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CONCENTRATION OF THE ERROR BETWEEN A FUNCTION
AND ITS POLYNOMIAL OF BEST UNIFORM APPROXIMATION

by MAURICE HASSON
(Received 8th July 1996)

Let f be a continuous real valued function defined on [—1, 1] and let E,(f) denote the degree of best uniform
approximation to f by algebraic polynomial of degree at most n. The supremum norm on [a, b] is denoted
by ||.ll.5 and the polynomial of degree n of best uniform approximation is denoted by P,. We find a class of
functions f such that there exists a fixed a € (—1, 1) with the following property

1 = Pullo-tassy = CEL(D, m=1,2.3,...

for some positive constants C and N independent of n. Moreover the sequence (-fli) is optimal in the sense
that if £ is replaced by b, = o(1) then the above inequality need not hold no matter how small C > 0 is
chosen.

We also find another, more general class a functions f for which

If— P, "[,_g.,,ﬂg] > CE,(f) infinitely often.

1991 Mathematics subject classification: 41al7, 41a25, 41a50.

1. Introduction

Let f be a continuous real valued function defined on [—1, 1] and let E,(f) denote
the degree of best uniform approximation to f by algebraic polynomial of degree at
most n. Thus

E(f)=infllf — R

where ||.|| denotes the supremum norm on [-1,1]. If a > —1 and b < 1 the supremum
norm on {a, b] will be denoted by |.[|,,- Let

e,(x) :=f(x) — P,(x).

The classical alternation theorem [S] guarantees that e,(x) reaches the value +E,(f)
alternatively at least n+ 2 times. The asymptotic distribution of points x; such that
le.(x)| = E,(f) has been extensively studied. See, among others, [3, 6] for the
polynomial case and [2, 4] for the setting where approximation by rational functions is
considered, and the references therein. However, in general, there is no fixed point
a € (—1, 1) such that |e,(a)] = E,(f) or even |e,(a)] = CE,(f) for some positive constant
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C. It is then natural to ask whether there exist a fixed a € (—1, 1) and a sequence (a,)
of numbers tending to zero decreasingly with the following properties.

"f - Pn"[a—a,,,a+a,,] 2 CEn(D

and (a,) is optimal in the sense that if b, = o(a,) then
”f - Pn"[a—b,,,a«}-b,,] = O(En(f))

Again we believe that, in general, a point a and sequence (a,) satisfying the above
properties do not exist. It is the purpose of this paper to describe a class of functions
for which, precisely, such a point a and sequence (a,) do exist. For such functions f we
say that the error e,(x) is concentrated near a.

We then address the question of finding a more general class of functions f for
which the weaker condition

If = Pllia—s, atay = CE,(f) infinitely often.

is satisfied, where (a,) fulfils the same optimality condition as above.

Notice that we insist that a belongs to the interior (—1,1) of [—1, 1], which, in final
analysis, amounts to considering approximation of periodic functions by trigonometric
polynomials. Because of the rapid oscillation of e,(x) near —1 and 1, we believe that
the situation is completely different near the endpoints of the interval. See Section 4
where an open problem pertaining to that situation is stated.

Let f € C%', the space of periodic (of period 27) k — 1-times differentiable functions.
Then a well known theorem of Zygmund [12] states that f* " belongs to the Zygmund

class, i.e.
A 1
wz(f1 ’,;) = 0(;) .n

where w,(g, .) is the modulus of smoothness of the function g (see {11, p. 102]) if and
only if

E() = O(ni) (1.2)

where E(f) is the degree of approximation by trigonometric polynomials. This shows
that the condition E,(f;[-1,1]) = O(%) does not necessarily imply that f is in the
Zygmund class of [—1, 1]. However f belongs to the Zygmund class of [-1+¢,1—¢], ¢ > 0.
We will prove our results in the C*'[—1, 1] setting where it will be enough to assume
that E,(f) = O()- It will be clear from the proofs that the analogous results hold in
the trigonometric case (where, as noted above, this condition on E;(f) amounts to
assuming that f is in the Zygmund class.) The examination of the situation in the
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trigonometric case will yield, in turn, a slight improvement of the results in the
algebraic case.
In 8] Steckin proved that, if in addition to (1.1), w,(f*"") satisfies

1 K
D _)>Zn= 3
wz(f* 'n)—n’" 1,2, (1.3)
then E,(f) is exactly of the order &, that is to say there exist positive constants

K,, K, such that forn=1,2,... one has

K K
— < E(N == (1.4)
n n

The Dini derivatives D, f(x) and D™f(x) of a function f at a point x are defined by

h) —

D, f(x) = liminf {&F R =/

-0t h
Df(x) i= limsup LEH W =/C).

h—0" h
D*f(x) and D_f(x) are similarly defined.

We record the following observation which will be used in the sequel: the relations

D*f(0)=1, f(0)=0 and e >0 imply the existence of a sequence (x;)) of positive
numbers with lim,  x, = 0 such that

fG) = (1 —x;, x, € (0, 9]
for 6 > 0 small enough.

The following inequality, due to Bernstein, will play a fundamental role in the sequel
(see [S]).

Theorem (Bernstein inequality). Let T,(6) be a trigonometric polynomial of degree n
of period 2n. Then
1T x < nllT,lIg-

Here ||.||g denotes the supremum norm on the real line. It follows that if P, is an algebraic
polynomial of degree n then (with ||.|| denoting now, and as before, the supremum norm
on[-1,1))

"I):n”[a,b] =< Ma,bn"Pn"v a> _11 b<1 (15)
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where M, , = 7 ¢ = max(|a|, |b|).
1-¢

We are now ready to state our main results. It may be useful to remark that the Dini
derivatives always exist, with the possible values of +oo. In Theorem 1.1 below, as well
as in Theorem 1.3, the inequalities (1.6), (1.7), (1.9) and (1.10) must be understood in
the extended real number system.

Theorem 1.1. Let k be a positive integer, f € C*'[—1,1]. If there exists a € (—1,1)
with one of the following properties:

@) > 1) (1.6)
or
Y@ > f¥a) (1.7)

and if P, is a sequence of polynomials of degree at most n such that
1
1P, =Sl = OCE,(f)) = O ¢
then there exist positive constants N and K such that

K
"Pn —f"[a—l},a-{-ﬂ > ?, n= 1,2, e (18)

We remark that the relations E.(f) = 0(;‘;) and (1.8) imply the existence of a
constant C > 0 such that

If = Pllfa-tort) = CE,(N),n=1,2,3,...

That is to say, the error e,(x) is concentrated near a.

Corollary 1.2. Let f be as in Theorem 1.1. Then E (f) is exactly of the order :‘; ie.
satisfies (1.4).

It is easy to see that w,(f* ™", 1) > & n=1,2,...if /4 satisfies (1.6) or (1.7). It
follows that Corollary 1.2 is also a consequence of Steckin’s theorem. However it does
not seem that the techniques used by Steckin are appropriate to derive Theorem 1.1.
The papers [1] and [7] deal with the problem of finding functions f for which n*E,(f)
has a non zero finite limit as n goes to infinity. It would be of interest to see whether
the condition ,(f*",1) > X n=1,2,... implies (1.6) or (1.7). If this was the case
then Theorem 1.1 would imply Steckin’s theorem.
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Theorem 1.3. Let k be a positive integer, f € C*'[-1, 1]. If there exists a € (—1,1)
with one of the following properties:

D, f*a) # D7 f*a) (1.9)

or

D_f*"a) # D*f*"(a) (1.10)

and if P, is a sequence of polynomials of degree at most n such that

1
1P, =11 = 0(E1) = 0( )
then there exist positive constants N and K such that
K . .
1Py = fll[a-t0r8) = — infinitely often. (1.11)
n n n

Notice that relation E,(f) = O(%) together with (1.11) guarantee the existence of a
constant C > 0 such that

If = Pallja-2av] = CE,(f) infinitely often.

To use our previous terminology, the error e, (x) is concentrated near a for a sequence
(n)) of integers.

Corollary 1.4. Let f be as in Theorem 1.3. Then E,(f) is exactly of the order ;‘; for
some sequence (n)), that is to say !

K,

—ksE,(ﬂs&
n

+ infinitely often. (1.12)
n

As an example of application of Theorem 1.3 and its corollary, consider the function
f defined by

J(x) = xsin(log|x|),x e [-1,1],x #0
f(0)=0.

Because |f'(x)| < v/2, x # 0, with equality reached, it is readily seen that f belongs to
the Lipschitz class, with Lipschitz constant +/2, of [-1,0) and (0, 1] and it is easy to
verify that it belongs to the Lipschitz class of [—1, 1], with the same Lipschitz constant.
So f belongs to the Zygmund class of [—1,1]. Moreover, D*f(0) = D"f(0) =1 and
D, f(0)=D_f(0) = —1. It follows that for this function f relation (1.11), with a=0

https://doi.org/10.1017/50013091500019829 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500019829

452 MAURICE HASSON

and k =1, and where P, satisfy |P, —fll = O(E,(f)) = 0(&), and relation (1.12), with
k =1, hold true.

This paper is organized as follows. The next section is devoted to the proof of our
main results, Theorems 1.1 and Theorem 1.3. Section 3 shows that Theorem 1.1 and
Theorem 1.3 are sharp in the sense described above. The last section states an open
problem pertaining to the situation where a=—1ora=1.

2. Proofs of Theorem 1.1 and Theorem 1.3

Lemma 2.1. Let f € C([—1, 1]) have the following property: there exists a sequence
of polynomials of degree at most n, P,, such that for some positive integer k one has

p—fl<Son=1,2 ..
n

Then there exists a constant M such that, forn=1,2, ...

||P,Ek+l)||[_%_ﬂ < Mn.

Proof. Let r be the integer defined by 2! < n <2". Then

P,=P,— Py +) (Py— Pp1)+P,.

The Bernstein inequality gives:

IPEVlls.q < K(n**‘u& — Pl + ) 2% Py — Py ||)

so that, in view of the inequality ||P, — f|| < ;C;,

znk+l r 2(k+l)i
1P < K (B4 S5 )

2!k
2.2(k+l)r r ;
< K'(—z,k— +y 2')
It is of interest to note that the proof of Lemma 2.1 shows that
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||P.fk)||[-;.;] < Mlogn.

Moreover it can be shown that this estimate cannot be improved.
The purpose of Lemma 2.3 below is to prove the following

Proposition 2.2. Let k be a positive integer and let f € C*™V[0, d). Assume that
L D)) = x, xel0,d)
Then there exists ¢, > 0 such that
I fllo.q) = cd*.

Proof. By the Hermite-Gennochi formula, we have

h h
f / FE@E + - )de L dE = AF(0),
0 0
where

LRy
A f(0)=Z(—l)’( j )f(]h)

j=0

is the corresponding divided difference. Set h = ;. Then

IAFTF(0)] < 2N fllo.a-

Assume now, without loss of generality, that f*~"(x) > x on [0, d]. Then

h h h
/ ...fﬁ""’(t,+---+t,‘_,)dt,...dtk_,2/ ...[(z,+---+tk_,)dt,...dtk_,
0 0 0 [}
k-1

—- k
=h

dk
Tk— 1)

Proposition 2.2 follows with ¢, = ?(k__ln‘-_'

We now have built the necessary tools to demonstrate our main results.

Proof of Theorem 1.1. We first make the following reductions. By replacing, if
needed, f by —f it is enough to make the proof only in the case (1.6). We suppose first
that the two derivatives are finite. We now remark that E,(f + Q,) = E,(f), n>k,

https://doi.org/10.1017/50013091500019829 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500019829

454 MAURICE HASSON
where Q, is a polynomial of degree k. It follows that we may assume that
a=f*"a)=0

and that f®(a) = —¥(a). Now E,(af) = |2|E,(f), a € R. It follows, again without loss
of generality, that we may assume that

Pay=1
and that
fa) = ~1.
Let P, be as in Theorem 1.1 Lemma 2.1 gives

IPE Ny < Mnn=1,2,... 2.1)

The mean value theorem and (2.1) yield

1 1 1

P®(x) — P® = - )

PO - PO < x|~ g o 22)
The relations f(0) = 1, f*7"(0) = 0 give

k—1) 3
SEY(x) > 35 %€ [0, 8] 2.3)
if 6 > 0 is small enough. Suppose first that
"4Mn

P¥(x) < %,x € [O L ] X))

Then (2.3) and (2.4) yield that one of (2.5), or (2.5), hold:

] 1
k1) _ ptk-1) 2
1/ D(x) — P (%)) = gox€ [0, e 6Mn] (2.5),
or
fem x4 L) _ peo x+—l— > exelo—1_| (2.5
8Mn " 8SMnJ| — 47" "16Mn 2

It follows from Proposition 2.2 and relation (2.5) that
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’

K
1P, = flfok] 2 g.n= 1,2,... (2.6)

Suppose now that there exists x € [0, ;L-] such that P(x) > L. It follows from (2.2)
that

1
(k) —_——— . N
P; (x)>0,xe[ 4Mn’0] 27
Because f*(0) = —1 and f*"(0) = 0 we have
k—1) 3
S (x) > 7% X€ [-4,0] (2.8)

for & small enough. By (2.7), P{™" is increasing on [ — z4-,0]. This fact and relation
(2.8), yield that one of (2.9), or (2.9), hold:

79000 = P = 3xx € [ = g 0] @),
or
f("")(x - #4—;) - P(,,"")(x - 8]\14n) > %x, x€ [—ﬁ, O]. (2.9),
It follows by Proposition (2.2) and relation (2.9) that
||P,,—f||[%_0]z%,k:l,z,... (2.10)
n

We have proved, in view of (2.6) and (2.10), that

K
1B =Sl ale) = =12

This is relation (1.8) if we let N := . Theorem 1.1 is proved in the case when both
derivatives are finite. If one derivative is infinite, then (2.3) and (2.8) still hold and the
rest of the proof remains unchanged.

Theorem 1.1 is proved.

We now proceed to the proof of Theorem 1.3. In what follows |I| designates the
length of the interval I.

Lemma 2.3. Let f(x) belong to the Zygmund class of {—1, 1), with constant 1, that
is to say
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If(x+h)+f(x—h) = 2f(x)| < h,(h>0) (2.11)
for x, x+h, x—he[-1,1]. Assume that f(0)> 1. Then there exists an interval I
contained in [—1, 1], with 0 € I and |I| >} such that f(x) >3, x € I. It follows that 3b € R
and J C [—1,1] with |J| >}, such that f(x) > x + b, x € J. In fact we can choose b > 0.

Proof. The proof follows directly from relation (2.11).

Lemma 2.4. Let 3>0 and let (x;) be a sequence of positive numbers with lim,_, , x,=0.
Then for each | there exists an integer n, such that

X, € [ié] (2.12)
2n, n,
Moreover n, can be chosen in such a way that
o 1
x’—in_l>_67[ (2'13)I
and
0 1
;,_x'>6_n,' (2.13),

Proof. That there exists a sequence (n,) satisfying (2.12) follows from the fact that

*[é &
U[ﬁ,;) = (0, 6).

n=1

Now (for n>5) £ <-4 — £ —length of the intersection of such two consecutive
intervals. Relation (2.13) now follows by taking, if necessary, a subsequence, still

denoted (n,), of the sequence (n,).

Proof of Theorem 1.3. Because of some similarities between the proofs of Theorems
1.1 and 1.3, we omit those details of the proof of Theorem 1.3 which are analogous
to the corresponding arguments of the proof of Theorem 1.1. We first make, as before,
the following reductions. Because D, g(a) = —-D* — g(a) and D g(a) = —D_ — g(a), we
make the proof only in the case (1.10). We suppose first that the two Dini derivatives
are finite. In that case we may suppose, without loss of generality, that

D+f(k—l)(a) — 1

and

D_f*"a) = 1.
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Again without loss of generality we may assume that
a=f%"%a)=0.
Let P, be as in Theorem 1.3. Lemma 2.1 gives

P&l < Man=1,2,... (2.14)

The mean value theorem and (2.14) yield

(2.15)

1 1 1
k) _ p) - - -
|PP(x) — PP(y)l < 5 X € [ 4Mn,4Mn].

The relations DY f*"(0) =1, f*"(0) =0 give: there exists a sequence (x,) of positive
numbers with lim,_, , x, = 0 such that

S0 2 %x,, x; € (0, 8] (2.16)

for 6 > 0 small enough. Suppose first that

P¥(x) < % X € [0, 41\1/In]' 2.17)

Then (2.14), (2.17), Lemma 2.3 and Lemma 2.4 guarantee the existence of b, > 0,
b, > 0 such that

1 1
|f%0(x) = PE(x)] 2 gXtbhexelc I:Ov m] (2.18),
1

or

1 1
sz+b,x€J,C [0,m] (2.18)2

k—1) 1 _ pk-1 1 )
f [(x+8Mn, P+ 5w

where |I)|,1J,] = "El (K depends on M and on the Zygmund constant.) It follows from
Proposition 2.2 and relation (2.18) that

KI
P, —fll[om] Zn_;"lz 1,2,... (2.19)

Suppose now that there exists x € [0,;1-] such that P¥(x) > L It follows from
(2.15) that
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1
() -——,0]. .
P (x) >0,x € [ AN ] (2.20)

Because D_f*"(0) = —1 and f*"(0) = 0 we have
k=1 ¢ s 3 ’ ’
SE0) = =%, %1 € [-5,0] (2.21)

for a sequence x; of negative numbers with lim,, . x; = 0 and for § > 0 small enough.
By (2.20), P is increasing on [ — ;1-,0]. This fact and relation (2.21), together with

Lemma 2.3 and Lemma 2.4, yield that one of (2.22), or (2.22), hold for some b,
b= 0:

_ 3 :
If“P0) = PPl z gx + by x el C [— M 0] (2.22),

or

1 1
k—1) _ — pk=1) —
s (" 8Mn,) P (" 8Mn,)

where |1,], |J/| > ;.&, It follows by Proposition 2.2 and relation (2.22) that

3 1
= / R — 2
_>_4x+b,,xe.l,c[ 16Mn,’0] (2.22),

K
P, — >2,1=12... 2.23
1Py =fl oy o] Z 7 =1 (2.23)
We have proved, in view of (2.19) and (2.23), that

K
“P"’_f“[zﬁl;'zﬁ:]z_"’l=l’2’

n

This is relation (1.11). Theorem 1.3 is proved in the case when both Dini derivatives
are finite. If one Dini derivative is infinite, then (2.16) and (2.21) still hold and the rest
of the proof remains unchanged.

Theorem 1.3 is proved.

We end this section with two remarks about the above proofs of Theorem 1.1 and
1.3.

(a) The crucial step in the proofs of Theorem 1.1 and 1.3 is relation (2.2) (and
(2.15)) which could not have been obtained by estimating directly IIP,E")IIH A Indeed,
as noticed before, it can be shown that this sequence is bounded by Mlogn and that
this estimate cannot be improved. This explains the role played by Lemma 2.1 in the
proofs of Theorem 1.1 and 1.3.

(b) If the condition that f*™" belongs to the Zygmund class of [-1, 1] is replaced
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by f* is in the Lipschitz class, then IIP,(,")II[_i, j] < C. This observation will play an
important role in the next section.

Finally we notice, as already pointed out previously, that Theorem 1.1 and 1.3 hold
in the trigonometric setting. Going back to the algebraic case with the standard
transformation x = cos(f), we see that these results can be slightly improved by
showing higher concentration of the error towards the endpoints +1. This is addressed
in Section 4 below.

3. The sharpness of Theorem 1.1 and of Theorem 1.3

The purpose of this section is to show that the conclusion of Theorem 1.1 and of
Theorem 1.3 need not hold if the interval [a -Y a +%] is replaced by [a — b,, a+ b,]
where b, = o(!).

Lemma 3.1. Let feC”'[-1,1] with f*"eLipl. Let P, be a sequence of
polynomials of degree n such that

17, =11 = 0 = 0(33). @
Then
|]P,(,‘)—jm||[_i_%]S%,n=1,2,...,05i$k—1 3.2)
n
and
1Pl <Kn=12... (3.3)

As we observed before (3.3) need not hold if we assume only that f*™ is in the
Zygmund class, even though in that case (3.2) still holds.

Proof. It follows from the Jackson (or Zygmund) theorem that there exists a
sequence P, satisfying (3.1). Relation (3.2) follows by an adaptation of the proof of
Lemma 2.1. We now sketch the derivation of (3.3). We use the following (slight
generalization of a) result proved in [9, p. 6]:

Let g(0) be a periodic (k — 1) — times continuously differentiable function with
g% "(0) belonging to the Lipschitz class. Then for the (trigonometric) polynomials
of best approximation to g, @,, one has:

109 - Oy <~ n=1,2,...,0<i<k—1 (3.4)
n
0Pl < K,n=1,2,... (3.5)

Here [|.||g denotes the supremum on the real line.
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Let now g(0) := f(cos(8)). Because g(0) is even, Q,(0) is of the form ", ;a, cos(k0) so
that P,(x):=Y ., aTi(x), where T,(x) are the Chebyshev polynomials, are the
polynomials of best approximation to f on [—1, 1]. Now relations (3.4), (3.5) together
with Bernstein inequality yields (3.3) (and (3.2).)

Consider now the function

f(x) =x"x|, x e [-1, 1]. (3.6)

%M e Lip1 and f9(0) #%(0), so that f fulfils the conditions of Theorem 1.1. It
follows that E,(f) is exactly of the order }, that is to say & < E,(f) <%. (In fact a
much more precise result is known for this particular function f : n*E,(f) has a non
zero limit as n goes to infinity. See [11, p. 417].) The function f also fulfils the
conditions of Theorem 1.3.

Theorem 3.2. Let k be a positive integer and let f(x) = x*"'|x|, x € [-1,1]. There
exists a sequence P, of polynomials of degree at most n with the following properties:

C
P, —fIISZE,.(f)S?,n:I,Z... (3.7)

and if (b,) is a sequence of positive numbers with

1
b, = o(;) (3.8)

1 = Pullg, sy = o(lk). (39)
n

then

Proof. Let P,=0Q,— Q,(0) where Q, is the polynomial of degree n of best
approximation to f. Clearly P, satisfies (3.7). Now let x > 0. Then for some ¢" with
0 < ¢" < x we have:

k
P(x) = a'x + aix® + - - -+ al_ X' + P,E"’(c"){—', (3.10)
where, in view of Lemma 3.1,

|a.-"|=0(%),1 <i<k-1 G.11)

and

IPP(c™) < C. (3.12)
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It follows easily from (3.8), (3.10), (3.11) and'(3.12) that

- 1
| P(x) — x* l|3C|||[o,b,.1 =P, (x) - x* ||[o_b,.| = 0(—)

nk

The proof is similar when x < 0. (Or more directly by noticing that P,(x) — x*'|x| is
even or odd according to whether k is odd or even.) Hence (3.9) is established.
Theorem 3.2 is proved.

4. Concluding remarks

As previously noted, Theorems 1.1 and 1.3 may be slightly improved by remarking
first that they hold in the trigonometric case, and then by using the standard
transformation x = cos(f).

Theorem 4.1. Let k be a positive integer, f € C*"'[—1,1]. If there exists a€ (—1,1)
with one of the following properties:

£9a) > f%(a)

or

¥a) > f#(a)

and if P, is a sequence of polynomials of degree at most n such that
1

then there exist positive constants N and K such that

K
P, _f"[,,_nﬁ,ﬂb&] 2? n=12,...

Theorem 4.2. Let k be a positive integer, f € C*'[—1, 1]. If there exists a € (—1,1)
with one of the following properties:

D, f*™a) # D f*"(a)

or

D_f*"a) # D*f* )
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and if P, is a sequence of polynomials of degree at most n such that

nk

1P, — 1l = O(E,(/) = 0( <)

then there exist positive constants N and K such that

K ..
e, =1l [ "A@_,ﬂ, ﬂ] 2 infinitely often.

Because the error e,(x) oscillates much faster near the endpoints of the interval in
the case of approximation by algebraic polynomials, one expects that the error is much
more concentrated near these points. In that case we an interval of length &, instead
of &, suffices to capture the error, at least in the analytic case and infinitely often.

Proposition 4.3. Let f be analytic on (a neighbourhood of) [—1, 1) and let P, be the
algebraic polynomial of degree n of best approximation to f on [—1,1). Then there exist
positive constants C and N independent on n such that

1P, _f"[l—ﬂ,.l] > CE,(f) infinitely often

and
I|P, "f||[_, ] > CE,(f) infinitely often.

This follows from a result of Tashev [10], see also [5].
It would be also of interest to build a function g satisfying the hypotheses of
Theorem 1.3 and for which, necessarily,

K . .
P, —gll [o-trast] > o infinitely often 4.1)

but for which

1Py = G, ] = O(ni) @2

4

for some sequence (n,) of integers. It is of interest to note that for such a function
g“(a) and g (a) cannot both exist. Indeed if g*(a) = g¥(a) then conditions (1.9) and
(1.10) of Theorem 1.3 are not fulfilled. If, on the other hand, g% (a) # g%(a) then (4.2)
cannot hold in view of Theorem 1.1. However we were not able to build such a
function although we believe that the function g(x) = xsin(log|x|) described page 4
following Corollary 1.4 satisfies (4.2) with a =0 and k =1 (in addition to satisfying
(4.1) with a = 0 and k = 1 as already noticed.)
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The existence of such a function g would show that, in general, the conclusion
(1.11) of Theorem 1.3 cannot be replaced by the stronger one

K
”Pn _f”[a_%_‘”_%] > n_ vn.
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