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The Thickness of the Cartesian Product of
Two Graphs

Yichao Chen and Xuluo Yin

Abstract. The thickness of a graph G is the minimum number of planar subgraphs whose union is G.
A t-minimal graph is a graph of thickness ¢ that contains no proper subgraph of thickness t. In this
paper, upper and lower bounds are obtained for the thickness, t(G O H), of the Cartesian product
of two graphs G and H, in terms of the thickness ¢(G) and ¢(H). Furthermore, the thickness of the
Cartesian product of two planar graphs and of a t-minimal graph and a planar graph are determined.
By using a new planar decomposition of the complete bipartite graph Ky 4%, the thickness of the
Cartesian product of two complete bipartite graphs K, » and K,,,, is also given for n # 4k + 1.

1 Introduction

In this paper all graphs are simple. A graph G is often denoted by G = (V, E), where
V(G) isthe vertex setand E(G) is the edge set. The order and the size of G are denoted
by v(G) and ¢(G), respectively. A complete graph is a graph in which any two vertices
are adjacent. A complete graph on n vertices is denoted by K,,. A complete bipartite
graph is a graph whose vertex set can be partitioned into 2 parts such that every edge
has its ends in different parts and every two vertices in different parts are adjacent.
We use K, ,, to denote a complete bipartite graph in which the i-th part contains p;
(1< i <2) vertices.

A graph is said to be planar if it can be drawn on the plane in such a way that
its edges intersect only at their endpoints. Such a drawing is called a plane graph. A
planar graph is maximal planar if it is not possible to add an edge such that the graph
is still planar. The thickness t(G) of a graph G is the minimum number of planar
spanning subgraphs into which G can be decomposed. The thickness of a graph was
inaugurated by W. T. Tutte [15] in 1963. As a topological invariant of a graph, it plays
an important role in graph drawing and VLSI circuit design [1]. In [11], Mansfield
proved that determining the thickness of a graph is NP-complete. Thus, it is very
difficult to get the exact value of thickness for arbitrary graphs. The only types of
graphs whose thickness have been obtained are complete graphs (2, 4,16], complete
bipartite graphs [5], and hypercubes [10]. The reader is referred to [6,12,18] for more
background and results about the thickness problem.

The cartesian product of graphs G and H is a graph G O H with vertex set V(G O
H) = V(G) x V(H), that is the set {(g,h) | g € G,h € H}. The edge set of GO H
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consists of all pairs (g, h)(g’, k") of vertices with gg’ € E(G) and h = h' or hh' €
E(H)and g = ¢’. Forany h € V(H), we denote by G" the subgraph of G 0 H induced
by V(G) x {h}; it is isomorphic to G and called a G-fiber. The H-fiber ¢H is defined
analogously, where g € G. The Cartesian product is a very important graph operation;
we refer the reader to [9] for topics on Cartesian product of graphs.

In the past forty years, the topological invariants of the Cartesian product of two
graphs, e.g., genus (see [13,17] etc.) crossing number (see [9] etc.) were often discussed
in topological graph theory. In this paper, the thickness of the Cartesian product of
arbitrary two graphs is studied. This paper is organized as follows. In Section 2, the
upper and lower bounds for #(G O H) are given. When m or s is even, the value of
t(K,n O K ¢ ) is determined when 7 and ¢ are large enough. The thickness of the
Cartesian product of two planar graphs is given in Section 3. In Section 4, the thick-
ness for the Cartesian product of a t-minimal graph and a planar graph is presented.
In the final section, we show that #(K,,, 0 Ky,») = [%], for n # 4k + 1.

2 Bounds for the Thickness of the Cartesian Product of Two Graphs

The union G U H of two graph G and H is the graph (V(G) u V(H), E(G) UE(H)).
The intersection G; N G, of G; and G is defined analogously. The join G + H of two
vertex disjoint graphs G and H is obtained from G U H by joining every vertex of G
to every vertex of H. In [19], Yang and Chen presented an explicit formula for the
thickness of the Cartesian product K,, O P,,, for m > 2 and n # 6p + 3. We have the
following general bounds for the thickness of the Cartesian product of two arbitrary
graphs.

Theorem 2.1  The thickness of G O H satisfies the inequality
Max{ t(G),t(H)} <t(GOH) < t(G) + t(H).

Proof Since both G and H are subgraphs of G O H, we have that
t(GoH) > Max{ t(G), t(H)}.

Suppose that V(G) = {v1,va,...,v,} and V(H) = {u,uz,..., Uy }. From the
definition of the Cartesian product of two graphs, the graph G O H contains v(G)
number of disjoint copies ¢H of H and v( H) number of disjoint copies G" of G, where
g€ V(G)and h € V(H). Let {G",G}’,... ,G’t‘("G)} be a planar decomposition of
G", for i = 1,2,...,m, and let {"/Hy, "iHy,...,"iH,y) } be a planar decomposition
of iH, for j =1,2,...,n. Define G; = G' uG* U---UG", for j=1,2,...,#(G) and
H; =""H; u"H;u---u'H;, fori=1,2,...,t(H).

It is easy to see that Gj, for j = 1,2,...,t(G), and H;, for i = 1,2,...,t(H), are
planar subgraphs. Thus, {G;, G», .. ., Gy, Hi, Ha, ..., H,(g)} is a planar decompo-
sition of G O H, which shows that {(Go H) < t(G) + t(H). Summarizing the above,
the result follows. u

Let G; and G, be subgraphs of a graph G. If G = G;U G, and G N G, = {v} (a
vertex of G), then we say that G is the vertex amalgamation of G; and G, at vertex v,
denoted G = G, v, G.
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Lemma 2.2 ([19]) If G is the vertex amalgamation of G, and Gy, t(G;) = n; and
t(G,) = ny, then t(G) = max{n;, n, }.

Let G be a graph with a vertex v of degree k and N (v) = {uy, uz, ..., ux}. Let G,
be a graph with a vertex v of degree k and Ny (v) = {wy, wa, ..., w }. Delete the vertex
v from Gj and G,. Then construct a graph G by adding k edges uywy, uawa, . . ., ugWy.
The edges uywy, uaws, ..., ugwy are called the product edges and the resulting graph
G is called a dot product of G, and G,, denoted by G = Gj o G, as in Figure 1.

GV, Gy G10Gy

Figure I: The dot product G; o G, of G; and G,.

In [19], Yang and Chen obtained the thickness for K, O K;. By generalizing the
techniques in [19], we have the following result.

Lemma 2.3  Let the graph G + v denote the join of the graph G and a vertex v; then
the thickness of G O K, equals t(G + v).

Proof Suppose that V(G) = {v;,vs,...,v,} and V(K;) = {x, y}. Given a planar
decomposition of G O K, by contracting the subgraph from G* (or G”) to a single
vertex in every planar subgraph, we can obtain a planar decomposition of G + v, i.e.,
H(G+v)<t(GOKy).

Let G’ be a disjoint copy of G and V(G') = {v{,v},...,v,}.Let H = G+ vV,
G’ + v. From Lemma 2.2, we infer that t(H) = ¢(G + v). We now construct a planar
decomposition of G O K, from H. Let {Gj, G,,...,G,} be a planar decomposition
of G+v. For1 < i < n,let G} be a copy of G; such that G; n G} = {v} and G; — v
is isomorphic to G} — v. Thus, {Gj, G}, ..., G, } is a planar decomposition of G’ + v.
Defining H; = G; 0 G}, fori =1,2,...,n, itis easy to see that {H;, H,,...,H,} isa
planar decomposition of G O K;. Thus, we have {(G +v) > t(G O K; ). Combining
the above, we have the desired result. ]

Theorem 2.4 Ife(G) > 1and e(H) > 1, the thickness of G O H satisfies the inequality
t(GOH) >Max{t(G+v),t(H+v)}.

Proof Since both G 0O K, and H O K; are subgraphs of G O H, from Lemma 2.3,
t(GOH) > Max{t(G +v), t(H + v) }. The result follows. [ |

https://doi.org/10.4153/CMB-2016-020-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2016-020-1

708 Y. Chen and X. Yin

The bounds in Theorem 2.1 are best possible if one of the graphs G and H is empty,
since the empty graph has thickness 0. The following theorem gives another example
to show that upper bound of Theorem 2.1 is sharp.

Theorem 2.5 Suppose that at least one of the numbers m and s is even. Then

m+s
(K OKst) = H(Km) + H(K) = [ 7]

2

ifn>2m*-mandt>2s*—s.

Proof From the definition of Cartesian product of two graphs, we have
V(Kpn OKst) = (m+n)(s+t),
e(Kpu,n OKs,1) = mn(s+t) + (m+ n)st.

From Euler’s formula, the maximum planar subgraph of K,,, ,, O K; ; contains at most
2(m+n)(s+t) — 4 edges. Thus, we have

mn(s+t)+(m+n)st]
2(m+n)(s+t)—4

[m+s m2(s+1t) - 2m s2(m+n)—2s
‘[ 2 _z(m+n)(s+t)-4_z(m+n)(s+t)-4]'

The following two cases are considered.

21) t(Kpn OKsy) > [

(a) Both m and s areeven. If n > m?> — m and t > s> — s, then
m*(s+1t) - 2m s*(m+n)—2s
<
2(m+n)(s+t)-4 2(m+n)(s+t)-4

Combining the inequality (2.1), we have

t(Km,n 0K t) 2 [ e S]
From [5, Theorem 1], £(Kp, ,) = [2'] when p; is evenand p, > 1 (p1-2)%, or
prisoddand p, > (p1 —1)(p1 — 2). By Theorem 2.1,

t(Kin,n O Ks,t) < t(Kpmn) + 1(Ko )

Thus,
s

] < t(Kmn OKs) < [%] + [f]

2
where n > m* — mand t > s* - s. Since both m and s are even, we have [ 75 ]

2
[%] + [%], and the result follows.

(b) One of m and s is even and the other is odd. In this case, if n > 2m? — m and
t > 2s% — s, then
m?(s+1t) - 2m s?(m+n)-2s 1

2Wmen)(s+1) -4 2men)(s+i)-4 2

[m+s

Combining inequality (2.1), we have

t(Kmon O K t) > [ m ”].

2
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In a similar way to case (a) above, we have t(K, , 0K ;) = [ 75

and t > 252 — s.

l.forn >2m*-m

Summarizing the above, the proof is completed. ]

3 The Thickness of the Cartesian Product of Two Planar Graphs

In this section, we determine the thickness of the Cartesian product of two planar
graphs. We will provide more examples to show that the bounds in Theorem 2.1 are
sharp. In [3], Behzad and Mahmoodian proved the follows two theorems.

Theorem 3.1 ([3]) Let G and H be connected graphs on at least three vertices. Then
GOH is planar if only if both G and H are paths or one is a path and the other is a cycle.

Theorem 3.2 ([3]) Let G be an outerplanar graph. Then G O K is planar if only if G
is outerplanar.

We have the following theorem.

Theorem 3.3 Let G and H be two planar graphs. The thickness of G O H is

if both two graphs are paths,

(GO H) = if one is a path and the other is a cycle,
if one is outerplanar and the other is K3,

N = = =

otherwise.

Proof From Theorem 2.1, we have 1 < (G O H) < 2. However, from Theorems 3.1
and 3.2, we infer that the only planar Cartesian products are P,, O P,, P,, O C,, and
G O K;, where G is outerplanar. The result follows. ]

4 The Thickness of the Cartesian Product of a t-minimal Graph
and a Planar Graph

A graph G is said to be t-minimal if all of its proper subgraphs have thickness less
than ¢. This concept was introduced by Tutte [15] in 1963. In [15], Tutte also proved
that every graph G with thickness ¢ > k, contains a k-minimal subgraph of G. In [8],
Hobbs and Grossman proved that there exists a £-minimal graph with connectivity 2,
for every t > 2. In [14], Sirdn and Horak gave an explicit construction of an infinite
number of t-minimal graphs with connectivity 2, edge-connectivity t, and minimum
degree t. In [19], Yang and Chen determined the thickness for the Cartesian product
of a t-minimal graph and an outerplanar graph. We have the following result.

Theorem 4.1 Let G be t-minimal graph and H be a planar graph; then t(GO H) =
t(G).

Proof Suppose that V(G) = {v1,va,...,v;y} and V(H) = {uy,uz,...,u,}. For
1 < i < n, let the vertex set of the G-fiber graph G* be G x {u;}. For1 < j < m, let
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the vertex set of the H-fiber “H be {v;} x H. Suppose that {Gy,;, G2,i,...,Gy,i} be
a planar decomposition of G*/, for i = 1,2,...,n. Since G* is a t—minimal graph,
without the loss of generality, we suppose that the graph G; ; contains only one edge
(vi,ui)(va,u;), for i = 1,2,...,n, and where v;v, is an edge of G. In the following
discussion, we will construct a planar subgraph decomposition of GO H with ¢ planar
subgraphs Gy, G, ..., G.

Defining

G1 = G1,1UG1)2U~'-UG1,,, UVIH,
Gj = Gj)]UGj)zU"'UGj’n,
Gt:Gt,IUthU"'UGt,nUVZHU"'UV'"H

for 2 < j < t —1. Now let us show that {Gj, G,, ..., G;} is a planar decomposition of
GOH.

(a) Let V("H) = {(v1,u;)|i =1,2,...,n}. Since the graphs G, 1, G1,2, . . . , G1,, are
disjointand V("H)NV(Gy,;) = {(v1, u;) }, we amalgamate the two planar graphs G ;
and "'H at the vertex (v, u;) for i =1,2, ..., n, and denote the resulting graph by G;.
Since the amalgamation of two planar graphs is still planar, G; is planar.

(b) Since the graphs G;1,Gj,...,Gj,, are mutually disjoint planar graphs, this
implies that the graph G is planar, for j = 2,3,...,t - 1.

(c) Recall that the planar subgraphs 2H,"H, ..., ""H are mutually disjoint and
each graph G;; contains only one edge {(v1,u;)(vy,u;)}, fori = 1,2,...,n. Since
V(G:,;) n V("*H) = {(va,u;)}, for each i(1 < i < n) we amalgamate the graph G, ;
and "H at the vertex (v,, u;), the union G;; U G;, U---U Gy, U "?H is still a planar
graph. From the factthat V(G ;)nV("H) = @,fori =1,2,...,n,and j=3,4,...,m,
we infer that the graphs

Gi1UGiyU---UGy, UVH,"H,"H,...,""H

are mutually disjoint, thus the graph G; is planar.

Summarizing the above, a planar decomposition of G O H with t subgraphs
G1, Gy, ... Gy is constructed, which shows t(G O H) < t. On the other hand,
G c GO H, so we have t(G 0O H) > t. The theorem follows. [ |

5 The Thickness of K, , 0 K,, ,

In [5], Beineke, Harary, and Moon constructed a planar decomposition of K,,,,, when
m is even. By using the planar decomposition, they determined the thickness for
Kin,n for most values of m and n. Up to now, determining the thickness of bipartite
graph K, , is still open, when m and # are odd and there exists an integer k satisfying
:ILZ(I;E'_"Z_;)) |. The theorem of Beineke, Harary, and Moon implies the following
result.

Theorem 5.1 ([5]) The thickness of the complete bipartite graph K, , is

t(Kn,n) = [

1’l+2‘|
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Theorem 5.2  The thickness of the Cartesian product of two complete bipartite graphs
K, and K, ,, satisfies the inequality

t(Kpn O Knn) > [ n”].

Proof It is easy to see that v(K,, , 0K, ,) = 4n* and ¢(K,, , 0K, ,) = 4n>. Suppose
H be a maximum planar subgraph of K, , O K, ,. Since the graph K, , 0 K,,,, does
not contain triangles, from Euler’s Formula, we have |[E(H)| < 8n* - 4.

For n > 1, we have 0 < % — T < %,thus
4an® n+l 1 n n+1
H(KnnOK, z[ ]:[ b ]:[ ] m
(Knn 5 Kon) 8n2 —4 2 2 4n?-2 2

5.1 A Planar Decomposition for Ky 4%

Let the 2-partite sets of Ky 45 be U = {ug, s, ..., ugx yand V = {v, v, ..., vy }. We
will construct a new planar decomposition for the complete bipartite graph Ky a-
Let {G1, Gy, . .., Giy1} be the planar decomposition of Ky 4. The construction has
three steps.

Vai—3

Ui — 198 ‘ Ugi—2

Vi

Figure 2: The graph H;.

(a) We first construct a subgraph H; of G;, for i = 1,2,...,k. The vertex set
V(H;) of H;, for i = 1,2,...,k, consists of the vertices ug;_3, tgi—z, Ugi-1, Usi>
Vai-3, Vai—2, Vai—1, and vy;. The edge set E(H;) consists of two 4-cycles and four
independent edges between them. The two 4-cycles are ug;_3Vaj_aUsaiVai_1Uai—3
and v4;_3Uai_2V4iUai-1V4i-3. The four independent edges are v4;_3ua;, Vai—2Uai-1,
VaiUai—3, and v4;_1U4;_», as shown in Figure 2.

(b) Add 2k — 2 parallel edges between v4;_3 and v4;_; in H; and insert 2k — 2 new
vertices

k

U{M4r—3, 144r—2}

r=1

ri
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on these 2k — 2 parallel edges respectively. In a similar way, we do this for the vertex
pairs {vai—2,vai }> {tai-3, uai—» } and {ug;_ju4; } in H;, and insert 6k — 6 vertices

k k k
U{M4r—1, M4r}, U{V4r—2, V4r}) U{V4r—3, V4r—1}
i 7 7
on these 6k — 6 parallel edges, respectively. The resulting graph is denoted by G;, for
i=12,...,k.
(c) The graph Gg.; consists of 4k independent edges uivy, uava, . .., UgkVag; i.e.,

Grsr = UK {uivi .
“k

N

v,

Uz

ug

Uy U U3 Uy us Ug wy ug

LT

U1 Vo U3 vy Vs Vg vr Vg

Figure 3: A planar decomposition of Kg 5.

Now a planar decomposition {Gj, Gy, . .., Ggs1} of Ky 4k is completed. By using
the construction above, a planar decomposition of the graph Kg g is shown in Figure
3.

Remark 5.3 Forl < i < 4k, we first connect tyx4; and v4x4; to v; and u; by new
edges uag1vi and vagu; in Gy, respectively, then connect ugp; to v4x11 by a new
edge u4g.1Vak+1. Thus, the planar decomposition of Kyi 4x above implies a planar
decomposition of Kyk1 4k+1-

5.2 The Thickness of K, , 0K, ,

In this subsection, we will determine the thickness of K, , 0 K}, ,,, for n # 4k + 1. Let
the 2-partite sets of K,,,,, be U = {uy,up ,...,u,f and V = {v1,v,,...,v,}. Let the
G-fibers of K, , O K, be K};7, and K}, for i = 1,2,...,n, and let the H-fibers of
Kn,n OKy,n be K, ,, and VK, 0, for j=1,2,...,n.

We first construct a planar decomposition for Ky sx. From the construction of

Subsection 5.1 for Kyy 4%, for 1 < i < n, we suppose that {Gy,;, Gz, .- . > Gr.i> Gks1,i }
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and {Gy ;, G} ;.. .., G ;> Gy, ,; } are the planar decompositions of K, and K, re-
spectively. Similarly for1 < j < n, let

_ __ _ o
{Guj» G2, » Gk, j»Gisrjb and {G'1,j,G2j5 o, Gy jy Gk}

be the planar decompositions for */K,, , and YK, , respectively.
Defining

n n n n
, — .
Gj:UGj,iUUGj,i’ Gk+j:UGj,iUUGlj,i’
i=1 i=1 i=1 i=1

n n n__ n
Goks1 = U Gii1,i U U G;chl,i U U Gisr,i U U G4,
i=1 i=1 i=1 i=1
for1 < j < k. Let us show that {Gi, Ga, ..., Gaks1} is a planar decomposition of
K, » 0K, ,. There are three cases.

* The graph Gj is planar, for 1 < j < k, because the planar graphs G, Gj, ...,
Gjn> GGl G;,njre nlutually diisjoili - B

e From the planar graphs G;1,Gj2,...,Gj > G'j1,Gj 2, ..., G’} » are mutually dis-
joint, the graph G is also planar, for 1 < j < k.

* Recall that

4k 4k

Grei = J(ujoui) (vj ui), Groni = Ujvi)(visvi),
Jj=1 j=1

- 4k o 4k

Greni = U(uis uj) (uirvj), G rsni = Jis uj) (vis v)),
pas =t

fori=1,2,...,4k. In this case the graph Gy, is the union of 16k* disjoint 4-cycles
(uiuj)(vi,uj)(vi,vj)(ui,vi) (ui, uj), for i, j = 1,2,..., 4k, thus Gy, is planar.

Summarizing the above, Kyk 4k O Ky, 4k can be decomposed into 2k + 1 planar sub-
graphs Gy, Ga, . . ., Gag41, which shows that

(51) t(K4k)4k \:‘ K4k)4k) S 2k + 1

By using the procedure above, a planar decomposition
4 4 , 4 4
G =UG,iuUGl;, G =UGLivlUGi
i=1 i=1 i=1 i=1

4 4 4 4
Gz = U Giq1,i U U G;(H,i u U Gis1,i U U G4,
i=1 i=1

i=1 i=1
of the graph K, 4 O K, 4 is shown in Figures 4, 5, and 6.
We now turn to construction of a planar decomposition for Kyx_1 45-1 O Kgg-1,4k-1-
For1<i<m,let
{Hyi,Ha,i»...»Hii»Hier,i b and  {Hy , Hy oo Hy o Hiy i}

be the planar decompositions of K};’, and K}, respectively. For 1< i < n, let

—  — — — —  — — —
{Hl,i>H2,i)-'-aHk,ika+1,i} and {Hl,i)Hz,iw-'>Hlk,i’H,k+1,i}

be the planar decompositions of “K,, , and "K, , respectively. From [7], we know
Kyk-1,4k-1 is a k + 1-minimal graph, hence we suppose that each of the graphs
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(v1,v;)
(uz, u; ‘ uz, ;) (us, v; ‘(Mg v;)
(va, uq) (va, v3)

Figure 4: The graphs G,,; and G{),- fori=1,2,3,4.

(ui, v1) (vi, 1)
u, us ‘ 2 1 U3 ’(7 us)
(u, va) (vi, vs)

Figure 5: The graphs 51,1- and 6{,1‘, fori=1,2,3,4.

(ur,u1) (u1,01) (ug,u2) (u1,v2) (ui,us) (ui,vs) (un,ua) (ui,e) (uz,un) (uz,vn) (uz,uz) (uz,v2) (uz,us) (uz,v3) (uz,us) (uz,04)

(vr,u1) (v1,01) (v1,u2) (v1,v2) (v1,u3) (V1,08) (v1,us) (V1,04) (v2,u1) (v2,01) (v2,u2) (v2,02) (v2,u3) (v2,v3) (v2,ua) (v2,04)

(us,ur) (uz,v1) (u3,u2) (u3,v2) (us,us) (us,v3) (u3,u4) (uz,va) (ua,u1) (ug,01) (ua,u2) (ua,v2) (us,u3) (ug,v3) (ua,uq) (ug,vs)

(vs,u1) (vs,v1) (vs,uz) (vs,v2) (v3,us) (vs,v3) (v3,u4) (v3,04) (va,u1) (Va,v1) (Va,u2) (Va,v2) (va,u3) (va,v3) (vaua) (va,va)

Figure 6: The graph Gs.

!
Hyyr,i> Hyyy 0
we suppose the subscripts u;, v; in K}’ , K}

n,n’
fori > n.

Hy,1,i»and H'x,y ; contains only one edge. In the following discussion,
%K, » and VK, , are taken modulo n
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First, we define

Hyp,i = {(ui+1’ui)(vi+2)ui)}’ H;chl,i = {(ui+1’Vi)(Vi+2)Vi)}’
ﬁkﬂ,i = {(ui, ui)(ui,vi)}, ﬁkﬂ,i ={(vi> tnri-1) (Vis Viric1) )
Suppose that
(uisui)(vis, ui) € Hyj, (uivi)(Vis, vi) € Hy ;5
(tis tnrior)(Uis Vnyioa) € ﬁl,i (Vistnyioa) (Vis Vnyioa) € ﬁr,i-
We further define

n n n__ n___
1 =UJH,ivJH; ;U UH ka1,i U U H ke,
‘ 21 21

Hp,i 0 UHk+1 i»

i=1 i=1

o
C
¥
e
iCs
C::

for j =2,3,..., k. We now show that éj is planar, for j = 1,2,...,2k. There are four

cases.

e Forl<i<m,letH; =H; UH] UHg1,; UH k41,i41. Suppose that the edge (u;, u;)
(vis1, u;) lies in the outer face of the planar embedding of H, ;. Recall that Hj ; isa
copy of Hy ;; hence we assume that the edge (u;,v;)(v;11,v;) lies in the outer face
of the planar embedding of H] ;. We join H, ; and Hj ; by two edges (u;, u;)(u;, v;)
and (vi41, u;) (Vie1, vi); the resulting graph is a planar embedding of Hie, H; is
a planar graph Since the planar graphs Hy, H,,...,H, are mutually disjoint and

U, H;, the e graph G, is planar.

°LetH = Hy,; UH1,i41 U His1,n4i1 U H;,
case above, we have that H'; is a planar graph. Since Gy,; = U?_, H'; and the graphs
H,,H,,...,H, are mutually disjoint, we have that the graph Gry is planar.

* From the planar graphs Hj,l,flj,z, > Hju, Hj , HY 5, ..., Hj , are mutually dis-
joint, we have that the graph G; is planar, for j=2,3,..., k.

» For2 < j <k, the graph G i+ 18 also planar, because the planar graphs

ktLnsiol- With a similar discussion to the

Hj,1>Hj,2> N ,H]‘,n, Hlj,l) H,j,Z; “ee aH,j,n

are mutually disjoint.

Summarizing the above, we obtain a planar decomposition {G;, Gy, ..., Gy} of
Kiyk-1,4k-1 O Kgg-1,4x—1 with 2k planar subgraphs. Thus,

(5.2) t(Kak-1,4k-1 0 Kgg—1,a-1) < 2k.

By using the procedure above, a planar decomposition {Gy, G, } of K33 0 K3 3 is
shown in Figures 7 and 8.
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(v3,u1 (ugyu1)  (viu2 (u1,u2)  (v2,us3 u2,u3)
(v1,u1) (v2,u2) (v3,u3)
(uz,u1) (u3,u2) (u1,u3)
(w1,u1 : (v2,u1)  (uz2,u2 (vs,u2)  (uz,u3 v1,u3)
(u1,01 (v2,01)  (u2,v2 (v3,v2)  (uz,vs v1,03)
(uz,v1) (us,v2) (u1,v3)
(v1,v1) (v2,v2) (v3,03)
(v3,01 (ugv1)  (vi,02 (u1,02)  (vg,03 ua,v3)

Figure 7: The graph Gi.

(u1,01) (ur,u2)  (u2,02 u2,u3)  (uz,v3) uz,ul
(u1,v2) (uz2,v3) (uz,v1)
(u1,u1) (uz2,u2) us,u3
(u1,us (u1,v3)  (uz,u1 . u2,01)  (uz,uz) (s us) u3,v2)
(v2,u3) (v2,v3) (v3,u1 v3,01) (v1,uz v1,v2)
(v2,u1) (v3,u2) (v1,us)
(’172-,712) (U.'Nf:x) (1’1 1)
(v2,01) (v2,u2)  (v3,v ERTE
K s v3,v2 v3,uz)  (v1,03 v1,u1)

Figure 8: The graph G,.

Theorem 5.4  The thickness of the Cartesian product of two complete bipartite graphs
Ky nand K, , is

n+1

K OKn) = [ 5=] (4 4k +1),

Proof From Theorem 5.2and inequality (5.1), we obtain ¢( Kyk,ax O Kak,ak) = 2k + 1.
From Theorem 5.2 and inequality (5.2), we obtain #(Kyx_1 4xk—1 O Kgg-1,4k-1) = 2k.
Because Kyk—2,4k—2 O Kak—2,4k—2 is a subgraph of Kyy_1 4x-1 O Kag-1,4k-1, combin-
ing Theorem 5.2, we know that #(Kyx_24x-2 O Kak—2,4k—2) = 2k. Summarizing the
discussion above, the theorem follows. [ |

Remark 5.5 Though we fail to determine the value of #(Kyk41,4k+1 O Kakr1,4k41)>
from Theorems 2.1, 5.1, and 5.2, we infer that

2k +1 < t(Kagsr,ak41 O Kagor,ak1) < 2k +2.

For k = 1, we will construct a planar decomposition of Ks s O K55 and show that
t(Ks50Ks5) = 3. Suppose the 2-partite sets of Ks 5 are U = {uy, us,...,us} and
V= {Vl,Vz, e ,V5}. For 1 < 1,] < 5, let Cl,‘j = (ui,uj),agj = (ui,vj), b,’j = (v,-,uj),
and bgj = (vi,v;); then a planar decomposition {By, B, B3} of K5 5 0 K5 5 is shown
in Appendices A, B, and C.

https://doi.org/10.4153/CMB-2016-020-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2016-020-1

The Thickness of the Cartesian Product of Two Graphs 717
We pose the following problem for possible further study.

Problem 5.6  Find an explicit formula for t(K,,,, O Kj,;), for any positive integers
m,n,s,and t.

A The Graph B,

23 (123
by ay
A
bas [2 aby a2y
v /
bhs b2z az s
Dao by by aly aly
g2 ﬂflg bia a4 bél b3
b2 ap ahy Vg bis b1y ap ayg a5, 29 a1 as)
asz b1z o agy b5 b ah ais by ah az bs1
’ ?
als 55 b5 b5
" ) " n
as3 2% 2 Q53 bas [ Qyy a5 054 Aoy Q24 bsa
Y . / / /
bss3 ary ayy byl bl bay aq1 djy as, by baa as
Q43 afu Das Qaq b3.1 b3y
7 ’
43 43 44 A4 Q34 as,
U5 b3z asz a5
/
bas baa A3y A35
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B The Graph B,

S

A</V\v

A/«Wﬁ

ity Press
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C The Graph B;

[

'
b asy as2

/
Uy

bsy a
.
) agp %
; A : ; A ; A
ay v ay; Qys v Ty ags v ass

a3 Qg3 "
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