = 0 and h' g 2, or if g' = 1 and h' = 0 then obviously H is abelian. Other-
wise H is SQ-universal: if h' § 1 then clearly H is free of rank 2g' + h' - 1, while
if h' = 0 and g' ^ 2 then H has a free factor group of rank 2, as may be seen by
substituting 1 for a3 ,-••,<xg- and ySj ,•••, fig. in the above relation. Thus G either has
an abelian subgroup of finite index or it has an SQ-universal subgroup of finite
index and therefore, by the lemma, is itself SQ-universal.

The condition (see, for example, [2]) for the presentation (F) to describe a
group having an abelian subgroup of finite index is that j i i g O , where

T h e t r i a n g l e g r o u p (l,m,n) m a y b e p r e s e n t e d a s g p ( a , b, c\al = bm = c" = abc - 1)

a n d t h i s is o f t h e f o r m ( F ) w i t h g — h = 0 a n d k = 3 . I n t h i s c a s e n = 1 - 1 / J

- 1 / m - 1/n a n d s o (/, m , n) is S Q - u n i v e r s a l i f a n d o n l y if l / / + l / m + l / n < l .

3. Commentary

My interest in theorems of this kind has never arisen from any desire to
know that, given an arbitrary countable group X, it may be embedded in a group
whose generators satisfy certain special relations. Rather it is the deduction that
the group G, if it is SQ-universal, must be enormously large. This may be taken as
a definition of enormousness: but it is encouraging to note that an SQ-universal
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group must also be large in more traditional senses. For example, if G is SQ-
universal then (i) G has a free subgroup of infinite rank; moreover either G is
uncountable or, if countable, then (ii) G has 2K° non-isomorphic factor groups,
and (in) G has infinite ascending chains of normal subgroups. If F is free of
infinite rank there must exist N and K so that N~3G,N<LK^LG and K/N s F.
But then, since F is free, N is complemented in K and so G has a subgroup iso-
morphic to F. The second statement depends on the fact (see [7], or [4], p. 50)
that there are 2*° non-isomorphic finitely generated groups, G must have enough
factor groups to embed all these, and yet each factor group has only countably
many finitely generated subgroups. To see (Hi), recall that if all well-ordered
chains of normal subgroups in G were finite then every normal subgroup would
be the normal closure of finitely many elements of G. There are only countably
many finite sets of elements of G, hence in this case there would only be countably
many normal subgroups, and by (ii) then G could not be SQ-universal.

The question whether the modular group is SQ-universal was raised by B. H.
Neumann ([8], p. 541) who mentions that the free product Cm * Cn is SQ-universal
if m Si 2 and n Si 8. F. Levin first answered the question in [5], and showed that
Cm * Cn is SQ-universal if m Si 2, n Si 3. His work is extended by J. McCool [6] who
shows also that certain of the triangle groups are SQ-universal. Their arguments
use small cancellation theory and need only very little modification to show the

PROPOSITION. The free product A*B is SQ-universal if | A | Si 2 and | B | Si 3.

If A and B are both finite then this also follows from the main lemma above
because the cartesian subgroup [-d.B], the kernel of the homomorphism of A*B
onto A x B, is free and of rank (|y4| — 1) ( |B | — 1). A similar application of
the lemma proves the

PROPOSITION. Suppose that A,B are groups, that H ^ A, K ^ B and that
4>: H -»K is an isomorphism. If A and B are finite, and | A : H | Si 2, | B : K | Si 3,
then the generalised free product

G = A*B = gp(AKjB\h = h<pforallheH)
H = K

is SQ-universal.

For, the amalgam of A and B is embeddable in a finite group Go (see [8], p.532),
and if N is the kernel of the corresponding homomorphism of G to Go then
NC\ (A U B) = 1. Therefore by a theorem of Hanna Neumann ([10], pp. 532,540, or
[3], pp. 228, 247) N is a free group. The rank of JV is at least 2, for otherwise
G would be cyclic-by-finite, whereas G certainly contains a free subgroup of rank
2 (for instance, the subgroup generated by ab1 and ab2 where asA — H and
1, bi, b2 lie in different cosets of K in B). Thus G has an SQ-universal subgroup N
of finite index and the lemma shows that G is SQ-universal.
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It seems reasonable to suppose that the statement remains true if the assump-
tion that A and B are finite is replaced by the weaker hypothesis that the amalga-
mated subgroups H and K are finite, but I have not been able to prove this.

As these examples show, many finitely presented groups are SQ-universal. In
an earlier draft of this note four years ago I conjectured that a 1-relator group
would be either soluble (if it is cyclic or may be presented as gp(a, b | a~1ba = bk)
for some integer k) or SQ-universal. A proof of this by G. Sacerdote seems to be
almost complete now. A similar problem arose in conversation with A.M. Macbeath,

CONJECTURE. If G can be presented in terms ofr + d generators and r rela-
tions, where d ^ 2, then G is SQ-universal.

At one time I had hoped that one might construct a finitely presented simple
group as a generalised free product of two free groups A, B of finite rank amalga-
mating finitely generated subgroups H and K. Joan Landman-Dyer and I showed
quite easily that if H has infinite index in A or K has infinite index in B then such
a group G is not simple. Recently Schupp [ l l j has used small cancellation argu-
ments to show that G is even SQ-universal under these conditions.

PROBLEM: Let G = A * B where A,B are non-abelian free groups of finite
H = K

rank and \A:H\,\B:K\ are finite.

(a) Can it happen that G is simple!
(b) Is G always SQ-universaH

4. Acknowledgements

The main lemma of this paper has been proved also by P. Hall. He proved
this, and many other remarkable embedding theorems, a long time ago. His argu-
ment is a little different. He uses the fact that a countable group is embeddable
in a countable simple group to show that G is SQ-universal if and only if every
countable group is embeddable in a chief-factor of G. Then he uses his result
that, if H is normal and of finite index in G and if C is a chief-factor of H, then
G has a chief-factor isomorphic to a finite direct power of C.
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