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Abstract. Suppose g is a holomorphic quadratic differential on a compact Riemann
surface of genus g =2. Then g defines a metric, flat except at the zeroes. A saddle
connection is a geodesic joining two zeroes with no zeroes in its interior. This paper
shows the asymptotic growth rate of the number of saddles of length at most T is
at most quadratic in T. An application is given to billiards.

0. Introduction

Let X be a closed Riemann surface of genus g>1 and g = ¢q(z) dz* a nonzero
holomorphic quadratic differential on X such that |, |q|=1. A trajectory is an arc
along which arg q(z) dz? is constant. The trajectory is regular if it does not contain
zeroes of g and singular if the two endpoints of the arc are zeroes and there are no
zeroes in the interior of the arc. Singular trajectories are also called saddle connec-
tions. If there is a closed regular trajectory there is a parallel family of freely
homotopic trajectories of equal |g"/? dz| length sweeping out an annulus. On the
boundary of the annulus are saddle connections. A geodesic for the metric |¢"/? dz|
is made up of pieces of trajectories that make an angle of at least 7 at a zero.
Between any two points there is a unique geodesic in every homotopy class.

This paper is concerned with the asymptotics of the number of parallel families
of closed regular trajectories and the number of saddle connections. Specifically,
let N,(T) denote the number of families of length =T and N,(T) the number of
saddle connections of length =T. Since the boundary of the annulus contains a
saddle connection of smaller length, clearly N,(T)=< N,(T).

THEOREM 1. stﬁﬁl—\’@<

T-x T—o0
Remark 1. This result is perhaps surprising in that the growth rate does not depend
on the genus. For example, for any metric the growth rate of homotopy classes of
simple curves of length =T is T°*° ([R] Lemma 2.4). However the geodesic for
|g'/?||dz| in a homotopy class is often made of many pieces of saddle connections

+ Supported in part by NSF 8402208 and NSF DMS 8601977.

https://doi.org/10.1017/50143385700005459 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700005459

152 H. Masur

so the number of saddle connections of length =T is less than the number of
geodesics, in fact grows at most quadratically. The question of lower bounds will
be investigated in a later paper.

Remark 2. For g =1 there are of course no singular trajectories. Suppose X is C
modulo z-z+1 and z- z+i. Then a trajectory of q=dz” is closed if the tangent
of the argument is a rational, p/q, and the length is (p>+¢°)"/2. Then N,(T) is the
set of integer lattice points (p, q) inside a disc of radius T; p, g relatively prime. It
is easy to see that N,(T) grows quadratically with T.

We give an application to the study of billiards. Let A be a connected polygon
in the plane. A broken line formed by line segments [ x,, x,], [xy, X2], .- -, [Xn_1, X ]
will be called a generalized diagonal of A if it lies inside A except for the points x;.
The points x,, x, are vertices, Xx;,..., X,_,; lie on the sides and for i=1,...,n—1
the segments [x,_,, x;] and [x;, x;+,] form the same angle with the side of A on
which x; lies. The number of generalized diagonals is always infinite.

Katok [K] raised the question of the asymptotic count of generalized diagonals.
Let D+(A) be the number of length =T. He proved

T log Dr(A) _
T T

Let G be the group generated by reflection in lines through the origin parallel to
the sides. If G is finite A is said to be a rational billiard table.
THEOREM 2. Tim D;,(ZA)<00 if A is rational.

T-oox

0.

It was shown by Boshernitzan [B] that Theorem 2 implies that the geodesic flow
on a rational billiard table is uniquely ergodic in almost every direction, a result
first proved in [K-M-S].

It is easy to see that classical integrable billiards such as a rectangle, equilateral
triangle satisfy the quadratic estimate D;(A) ~ ¢T°. This was generalized by Gutkin
[G] to a broader class of ‘almost integrable’ billiards.

Finally let Pr(A) be the number of parallel families of periodic orbits of length
=T for a rational billiard. Since Pr(A)= D;(A) we have

— Py (A
COROLLARY. lim T(2 )<oo.

T

Theorem 2 is a direct consequence of Theorem 1 once it is understood how a
billiard flow on a rational polygon gives rise to trajectories of a quadratic differential
on a closed Riemann surface. A generalized diagonal gives rise to a saddle connec-
tion. This is described in detail in [K-M-S].

The idea behind Theorem 1 is as follows. We will fix certain constants £ >0,
0<o<1and C > 1 and consider saddle connections 8 whose length is in the interval
[on, n]. It is enough to show there are 0(n?) such 8. For each 8 we will choose the
argument so that arg q(z) dz’ is = along B; that is, 8 is a vertical trajectory. We
then contract the length of 8 to ¢ via a Teichmiiller map which contracts along
vertical trajectories and expands along horizontal trajectories. On this image
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Riemann surface under the Teichmiiller map, if every saddle connection crossing
B has length =Ce we will say B is e-isolated and e-wide on the domain surface.
A simple calculation, Proposition 2.1, shows there is a lower bound of at least
constant divided by n” between the arguments of crossing e-wide saddle connections
and thus 0(n®) such saddle connections, where the bound depends only on
constants.

For example, suppose we have a parallel family of closed trajectories of length
T on a torus. When the length is contracted to &, any closed curve crossing has
length =1/ ¢ since the family fills out the surface and the area is one. For suitably
chosen C, ¢ this is =Ce.

On a surface of higher genus the analogous statement may be false since the area
of a parallel family may be much less than one; it may fill up only a small part of
the surface. For any such B, we will associate a sequence Y,,..., Y, of surfaces
where p is bounded in terms of the genus. Each Y; will have a boundary of saddle
connections and a distinguished saddle connection B; on it. Each B; will be in the
interior of Y,,, for i=0,...,p—1.

After a suitable Teichmiiller map the saddle connections on the boundary of Y;
can simultaneously be made short while B, itself is e-wide. This allows us to use
Proposition 2.1 to count the number of B8, that occur and since 8, is an element of
a system of curves that simultaneously become short, we will be able (Proposition
2.5) to count the number of boundaries of Y,, hence the number of Y, that
occur.

Next we will compute (Theorem 4.1) for a given surface with boundary the number
of saddle connections in the interior of a given length. This will allow us for each
Y, to compute the number of 8,_, that occur and again by Propoisition 2.5 the
number of Y,_, for given Y,. The product of this with the number of Y, gives the
total number of Y,_,. We then proceed inductively to find the number of B, that
define any sequence. The technical difficulties of this paper stem from defining such
sequences and more specifically considering not just a single saddle connection but
systems of saddle connections. Accordingly § 1 contains preliminary definitions and
constructions necessary for the construction of the Y;. § 2 contains the computations
for e-wide saddle connections, § 3 the above mentioned construction of the Y; and
§ 4 the computations that are the proofs of the main theorems.

I am grateful to referees for numerous helpful suggestions.

1. Preliminaries

This section is devoted to definitions and various constructions needed later in the
proof of Theorem 4.1 and the main theorem. For the reader unfamiliar with quadratic
differentials we refer to [S] as a basic reference and to [K-M-S] as well.

In the remainder of the paper, Y with subscripts will refer to a (variable)
compact Riemann surface of genus p and n=0 boundary components satisfying
2p-2+n=2g-2 and ¢ = ¢ dz* will refer to a quadratic differential on Y with
el =], |¢|=1. We require the boundary 8 Y to be a union of saddle connections.
Y will often contain a distinguished saddle connection «, possibly in its interior.
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For any saddle connection B of ¢ define h(B)=[,|Re¢'*dz| and
v(B)=][|Im ¢'/? dz|. They are referred to as the horizontal and vertical lengths,
respectively. The length [, |¢['/?|dz| =|B] = (R*(B) + v*(B))"%.

Two saddle connections are disjoint if they intersect at most at one or two common
zeroes. Otherwise they cross. A basic fact used throughout this paper is that there are
at most C,= C,(p, n) disjoint singular trajectories independent of the metric. A
system I'=(y,, ..., v,) will always refer to a collection of disjoint trajectories and
IT| = max |y, v(I') = max v(v).

The basic tool in this paper is the Teichmiiller map. For teRlet f;: Y > Y, denote
the Teichmiiller map determined by ¢ with maximal dilatation K = e'. Denote by
¢, the unit norm terminal quadratic differential on Y,. We denote by |8/, v,(8),
h,(8) the corresponding length functions on Y,. They are given by:

h(B)=e"h(B), v.(B)=e""*v(B), |Bl. = (hi(B)+vi(B))"*.

Let o =¢'%. Then hy,(B), vs,(B) and |B|,, will denote the effect on B of first
multiplying by €' and then applying a Teichmiiller map. If 8 is understood we will
drop that subscript. The absence of a t variable refers to t=0. Denote by 6, the
angle for which hy, (8)=0. We call 65 the verrical angle for B. Lengths of course
are not invariant under ¢ - ¢, but areas are.

We next define the cross product of two saddle connections. Define

J Re ¢'/? dzJ Im ¢"? dz_J- Re o'/ dzJ’ Im o' dz
A B> B

2

|31x32|=

Note that the absolute value does not depend on choice of branch of ¢'/? along B;
nor does it depend on the orientation of B8;. Notice also |8, X B, is invariant under
both ¢ > ¢, and ¢ - ¢,.

A notion basic for counting saddle connections on a surface with boundary is
the following.

Definition. Let D> 0. We say 8, and B, are D-close if |8, x 8] < D. If I' is a system
of curves, B is D-close to I' if 8 is D-close to each yeT.
LEMMA 1.1. Suppose a is D,-close to B and B is D,-close to . Further suppose
|| = M,|B| and |y|= M,|B|. Then a is M,D,+ M, D, -close to ¥.
Proof. Since cross products and lengths, | |, are invariant under rotations ¢ > ¢4,
assume h(B)=0, v(B)=|Bl. Then h(a)=D,/|B|, h(y)=D,/|B|. This implies
|a x y|= v(a)h(y)+h(a)v(y) = M, D+ M,D;.

The next lemma says that if 8 is close to «a, and y and 8 can simultaneously be
made short then v is close to a.
LEMMA 1.2. Suppose B is D-close to « and |B|=|a|/M,. Further suppose for some
t>0, M, and vy, e/2=<v,(B8)<|Bl.<e and |y|,<M,e. Then there is a
D'=D'(M,, e, M,, D) such that y and a are D'-close.
Proof. Since t>0 and |B8|, < ¢ we have h(8)=<e. Then

2
v’ (B) =Bl —e*=|a|/Mi-£’= UAE](;)_Ez'
1
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Thus v(a)=M,(v(B)+¢) so v(a)=M(v(B)+e)=2M;e. Then h(B)v(a)=
2M, €% Since closeness is preserved under ¢ - ¢, and B and a are D-close,
v,(B)h(a)=<= D+uv,(a)h(B)<D+2M,¢’. Thus

+4M,¢?
€
We conclude that
2D+4M,€?
IYXaISv,(y)h,(a)+v.(a)h,(y)S(MzS)(——e—’—)+(M28)(2M1£)-

Suppose I', and I'; are two systems with mutually disjoint saddle connections.

Definition. A system I" separates I', from I', if every arc intersecting both I') and I',
intersects I'. I' is allowed to contain saddle connections of I'; but no saddle connection
of T crosses a saddle connection of I';. A system I' properly separates if ' #'; and
if I'; is a single saddle connection B8, B£T.

Definition. T M - separates ', from I, if it separates and || <|T,|/ M.

We will use this notion often when I'; and I', are saddle connections 8 and a. 8
is not M-separated from «a if there is no I' separating 8 from a with || <|a|/M.
We will often need to combine two systems to form a new one.

ProrosiTiON 1.3. Suppose I'y and T'5 are each systems dividing Y into two or more
components. There is a system I called the combination of ', and T', with the properties
that

(i) if a is D;-close to T; then a is C,(D,+ D,)-close to T.

(i) |T)= Cy(|Ty|+IT4)),

(iii) if « is disjoint from T'| and T', it is disjoint from I' and ©" separates a from

each I';.
Proof. Denote by * juxtaposition of two arcs. Consider a component U of the
complement of I'; UI'; and ) a component of the boundary of U. Q) consists of a
union of subarcs of saddle connections of I';. First we include in I' any arc of ()
that is an entire saddle connection. Now suppose v, €} is a proper subarc of a
saddle connection of I';, with one endpoint a nonzero endpoint of a proper subarc
v,€ () of a saddle connection in I'y. Replace vy, * ¥, by the geodesic y in U in the
same homotopy class joining the endpoints of y, * y,. Now consider 7y to be in
instead of vy, * y, thereby reducing U. vy is a union of saddle connections and subarcs
of trajectories.

Notice if a, a saddle connection, is disjoint from vy, and 1y, it is disjoint from ¥.
Moreover any arc from a to v, in U must cross y. If y is a simple closed regular
trajectory, replace y in U by the geodesics of saddle connections in the homotopy
class on the boundary of the annulus. Again if « is disjoint from vy, and v, it is
disjoint from y and any arc in U to ¥, crosses y. If y is not a closed trajectory,
include all saddle connections of y in I. If there is an arc o of y which is not a
saddle connection, an endpoint of ¢ is a nonzero endpoint of an arc y;€Q of '
or y5€Q of I',. Replace o * y; (respectively o * y3) by the geodesic ¥’ in the
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homotopy class joining the endpoints. We continue in this manner of replacing a
juxtaposition of arcs with geodesics y' until one of three possibilities occurs.
(i) v’ is a saddle connection which we then include in I,
(ii) ¥’ is a closed regular trajectory. Include in I the geodesic of saddle connec-
tions homotopic to ¥, in U.

(iii) Q reduces to a triangle and none of the arcs are saddle connections. In that

case eliminate all such arcs.

This process is repeated for each subarc for each y; of ) not previously eliminated
and then for each boundary component ) of each complementary U to form I.
We have seen that if « is disjoint from TI'; it is disjoint from I'. We next show T’
separates a from I';. Suppose o is an arc from «a to I'; missing I" and hitting « and
I, only at its endpoints. If « is in U and o stays in U except for its endpoints then
we have seen o must intersect I'. Thus ¢ must leave U a first time crossing a subarc
v, of I',. It must therefore intersect a curve y homotopic to y, * y,, y,€l';. If y
itself is not in I then o must cross a curve homotopic to y * y; or y * y5 where
vieT'; since by assumption o does not cross v; as it leaves U for the first time at
v,. Continuing, this argument shows o intersects a ye ' proving (iii).

Now if vy is constructed out of pieces y,€I', and y,eTl, then |axy|=<
| X y,|+|a x 7,|. Now for each saddle B8 eT; written as

B=yixyix =91,
a juxtaposition of pieces of B, |axg|=Y"_ |axy/. Since there are at most C,
saddle connections in I';, for any yeT, |a x y|= C\(D,+ D,) proving (i).

Further each y constructed out of y, and ¥, satisfied |y|=<|vy,|+|v,|. Since I, and
I', consist of at most C; saddle connections each, we have each yeT satisfies
ly|= Ci(IT|+|T4)), proving (ii).

Remark. If all components of the complement of F,u F, are simply connected and
contain no saddle connections, then I' = J. This possibility will not occur in this
paper.

CoROLLARY 1.4. Suppose T';, i=1,...,p, p=< C, are dividing systems |I';|< M and «
is disjoint from each. Then there is a system I", which combines the I';; I" separates o
from each T';; T and a are disjoint and |I'|= (2C,)"M.

Proof. Take the combination of I', and I'», the combination of that with I'; and so
forth.

Our next objective is Proposition 1.6, a construction which will be used in Theorem
4.1 to reduce a general counting problem to counting only saddle connections that
are D-close to each other, D a universal number depending only on the genus not
on the quadratic differential. We begin with

LemMMA 1.5. Suppose B, and B, bound two sides of a triangle with no vertices in the
interior. Then |B,x B8,|=<2.

Proof. |B, x B,| is the area of a parallelogram which is twice that of the triangle. The
triangle has at most area one.
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Now an arbitrary pair of saddle connections may not form two sides of a triangle
and therefore may not be 2-close. In fact there is no universal D such that any two
saddle connections are D-close. The aim here is to prove.

PrOPOSITION 1.6. Assume 8 and «a are disjoint saddle connections on Y and B is not
M-separated from a. Then there are D, M, depending on C,, M and a sequence

B=B0aBla"',ﬁn=a nsCl

of disjoint saddle connections such that B; is D-close to B;., and is not M,-separated
fromiti=0,...,n—1.

We first prove

ProrosiTION 1.7. Suppose B is a saddle connection, (), is a system such that either
B €, or they are disjoint. Further assume for some M, |B|=|Q,|/ M. Then for any
M'>1 there isa D=D(M, M', C,) such that if B is not D-close to ), there is a 1
properly separating B from Q,— B such that |B|= M'|Q}| and B D-close to Q).
Proof. If B is D =2-close to {}, we have nothing to show. Suppose not. The proof
will consist of adding and eliminating disjoint saddle connections at most C, times.
The constant D produced may increase by a fixed multiplicative constant each time.
The final constant will not depend on |B| or ||, only on M, M’ and C,. We will
refer to all such constants by D even as then change.

We begin by considering triangles with 8 as one edge whose other edges are
either disjoint from ,— B or coincide with saddle connections in 4 — 8. Any such
edge is 2-close to B by Lemma 1.5.

If we can separate B from Q,— B by I') by adding 1 or 2 such triangles whose
longest side y, distinct from B satisfies |8|=|y,|M’ we are done. Thus assume for
any such separating Ty, |y,|=|B8|/ M’. Since |8|=|Qo|/ M we have |y,|=|Q,// MM'.
Suppose inductively we have constructed 8 =1,,T";,..., T, M;= M;(M, M), and
D;, i=0,...,k such that

(i) T+, properly separates I'; from Q,— 8.

(ii) IFi - Fi—ll = Mllri-f-] -T

(iii) the longest curve y;€I';,—T';_, is D, close to I';,, —T',.

(iv) "YiﬂlZ!QoVMi-

We have given the construction for k = 1. Suppose ¥, is 2-close to Q,—T',. Then
by Lemma 1.1, applied with a@ =vy,_,, B =%, y€Q¢—T, and (ii), (iii), and (iv)
above we have that y,_, is D= D,_ M, _,+2M'-close to Q,—T,.

Then since QoI _, = (Qo—T ) U (T —T_1), and y,_, is D-close to both Q,—T"x
andI', —T',_,itis D-close to Q,—TI', _,. Repeating this argument with the hypothesis
¥x-1 D-close to ,—T';_, replacing y, D =2-close to Qy,—T';, we find eventually
that 8 D-close to ), — 3 to begin with.

Thus we may assume v, is not 2-close to Q,—I',. From ', we wish to either
construct a new sequence B =T, ..., [ satisfying (i)-(iv) and such that T'; properly
separates I', from Q,— 8 or to simply find the {}; that we desired. To do that we
add a triangle with vy, as one side arriving at I',,, separating ', from Q,— 8 with
v 2-close to I'y, —T,.
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If now |y|=< M'|l,,— T,/ then (ii) and (iv) are satisfied as well as (i) and (iii)
for the sequence 'y, ..., Iy, ['iyy.

If, on the other hand, |y.|= M'[l',,,—T}|, then again by applying Lemma 1.1,
with @ = y,_,, B= v, Y€ ks1—Ti_;, the assumption |y, |= M'|[l',,, —T',| and (ii),
(iii), give

Yoy D=DM'+2M’-close to I’y —T'x_,.

If now |yc_y|= M|l —Ti_yl, then applying Lemma 1.1 again using a = y,_,,
B=v«.and yel',,—T_, wefind y,_, D-closeto 'y, —T'x_,.Since ', ,—T_,
(Ter —Tio) Uy —Tk2), ¥k—2 is D-close to Ty, ~T'y_,. If |Fk+2_Fk—2|S
|vx_al/ M’ then y,_; D-close to 'y, —T',_,. Either we can continue in this manner
for all k; we have B is D-close to I';,, and we have found the Q=T ., that we
desired, or there is a I'; such that

P =Tz lyl/ M.

In that case we will have constructed a sequence I'y,I',,...,I';, I'y+, relabelled
Iy, ..., I, satisfying (i)-(iv). Thus either there is an Q{ or we have found a new
sequence. If the latter, there must be a maximal I', constructed after at most C,
steps; namely a sequence I'y, ..., I', satisfying (i)-(iv) such that there is no sequence
Lo, ..., I'; satisfying (i)-(iv) such that T, separates I, from Q,— 8. We will use this
maximal sequence to find (.

Now if vy, is 2-close to Qo—1I',, then just as in the first paragraph of the proof,
Lemma 1.1 (ii), (iii) and (iv) show B D-close to (), to begin. Thus we may assume
7Y, is not 2-close to £, —I',,. Then construct I',,, separating I, from £, just as we
constructed T, from I',. We must have |[',,,—T,|=<|y,l/M'=|[,—T,_,|/M’ for
otherwise just as in the third paragraph I'y,...,I',,; would be a new sequence
satisfying (i)-(iv) contradicting the maximality of I',. Then by (ii), (iii), (iv) and
Lemmal.1,y,_; D-closetoT,,,—TI',_,. Again|[,.,—T,_,|<|v,_,|/ M’ for otherwise
TFo,..., -1, T, would satisfy (i)-(iv), contradicting I, maximal. This implies
Yp-2 D-close to I, —T",_,. Continuing, we find that 8 is D-close to I',, and we
let Qo="T,,,. O
Proof of Proposition 1.6. We let M'=(2C,)*“". Since B is not M-separated from a
we have |8|=]|a|/ M. We assume B is not D= D(M, M’, C,)-close to a, D given
by Proposition 1.7. We will construct a sequence of disjoint systems
B=Q,,Q,,...,Q,=a such that for c =1, (), separates (}; , from « and for each
w, €0, —Q;_, there is a w,_, €, ,—; such that w,_; is D-close to w; and not
M, -separated from o,.

We begin by constructing {1, . By Proposition 1.7 there is a I', properly separating
B from «a such that

|B|=zM'l'}| and B D-close to T,.

We may assume there is no I" properly separating 8 from vy, with the same properties.
If T is any system property separating 8 from I', and |8| = |T|/ M then B is D-close
to I'. For if not, then again by Proposition 1.7, 8 could be properly separated from
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I by I' such that |8| = M'|["| and 8 D-close to I'". But then I" also properly separates
B from I') and this contradicts the choice of I';. Thus if there is some I' properly
separating 8 from ', with || <2C,|T",| =|B|, replace I', with T and B is still D-close
to T. If there is a further I properly separating 8 from I' with |["|<2GC,|l"|<|g|
then we replace I’ with I''. We can do this at most C, times. By the choice of M’
we eventually find Q, properly separating 8 from I'; such that
() 18]=(M"/2C) M|,
(ii) B D-close to Q,
(iii) there is no I' properly separating 8 from Q, with [I'|<2C,|Q,|.
We claim this implies
(iv) B is not C,-separated by I’ from any w,€ ;.
For if there were such an w,, we could combine I'" and Q, using Proposition 1.3
to find I' separating B8 from I'; such that

Q
ri=cdri+ian=c (Elvio) <2cio <ol
1

Then B£1 so I properly separates 8 from (},, a contradiction. Since each w € (},
satisfies |w|=<|B| and each is D-close to 8, Lemma 1.1 applied witha =0, y=w'€ Q,
gives
(v) w', we ), are D+ D =2D-close to each other.
Since (1, separates 8 from a, by assumption,
(vi) |]=]el/M.
We also claim
(vii) Some we (), is not MM’-separated from «. For if all we, were so
separated, we could combine at most C, such separating I', using Corollary
1.4, to find I', M-separating 2, from a. But this I" also separates 8 from «
contradicting (vi).
Suppose the longest saddle w, €}, is D-close to a. Then by Lemma 1.1 applied
to any w e {},, w,, and a and (v) above we have for all w€ Q,,

w D'=2DM + D-close to a.

Choose by (vii) some w not M, = MM -separated from a. Then by (ii) 8 is D-close
to w and by (iv) is not C,-separated from it. Our desired sequence is B, w, a.

Suppose on the other hand this longest w, is not D-close to . We wish to construct
Q.. Choose )} to have the same properties (i)-(iv) with respect to @, and « that
Q, had with respect to 8 and a. In particular it properly separates w, from a.

Case I If €5 separates all of {1, not just w,, from ¢, let (1, = Q3. Since w, is D-close
to {1,, by Lemma 1.1 and (v) each w €, is D+2D =3D-close to {},.

Case I If Q) does not separate all of ), from a, let (35 be the combination of Q,
and (5. Since w, is 2D-close to , and D-close to (), it is 3C,D-close to {3 by
Proposition 1.3(i). Moreover |Q5]|< C,(|Q,|+|Q5]) =2C,|Q,]. These two facts again
with Lemma 1.1 show each w e}, is 2D2C,+3DC, =7DC,-close to 5. Moreover
it is clear any two w € ()5 are D’-close to each other for some D’ just as all w € Q,
are 2D-close to each other. Let V be the component of the complement of 5 that
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contains a. Finally, let

In either case we have constructed (2, such that each w €, is D close to €, for
some D. We need to show for each w,€Q,~, there is a w € (), not M,-separated
from it for some M,, M, universal.

In the first case where (), = 5 we have by construction property (iv): namely o,
is not C,-separated from w,.

The second case is more complicated. One subcase is already taken care of. If
w, € ), —, is already a saddle connection of ()5, then just as above, w, cannot be
C, separated from it. Therefore assume w, is not a saddle connection of Q5. The
reason this case is more difficult is that since w, is formed from pieces of (), and
Q) it may be much longer than Q. Thus a I' separating w, from it may also be
longer than )} so the combination of I and % does not give a contradiction to (iv).

Now w, is homotopic to a finite alternating sequence o=--- w * w' - - - of arcs
w of @, and ' of Q5. Together w, and o bound a region Z which is either simply
connected or an annulus. Now suppose each w € ), which has a subarc appearing
in o is M,-separated from w, by some I'. Then it is easy to see w, is homotopic to
a union of subarcs of I'n Z and subarcs of the o' Z. Now w, is a geodesic and
thus shorter than this union. Thus

wd= £ lo'nZl+ 5 lynZ|= 05+ o/ M),
Y

w'eldy
For M, =2C, this implies
g = 20,04,

Next suppose some I 2C,-separates w, from w,. Then the above inequality gives
IT’| =< |Q23]. We can’t have I separating w, from Q) for this would contradict the
definition of Q5. Nor can I'" intersect the component of the complement of ()
containing w,. For then the combination I' of [’ and Q5 would separate w, from
15 and still satisfy

still a contradiction. Thus in fact Q; must properly separate w; from I". Since I’
separates w; from w, it must also separate () from w,. Otherwise a path from )
to w, missing I'" could be connected to a path joining Q) to w, giving a path from
w, t0 w, missing I,

Then since I separates 0 from w,, '~ Z separates (1, Z from w, in Z. Recall
previously we have subarcs of I' n Z together with subarcs of {25 Z homotopic to
w,. Now we must have a union of subarcs of I' » Z and subarcs of [' n Z homotopic
t0 w,.

But the sum of lengths of subarcs of ' Z =< C,|I'| and sum of length of subarcs
of I'n Z = C||["|. Since w, is a geodesic

Clwy C,

|w2| = C.]Fl'i' CI|F'| S-‘M—l'--i"z"a |w2|.
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For M, > 2C, this is a contradiction. We have shown for each w, € (}, there is some
w €{}, not M,-separated from it. We now repeat the argument with (), in place of
Q,, if necessary find ;. After at most C, steps we have our desired sequence of
Q,’. D

The next construction associates to every short saddle connection a complex with
boundary that is ‘isolated’ in a certain sense. This construction will be used to deal
with the problem of saddle connections that are not e-wide.

We first fix two additional constants for the rest of the paper. Others will be fixed
as we go along. Fix C>1 and 0<o <1. We require

16
C > max (——,ZC1 —1).
g

Also in the rest of the paper M with subscripts will also refer to absolute constants
depending only on the above constants.

Definition. An ¢’ subcomplex is a triangulation of a subset of Y such that the vertices
are zeroes of ¢ and the edges are saddle connections of length at most ¢’ and the
faces are triangles without zeroes in their interior. We assume if three edges of a
subcomplex bound a triangle, it is included in the subcomplex. A subcomplex has
an interior if it contains a face.

Definition. A boundary edge is an edge which bounds less than two triangles in the
complex.

LEMMA 1.8. The maximal area of an €' complex is
14

1/28r2

A(e)= C,.

If A(g')< 1, an €' complex has a boundary edge.

Proof. The maximal area of a triangle whose sides are length <¢' is £'23'/2/4. There
are at most 2C,/3 triangles in a complex.

Definition. B is (M, ¢')-isolated if |8|=<Ms’ and if any vy crossing B satisfies
|¥l= € max (|8}, &).

Definition. A system T is (M, ¢')-isolated if |I'|=< Mg’ and for every y crossing T,
|y|= C max (||, &'). Notice that isolated saddle connections cannot cross since
C > 1. We now have the following basic construction.

LEMMA 1.9. [K-M-S]. Suppose X is a connected complex and the boundary T is not
(1, ¢') isolated. Then there is a connected €'+ Ce' complex. X, > X with more edges
and triangles.

We need a slightly more general construction. Let I' be a system of saddle
connections and U a complementary component.

Definition. An e-extension of the pair (I', U) consists of a complex X,< U with
nonempty interior such that the boundary I'" satisfies
() [T=(C+1)%

https://doi.org/10.1017/50143385700005459 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700005459

162 H. Masur

(ii) area X, = A(e(C+1)?) where d is the number of edges needed to triangu-
late U.

LEMMA 1.10. Suppose X is an € complex with boundary I as in Lemma 1.9. Then for
some component of the complement U of X, (X, — X} U is an e-extension of (I, U).
Proof. Since X, is a (C+1)e complex, area (X, - X)=A((C+1)e). For some
complementary U, (X, — X) ~ U has nonempty interior and its boundary has length
=(C+1)e.

The main construction now is the following:

ProrosITION 1.11. There are constants C,, Cy, M such that for any 8 > 0 there is an
£ >0 such that for all systems T, dividing the surface into one or two components, if
e,=|To|=<e and T, is not (1,|Ty|) isolated, then for each complementary component
U which has area =8 there is a domain U, 2 U with boundary T, such that

(a) T, separates T'y from U,,

(b) Loz Ty,

(c¢) area U;=g(e, 8)=(8/M)—f(eg) where lim,_, f(g) =0,

(d) |F,IS Cre,=Che,

(e) T, is (C5, &,)-isolated,

(f) (T'y, U,) cannot be C,¢,-extended,

(g) there is no I' Cs-separating T'y from Ty,

(h) T, is minimal with respect to (a)-(f) in the sense that there is no I < U properly

separating ' from T, also satisfying (a)-(g).

Remark. By Lemma 1.10, (e) follows from (f) but we include it for emphasis. The
constants C,, C; will be fixed for the rest of the paper.

Proof. Let &,=|'y|. By assumption, T is crossed by saddles of length =Cg,. By
Lemmas 1.9 and 1.10 there is an &,-extension X, of (I'y, U). Area X, <(C+1)¢,.
For & sufficiently small X, is a proper subset of U. U — X, has at most C, components.
Thus there is a component V, of U—X, with area V,=(8~(C+1)¢,)/C,.
Moreover the boundary T'' of V; satisfies |I',|<(C+1)¢,. /

Let £,=(C,+1)'¢,. Again for £ sufficiently small, if (I"', Vl) can be £,-extended
to X5, then X, is a proper subset of V, and some component V;, of V, — X, has area
_areaV,—(C+ 1),

C, '
The boundary I'? of V, satisfies |I';|=<(C+1)'¢,. Since there are at most p=<C,
steps in this process, there are constants M, C, and a function f(¢) such that there
must be U, = U with boundary I'; such that area

Uz £,

IT,] = C,e, and such that (T, U,) cannot be C&,-extended. Thus by construction
(a), (b) are satisfied as well as (c), (d), (f). As remarked before, (e) is satisfied by
Lemma 1.10. Let X(I'y) = X,u X, U+ - - U X, the complex constructed. Since some
(I'y, U,) exists that satisfies (a)-(f) we can always find a minimal one. Now we
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claim for some C;, (g) is satisfied as well. Suppose I' C;-separates I'y from I',. Let
¢'=|[|=|T,|/C;. Let V< U be the component of the complement of I containing
U, so area V=area U,.

If G, is sufficiently large, €' < g,. If (I', V) cannot be ¢’-extended we have already
contradicted I'; minimal. If (I', V) can be ¢’-extended then the process described
above for (I'y, U) applied instead to (I, V) will lead to I'*, V¥< V and X*(T') such
that (I'*, V*) cannot be C,&’-extended, where again for C, sufficiently large,

é
area V*z—ﬁ—f(e’), [T* = C,e' < Cye,.

Now we claim I'* must separate I from I',. To prove the claim, notice first T'*
cannot intersect I'; since 'y is C,¢,-isolated. Thus I'; and I'* are disjoint. Nor can
I'* intersect U, for then X*(I')~ U, # & and (I';, U,) could be C,g,-extended to
X*(')n U,, a contradiction. Thus I'* must separate I" from I';, hence also I', from
I',, proving the claim. But then (I';, U,) is not minimal and we have a contradiction,
proving the Proposition.

Now we will choose ¢ which will be fixed for the rest of the paper. For each ¢ let

2(8) =%”f(4czﬁ)

be the function given in Proposition 1.11(c). Given §,=31let 8,, ..., 8¢, be the values
of the C, iterates of g evaluated at 8,=3. Since lim,_,f(g) =0, &€ can be chosen so
8,,..., 8¢, are bounded below away from zero. Choose ¢ sufficiently small so that
for each §,, the value of 4C,¢ is such that Proposition 1.11 holds.

Now let C,=2C;(2C,;)“". The constant C, will be fixed for the rest of the paper.

COROLLARY 1.12. Suppose I'y, I', are as in Proposition 1.11. Then there is a y,el’y
not C,-separated from T',.

Proof. If every vy, in I'y were C,-separated from I';, we could combine all separating
I" using Corollary 1.4 to find I' separating all of I'; from I';. Such a I gives

IM|=@C)T|/ Ca=]T\|/ Cs,

a contradiction to the conclusion of Proposition 1.11.

2. The number of isolated saddle connections

In this section we will compute the number of systems of saddle connections that
simultaneously become isolated within a certain minimal period of time. In particular
this will include the set of saddle connections mentioned in the introduction. Recall
now we have fixed £, C,. We will refer to (C,, ¢) isolated system simply as isolated.
We will also simply write 8 is &'-isolated to refer to B8 as (1, £')-isolated.

Definition. A system I' on Y is e-wide if either
(i) [T|=4C,e and T is isolated, or
(ii) |[|=4C,e and for some (6, t) [T|=¢ and is isolated with respect to ¢,, on
Yo, and vy, (I =€/ C;.
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Remark. This last condition in (ii) is essential for Propositions 2.1 and 2.2. The
point is the following. A saddle connection may become short after a certain time
if the vertical length becomes small and the horizontal length remains small. It may
then remain small for a later time if the horizontal length remains small since the
vertical length continues to decrease. The condition of v, ,(I") says that up to a factor
C; the time ¢ is as small as possible to make |[|<e.
Example. Suppose I is a system that is the boundary of an annulus of width = Ce?/|T|
swept out by closed trajectories of length |T'|. Let § = 6 be the angle so v, (y) =|y|
for yeT and let e'/>=|T|/&. Then |T|s, = &. Any curve crossing I crosses the annulus.
The annulus has width =Ce with respect to ¢4, so I is isolated at time ¢ and thus
e-wide on the base surface.
Example. If the width <Ce?/|T'|, I' may not be e-wide for any (4, t).
We now define several sets of saddle connections. Let
S(n) ={saddle connections on X of length <n}
S,(n)={BeS(n):on=|B|=n}
S°(n)={BeS(n):B is e-wide}.
Note. Theorem 1 is equivalent to showing card S,(n) is 0(n?).
Now suppose a is a saddle connection on Y. We need to count saddle connections
disjoint from a. Let
T(n, a) = {saddle connections 8 disjoint from a :|8|=< n|a|}.
T T(n, o, M)={Be T(n, a):B is not M-separated from a}.
T°(n,a, D)={B e T(n,a):B is D-close to a and e-wide}.
T(n,a, M, D)={Be€ T(n,a, M):B is D-close to a}.
Our main result about these latter sets is
THEOREM 4.1. card T(n, a, M) is 0(n(log n)*) for some k, and bound 0 depending
on M, C, but not n or |a|.
Remark. The importance of this result, proved in § 4, is that the cardinality depends
only on the ratio n, of the length of B8 to the length of e, and is less than quadratic
in that ratio.

We first give the computations for e-wide saddle connections.
ProposITION 2.1. card S°(n) is 0(n?).
ProposiTIiON 2.2. card T°(n, a, D) is 0(n).

Remark. The bounds depend on C,, ¢ and in Proposition 2.2 on D as well but not
on |a| or n or on the quadratic differential in either case.

The propositions are based on two simple computations which we state as lemmas.
The first says that if ||, is small, @ is near the vertical angle 6. The second says
that if two saddle connections are isolated at a certain time and they cross, their
vertical angles can not be too close to each other. For the lemmas assume

|B|=4C,¢e and |Bly, <¢'< Cse.

LEMMA 2.3. |0 — 85]/2=2¢'e7"?/|B|.
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Proof. We have
sin |0 - BBI _ he(B) _ eﬂ/zho,r(ﬂ) - e '%e’

= = = (2.1)
2 |8l I8l |8l
However since hy (8)=<¢’ and t >0, hy(B) < &' =<|B|/4. Thus v,(B8) =3|8|/4 and we
have
4 ’
%IBI'E'”25 e ?v,(B)=¢'so0 e”/zsg ﬁ (2.2)

From (2.1) and (2.2),

Thus

which together with (2.1) gives the result.

LemMmaA 2.4. Further assume vy is another saddle connection which crosses B and
|B|=|y|. Further assume B is €'-isolated with respect to ¢,,. Then

| | Ce'e™"?
6-0,=
T 2y
Proof. Since y crosses-3 and B is £'-isolated, |y|o, = Ce'. Now

’

vy = eyl =e gl <3e'= T e
by (2.2) and the definition of C. Therefore h,,(7y)=3Ce’ which implies h,(y)=
1C e7?¢’ and therefore

Io - 07' > Si1;1 IB_ 07' — he(y) 29 evl/ze"

2 lrl 2 [yl

Proof of Proposition 2.1. Isolated curves with respect to a given metric can not cross
and there are at most C, disjoint saddle connections. Thus we may assume all 8
satisfy |8| = 4C,¢ and are e-wide. Now suppose 8, v € S, (n), they cross and |8|=|v|.
Let (6,¢) be such that |B|<e and is isolated with respect to ¢,, and
ve.(B)=¢/C,. By Lemma 2.4,

O

0-06,_Ce

2 2 |yl
Since Lemma 2.3 gives |0 — 85| <4e™"?¢/|B| and C > 16,
Ce'?
0—0 |=— .
| B yl 4 |y|
Now
£
—=<e"p(B)=<e " B|so e’ = :
Cs ’ g BIC;
This gives
|65~ 6,]= M/|B ]| (23)
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for M depending only on C, C;, ¢, o. Since both 8, y have lengths in the interval
[on,nl, |05 — 0,,| = M'/n” for some M'. Since there are at most C, saddle connections
that do not cross, this inequality shows there are 0(n®) saddle connections in
S,(n)n S*(n).

Proof of Proposition 2.2. Again we may assume |8| = 4C,¢. By rotation we can assume
6, =0. Then B D-close to a means

Jol_ho8)_ D
2 gl lellBl
We first show there are 0(1) B8 such that |8|<|a|, the bound independent of |a/.

Suppose two such B; cross and |B,|=|8,|. We may assume |65 — 6 |=<m/2. Let L
be such that |a|= L|B,|. Then (2.4) gives

(2.4)

sm@ b =1,2.
Lglig ="
By (2.3) we have
|013 - aﬁzl ZL
‘ 18,18l
since B,, 3, are e-wide. Then for L sufficiently large, depending only on D and M

we have

166, . 166 I>
— _|_+ 2
|05, 0,32|>4(sm 5 sin )

which is impossible. Thus for some L there are at most C, saddle connections
B with |B|=|a|/L. Now for crossing B; with |a|=|B;]=|al/L, (2.3) shows
|65, — 05,|= L'/|a|* for some L'. For |a| sufficiently large depending only on D, L
(2.4) shows 6, is restricted to an interval of width (2D/|a|*)L about 6, =0. Since
|85, — 65,| = L'/||?, there can only be 0(1) such B;. For |a| smaller than this fixed
number, again |6 — 0,,|= L'/|a|* shows there are 0(1) B.

Next consider crossing B; that satisfy |a|=< on|a|=<|B:|=n|a|. Now (2.3) gives
|65, — 6s,| = M/ n?|a|* for some M. If jon|a|’ < D there are only 0(n) such 8;. Thus
we can assume jon|al’= D. Then (2.4) gives

nltsle D1 0l ol 2
a azo'n_Z 2 2 " alon’
Bi

Thus the 6, are restricted to an angle of width 0(1/n|e|’) about 0. Since they are
M/n’|al’ apart there are at most 0(n) in the interval [on, n]. This proves the
proposition.

Recall we need to consider disjoint systems of curves that simultaneously
become short. We will need to know the number of such systems that contain a
given saddle connection In what follows I'=(y,, ..., v,) will be a system such that

c'm=ly|=o'm (respectlvely

mla|=y|=o"'m|al).
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We will assume their lengths are in decreasing order with 0=1, =L, <---=[ . We

will also assume ¢ satisfies

3on_ R 2n

4 ¢ €
(respectively 3on|a|=e'/*<2¢ 'n|a|) for some n=m. Next let

U= U(m, lla'-" lp):{r=(7h t e Yp):
for some (4, r), t in the given range, Iy, is isolated with respect to ¢,,.} Let
Ui=U(m,1,n)={vy,:v is an element of a p-tuple in U(m, I,,...,1,, n).}

PROPOSITION 2.5. Card U = O(o ") card U, where the bound does not depend on n,
m, l,‘, |a,.
Proof. We prove this for o'*'m=|y,|< o'm; the case with |a| is identical. Let
belong to a p-tuple with associated (6, t). By (2.1) with ¢'= l)’j|o. Cse

|6 —6,] ee'/2 4 ¢ ¢ 4¢;C2

sin = - — . 2.5
2 [yl 30'n| | 3 on (25)
If ] crosses 7, then v, isolated at time ¢ means e'/*h,(y;) =3C max (Ce, Ce') which
implies
sin (6—6v) _Ce max (Ce, Ce) (2.6)
2 =22 %

Now since y; and ] cross they cannot belong to the same p-tuple. Moreover if

o'"'m=|y}|= om as well, then 2.5, 2.6 and the fact that C = 16/ means the angles
6 about 4, and 6, are disjoint. In particular for some M, depending only on C,
g, C, and o,

|6,, - 6,,|= M,/ nma". (2.7)
)

Now for j> i, 0~%= ¢ Thus (2.5) and (2.7) mean that the 6,, are further apart
than the size of the interval of angles 6 about @,. The fact that the intervals of 8
about y; and y; are disjoint means for a given v, there are 0(1) v; such that y;, v;
belong to the same p-tuple. For j =i —1 the lower bound (2.7) and the upper bound
(2.5) on the size of the interval of 6 about 6, show there are at most 0o ") y,_,
for each vy,. Continuing, we find there are 0(a-2""-1)y,_, for each pair y,_,, ;; that
is 0(o"—27") triples. We continue in this manner and since I, =0, there are 0(o ")
p-tuples (v,, ..., v,) for each y,, proving the proposition.

To motivate the next proposition we recall the plan. For each 8 which is not
e-wide we will associate a new Riemann surface Y on which 8 will have length &.
On Y we will find a subcomplex with isolated boundary with B8 in its interior.
Consider this subcomplex simply as a topological surface with boundary without
its metric structure. Other 8 may determine the same topological surface considered
as a subcomplex of a different Riemann surface with a different metric. We wish
to consider one single image Riemann surface with a quadratic differential for the
purposes of computing the total number of B determining that topological surface
(Theorem 4.1). A saddle connection 8 which has length £ with respect to one metric
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of course need not have length € with respect to another. The following computes
the length of a curve with respect to an image metric when it is short with respect
to another, provided both metrics make some other curve short.

LEMMA 2.6. Suppose B,, B, are saddle connections that satisfy 4C,e <on=<|B|=<n
(respectively 4C,e < onl|a|=<|B,|<n|a|) and (6, 1,) satisfy |Bils,,, <€ and vy, (B:) =
&/ Cs. Suppose further vy is disjoint from each, |y| = 4Ce and |ylo, , = &, < C,&. Further
suppose &,=€,. Then for some M depending on e, o but not on |8, |y| or &

|Bl|62"25 M|B1|
Vo, 17l
Proof. Exactly as in Lemma 2.3
1 26,77 2g,e7?
- 0,‘ - 0 = - = (28)
2 =TT

By the conditions on v, ,(8;) and the fact that the |B;| are bounded in terms of each
other, the times ¢,, t, are also. By (2.8)
_ _ ' —1/2
sin |6, 02|S|0, 02|S M'e,e
2 2 |¥1

for some M'. Thus

ho(By) _e*ho(B) _e??IBi] . 6,6, _ M8
= = sin =

l7|02,y2 €2 € 2 [')’l )
On the other hand,

Uez,rz(ﬂl)< 23_'2/2092(31)
V0on — €% ?06,(y) + e %o (¥)
2v,,(B1) <2|31|
_Uoz('}’)'*'etz/zhez(‘)’)_ |7| '
Together this gives |By]e,../|¥]o,., = M|Bi|/]7]. O

3. Complexes with isolated boundaries
The idea in this section is as follows. We start with 8 on X or on Y and in that
case disjoint from a saddle connection @ on Y. We suppose 8 is not £-wide. We
rotate so 3 is vertical and contract the length to € using the Teichmiiller map. By
Proposition 1.11 we build an isolated separting system I" disjoint from 8. We would
like to count, using Propositions 2.1 (or Proposition 2.2) and 2.5, the number of I’
that occur in this process. However the vertical length of I' may be <&/ C; at this
time so I' may not be e-wide. Thus Propositions 2.1 and 2.5 will not apply. If that
is the case we go ‘back’ in time until the vertical length of I" is essentially ¢ and
then ask if it is still isolated. If so I" contains an £-wide saddle connection y on X
(respectively Y — a). We will be able to count the number of such y using Proposi-
tions 2.1 or 2.2 and then use Proposition 2.5 to count the I' that contain .

If I is not isolated, again using Proposition 1.11 we build a further I’ disjoint
from I' and continue. By Proposition 1.11 this construction must end after C, steps
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with some e-wide I'. The following Proposition makes this precise. We are going
to state it more generally with I',, a system, instead of 8 simply a saddle connection.
The condition is there should be some 6, ¢ such [Ty, is short. This is clearly satisfied
for B a saddle connection with 6 = 6. For systems that are not singletons there is
also the added condition that at a later time the system is isolated. The added
generality of considering systems is needed in the proof of the Theorem. Again | |
without subscripts refers to lengths on the base surface X (respectively X —a). Also
the angle 6 will be suppressed as a subscript.

ProrosiTION 3.1. Suppose T is either a saddle connection or a system of disjoint
saddles that separates the surface into two components. Suppose either |[o|<4C,e or
for some (0,1), t>0, /2=, ,(I,) = ITolo, < &. Assume further in the second case,
that if Ty is not a singleton, there is a s = t such that |['o|s, < ¢ and (T),, cannot be
e-extended. Then there is a number M independent of |T'y|, a sequence T, T, ..., r,
p = C,, of mutually disjoint systems on X, (respectively Y —a), a sequence of times
W=tz -=t,2t,,,=0 such that
(0) If Ty is e-wide, p=0, t,=0,
@ Il I,
(ii) for each j=1, I'; divides X (respectively Y —«) into components U; and V,
where U; 2 U, and Ty V,,
(iii) forj=1, ¢'=|;|, =4C3e and T; is (1, £')-isolated with respect to the metric
defined by ¢,
(iv) if [To|=4Ce and is not e-wide thenp=1, t,=1,=0; ¢'<|I",|<4C%e and T,
is (1, £')-isolated,
(v) if neither (0) or (iv) holds, then t,=1>0 and for 1=j<p, v,(I';)<e/C; and
<t
(a) If in addition |T;|<4C,e thenp=j+1, t,,,=t,=0and ¢'=|,|<4Cle
and T, is (1, ¢’)-isolated.
(b) Ifon theother hand |T;|>4C;e, thene/2< v, (T;))<|T}|,, <eso0t,,>0.
(viy If (v)(a) does not hold then either v, (I'))=¢/C; and t,,,=t, or
v, (T,) <&/C;. In that case either |T,|<4C,z and t,.., =0 or T ,|>4Cy¢ and
e/2=v,, (T,)=|T,|, ., <& Inall cases T, is e-wide.
(vii) For each 0<j=p—1 there is a saddle connection y;T';—T';,, such that
@) lyl,.,zl0n-T,|/C,
(b) there is no I' Cs=8C,-separating v, from I';,, at time 1, ,.
(c) U‘j+1(?’j)2%h:j+.(')’j) if ;,,>0.
Remarks. We will use either (iv), (v)(a), or (vi) and Propositions 2.1 or 2.2, and
Proposition 2.5 to calculate the number of I', that occur. (vii) is designed so that
with Theorem 4.1 for each I';,, we can compute the number of y; and therefore by
Proposition 2.5 and (iii) the number of I'; that occur. In particular (vii)(c) is necessary
to control the length of y; on X.

Proof. To simplify notation let £=4C,e. I'y has a complementary component U
with area=3. If T, is already e-wide there is no construction; (0) holds. If || < £
and is not £-wide form the system I', and complementary component U, provided
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by Proposition 1.11. Area U, = g(3). We set p=1, t, = t,= 0 in this case. Now (i)-(iv)
are automatically satisfied by construction. (vii)(a) and (b) follow from Corollary
1.12. We are done in this case. If [[o|> & let t = t,. On the surface X, (respectively
Y, —a) we have £/2=y,(I,) =T, <& and I, not isolated. Let (I';, U,) denote
the system with complementary component given by Proposition 1.11; Area U, = g(3)
and |I')|,, = C,e. If v,(T',) = &/ C; we set p = 1; 1, = t, and the construction ends. Now
we have to check (ii) and (vii). Here (i), (iii), (vi) are satisfied by definition and
(iv) and (v) are vacuous. To see (ii), the fact that |['o|, = M|[|t, for some M and
the fact that at time ¢, the ratio of vertical to horizontal length of I'y is bounded
away from zero means the inequality between |I'y|, and |I“.|,l persists up to another
universal factor at an earlier time ¢t =0.

Checking (vii)(c) is more complicated if Iy is not a singleton saddle connection.
The point is the y, provided by Corollary 1.12 is not necessarily the saddle connection
v, that satisfies £/2 < v,(y,) =< ||, =& We argue therefore as follows. If there is
no I' Cs-separating vy, from I';, then v, satisfies (vii). If there is such a I then
ITy|,, = Cs|T|,,. Then |y4|,, =|T)|,,/ Cs=(Cs/ C,)|[|,,. At the later time s =t, we claim
IT|; =|Tols. To prove the claim assume otherwise and consider the combination I’
of I' and T’y at time s. Then

|F’|s = C(|ro|s + lrls) = 2C1lF0|s =(C+ 1)|F0|s’

the last inequality by the definition of C. Also I'' separates I'y from I';,. Now we
consider the region X' bounded by I"” and I, inside the complex X, bounded by
'y and I';. At time t,, X, has area <A(C,¢) and since area is preserved under the
Teichmiiller flow, this is true at time s as well. Therefore X, has area <A(C>¢) and
since

IT'|, < (C+1)|Tof; = (C+1)e,

X, is a C,e-extension of I'y at time s, a contradiction to the assumption proving
the claim. Thus as time goes from 1, to s, |yj| decreases from =8|I'|, to a number
=|Tol, =|T;. If the ratio in length of two saddle connections goes from at least eight
to less than one in positive time, the first cannot be nearly horizontal. A definite
estimate gives (vii)(c). We have found y{ and we are done in this case.

If v,(I')) <e/C; and IT',|< & set t,=0. If T', is isolated at 1,=0 (on X or Y —a)
set p=1. Again the construction ends and (i)-(vii) are satisfied just as in the last
case. If I} is not isolated we find I'> given by Proposition 1.11. The existence is
guaranteed by the fact that area U, =8, = g(3). Then we set p=2 and t,=0. Now
(vii)(c) is satisfied at 1, =0 because just as in the argument above there is a later
time, namely t,, where I', cannot be C,e-extended.

What remains is the case v, (T')) <&/ Cs and |I'| = & Choose v, so v,(v,) = v,(T)).
Find 1,<t, so v,(y,) = £/+/2. That is, go back in time, increasing the vertical length
of v, until it is £/v2. Now

v,(v,) <e/C; implies "2 = C,/v2.
Also |I'|=& and h,(T'\)=<C,e imply £,=0. For any yel,, h,(y)=<Cye and

https://doi.org/10.1017/50143385700005459 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700005459

Trajectories of a quadratic differential 171

e'""?/2= C;/V2 imply h,(y)<ev2/4 and therefore

=((5) +(H)) =

If T, is isolated at t =t,, we set p=1, the construction ends; (i)-(vii) are satisfied
as before. If not, construct (I';, U,) by Proposition 1.11. U,< U,, area U,=8,=
g(8,). Once again (i)-(vii) are satisfied by the same arguments. We continue this
process. After p = C, steps it must stop. Since 8¢, > 0 it must end with some (', U,)
for which there is no I+, . This means either v, (I';) = ¢/ C; and it is isolated, or if
not, either [T,|<4C,e and T, is isolated at #,,,=0 or for some f,,,<t,, £/2=<
v,,,(T;)=|[|,.1=¢ and T, is isolated there. For if it were not isolated at these three
possibilities we could build a further I',..,. 0O

Suppose now the following situation occurs as in the conclusion to Proposition
3.1. There is a saddle connection 7, a pair (8, t) =(6(7), t(7)) and constants M,,
M, independent of 7 such that

(i) |"'|e‘r =¢'=¢ 0(r)=€'/Cs.

(ii) there is a system I disjoint from 7 such that [T}, =< M,|7|,,.

(iii) 7 is not M,-separated from I" at time .

Under these circumstances we will say I' is £’-associated to 7. Let B, (') ={r:T
is £-associated to 7, oL <[7|< L, and [[|=4C,e}. Let &o=max,c 1) [[]o(r).cr» the
maximum taken on for some 7, and (68, 1) = (6o(7), to(70)). By Lemma 2.6, for

any 7€ B, (I'),
|T|6 Iy - <|T|) (L)
—2 s 0l i 1 =0 = ).
L) ‘” ‘F)

By assumption 7 is not M,-separated from I on the surface Yy, ) but it may be
so separated on Y, ,. We will wish to compute card B,(I') in Theorem 4.1 making
the computations on the surface Y, , where the separating hypothesis is necessary
for that theorem.

The purpos: of the following lemma is to show there are a bounded number of
7€ B (I') and a number M, such that for each 7 there is a 7; such that 7 is not
M;-separated on Yy, i(r)-

Lemma 3.2. There are sets B, B(T'), i< C,, and M= M,(M,, M,) such that
(i) B(I')=UB,
(ii) for each i there is a 7,€ B; and (0;, t;) = (6,(1;), t(7;)) such that for all r€ B,,

7], . ( L)
RN AL LR is 0 —_—
T, T’
(iii) 7€ B, is not M;-separated from I on Y, = Y, ,.
Proof. Let By={re B,(T'):7 is not (2C,)'M,-separated from I' on Y,=Y, .}
Suppose B,# B, (I'). By taking at most C, combinations of various I that do
(2C,)' M,-separate various 7€ B, (') from I' and using Corollary 1.4 we find a I’

that M,-separates every 7€ B,(I')— B, from I' on Y,. Let U’ the component of
Y,—I" containing such 7 and V’ the complementary component. Now consider
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Max,ep, )-8, L }o.- SUppose the maximum is taken on by 7, at (6,, t,) with corre-
sponding Y,. By assumption ||y, =T, /M, since 7, is not M,-separated
from T’ on Y,. Now let B,={re B,(I')~ B,: 7 is not (2C,)“'M,-separated from
I on Y,}. Again (ii) is satisfied for 7€ B, by Lemma 2.6. Again it is possible
B.(T')— By— B, # @. That is, there is a 7 & Byu B, which is (2C,)“*M,-separated by
I'" from I" on Y,. Such a I'" must intersect U’ for otherwise 7, itself would be so
separated. As before taking at most C, combinations of such I"" and then the
combination of the resulting system with I we find I'" separating all re
B,(I')—B;— B, from I'. Now "< U’. Let U"” be the complementary component
containing all such 7.

We repeat the maximizing procedure to find a new 7, and a new B,. Since the
U" are decreasing, the process ends after at most C, steps and

B.()=U) B, O

i=0

4. Proof of the theorems
We collect our results in this section and prove both the preliminary Theorem 4.1
and the main theorem.

THEOREM 4.1. There exists k=k(e, M, C,) such that card T(m,a, M) is
0(m(log m)*).

We will adopt the following terminology. Suppose Q, " are disjoint systems; by
card {Q|T} will refer to the number of Q disjoint from T for a given I.

Proof of Theorem 4.1. We start by remarking that |8|=|a|/M since B is not
M-separated from «.

The proof is by induction on the number, r= C,, of disjoint segments that can
be added to Y — a. At each stage of the induction the exponent k can increase by
a fixed amount. Since the induction is of length =C, the final exponent will still
be bounded. At each stage we will denote this exponent as k even as it changes.

If r =1 then either Y is simply connected or is an annulus. If Y is simply connected
it is either a quadrilateral and « is on the boundary or has five sides and a crosses
the domain. In either case card T(m, a) =2.

If Y is an annulus, a crosses from one boundary to the other. Then «, an edge
of the boundary of Y, and B bound a triangle so 8 and a are 2-close. If |8|<4C,e
it is isolated in Y — a since there can be no € complex disjoint from « containing
B. Similarly if |[8|>4C,¢ it is e-wide. Thus card T(m, a) =card T*(m, a, 2) = 0(m)
by Proposition 2.2.

Now suppose the theorem is true whenever fewer than r, curves can be added
and r, trajectories can be added to Y — «. This is the induction hypothesis in place
for the rest of the proof. There are several cases to consider.

Case I. || <4C,e. Form the complex containing 8 with isolated boundary I, with
longest curve y,. There are 0(1) such I, since it is isolated on Y. If I'; does not
separate 8 from a then 8 and a are contained in a smaller complex Y —TI', to which
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fewer than r, curves can be added. For each such I', apply the induction hypothesis.
If ', does separate, then by assumption |y,|=T',|=|a|/ M. Consider the complex
Z containing B bounded by I'; where the quadratic differential is renormalized so
that Z has unit area. Fewer than r, trajectories can be added. We apply the induction
hypothesis to 8 and v,. Since |y,|/|a|= M ™" and there are 0(1) such I', we are done.
There are 0(m(log m)*) such B.

Case II. |B|=4C,e. Consider the sequence Ty, ..., I', and times t,,..., ., con-
structed in Proposition 3.1.

Recall either T, is e-wide or isolated on Y —a. Recall also [}, =|Tis|,, /M
for some constant M. The first possibility is |T',| <4C,e. The cardinality of such T,
is 0(1) since I', is isolated. Then whether or not I', separates 8 from a we argue
exactly as in the previous two paragraphs when considering |8|=4C,e. Thus we
may assume |I',|=4C,e.

We now make the additional assumption, to be removed later, that 8 is D-close
to a. Then by Lemma 1.2 and induction each I'; is D’-close to a for D’ depending
on D.

If |T,|<|a| then by Proposition 2.2 and Proposition 2.5 there are 0(1) such T,
Again whether or not I', divides we apply the induction hypothesis to 8 and Y -T',.
Again note if T, does divide, |I',|=|a|/ M. Thus we may assume |T,|=|a|. Now let
V(m, a) be the set of systems I" such that

(a) T is either a saddle connection or divides Y —« into two components,

(b) 1= mlal,

(¢) T is D’-close to a, a universal D’,

(d) if T|=4Cje there is some t >0 such that /2 < v,(I') = ||, = £ and if T is not

a singleton, some t'= t such that |['|, < CJe and I', cannot be C,e-extended.
if 4C,e =|I|=4C,e then either [ is isolated or there is some ¢ as above, and
if I is not a singleton, some ¢’ as above.
if I|=4C,¢ and T is not a singleton, there is some t'=0 as above.
(e) for each I' determining a sequence I'=T,,...,I', by Proposition 1.11,
|Frl| =|al.
Claim. card V(m, a) =0(m(log m)*).

vl

To prove the claim, for any I',e V(m, a) consider the sequence I';,...,T', con-
structed in Proposition 3.1. The proof is by induction on the length of the sequence.
Let y; be the longest curve on I',. If p=0, I'; is already isolated at time t. Then
card {y,} is 0(m) by Proposition 2.1 and Card {T'y} is 0(m) by Proposition 2.5.

The induction hypothesis is card {[,e€ V(m)} is 0(m(log m)*) for the set of T,
that determine sequences I'y, ..., I';, j=p—1 of length =p. Now suppose I'; deter-
mines a sequence I'y,...,T, of length p+1. Then o"*'m|a|=<|T)| =< o' m|a| where
M, <1,= M, log m, the last inequality by the assumption on |T,| and Proposition
3.1(i). i '

Now T, € V(o'm, a) by Proposition 3.1. Now I'; determines a sequenceI';,..., T,
of length p. By the induction hypothesis

card {T',} = 0(a"m(log (o' 'm))*).
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By Proposition 3.1(vii) there is a yo€ I’y such that yg is not Cs-separated from T’
at time t,. If ¢,>0, v, (v)) =3h, (v5) as well. This implies for t,>0

lvel=e""?v,(vo) = M e"*yi],, = M "?[T|,,/ Cs
=M e"*(h,(T))+0,(T) = M|T,|

for a set of different constants M. If t, =0, |y)| = M|T",| by Proposition 1.11 directly.
Thus 0% 'm|a|=<|yf| =< o’m|a| where M,=<j,=< M,l,. Moreover if t,>0, v,(v)) =
3h, () implies v, (v5)=|yi|t;/ Cs. We are now in a position to apply first Lemma
3.2 and then the induction hypothesis on the number of curves.
First by Lemma 3.2 there are s < C, pairs (8;, ;) such that for each such yg there

is a (6;, t;) such that

|76|9,»‘t, . L’Z(I)_l _ jO_,l

——!r1|9,,:, is 0<|F1‘) =0(g’™ ")

and vy, is not M;-separated from I', on Y, ,. Renormalize each such Y, to have
unit area. Fewer than r, saddle connections can be added to Y, ,. By the induction
hypothesis on the number of curves,

/4 ! k
card {yo|T'\} is 0(};: (1og {gll) ) = 0(o™4(1, = jo)*)-
116,.1; 16,1;

Now by Proposition 2.5,

card {[o|T,} = 0(a°)0(a ") (1,)* = 0(a ~11F).
To find card {T';} we multiply this quantity by card {I',} and sum over the possible
lengths for I', and vyq. That is,

M,logm M,logl,

card {To}= ¥ Y 0(c "I})o""m(log o' m)*

L=M, jo=M;
=0(m(log m)*)(different k).
This proves the claim.
To calculate {8} we proceed in much the same way. For each B8 con-

sider the sequence B=T,,...,I', determined by Proposition 3.1. We have
"““'m|a|=|I')| = o"'m|a| where m, <1, < M, log m andT, € V(" m, a). By the claim

card {I',} = 0(c"m(log o"'m)*).

g

To calculate card {8|I',} we proceed in exactly the same way. On the surface
bounded by I'; containing B renormalize so the area is 1. By Lemma 3.2 and
Proposition 3.1 there are s < C, pairs (6, t;) such that for each B there is an (6, 1;)

such that
|Blo., . (IBI) i
— 1807 ] =0(c""
Mo, = \Ir)) =0

and B is not M,-separated from I'; with respect to ¢, ,. Fewer than r, curves can
be added to the subcomplex bounded by I',. Thus

card {B|I',} =0(c " "(log o™ ")*) = 0(c"I¥).
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Thus

M,logm

card (B} = 3 0(a""F o m(log oim)*) = 0(m(log m)*)
I =M,

for a different k. This completes the proof under the assumption 8 is D-close to a.

To complete the proof of Theorem 4.1 we need to consider 8 not D-close to a.
For any such 8 we apply Proposition 1.6 to find a sequence 8 =8,,...,8,=a,n=<
C,, with the property that 8, is not M,-separated from B;,, and is D-close to it.

The proof is now by induction on n. If n=1, B8 is D-close to a for which we
have the result. Assume the result is true for sequences of length n=< n,+1. Then
By, .., B, =a is a sequence of length n,. Suppose o' "'m|a|<|8,| =< o'm|e|.

Since |8:| = |Bi+1|/ M, for each i, we have |8, = |a|/ M, for some M,. Thus M, < I =<
M;log m for universal M;, M,. By the induction hypothesis on the length of the
sequence,

card {B8,} =0(o'm(log o'm)*)
and since B, D-close to 8, and not M,-separated from it
card {Bo/B:} =0(c " '(log o )¥)
since we have proved the theorem in that case. Thus

M,logm

card {Bo} = card {Bo/B:} card {B,}= ¥ 0(c T*o'm(log o'm)*) = 0(m(log m).

The proof is complete.

Proof of Theorem 1. The number of saddle connections on X of length =4C,e is
finite. Thus we may assume |8|=4C,e. Similarly in what follows we need only
consider systems =4C,¢ in length. Motivated by Proposition 3.1, for any m and
just as in the proof of Theorem 4.1 let V(m) be the set of systems I' such that

(a) T is either a saddle connection or divides X surface into two components,

(b) 4C,e <|I=m,

(c) for some (6,1) e/2=v,(T)=<|[|p, <&,

(d) forsome t' =, if I is not a singleton, |I’|9,,l =< C,¢ and cannot be C,e-extended.
Claim. card V(m)=0(m?). To prove the claim, for any I';e V(m) consider the
sequence I'o,I';,...,I', constructed in Proposition 3.1. The proof is by induction
on the length of this sequence.

Let y; be the longest curve on I',. If p=0, y, is already isolated at time . Then
card {y,} is 0(m?®) by Proposition 2.1 and card {T,} is 0(m?) by Proposition 2.5.

The induction hypothesis is now: card {Toe V(m)} is 0(m?) for the set of T, that
determine sequences I'y,...,I';, j=p—1. Now suppose I'ye V(m) by Proposition
3.1 defines a sequence Iy, ..., T, of length p+1. Then o""'m=|I')|<o"'m where
M,=1l,=M,log m.

Now either |I',|<4Ce or |[',|>4C,e in which case I', € V(o'm) and I'; defines
a sequence I'y, ..., I', of length p. In the first case card {I';} is 0(1). In the second
the induction hypothesis applies to give

card {,} = 0(o*' m?).
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By Proposition 3.1 there is a y €I’y not Cs-separated from I'; at time ¢t=1t, and

satisfying v, (o) =3h, (o). Suppose
I+lm<|‘)'0‘<0-0m

As in the proof of Theorem 4.1 we have 0= l,= M;l,. We conclude by Lemma 3.2

that there are s = C,, pairs (6;, t;) such that for any vy, there is a pair (0;, t;) such that

|70|9,,t,- is 0 |70| =0(o 1—1)
Tl ITy|

On the surface Y, , renormalize the complex with boundary I'; so it has area 1.
Then by Theorem 4.1,

card {y,|T,} = 0o (I, — Ip)*)
and so
card {Ty|T,} = 0(a° (1, — lp) o) = 0(o™"(1, = 1))*)
by Proposition 2.5. Thus

M logm M.l
card V(m)= Y Z "card {T,|T,} card {T',}
L=M, lo=
M logm M.l )
=y Z 0(o'm*(1, — 1,)*)
=My o=
M logm
sO(m2 ¥ a"l{‘) =0(m?)
h=M,

since ZiMz a'l* converges for fixed k, M,. This proves the claim.

Finally we compute card S,(n). Card S5(n) is 0(n*) so we may assume B € S,(n)
is not e-wide. We may assume |8|=4C,e. For each 8 we form the sequence
B=I,,I't,...,I', given by Proposition 3.1. Then I'; e V(o'in) where M,<I, =<
M, log n. By the claim, card V(o' n) is 0(c*"n’). Then by Lemma 3.2 and Theorem
4.1 just as in the proof of the claim,

card {B8|T',} is 0(a ™ ")I}.
Then card {8} is Zrz":i" o~ 150(o*n®) which is 0(n®) since ¥ _, oI} <o O
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