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Abstract

Necessary and sufficient conditions to characterise weakly r-preinvex functions on an invex set are
obtained and used to establish generalisations of the Hermite—Hadamard inequality for such functions.
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1. Introduction

The classical Hermite-Hadamard inequality for convex functions states that if the
function f : [a, b] — R is convex, then

1 b fl@) + f(b)
mfaf(t)dts—z .

In [5], Hanson introduced invex functions as a generalisation of convex functions.
Hanson’s result inspired subsequent work which established the role and applications
of invexity in nonlinear optimisation and related fields. In [4], Ben-Israel and Mond
introduced preinvex functions and showed that preinvexity implies invexity. The
properties of preinvex functions in optimisation, equilibrium problems and variational
inequalities were studied by Noor [8, 9] and Weir and Mond [12]. Antczak [1, 2]
introduced r-invex and r-preinvex functions and gave a new method for solving
nonlinear mathematical programming problems. Zhao et al. [14] characterised r-
preinvex functions. In [10], Noor gave Hermite—Hadamard inequalities for preinvex
and log-preinvex functions. Further, in [11], Ul-Haq and Igbal established a Hermite—
Hadamard inequality for r-preinvex functions.

The main purpose of this paper is to generalise the Hermite—-Hadamard inequality
to a relation between extended means of weakly r-preinvex functions on an invex set.
The main tool is a characterisation of weakly r-preinvex functions on an invex set. We
obtain new extended two-parameter mean inequalities for weakly r-preinvex functions
on an invex set, which improve the results given in [10, 11].
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2. Preliminary definitions and results for weakly r-preinvex functions
We begin with some definitions relating to invex sets and preinvex functions.

DeriniTion 2.1. Let K € R" be a nonempty set, letp: K X K — R" and let u € K. Then
the set K is said to be invex at u with respect to 7 if

u+ An(v,u) € K

for every v e K and 1 € [0, 1]. K is said to be an invex set with respect to i if K is
invex at each u € K with respect to the same function 7.

Definition 2.1 says that there is a path starting from u# which is contained in K. It
is not required that v should be an endpoint of the path. If we demand that v should
be an endpoint of the path for every pair u, v, then n(v, u) = v — u and invexity reduces
to convexity. Thus every convex set is also an invex set with respect to n(v,u) = v — u,
but the converse is not true (see [7, 8]).

In [3], Antczak introduced the following definition of an n-path on the basis of the
consideration of invex sets.

Dermnition 2.2. Let K C R" be a nonempty invex set with respect to 7 and let u, v € K.
For x € K, the set P, :={u + An(v,u) : A € [0, 1]} is the closed n-path joining the points
uand x = u + n(v,u) and ng ={u+ An(v,u) : 1 € (0, 1)} is the open n-path joining the
points u and x = u + (v, u).

We note that if (v, u) = v — u, then the set P, = P, = {Av+ (1 — Du: 1€[0,1]}is
the line segment with endpoints « and v.

In [4], Ben-Israel and Mond introduced the class of preinvex function with respect
to 77 in optimisation theory.

DeriniTion 2.3. Let K € R" be a nonempty invex set with respect to . A function
f: K — R is said to be preinvex with respect to n if there is a vector-valued function
n: K x K — R" such that

S+ v, u)) < Af(v) + (1 =D f(u)
for every u,v € K and A € [0, 1].

Every convex function is a preinvex function with respect to (v, u) = v — u, but the
converse may not always be true.
The detailed description of r-preinvex functions was given by Antczak in [1].

DermviTion 2.4. Let K C R" be a nonempty invex set with respect to . A function
f : K — R* is said to be r-preinvex with respect to 7 if there is a vector-valued function
n: K x K — R" such that

AfO) + A =D f@NHV" if r#0,

f+ An(v,u)) < {f(v),lf(u)]/l ifr=0,

for every v,u € K and A € [0, 1].
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Note that O-preinvex functions are logarithmic preinvex and that 1-preinvex
functions are preinvex. It is obvious that if f is r-preinvex, then f” is a preinvex
function for positive r.

In [7], Mohan and Neogy showed that a differentiable invex function is also
preinvex under the following Condition C.

Conprtion 2.5 (Condition C). Let K C R" be a nonempty invex set with respect to
n: KX K — R". We say that the function n satisfies Condition C if, for any u,v € K
and A € [0, 1], the following two identities hold.

1) nu,u+ An(v,u)) = —An(v, u).
@ nOv,u+anv,u) =1 - On,w).

Applying Condition C, we have the following lemma.

Lemma 2.6. Let K C R" be a nonempty invex set with respect ton : K X K — R" and
suppose that the function n satisfies Condition C. Then

(@ =Bn(v,u) = n(u + an(v, u), u + pn(v, u)
foreveryu,ve K and a,f € [0, 1].

Proor. The identity obviously holds when o = 8. We will prove the case when @ > .
Inthiscase,0 <1 -8<1and0 < (a—-8)/(1-p)<1,s0,by (i) and (ii) of Condition C,

a-f
1-p
= n(u + Bn(v,u) +

(@ =PBmv,u) = n(v,u + Bn(v, u))

a-p
T 0 B ).+ B )

Using (i) of Condition C again,

1
_77("» u +,377(V, M)) = U(V, Ll).

1-B
These two results yield the desired identity immediately. The proof in the case when
a < B 1is similar. This completes the proof of the lemma. O

In [13], Yang et al. gave the following Condition D to discuss the characterisation
of prequasi-invex functions.

ConprtioN 2.7 (Condition D). Let K € R" be a nonempty invex set with respect to
n: KX K — R"and let f : K — R be invex with respect to the same 1. We say that the
function f satisfies Condition D if the inequality

S +n(v,uw) < f(v)
holds for any u,v € K.
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The integral power mean, M, of a positive function on [a, b] is given by

1 b 1/p
M,(f;a,b) = a

1 b
exp(— f In (1) dt) if p=0,

b—a ],
and the power mean, M,(x, y; 4), of order r of positive numbers x, y is defined by

Ax"+ (1 =y ifr 0,
M, (x,y; ) = .
(52 ) {x’lyl‘/l ifr=0

(see [6]). In [6], Stolarsky introduced the mean values E(r, s; x, y), to generalise the
extended logarithmic mean L,(x,y), and the alternative extended logarithmic mean
F,(x,y). The mean E(r, s; x,y) is given by E(r, s; x, x) = x if x = y > 0 and, for distinct
numbers x, y,

ro_ I\ 1/(r=s)
E(r,s;x,y):(fy‘ * ) , rs(r—=s5)+0,
ryA — xS
1 yr —x 1/r
E(r,O;x,y)zE(O,r;x,y)=(——) %0,
riny—Inx
X\ 1/ =y")
EGrxn=e ()0 L e,
y,

E(0,0; x,y) = +/xy.

Clearly, for two positive real numbers x and y, E(p +1,1;x,y) = L,(x,y) and
E(r+1,r;x,y) = F.(x,y).

In order to obtain our results, we introduce the following new definitions related to
power means.

Dermnition 2.8. Let K C R" be a nonempty invex set with respect to . A function
f 1 K — R is said to be weakly preinvex with respect to 5 if there is a vector-valued
function 7 : K X K — R" such that

flu+ (v, u)) < Af @ +nv,uw) + (1 - ) f(w)
for every v,u € K and 4 € [0, 1].

Dermviion 2.9. Let K C R" be a nonempty invex set with respect to . A function
f : K — R" is said to be weakly r-preinvex with respect to 7 if there is a vector-valued
function 7 : K X K — R" such that

S+ An(v,u)) < My(f(u +n(v, w), f(u); 1)

for every v,u € K and A € [0, 1].
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We note that if f is a weakly r-preinvex function, then f” is weakly preinvex for
positive r and, if f is a weakly O-preinvex function, then log of is weakly preinvex.
We also note that, in Definitions 2.8 and 2.9, if f further satisfies Condition D, then f
is a preinvex function and an r-preinvex function, respectively.

The extended two-parameter mean for a weakly r-preinvex function on an invex set
is defined as follows.

Dermnition 2.10. Let K C R" be a nonempty invex set with respect to a vector-valued
function n: K X K — R" and let f: K — R* be integrable on the n-path P,, for
x=u+n,u), where v,u € K and 1 € [0, 1]. Set x(1) = u + An(v, u). We define the
two-parameter mean of the function f(u + An(v, 1)) on [0, 1] with respect to A by

M, (f5u,u+n(v,u))
1 1 1/(p—q)
ﬁff%mWMUﬂﬂumwﬂ it p#4q,
0 0

1 1
exp( fo £ In F(x()) d/l/ fo £ d/l) ifp=gq.

In particular, when g = 0, M, o(f; u, u + n(v,u)) = M,(f; u,u + n(v, u)) is the integral
power mean.
We need the following properties of weakly r-preinvex functions.

ProrosiTion 2.11. Let K C R" be a nonempty invex set with respectton : K X K — R"
and suppose that 1 satisfies Condition C. Let u € K and f : P, — R for every v € K,
A€[0,1] and x = u + n(v,u) € K. Suppose that r > 0. Then f is a weakly r-preinvex
Sfunction with respect to n if and only if f" is convex with respect to A.

Proor. Let ¢(1) = f"(u + An(v,u)) for u,ve K, 1€ [0,1], u + An(v,u) € K and r > 0.
First, assume that f is a weakly r-preinvex function with respect to 77 and that 7 satisfies
Condition C. Obviously, f" is a weakly preinvex function with respect to the same 7.
Now we will prove that ¢(4) is convex on [0, 1]. Since f” is weakly preinvex, given
a,fB € [0, 1] and for any A € [0, 1],

B+ A =P) = f'(u+ B+ Aa-P)nv,u))
= f'(u+ v, u) + A = (v, u)
= f"(u+ Bn(v,u) + An(u + an(v,u),u + Bn(v,u))) (by Lemma 2.6)
SAS (u+ Bn(v,u) + n(u + an(v, u), u + (v, u)))
+ (1= f (u+ Bn(v, u))
=Af"(u+ an(v,u)) + (1 = D) f (u + Bn(v,u)) (by Lemma 2.6)

for r > 0, and, similarly,

dB+ Aa—-p) < fl(u + Bn(v,u) + n(u + an(v, u), u + Bn(v, u)))fl_’l(u + Bn(v, u))
= [ (u+ an(v,w) £~ (u + Br(v, u)
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for r = 0. Therefore,

Ag(@) + (1 = DpB) it r>0,
¢ (@' (B) if r=0.

Thus f"(u + An(v, u)) is a convex function with respect to A.

Second, assume that f"(u + An(v,u)) is a convex function with respect to 4. We
will prove that f(u + An(v, u)) is a weakly r-preinvex function with respect to n. Since
@A) = fT(u + An(v, u)) is convex with respect to A,

B+ Aa—p)) < {

dA-1+(1 _/l)_o)<{ﬂ¢(1)+(1 ~D)p(0) if r> 0,

¢ (' ~4(0) if r =0,
and then
. Aff(u+nv,u)+ (1 -0 f(w) ifr>0,
Fru+ ) <37 A L
[ru+ntv,u)f " (u) if r=0.
Thus f is weakly r-preinvex with respect to 7. This completes the proof. O

Prorosition 2.12. In addition to the assumptions of Proposition 2.11, suppose that f
is continuous on P, and is twice differentiable on P°.. Then f is a weakly r-preinvex
function with respect to n if and only if

rf 2 @i(r = DI, "' VWP + f@nv, )" V2 fanv,u)} 20 forr>0,
{n, W) V> f@nv, w) fu) = [n(v, )"V f@)]?}/ () = 0 forr=0.
Proor. Let ¢(1) = f"(u + An(v,u)) for u,v e K, 1 €[0,1], u + An(v,u) € K and r > 0.
Suppose that f is a weakly r-preinvex function with respect to 7. Since f is continuous
and twice differentiable,
) = rf N+ g, w)nv, w)'V fu+ An(v,u)) if r >0,
¢ )= NV, W'V fu+ An(, u)/ f(u+ Anv, u)) ifr=0,

and
rf™ 2w+ Anv, w){(r = DIn, w)" V f(u + An(v, u))]?

+ f(u+ An(v, w))n(v, u)TVZf(u + An(v, w))n(v,u)} ifr>0,
v, )"V f(u + (v, w)n(v, u) f u + An(v, u))

— [, W)V f(u+ A, w)1*}/ [ + An(v, u)) if r=0.
Letting 4 — 0" gives

rf 2l = DIn@,w)"' V@ + f@nv, ) V2 f@ne,w)}  if r>0,
(v, " V2 f@nv, w) f @) = [, )" V@Y () if r=0.

By Proposition 2.11, for r > 0, ¢(1) = f"(u + An(v, u)) is a convex function with respect
to A and then ¢’ (1) > 0. This proves the necessity of the condition in the proposition.

¢"(D) =

¢I/ (0+) — {
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Conversely, assume that, for every u,v € K,
rf™2w){(r = DI, 'V )1 + f@n, w)" V2 f@n@,u)} =0  forr >0,
{n(v, )" V2 fnv,w) fw) — (v, w)"'VF@)]*} f2(u) > 0 forr=0.

For every u,v e K,1in [0, 1] and u + An(v,u) € K,

772+ A, w){(r = DInv, u+ e, )"V f(u + An(v, u)))?

+ f(u+ An(v, w))n(v, u + An(v, u))TVZf(u + An(v, w)n(v,u + An(v,u))} > 0

for r > 0, and

v, u+ v, )"V fu + (v, w)n(v, u + (v, 1)) f (u + (v, u+ An(v, u)))

= [, u + An(v, W)V fu + v, u) P}/ £ + An(v,u)) > 0
for r = 0. By Condition C(ii),
rf 7w+ A, w){(r — DIA = D, )"V £ + An(v, u)]*
+ f(u+ (v, w)(1 = Vv, w)" V2 f(u+ An(v, w))(1 = Dn(v,u)} > 0
for r > 0, and
{1 = 00, W) V2 f @+ (v, w)n(v, w) f(u + (v, u + An(v, u))
— [ = D, )"V £+ v, )Y f2(u + (v, u)) > 0
for r = 0. Thus
¢ (D) =rf 7w+ A, w){(r = DIne, w)" V£ + e, w)]?
+ fu+ v, w)n(v, w)" V2 £ + (v, u)n(v, u)} = 0
for r > 0, and
¢ (D) = {nv,w)" V2 f(u + v, w)n(v, u) f(u + v, u + (v, u)))
— [, )"V f(u + An(v, u) P}/ £ + (v, u) = 0
for r = 0. Consequently, ¢(1) = f"(u + An(v, u)) is convex with respect to 4. By
Proposition 2.11, f is weakly r-preinvex with respect to . This completes the proof. O
3. Hermite-Hadamard inequality for weakly r-preinvex function

For simplicity, in this section, we assume that K C R" is a nonempty invex set
with respect to a vector valued function n: K X K — R". Applying the definitions,
conditions and results of Section 2, gives the following theorems.

Tueorem 3.1. Let f be a weakly r-preinvex function on an invex set K with r > 0.
Assume that f is positive and continuous on P, and is twice-differentiable on P°,
for every a,be K, 1€[0,1] and a < x = a+ n(b,a), and let n satisfy Condition C.
Let m and M be the minimum and maximum of f on P,,, respectively. Further, let
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81,82 : (0,00) — R and suppose that g, is positive and integrable on [m, M] and that
g1/8> is integrable on [m, M. If g\/g> is increasing on [m, M), then

(atnb.a)
k &1f@+ n.apdr _Jig " g0 dx

1 - a+n(b,a
Iy &2(ft@+ b, apyda ~ [Fo wr-lgy(x) dx

for f(a) # f(a+ n(b,a)); the right-hand side of (3.1) is defined to be g,(f(a))/g2(f(a))
for f(a) = f(a+n(b,a)). If g1/g» is decreasing, then the inequality (3.1) is reversed.

(3.1)

Proor. We will give the proof in the case when r > 0 and g;/g» is increasing. The
proof in the other cases is analogous. Let ¢(1) = f"(a + An(b, a)) for r # 0 and
¢(A) = In f(a + An(b, a)) for r = 0. For convenience, let (1) = f(a + An(b, a)). Since
f is weakly r-preinvex with respect to 7, Proposition 2.12 gives

¢ () = rf 2 @{(r - Db, "V f(@)1* + flamb, a)' V*f(amb, a)} > 0

When f(a) # f(a + n(b, a)), the inequality (3.1) is equivalent to

ﬂ&wmw<ﬂwwmmmwmu

: < . (32)
[ a@)dd [ o1 (g da
Consider
1 1
1=L&wwmgﬂw”@mwmwww
1 1
—L&WMM£WW%M@WMW
1 1
_ . o (B @)
LL%%MWWWW@@WDMWQ u (3.3)

Interchanging A and y in (3.3) and adding the resulting equation to (3.3) gives

W) g1 Ww)
- dAdu.

2 mwﬂ H
3.4

First, suppose that ¢’(1) = (¥"(1))’ > 0 for all A € (0, 1). Since ¢”’ (1) = W"(1))” =0,

g1 () gl(‘/’(ﬂ)))
W) gW(w)

From (3.4), I <0. This implies that the inequality (3.2) holds and then (3.1) holds.
If ¢'(1) = (" (1) <0 forall 2 €(0,1), a similar argument gives / > 0 and again the
inequality (3.1) holds.

Now suppose that ¢’(1) = (Y (1))’ changes sign and that ¢(0) < ¢(1). Then ¥ (0) <
" (1) and there exists a point a € (0, 1) such that ¢’(a) = (" (@))’ = 0 and (¥ (1))’ <0

1 1 1
I== f f gz(lﬂ(/l))gz(slr(y))[(t//’(u))’—(l//(ﬂ))'](
rJo Jo

<0

1
W) - N
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for all A € [0, a] and (¥"(1))’ > 0 for all A € [a, 1]. Therefore, there exists 8 € (a, 1)
such that ¥(0) = ¥(B). Thus

B (@) W(B)
f Y DG D)W (D) dA = f X leg(x)dx + f X lg(x)dx=0
0 ¥ (0) Y(@)

and, similarly,
B
f U (DG W)Y () dA=0.
0
Consequently, the inequality (3.1) is equivalent to

f e@dd [ v Dn@w Wl
a1 @@)da [y (Dg@ ) da

(3.5)
Consider
1 1

1 1
- fo 2W(2)dA fﬁ v (Wg1 (W)W () du

gi)  §iWw)
PR gzww»)‘” .

1 1 1
2 [ [ swmrgwew ww
r Jo B

Split the double integral into two parts

1 1 Bl 1 pl
12:"f f ...d/ld,u:—(f f ...d/ld,u+ff...d/ld/l)2121+122.
rJdo Jp r\Jdo Jp B IpB

When (4, u) € [0,8] X [, 1], A < and (W' () = ry" ™ (wy’ () > 0 for all p € (B, 1).
Thus ¢’ (u) > 0 for all u € (B, 1) and

1Y) _ s1iwP) _ g1bw)
£WW) T ©WP) T (W)

This gives I; < 0. By the result proved in the case when ¢'(4) = (" (1))’ = 0, we see
that I, < 0. Therefore, I, = I,; + I,, <0. It follows that (3.5) and also (3.1) hold.
Finally, if the sign of the derivative ¢’(1) = (/" (1))’ changes and ¥(0) > y(1), a similar
proof again shows that (3.1) holds.

When f(a) = f(a + n(b,a)), ¥(0) = y(1), so ¢(0) = ¢(1). Since ¢” = (¥"(1))"” =0,
we see that ¢’ = (/" (1))’ is continuous and increasing for A € (0, 1). There exists a point
a € (0, 1) such that (" (@))’ = 0 and (" (1))’ <0 for all A € (0, @) and (" (1)) > 0 for
all 1 € (a, 1). Hence

81W) _ a1 ()
&)~ g(y(1)
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for all A € (0, 1). It follows that

1 1
gi(1)) f
A A)dA.
fo s < e | s)d

Therefore, the inequality (3.1) is valid. This completes the proof of Theorem 3.1. O

Remark 3.2. If we take g;(x) = x” and g,(x) = x4 for suitable real numbers p, g in
(3.1), we get the extended mean inequality for the twice-differentiable and weakly
r-preinvex function f on an invex set with respect to 1 satisfying Condition C given by

My q(fia,a+nb,a) <E(p+r,q+r; f(a), f(a+n(b,a)). (3.6)
Moreover, if we take g = 0 in (3.6),
My(f;a,a+nb,a)) < E(p +r,r; f(a), f(a+nb,a))). (3.7)

Taking r = 1 in (3.7) gives

My(f;a,a+n(b,a)) < Ly)(f(a), f(a+n(b,a))),
and taking p = 1 in (3.7) gives

1 a+n(b,a)
f)dx < F.(f(a@), f(a +n(b,a))). (3.8)
nb,a) Ja
Further, if f satisfies the Condition D, (3.8) becomes
1 a+n(b,a)
(. ) f f)dx < Fi(f(a), f(a+nb,a))) < F,(f(a), f(D)). (3.9)

The inequality (3.9) is a refinement of the inequality given by Ul-Haq and Igbal in [11].
For r =1 or r = 0 in (3.9), the inequality (3.9) is a refinement of the inequality given
by Noor in [10].

TueorREM 3.3. Let f be a weakly r-preinvex function on an invex set K with r > 0.
Assume that f is positive and continuous on P, for given a,b e K, 1€ [0,1] and
a<x=a+n(b,a). Further, let g : (0,00) — R be positive and integrable on [m, M],
where m, M are as in Theorem 3.1. If g is increasing on [m, M), then
1 , fanba)
(f(a + An(b, a)))dA < X gx)dx (3.10)
fo sutaAn @+ n.a) - 7@ Jy ¢
for f(a) # f(a + n(b, a)); the right-hand side of (3.10) is defined to be g(f(a)) for
f(a) = f(a + n(b,a)). If g is decreasing, the inequality (3.10) is reversed.

Proor. We consider only the case when r > 0 and g is increasing. The proof is
analogous in the other cases. When f(a) # f(a + n(b, a)), the definition of a weakly
r-preinvex function yields

1

1
fo g(f(a+ an(b,a))) da< fo g((Af (a+nb, @) + (1 = ) f (@)!'")da

r f(a+n(b,a))

- r—1 dx.
fr(a+nb,a)) - fT(a) @ g(x)x X
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Similarly, when f(a) = f(a + n(b, a)), it is immediate that

1 1
j; g(fla+ an(b,a)))da < j; g((Af (a+nb, @) + (1 = Df (@) da = g(f(a)).
The proof of Theorem 3.3 is complete. o

Remark 3.4. Note that it is not necessary for the function f in Theorem 3.3 to be twice
differentiable. Similarly to Remark 3.2, if we take g(x) = x” in (3.10), we obtain the
extended mean inequality for the weakly r-preinvex function f on an invex set with
respect to i given by

M,(f;a,a+nb,a) < E(p +r,1; f(a), f(a+n(b,a). (3.11)
Taking r = 1 in (3.11) gives
M, (f;a,a+nb,a) < L,(f(a), f(a+n(b,a))),
and taking p = 11in (3.11) gives
1 a+n(b,a)
nb,a) Ja
Further, if f satisfies Condition D, (3.12) yields

f)dx < Fi(f(a), f(a +n(b, a))). (3.12)

1
n(b,a)

The inequality (3.13) is a refinement of the inequality given by Ul-Haq and Igbal
in [11] and also a refinement of the inequality given by Noor in [10].

a+n(b,a)
f f)dx < Fi(f(a), f(a+nb,a)) < F.(f(a), f(D)). (3.13)
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