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Abstract

‘We present a numerical method to compute the survival function and the moments of the
exit time for a piecewise-deterministic Markov process (PDMP). Our approach is based
on the quantization of an underlying discrete-time Markov chain related to the PDMP.
The approximation we propose is easily computable and is even flexible with respect to
the exit time we consider. We prove the convergence of the algorithm and obtain bounds
for the rate of convergence in the case of the moments. We give an academic example
and a model from the reliability field to illustrate the results of the paper.
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1. Introduction

The aim of this paper is to propose a practical numerical method to approximate the survival
function and the moments of the exit time for a piecewise-deterministic Markov process based
on the quantization of a discrete-time Markov chain naturally embedded within the continuous-
time process.

Piecewise-deterministic Markov processes (PDMPs) were introduced by Davis [5] as a
general class of stochastic models. PDMPs are a family of Markov processes involving
deterministic motion punctuated by random jumps. The motion depends on three local charact-
eristics, namely the flow ®, the jump rate A, and the transition measure Q, which specifies the
post-jump location. Starting from the point x, the motion of the process follows the flow @ (x, t)
until the first jump time 77, which occurs either spontaneously in a Poisson-like fashion with
rate A(® (x, t)) or when the flow @ (x, ¢) hits the boundary of the state space. In either case, the
location of the process at the jump time 77 is selected by the transition measure Q(-, ®(x, 71))
and the motion restarts from this new point X (77) denoted by Z;. We similarly define the time
S> until the next jump; the next jump time is 7o = T7 + Sz, the next post-jump location
Zy = X(T3), and so on. Thus, associated to the PDMP we have discrete-time Markov chains
(Zn, Tn)nen., given by the post-jump locations and the jump times, and (Z,,, S,)»en, given by the
post-jump locations and the inter-jump times. Suitable choices of the state space and the local
characteristics @, A, and Q provide stochastic models covering a great number of problems in
operations research; see, for example, [4], [5], and the corrosion model presented in this paper.
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Numerical computation of the moments of the exit time for a Markov process has been
studied by Helmes ef al. [8]. Starting from an assumption related to the generator of the
process, they derived a system of linear equations satisfied by the moments. In addition to
these equations, they included finitely many Hausdorff moment conditions that are also linear
constraints. This optimization problem is a standard linear programming problem for which
a lot of efficient software is available. Lasserre and Prieto-Rumeau [9] introduced a similar
method, but they improved the efficiency of the algorithm by replacing the Hausdorff moment
conditions with semidefinite positivity constraints of some moment matrices. Nevertheless,
their approach cannot be applied to PDMPs because the assumption related to the generator
of the process is generally not satisfied. In [5, Section 33] Davis gave an iterative method to
compute the mean exit time for a PDMP, but his approach involved solving a large set of ordinary
differential equations whose forms are very problem specific, depending on the behaviour of
the process at the boundary of the state space. Besides, and in the context of applications to
reliability, it seems important to also study the distribution of the exit time.

There exists extensive literature on quantization methods for random variables and processes.
The interested reader is referred to, e.g. [7], [10], and the references therein. Quantization
methods have been developed recently for numerical probability or optimal stochastic control
problems with applications in finance (see, e.g. [1]-[3] and [10]). The quantization of a Markov
chain (0,,),cN consists in finding, for each n, an optimally designed discretization of the state
space of ®, providing the best possible L”-approximation by a random variable O, taking
its values in a grid I', of finite and fixed size as well as a transition measure of the quantized
chain (®,),eN. As explained for instance in [10, Section 3], provided that the Markov kernel is
Lipschitz, bounds for the rate of L”-convergence of the quantized process towards the original
process are obtained.

In the present work, we consider a PDMP (X;);>0 with state space E and we present
approximation methods to compute the moments and the survival function of the exit time from
aset U C E, given that the PDMP exits the set U before the Nth jump time 7x. Roughly
speaking, we estimate the moments and the survival function for t ATy . In our approach, the first
step consists in expressing the jth moment (respectively the survival function) as the last term
of some sequence (py, j)k<n (respectively (pr)x<n) satisfying a recursion pri1,; = ¥ (px, ;)
(respectively pr+1 = ¥ (pr)) specifically built within our paper.

In this context, a natural way to deal with these problems is to follow the idea developed
in [6], namely to write the recursions in terms of an underlying discrete-time Markov chain
and to replace it by its quantized approximation. The definitions of (py, ;)x and (pi)x involve
some discontinuities related to indicator functions, but, as in [6], we show that they occur with
small enough probabilities. However, an important feature that distinguishes the present work
from [6] and which prevents a straightforward application of the ideas developed therein, is
that an additional important difficulty appears in the definitions of the sequences (px, ;) and
(pk)k- Indeed, the mapping v such that pyy1 ; = ¥ (px,;) and pry1 = ¥ (py) is not Lipschitz
continuous. One of the main results of this paper is to overcome this difficulty by deriving new
and important properties of the Markov chain (Z,,, T,,),cN, combined with a sharp feature of
the quantization algorithm. We are able to prove the convergence of the approximation scheme.
Moreover, in the case of the moments, we even obtain bounds for the rate of convergence. It is
important to stress that these assumptions are quite reasonable with regards to the applications.

An important advantage of our method is that it is flexible. Indeed, as pointed out in [1],
a quantization-based method is ‘obstacle free’, which means, in our case, that it produces,
once and for all, a discretization of the process independently of the set U. Consequently, the
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approximation schemes for both the moments and the distribution of the exit time are flexible
with respect to U. Indeed, if we are interested in the exit time from a new set U’, it will
be possible, provided that U’ satisfies the same assumptions as U, to obtain in a very simple
way the moments and the distribution of this new exit time. Indeed, the quantization grids are
computed only once, stored offline, and may therefore serve many purposes.

The paper is organized as follows. We first recall the definition of a PDMP and state our
assumptions. In Section 3, we introduce the moments and the distribution problems, and
present recursive methods to solve them. Section 4 contains the main contributions of this
paper, namely the approximation schemes, the proofs of convergence, and bounds for the rates
of convergence. Two numerical examples are developed in Section 5 and the advantages of our
approach are discussed in Section 6.

2. Definitions and assumptions

For any metric space X, we denote by B(X) its Borel o-field and by B(X) the set of real-
valued, bounded, and measurable functions defined on X. Fora,b € R, a A b = min(a, b)
and a V b = max(a, b).

2.1. Definition of a PDMP

In this section we define a PDMP and introduce some general assumptions. Let M be a
finite set, called the set of the modes, that represents the different regimes of evolution of the
PDMP (M is supposed to be a finite space although it could be countable); for each m € M,
the process evolves in E,,, an open subset of RY"™ (where d: M — N*). Let

E={m,§),meM,§& e E,}

This is the state space of the process (X;),cp+ = (m;, &),cp+. Let dE be its boundary, let E
be its closure, and, for any subset Y of E, let Y denote its complement.
Define on E the following distance: for x = (m, &) andx’ = (m’, &) € E,

, +o00 iftm #£m',
lx —x'| = .
|E —&’| otherwise.

Moreover, for any x € E and Y C E, denote by d(x, ) the distance between the point x and
thesetY,ie. d(x,Y) =infycy [x — y|.
A PDMP is defined by its local characteristics (D, Ay Om)mem-

e Foreachm € M, ®,,: R4™ x R — R4 ig a continuous function called the flow in
mode m. For all t € R, ®,,(-, ) is an homeomorphism and t — &,,(-, t) is a group,
ie forall &€ € RI™ &, (& 1t +5) = D, (P (&, 5),1). Forall x = (m, £) € E, define
the deterministic exit time from E by

t*(x) = inf{t > O such that ®,,(§,1) € 9E,,}.

Here and throughout, we use the convention that inf & = +o0.

e Forall m € M, the jump rate A, : E,, — R* is measurable and satisfies the following
condition:

I3
for all (m, &) € E, there exists ¢ > 0 such that / A (D, (€, 1)) dt < 4o00.
0
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e For allm € M, Q,, is a Markov kernel on (B(E), E,,) which satisfies the following
condition:
forall§ € Ey, Om(E\{(m,§)},§) =1L

From these characteristics, it can be shown (see [5, p. 57]) that there exists a filtered probability
space (2, F, ¥, (Py)xck) on which a process (X;),cgr+ is defined. Its motion, starting from
apoint x € E, may be constructed as follows. Let 77 be a nonnegative random variable with
survival function
e AD 0 <1 < *(x),
0 if r > t*(x),

where, for x = (m, &) € E and r € [0, t*(x)],

Pgn>n={

t
A(x,t):/ Am (D (€, 5))ds.
0

We then choose an E-valued random variable Z; with distribution Q,, (-, ®,,(€, T1)). The
trajectory of X; fort < Ty is

&:Fm%ﬁﬁ)M<ﬂ

Z ift =T.
Starting from the point X7, = Z;, we select the next inter-jump time 7> — 77 and the next
post-jump location Z; in a similar way.

Davis showed (see [5]) that the process so defined is a strong Markov process (X;);>0 with
jump times (7,)nen (With Top = 0). The process (®@p)neN = (Z, Ty)neN, Where Z, = X7, is
the post-jump location and T, is the nth jump time, is clearly a discrete-time Markov chain.
Besides, we denote by S, = T, — T,,—1 and Sp = O the inter-jump times.

The following assumption about the jump times is standard (see, for example, [5, Sec-
tion 241]).

Assumption 2.1. Forall (x,t) € E x RT, E[>", 15, <] < +o0.

Assumption 2.1 implies that 7 — 400 almost surely (a.s.) when k — 4-o00.
For notational convenience, any function 4 defined on E will be identified with its component
functions h,, defined on E,,. Thus, we write

h(x) =hyu(§) when x = (m,&)€E.
We also define a generalized flow ®: E x RT™ — E such that
d(x,t) = (m, Py(&,1)) when x=(m,&)eckE.
2.2. Notation

For any function w in B(E), we introduce

Qu(x) = /E w(y)Q(dy, x), Cy = sup [w(x)],

xeE

and, for any Lipschitz continuous function w in B(E), we denote its Lipschitz constant by
[w(x) — w(y)]
[wl= sup ——F—,
x;ﬁye]:: |x - y|

with the convention that 1/00 = 0.
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Remark 2.1. For w € B(E) and from the definition of the distance on E, we have [w] =
SupmeM[wm]‘

3. Exit time

Forallm € M, let U,, be a Borel subset of E,, andlet U = {(m, &), me M, &€ € U,,}. We
are interested in the exit time from U, denoted by t and given by

T = inf{s > O such that X € U}.

Denote by w the distribution of the initial state of the process Zp. Since the present paper
concerns numerical computations, the following assumption appears natural.

Assumption 3.1. The process starts in U and eventually leaves it a.s., i.e. the support of | is
included in U and P, (v < +o00) = 1.

The aim of this paper is to provide approximation schemes for the survival function and
moments of the process. Our method has a high practical interest because it will provide
numerical approximations as soon as the process can be simulated. Our approach is based
on a recursive computation using the underlying discrete-time Markov chain (Z,, T;,)neN-
Therefore, we will study T A Ty rather than 7 for some N € N called the computation horizon.
Indeed, thanks to Assumption 2.1, when N goes to co, we have

TtATy -1 Py-as.

One may approximate t by © A Ty if N is chosen such that P, (z > Ty) is small enough (the
choice of N will be discussed in Section 3.3) because the evolution of the process beyond Ty
will have little impact on the law or the moments of the exit time. In the rest of this section
we present the two problems we are interested in and describe the recursive methods we use to
solve them.

Definition 3.1. Let us define u*(x) for all x € U to be the time for the flow starting from the
point x to exit from U, i.e.

u*(x) = inf{s > 0 such that ®(x, s) ¢ U}.

We now introduce some technical assumptions that will be in force throughout the paper.
The first three assumptions will be crucial, while the two last assumptions can be made without
loss of generality.

Assumption 3.2. The function u™ is
(a) Lipschitz continuous,
(b) bounded by C,x.
Assumption 3.3. Forallm € M, the set Uy, is convex.

Assumption 3.4. For o > 0, let U* = {x € E such thatd(x,0U) < a}. There exist C > 0
and B > 0 such that, for allk € {0, ..., N}, P, (Zy € U%) < CaP.

Remark 3.1. Assumption 3.4 can be checked in most of the applications. We will see, in the
examples developed in Section 5, how it can be derived quite generally when Z; has a bounded
density. Moreover, it could be replaced by the following assumption, similar to an hypothesis
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introduced in [5, Section 24] and presented as quite general in applications: there exists € > 0
such that, for all x € U, Q(U®, x) = 0, where U® = {x € E such thatd(x, dU) < ¢}, i.e. for
allk €{0,...,N},P,(Zx € U?) =0.

Assumption 3.5. The process cannot go back to U once it has left it, i.e. for all z € US,
P, (there existst > 0, X, € U) = 0.

Assumption 3.6. The function t* is bounded by Cyx.

In our discussion, Assumption 3.5 does not imply any loss of generality and Assumption 3.6
stems from Assumption 3.2(b). Indeed, if any of the two previous assumptions is not satisfied
by the process (X;),cr+, we introduce the process killed at time t, denoted by (X;),cg+ and
defined by

~ X; fort <,

t:
A fort >,

where A denotes a cemetery state. The state space of the killed process is E =UU{A}and
Assumption 3.5 is fulfilled since the killed process remains in A after leaving U. In addition,
7*, the deterministic exit time from E for the killed process, equals u*, which is bounded and
Lipschitz continuous according to Assumption 3.2.

3.1. Distribution

The first goal of this paper is to compute an approximation for the law of the exit time 7.
More precisely, we intend to approximate P, (t > s | T < Ty) fors > 0.

Our approach is of huge practical interest because we will see that, after some initial compu-
tations, any value of the survival function of T may be quickly obtained. More importantly, our
approach is even flexible with respect to U in the sense that the survival function of the exit time
7’ from a new set U’ C U will also be directly available (provided that Assumptions 3.2-3.5
are still fulfilled by U’).

Definition 3.2. For all s > 0, define the sequences (px(s))k=0, (qk)k>0, and (rx(s))k=0 as
follows:

pr(s) =Pyt >s | T <Tp),
g =Pyt < Tp),
re(s) =Pu({t > s} N {Tx < T < Tir1}).

Remark 3.2. The conditional probability px(s) does not exist when g = 0. We then choose
to extend the sequence by setting pi(s) = 0.

Our objective is to approximate py (s), where N represents the computation horizon. The
following proposition provides a recursion for the sequence (pi)i<n; note that py may be
computed as soon as the sequences (qx)k<y and (rx)xk<n—1 are known.

Proposition 3.1. Under Assumption 3.1, for allk € Nand s > 0, po(s) = 0 and

®)gr +ri(s) .
PRI if qrr #0,
Pr+1(s) = qk+1

0 otherwise.
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Proof. First, recall that Ty = 0 so that we have pg = 0 since the process starts in U according
to Assumption 3.1. Then, let k € N such that g1 7 0 and note that {t < Ty} = {v <
T} U {Ty <t < Ti+1}. Then we have

P,({r > s}N{t < Tit1})

P.(t < Tit1)
_Pur>sin{r < Tk) + Pz > s} 0 {Thk < 7 < T )

dk+1

Pr+1(s) =

_ Pk(s)gk + ri(s)
k+1 ’

completing the proof.

Now, before turning to computations, let us present the second problem we are interested in.

3.2. Moments

Our second goal is to approximate the moments of the exit time from U, i.e. for all j € N,
we are interested in Eu[l'j | T < Ty]. This is a very classical problem and some results are
already available. First, it is possible to use a Monte Carlo method, and we will point out
why the method we propose is more efficient and flexible. Furthermore, Helmes et al. [§]
introduced a numerical method for computing the moments of the exit time based on linear
programming. Lasserre and Prieto-Rumeau [9] improved this method by using semidefinite
positivity moment conditions. These methods are quite efficient, but they require an assumption
related to the generator of the process which is generally not fulfilled by the PDMP. The method
we introduce now is based on the use of the Markov chain (®,,),cny = (Z,, T;)neN associated
to the continuous-time process (X;);cr+-

Definition 3.3. For all j € N, introduce the sequences (px,;j)r=0 and (r¢,j)r=0 defined as
follows:

pej =Eult! |t <Tel, e =Eult! Lgcrer ).

Our objective is to approximate py,;, where N still represents the computation horizon.
Similarly to the previous section, the sequence (py, j )<y satisfies a recursion whose parameters
are the sequences (gx)r<n, previously introduced, and (¢, j )k<n—1-

Proposition 3.2. Under Assumption 3.1, we have, for all k, j € N, pg j = 0 and

DPk,jqk + Tk,j .
=2 if g #£0,
Pk+1,j = qk+1

0 otherwise.

Proof. The proof is similar to that of Proposition 3.1.

Before turning to the approximation method itself, let us discuss the crucial question of the
computation horizon.
3.3. The computation horizon

In this subsection we study more precisely the construction of the process (X;) in order to
obtain some results concerning the jump times (7 )xen. For this purpose, we introduce, in this
section only, two additional hypotheses.
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Assumption 3.7. The jump rate A is bounded by Cj.

Assumption 3.8. There exists ¢ > 0 such that, forall x € E, Q(x, A;) = 1, where A, = {x €
E such that t*(x) > &}. Roughly speaking, the jumps cannot send the process too close to the
boundary of E.

Assumption 3.7 is satisfied in a large majority of applications; Assumption 3.8 is quite
general too and was introduced in [5, Section 24].

Let (€2, 4, P) be a probability space on which is defined a sequence (I )N of independent
random variables with uniform distribution on [0; 1]. Let x = (m, &) € E and w € €2, and let
us focus on the construction of the trajectory {X,(w), t > 0} of the process starting from the

point x. Let
1 ifr <0,
F(t,x) = exp(— ftk(m, D,,(,5)) ds) if0 <t < t*(x),
0 ’ if r > t*(x).

It is the survival function of the first jump time 77. Define its generalized inverse by
inf{t > 0: F(t,x) < u},
00, if the above set is empty.
Let S1(w) = T1(w) = ¥ (I1;(w), x) and, for all t < T (w),
X[(CL)) = (m’ cbm(é’ t))

If T1 (w) < 400, choose X7, with distribution Q(-, ®,,(§, T1)). Assume that the trajectory is
constructed until time 7. If Ty (w) < +o00, let

Sk+1(w) = V(I (w), X13), Tit1(@) = Ti (@) + Sg+1(@).

If Ty y1(w) < 400, choose X7, with distribution Q(-, @mTk (&1, Sk+1)). The trajectory is
finally constructed by induction.
With the same notation as above, we state the following lemma.

W(u,x) =

Lemma 3.1. Let H be a survival function such that, for all t € R and all x € E, H(t) <
F(t, x). There exists a sequence of independent random variables (Sy)ren with distribution H
and such that, for all K € Rand N € N,

P, (Ty < K) <P,(Ty < K),
where Ty = Zszo S.
Proof. Let H be such a survival function, and let U be its generalized inverse, i.e.

B inf{r > 0: H(t) < u},
u) =
00, if the above set is empty.

The assumption made on H yields, forall x € E, lil(u) < W(u, x). Let, for all k € N and all
w e Q, _ ~
Si(w) = ¥ (I (w)).

Note that we are using the same ITj as in the definition of Sg, allowing us to write S‘k < S a.s.
and, therefore, T < Tj a.s. The result follows.
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Similarly to Davis [5, Section 33], we approximated T by t A Ty since T A Ty — T as
N — +oo thanks to Assumption 2.1. It is therefore necessary to choose N large enough
such that P, (Ty < 7) is small. It is difficult to estimate this probability for a general process
because the links between t and the jump times are largely problem dependent. For instance,
the geometry of U can be very complex. Therefore, N will generally be estimated through
simulations. Indeed, we can compute P, (Ty < t) for some fixed N thanks to a Monte Carlo
method and increase the value of N until this probability becomes small enough. However,
we introduce another method to bound this probability that may prove useful in applications.
First, note that, for any K > 0,

{Ty <t} C{Ty < K}U{r > K}.
This implies that
P.(Tv <7v) <P,(Tn < K)+Pu(r > K).

This will prove especially useful whenever t is bounded, which happens quite often in appli-
cations, because there exists a K such that P,(r > K) = 0. When 7 is not bounded, it is
sometimes possible to obtain K such that P, (z > K) is small.

Example 3.1. (A crack propagation model.) We adapt here an example studied by Chiquet and
Limnios [4], which models a crack propagation. Here Y; is a real-valued process representing
the crack size and satisfying

Yy > 0, Y, =AY, foralls >0,

where A; is a Markov process with state space {«, 8}, 0 < o < 8. We are interested in the time
T before the crack size reaches a critical size y.. Consider the PDMP X; = (A;, Y;), where A;
represents the mode at time ¢. It is possible to bound the exit time by considering the slowest
flow: we clearly have, for all r > 0, Y; > Ype* and, thus,

1
PM<‘L' > —1n<&>> =0.
o Yo

We now intend to bound P, (Ty < K) for a fixed K > 0. Let

1 ift <0,
Ht) ={e S if0<t<e,
0 ift > ¢.

Distribution H represents, roughly speaking, the worst distribution of the inter-jump times
Sk in the sense that it is the distribution that gives the most frequent jumps. Indeed, denote by
Fy the survival function of S;. We have H < Fj for all k € N. Therefore, Lemma 3.1 provides
arandom variable TN = Z,i\/:() S'k, where the Sk are independent and have survival function H,
such that
P,(Ty < K) <P, (Ty < K).

We now bound P, (TN < K). Standard computations yield E, [T N1 = Nm and var, [TN] =
No2, where

~ 1
m:=E,u[51] = —(1—e" 9,
C

= 1
02 = Var,u[Sl] = E(l - ZC)LSG_C)‘S — e—ZC)Ls).
A
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Assume now that N is such that Nm > K, and note that
P (Ty < K) <Pu(ITy —Eu[Ty]| > Eu[Ty] — K).
Tchebychev’s inequality yields

P (F No?
wW(In < K) < (Nm——K)2
The right-hand side term goes to 0 when N goes to co.
Finally, when 7 is bounded with a high probability and when Assumptions 3.7 and 3.8 are
fulfilled, we are able to choose N a priori such that P, (Ty < t) is small. These conditions are
satisfied in a large class of applications.

4. Approximation scheme

4.1. The quantization algorithm

First, we describe the quantization procedure for arandom variable and recall some important
properties that will be used in the sequel. There exists extensive literature on quantization
methods for random variables and processes. We do not pretend to present here an exhaustive
panorama of these methods. However, the interested reader is referred to, e.g. [1], [7], [10],
and the references therein. Consider X, an R?-valued random variable such that || X||, < oo,
where || X||, denotes the L ,-norm of X, i.e. [| X[, = (E[|X|?]D/?.

Let K be a fixed integer. The optimal L ,-quantization of the random variable X consists
in finding the best possible L ,-approximation of X by a random vector X taking at most K
values: X € {x!, ..., xX}. This procedure consists of the following two steps.

1. Find a finite weighted grid ' ¢ R? with I = {x!, ..., xX}.
2. Set X = XT, where X = projr-(X), a Borel nearest-neighbour projection on I'.
The asymptotic properties of the L ,-quantization are given by the following result; see, e.g. [10].

Theorem 4.1. If E[|X|?*"] < +oo for some n > 0 then we have

lim K?/4 min |X — X" |5 = Jp»q/|h|q/(q+p)(u)du,
K—o0 IT|1<K

where the law of X is Px(du) = h(u)i,(du) +v withv L Ay, J, 4 a constant, and Ay the
Lebesgue measure in RY.

Note that X needs to have finite moments up to the order p + 1 to ensure the above
convergence. There exists a similar procedure for the optimal quantization of a Markov chain
{Xk}ken. There are two approaches to provide the quantized approximation of a Markov
chain. The first approach, based on the quantization at each time k of the random variable Xy,
is called the marginal quantization. The second approach, which enhances the preservation
of the Markov property, is called the Markovian quantization. Note that, for the latter, the
quantized Markov process is not homogeneous. These two methods are described in detail
in [10, Section 3]. In this work, we use the marginal quantization approach for simplicity
reasons.

Our approximation methods are based on the quantization of the underlying discrete-time
Markov chain (®x)r<ny = (Zi, Tx)k<n. The quantization algorithm provides, for each time
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step0 < k < N, a finite grid I'; of E x R™ as well as the transition matrices (’Q\k)ongN,l
from 'y to I'x41. Let p > 1 such that, for all k < N, Z; and T} have finite moments at least
up to order p and let projr, be the nearest-neighbour projection from E' x R* onto I'y. The
quantized process (O )k<n = (Zi, Tk)k<n With value for each k in the finite grid I'; of E x R*
is then defined by

(Z, Te) = projr, (Zi. To).

In practice, we begin with the computation of the quantization grids, which merely requires
us to be able to simulate the process. These grids are computed only once and may be stored
offline. Our schemes are then based on the following simple idea: we replace the process by
its quantized approximation within the different recursions. The results are obtained in a very
simple way since the quantized process has finite state space.

Remark 4.1. In addition, we recall a technical property of the quantization algorithm proved
by Bouton and Pages in [3]: the quantized process evolves within the convex hull of the support
of the law of the original process. Therefore, and it will be required below, it follows from
Assumption 3.3 that if Z; € U a.s. for some k € {0, ..., N} then Z; € U as.

4.2. Approximation scheme of the distribution and proof of convergence

We already noted in Proposition 3.1 that py(s) = P, (t > s | T < Ty) may be computed
as soon as the sequences (gx)k<ny and (ri)k<ny—1 are known. Therefore, we find expressions
of these sequences /c\leps:\nding on the Markov chain (Zg, Tx)r<n, which we replace by the
quantized process (Z, Ty)k<n in order to define their quantized approximations (gx)x<y and
(Tk<N-1.

First, note that {Ty < t} = {Z; € U} and {t < T}} = {Zr ¢ U} thanks to Assumption 3.5.
Moreover, on {Zy € U, Zy4+1 € U}, we have T = (T + u*(Zy)) A Ti41 a.s., where u™(x) is
the deterministic exit time from U starting from the point x (see Definition 3.1), and we have

qr = Eu[1ye(Zp)], () = Ep[ly(tvur ze) ATisr ) 10 (Z) 1y (Zi41)] 4.1)

The above equations are crucial in our discussion and, from now on, we will use them without
referring to Assumption 3.5.

Before turning to the approximation scheme itself, let us state some properties of the sequence
(qr)k<n that will be important in the following proofs. Indeed, the sequence (gx)x increases
since {t < Ty} C {t < Ty4}forallk < N—1. Moreover, note that gy = Oand lim,,— 400 g =
1 thanks to Assumption 3.1. Therefore, there exists an index, denoted by k > 1, such that

e forall k < 12, we have g = 0,
e forall k > 12, we have g > 0.

We denote by g = gj, the first positive value of the sequence so that g > g forall k > k. Then
we obtain the following definition.

Definition 4.1. Let
k = inf{k > 0 such that ¢ > 0}, q=q

i.e. g is the first strictly positive value of the sequence (gk)ke(o,..., N)-

We now naturally define the quantized approximations of the previous sequences.
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Definition 4.2. For all s > 0, define the sequences (gi)ke(o,....n} and (7i)keqo,.... N—1) by
G = Eullye(Zo)],
;'\k(S) = EM[I{(ﬂ+u*(/Z\k))/\/T\1(+1>s} 1y (Zp) 1y (Zis )]

It is important to note that both g, and 7 (s) may be computed easily from the quantization
algorithm. Indeed, we have

= Y PO=0),

6=(z.1)€T
z¢U
Tk(s) = Z Z Litut @)ar>s) P(Ok = 6) 0k (65 6").
0=(z,1)€l'k 0'=(7/,t')el}41
zeU Z¢U

Recall from Proposition 3.1 that the sequence (py)r<n satisfies a recursion that depends on
the two parameters (gx)x<ny and (rx)k<n—1, which we are now able to approximate. Hence,
replacing them by their quantized approximations within the same recursion leads to a new
sequence, denoted by (pr)k<ny. The rest of this section is dedicated to the proof of the
convergence of (pr)r<y towards (px)k<n. This convergence is far from trivial because, on
the one hand, the definitions of the sequences (gx)k<n and (rx)k<ny—1 contain many indicator
functions that are not Lipschitz continuous and, on the other hand, the recursive function giving
Pk+1 from pg, gk, gi+1, and ri is not Lipschitz continuous either.

Definition 4.3. Foralls > Oandallk € {0,..., N — 1}, let po(s) = 0 and
Pk($)qk + 7k (s)

- = if gry1 # 0,
Pr+1(s) = qi+1
0 otherwise.

The two following propositions will be necessary to prove the convergence of the approxi-
mation scheme. They respectively state the convergences of (gx)k<ny and (7 )r<n—1 towards
(g)r=<n and (r)k<N—1.

Proposition 4.1. Under Assumptions 3.4 and 3.5, forallk € {0, ..., N}, Gk converges towards
qkx when the quantization error ||®y — O ||, goes to 0. More precisely, the error is bounded by

p/(p+B) B/(p+B) R
e — il < Cp/<p+ﬂ><<§) N (%) )”Zk G,

where C and B are defined in Assumption 3.4.
Proof. Forallk € {0,..., N}, (4.1) yields
lak — Gl = [Eu[1u(Ze) — 1u(Zo)]l.

The difference between the indicator functions is nonzero if and /gnly if Z; and Z( are on either

side of 0U. Therefo,r\e, in this case, for all @« > O, if |Z; — Z| < « then d(Zy, 0U) < a.

Hence, either |Zy — Zy| > a or Z; € U®. The Markov inequality and Assumption 3.4 yield
Ey | 1u(Zi) = 1y(Zi)| < Pu(Zic — Zil > o) + Pu(Zi € U%)

_Z P
NZe=Zp
=< P

CcaP.
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This bound reaches a minimum when

pllZi = Zelp | /P
o = _—
BC

)

and the result follows.

Proposition 4.2. Under Assumptions 3.2(a), 3.4, and 3.5, forallk € {0, ..., N —1} and almost
every s > 0 with respect to the Lebesgue measure on R,

Ti(s) — ri(s)

when the quantization errors ||©; — @1 lp forl € {k,k + 1} go to 0.

Proof. Letk € {0,..., N — 1} and s > 0. Equation (4.1) yields
rk(s) —=Tk(s)] < A+ B,

where
A= |EM[(1{(Tk+M*(Zk))ATk+] >s} T 1{(ﬁ+ll*(2k))Aﬂ+l>5}) 1y (Zp) 1y (Zi D],
B = |EM[1{(ﬁ+u*(2k))Aﬁ+1>s}(1U(Zk) 1ye(Zit1) — 1U(Zk) 1y (2k+1))]|

In the A term, we crudely bound 1y (Zy) and 1y7¢(Z41) by 1 and turn to the difference between
the two in(}icator @\mctions. This difference is nonzero if and only if (Ty + u*(Zx)) A Tr+1 and
(T + u*(Zi)) A Ti41 are on either sidgof S, implying ﬁlat they both belong to [s — 1; s + 7],
where n = |(Tx + u*(Zy)) A Tp+1 — (Tx + u*(Zy)) A Tr11|. Then we have

N Ttur Z)ATi1>s) = Y @ur @y aTisr sy | = W@t Z0)ATig —s1<n)

so that
A <P (|(Tx +u™(Zp) A Teg1 — s| < ).

The following discussion consists in noting that either  and the probability that (7T} +
u*(Zy)) A Try+1 belongs to the interval [s — n; s + n] are small, or 7 is large, but this happens
with a small probability too when the quantization error goes to 0. For all « > 0, we have

A<Pu((Tx +u*(Z) ATk — sl <n,n<a) +Pu(n > @)
<PL((Tx + u™(Z) AN Tig1 — sl <) +Pu(n > )

Inll
< lek(s +a) —gr(s —a)| + ——,
oaP
where ¢ denotes the distribution function of (T + u*(Zx)) A Tg4+1. Let ¢ > 0, and assume
that s is not an atom of this distribution, so that there exists «; > 0 such that |gg (s +o1) — @i (s —
a1)| < €. Besides, thanks to Assumption 3.2(a), the Lipschitz continuity condition on u*, we
have n < |Ty — Ty| + [w*)|1Zx — Zi| 4 | Tx+1 — Tr+1]. Moreover, since the quantization error
goes to 0, we may assume that 5], < a1e'/P. Setting @ = « in the previous computations
yields

Il
A < lgu(s en) — (s — o)l + 5" < 26,

1
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Note that the set of atoms of the distribution function of (T +u*(Zy)) ATy is at most countable,
so the previous discussion is true for almost every s > 0 with respect to the Lebesgue measure.
Let us now bound the B term:

B < E, [1y(Zi) 1ye(Zi1) — Lu(Zi) Lue (Zis)|
< Eu[lue(ZirD1u(Zi) — 1o (Z)1 + Eu[1y(Z) ue(Zis1) — Lye(Zgs)|]
< lax — x| + lgx+1 — Grs1l
which goes to 0 thanks to Proposition 4.1.

The convergence of the approximation scheme of the distribution of the exit time is now a
straightforward consequence of the following proposition.

Proposition 4.3. We assume that Assumptions 3.1, 3.3, 3.4, and 3.5 hold. Let (ox)k<n—1 and
(Ok)k<N—1 be two sequences of [0, 1]-valued real numbers. Let (my)o<k<n and (Ti)o<k<N be
defined as follows: wy = 7y = 0,

Tkqk + ok .
—— g1 #0,
Tk+1 = qk+1
0 otherwise,
Tkqk + 0k .~
N —— I qr+1 #0,
T+1 = qk+1
0 otherwise.

For 0 < k < N, if the quantization error is such that, for all | <k,

P/P+8) BI+H) _ !
CP/(P"‘ﬁ)((E) + <£> >||Zl _ Zl”I;ﬂ/(PJrﬁ) < _q

p B -2V

then
~ 2 ap ~ ~ ~
| — k| < q:(ﬂ |gk—1 — Gr—1| + -1 — Th—1| + |oOk—1 — Ok—1])
2(m%P + 1) -
+ = lax — Gl
q

where 5% = maxXo<x<n k-

Proof. The difficulty with proving this result lies in the fact that the recursive function giving
Tk41 from my, gk, qr+1, and oy is not Lipschitz continuous because of the division by gx1. To
overcome this drawback, we will use the strictly positive lower bound for g described earlier.
Indeed, recall from Definition 4.1 that there exists a step k such that qr > q > Oforall k > k
and g = Oforallk < k. What is more, a similar bound will be derived for the quantized values
gk thanks to the convergence of g towards gy.

We now prove by induction that 7 converges towards m. First, we have 7o = g = 0.
Then, letk € {1,..., N}.

If k < k then g = 0 and Assumption 3.3 yields gx = 0 too. Indeed, gx = 0 means that
Zr € U a.s. Since U is a convex set, Remark 4.1 implies that Zc € U a.s. too. In other words,
gr = 0. Finally, from the definitions, we have m; = 7, = 0.

If £k > k then gr > ¢ > 0. In order to bound the error between 7 and 7y, it is indeed
necessary to have a strictly positive lower bound for g because of the division by g within the
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recursion. Now we need to obtain the same kind of bound for gj. This can be achieved thanks
to Proposition 4.1, giving the convergence of g towards gy. Indeed, assume from now on that
the number of points in the quantization grids is large enough such that the quantization error
is sufficiently small to ensure that, for all j = k,....N,l|g; i—qjl < 2q Hence, the required
lower bound is gj, > %c} > 0. Therefore,

Ti—1qk—1 + Ok—1 _ Tk—1qk—1 + Ok—1

|k — k| < —
qk 13
TTk—1 qi
< ——lgk—1 — Gr—1| + —Imk—1 — Tk—1| + =|ox—1 — 01l
qk dk
lgk — gkl
+ | Tk—1Gk—1 + Ok—1l =
qkqgk
5P _ 1 _ I _
< — k-1 — -1l + = ITh—1 — k-1 + =lok—1 — Ok—1l
qdk qk gk
+ (T[sup +1) |Gx _AQk|
qk9gk
2 sup o~ ~ o~
< g(ﬂ lgk—1 — Gi—1| + |mk—1 — Tk—1] + |loOk—1 — Ok—1])
2% 4 1)
+ ———— g — al,

where 7°"° = maxo<x<n 7.

Remark 4.2. Note that a bound for the rate of convergence of 77y towards 7r; may be obtained
as soon as a bound for the rate of convergence of 6} towards oy and an upper bound for the
sequence (7x)o<k<n are available.

We now state one of our main results, namely the convergence of the approximation scheme
of the distribution of the exit time.

Theorem 4.2. Under Assumptions 3.1, 3.2(a), 3.3, 3.4, and 3.5, for all k € {0, ..., N} and
almost every s > 0 with respect to the Lebesgue measure on R,

Pk(s) = pi(s)
when the quantization errors |©; — @j lp for j €1{0,...,k} gotoO.

Proof. Lets > 0 such that (7;(s))x converges towards (rx(s))x and apply Proposition 4.3

with (ox)x = (rk(s))x and (Gx)k = (Fk(s))k so that (mx)x = (pr(s)k and (T)x = (Pr(s))k-
Finally, note that (py(s))x is bounded by 1.

Remark 4.3. It may be useful to note that, although it will be crucial in the moments approxi-
mation scheme, the boundedness condition on u* (Assumption 3.2(b)) was unnecessary in this
section. Hence, the distribution approximation can be achieved without this hypothesis.

We now obtain an easily computable approximation for the survival function of the exit time.
Let us now consider its moments. Of course, they can be derived from the distribution, but
we present in the following subsection a method to approximate them directly. An important
advantage of this method will be to provide a bound for the rate of convergence.
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4.3. Approximation scheme of the moments and rate of convergence

Similarly to the distribution, the moments can be approximated thanks to the quantization of
the process (O )r<n = (Zk, Tx)k<n. However, it is important to stress that we will be able to
derive a rate of convergence for our approximation scheme. We note from Proposition 3.2 that,
similarly to the case of the distribution, py ; = Eﬂ[rj | T < Ty] can be computed as soon
as the sequences (qi)k<ny and (rk, j)k<n—1 are known. The first sequence has already been
approximated in the previous section, but we still need to find an expression for the second
sequence, dependent on the Markov chain (Zg, Ty ), to define its quantized approximation
(k, j)k<N—1. Thanks to Assumption 3.5, the same arguments give

1k, = Eul(Te + w*(Zi) A Te1)! 1u(Zi) Lye (Zrs1)]-

Hence, we can now naturally define the quantized approximation of the sequences (7%, j ) k<N —1
and (pr, j)k<N-

Definition 4.4. For all j € N, define the sequence (7, j)kefo,... N—1} by
i = Eul(Tk + u™(Zi) A Ter)! 10(Zi) 1oe (Ziy )]

and the sequence (Pk, j)kefo,....n} by Po,j = 0 and

.....

Dk, ik + Tk,

- — if g1 # 0,
Pk+1,j = qik+1
0 otherwise.

As for gj and 7x(s) defined in the previous section, 7k, j may be computed easily from the
quantization algorithm. Indeed, we have

=Y Y (+ut@) ALY PO = 60)01(6: 6.
0=(z.0)elx 0'=(Z,t')eT k11
zeU Z/¢U

The following proposition proves the convergence of 7y ; towards ry_ ;.

Proposition 4.4. Under Assumptions 3.2(a), 3.4, 3.5, and 3.6, for all k EA{O, ..., N—1}andall
Jj € N, 7%, j converges towards ry j when the quantization errors |©; — O||, forl € {k, k+ 1}
go to 0. More precisely, the error is bounded by

I — Tkl < J (G + DC) " (1T = Tillp + ¥ Z — Zillp + 1 Test — Tisa llp)
+ ((k 4+ DCr) (Igk — Gkl + I grs1 — Grs1)-

Proof. Letk € {0,..., N — 1} and j € N. We have
7%, j —ﬁ,j|§A+Ba
where

A = [Eu[((Tx + u*(Zi)) A Tig1) = (Tk + u*(Zi) A Tiee)?) 1 (Zi) 1ye(Zis D],
B = |Eu[((Tk + u*(Z1) A Tis1)! My (Zi) Ve (Zis1) — 10(Zi) 1ue(Zisa )]
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It follows from Assumption 3.6 that the inter-jump times S; are a.s. bounded by Cs+, 50 T; < i Cy=
a.s.and (T; + u*(Z)) A Tl+1 <@+ I)C,* a.s. By Remark4 1, these bounds are equally true
for the quantized process Ti < iCy and (T +u (Z N A T,+1 < T,+1 < ({4 1C+ as.

Let us first consider the term A. We crudely bound the indicator functions by 1. Moreover,
definen = |(Ty + u™*(Zy)) A Tgy1 — (Tk + u*(Zk)) A Tk+1 | and note that the function x — x/
is Lipschitz continuous on any set [0, M] with Lipschitz constant jM/~!. Then

A < Eulj (G + D)™l < j (ke + DC il
and thanks to Assumption 3.2(a), the Lipschitz continuity condition on u*, we have
A< (U4 DC T T = Tellp + W11 Zk = Zellp + 1Tkt = Tirallp)-
Moreover, the term B is bounded by

B < ((k+ 1)Cr) B, [1y(Zi) Lye(Zig1) — 1y (Zi) 1ye (Zisr)|
< ((k+ 1)Cr) (Igk — Gl + |qr1 — G-

Using Proposition 4.1 completes the proof.

We may now state the other important results of our paper, namely the convergence of the
approximation scheme of the moments of the exit time with a bound for the rate of convergence.

Theorem 4.3. Under Assumptions 3.1, 3.2(a), 3.3, 3.4, 3.5, and 3.6, for all k € {0, ..., N}
and all j € N, py j converges towards py ; when the quantization errors ||®; — @ij for
jel{0,...,k}gotoO.

More precisely, if the quantization error is such that, for all | < k,

p/(p+q) q/(p+q)
q p ~ 1
CP/(P+‘I)((_> + <_> )”Zl _ Zl”§q/(p+4) < q,
p q 2
then
|Pk,j — Pr.jl < qf((NCz*) lgk—1 — Gr—1] + | Pr—1,j — Pk—1,j1 + ["—1,j — Tk=1,j])
2((NC) + 1) ~
+ Tl% — gkl

Remark 4.4. The rate of convergence depends on the quantity ¢ whose exact value might be
unknown in some complex applications. In that case, it may still be approximated through
Monte Carlo simulations (see the examples in Section 5). Nevertheless, Theorems 4.2 and 4.3
prove the convergence of our approximation schemes regardless of the value of g.

Proof of Theorem 4.3. Let j € N, and apply Proposition 4.3 with (ox)r = (r¢,j)x and

(G1)k = (7, j)r such that (m)r = (pr, )k and (Tr = (P,j)k. Finally, according to
Remark 4.2, a bound for the rate of convergence is obtained since the sequence (pg, j)o<k<n 18
bounded by

pej =Eult/ | T < Tl <EuIT! | T < Tl < Bul(kCre)’ | T < Tx] < (kCpr)! < (NCpr)/.

This completes the proof.
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5. Examples and numerical results

5.1. A Poisson process example

Let N; be a Poisson process with parameter A = 1, and let Y; = ¢ + N;. Here (¥;)/>0
is a PDMP with state space E = R; the inter-jump times S; have independent exponential
distribution with parameter A = 1; the flow is defined on (RJF)2 by ®(x,t) = x + ¢; and,
finally, the post-jump locations satisfy, for all x € E, Q({x 4+ 1},x) = 1. An example of a
trajectory of the process is represented in Figure 1. We are interested in the exit time problem
for the process (Y;);>0. The study of this process is especially interesting because it is possible
to compute the exact value of its distribution function in order to compare it with the numerical
value given by our approximation scheme.

Let us turn now to the numerical simulations. Let b = 10, i.e. U = (—o00, 10). We
may choose N = 10 since Y7, =Ty + N1, =Ty + N > N. Besides, it is clear that, for
all y € (—o0, 10), u*(y) = 10 — y. Assumptions 3.2 and 3.3 are clearly satisfied and so is
Assumption 3.4 thanks to the following lemma.

Lemma 5.1. Foralla > Oand allk € {0, ..., N},
P, (Zy € U%) < 2a.
Proof. Since Zg = 0a.s.,Py(Zo € U%) =P, (Zp € [10 —, 10 + ) = 14>10) < %a <

2.
Now let k € {1, ..., N}. Denote by f, «,1) the density of the distribution y (k, 1), and let

its bound be denoted by
o L (k=1
e\ e '

Since T has distribution y (k, 1), Zy = k + T} has density f7z,(-) = fy«,1)(- — k), which is
also bounded by Cy. Eventually, we have

P (Zy € U*) =P, (Z € [10 —, 10 + a]) < 2Crax < 201
Indeed, the sequence (Cy )i decreases so that, forallk € {1,..., N}, Cy < C1 = 1.

20
18
16
14 |
12 -+
10
8
6 -
4
2

0 T T T T T T T T T
o 1 2 3 4 5 6 7 8 9 10

FIGURE 1: A trajectory of the process (Y¥;) drawn until the 10th jump time.
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TABLE 1: Simulation results for the mean exit time.

Number of points in the Relative error to 5.125

quantization grids DN.1 (%)
20 5.050 1.46

50 5.096 0.56

100 5.095 0.58

200 5.118 0.13

300 5.128 0.06

500 5.123 0.03

TABLE 2: Simulation results for the second moment.

Number of points in the Relative error to 27.5

quantization grids PN2 (%)
20 26.66 3.05

50 27.20 1.11

100 27.21 1.05

200 27.43 0.25

300 27.54 0.13

500 27.49 0.03

Moreover, Assumption 3.5 is satisfied since the process increases but Assumption 3.6 is not,
because *(x) = 4oo0 for all x € E. However, as pointed out in Section 3, this can be solved
by considering the process killed at time <.

The mean exit time. Table 1 displays the simulation results for the approximation of the
mean exit time. For different numbers of points in the quantization grids, the value of py
which approximates the mean exit time is given. A reference value is obtained thanks to the
Monte Carlo method (10° simulations): E[710]Monte Carlo = 3.125.

The second moment. We present the results of the approximation of the second moment in
Table 2. Our Monte Carlo reference value (106 simulations) is E[le()]Monte Carlo = 27.5.

For the first and second moments, the empirical convergence rates are presented in Figure 2.
Through a regression model the empirical convergence is estimated as —1.23 for the first
moment and —1.39 for the second moment. Note that they are roughly of the same order as the
rate of convergence of the optimal quantizer (see Theorem 4.1), as here the dimension is 1.

The exit time distribution. As mentioned earlier, we can obtain the exact value of the survival
function of the exit time.

Proposition 5.1. Denote by fI(-) the floor function. For all s, b € R, we have

P(Tap—s)+1 > s) foralls <b,

P(zp > 5) =
(% = 5) 0 otherwise.

Remark 5.1. Note that Ty has distribution y (k, 1), so the right-hand side term in the above
proposition can be computed easily.
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10! 3
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] x Second moment
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FIGURE 2: Logarithm of the error with respect to the logarithm of the number of points in the quantization
grids for the first and second moments of the Poisson process.
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FIGURE 3: Survival function of 719 and its quantized approximation with 500 points in the quantization
grids. The functions appear indistinguishable.

Proof of Proposition 5.1. Let s > 0. Note that Yy > s; thus, 7, < s a.s. when s > b.
Assume now that s < b. We have

P(tp = 5) =P(Yy <b) =P(Ny =b —5) =P(N; < fi(b — 5)) = P(Tap—s)+1 = ).
This completes the proof.

Figure 3 shows both the exact survival function of the exit time and its quantized approx-
imation. Table 3 contains the empirical error between the two functions. For the survival
function, the empirical convergence rate is presented in Figure 4. Through a regression model
the convergence rate is estimated as —1.05. Note that it is roughly of the same order as the rate
of convergence of the optimal quantizer (see Theorem 4.1), as here the dimension is 1.
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TABLE 3: Simulation results for the distribution.

Number of points in the

quantization grids max; |py(s) — P (s)]
20 0.090
50 0.077
100 0.057
200 0.011
300 0.007
500 0.005
100 3
10! 5
1072
1073 - ; :
10! 102 103

FIGURE 4: Logarithm of the error with respect to the logarithm of the number of points in the quantization
grids for the survival function of the Poisson process.

Remark 5.2. We already insisted on the fact that our approach is flexible with respect to U.
In this example we could very quickly obtain the mean exit time or the exit time distribution
for a different set U’ = (—o0, b'] for any 0 < b’ < b = 10. Indeed, P(z;y > T19) = 0, so it is
not necessary to compute new quantization grids.

Remark 5.3. Recall that the value of 7; may be obtained from Zj since Ty = Z; — k, so
it is sufficient to quantize the process (Zi)x<n instead of (Zi, Ti)k<y. The reduction of the
dimension of the process that has to be quantized results in an improvement of the convergence
rate and it appears that the approximations presented in the previous tables indeed converge
very quickly.

Convergence rate for the exit time distribution. We note from the proof of Proposition 4.2
that a bound for the rate of convergence for the exit time distribution can be obtained as soon as,
forallk € {0, ..., N—1}, the survival function of (T +u*(Zy)) A Ty+1 denoted ¢y is piecewise
Lipschitz continuous. Although it is difficult to state general assumptions under which this is
true, the following proposition proves that the condition is fulfilled in our example.

Proposition 5.2. Forallk € {0, ..., N — 1}, the survival function @i of (Ty, + u*(Z)) A Tr+1
is Lipschitz continuous on (—oo; b — k) and on (b — k; +00) with Lipschitz constant [¢r] < 1.
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Proof. Letk =0ands > 0. We have
@o(s) =P ((To +u*(Zo)) ATy > 5)
=P, (bAT >5)
=15y Pu(Ty > )
=1y e (since T| has exponential distribution with parameter 1).

Therefore, the function ¢ is equal to 0 on [b; +00) and is Lipschitz continuous with Lipschitz
constant 1 on (0; b).

Letk > 1 and s > 0, and recall that the random variables (S;) ;>0 are independent and have
exponential distributions with parameter 1 so that, in particular, 7 and Sk are independent
and Ty has distribution y (k, 1). Moreover, recall that Z; = k + T} and that u™*(x) = b — x.
Then

or(8) =Py (T + u*(Zi)) A Tiey1 > 8)

=f . Lt o—k—)russy Sy, )@ [y, () dt du,
(RT)

where f, ;1) denotes the density function of the distribution y (j, 1) for j € {k, k + 1}.
Lets” > s > 0. We have

lpr(s") — @i ()] < /(Rﬂz [ Lo—i)nussy — Yio—tyauss) | fy e, 1) (@) fr k1,1 () de du
< /(R+)2 Yo—iyrueis:sy fr e, @) fr g1, (@) df du

< /w 2(1{bfke(s;s/]} + Les:s) Sy e, ) @) [y 1,1 () df du
R*)

< Lp—ketsy + Chyprrny I8 = sl

. 1 [k\*
< 1p—kels;sy + Is" — 5| <smce ny(k+1,1) = W(E) < 1>_

If s and s” both belong to (0; b — k) or if they both belong to (b — k; +00), we have | (s") —
@r(s)| < |s’ — s|. The completes the proof.

Consequently, in this example, we are now able to state a bound for the rate of convergence
of the exit time distribution approximation scheme. The following proposition is therefore an
improvement over Proposition 4.2 and Theorem 4.2.

Proposition 5.3. Forallk € {0, ..., N — 1}, let s > 0 and assume that the quantization error
is small enough to ensure that
P\ VD _ _ _ 1
(5) Tk = Tillp + 12k = Zillp + 1 Tt — Tipa )P/ PHD < b — k — 5.

Then we have

1/(p+1)
lri(s) —Te(s)| < 2<£> <l + 1)
2 p

x (I1Tk = Tellp + 1Zk — Zillp + 1 T — T Il )P/ P
+ gk — Gkl + |gk+1 — Qi1
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Moreover, for all k € {0, ..., N}, if the quantization error is such that, for all | < k,

V(p+D) /4 A
2<3> (; + 1)||21 — Zy et <

2 9

then we have
~ 2 - ~ -
|pk(s) — pr(s)| < q?(|CIk—1 — qi—1| + 1pk—1(8) — pr—1()| + [rk—1(s) —Te—1(s)])
4 ~
+ =5 lax — qxl.
q

Proof. The proof follows directly from the proofs of Proposition 4.2 and Theorem 4.2.
Simply note that the A term may be bounded thanks to the piecewise Lipschitz continuity of
the functions ¢ on (—oco; b — k) and on (b — k; +00). Lets >0, s #b —k,and leta > 0
suchthatb —k & [s —a; s + a],i.e. ¢ < |b — k — s|. Then

iy

A <|pr(s +a) —pp(s — )| + — (from the proof of Proposition 4.2)
o

p
< 2[grla + m
aP

which reaches a minimum when o = (p|In||5/2[@x]) /P Note that [gx] = 1 and [u*] = 1.

Remark 5.4. We can calculate the exact value of ¢ that is the first nonnegative value of the
sequence (P, (Zy & U))r. We have ¢ = P, (Z1 & (—00;10)) =P, (T1 = 9) = e~? because
T} has an exponential distribution with parameter 1.

5.2. A corrosion model example

Let us consider the structure of aluminium corroded successively in three different environ-
ments. Corrosion is prevented by some protection until a random time y when corrosion starts.
Then, in each environment i € {1; 2; 3}, the loss of thickness satisfies

di(t) = pi(t —y +nie™ M 1)) 145,

where p; is the corrosion rate (p; has a uniform distribution on an interval that depends on the
environment i) and #n; is a constant transition time. The structure goes from environment 1 to
environment 2, then from 2 to 3, from 3 to 1, and so on. It remains in environment i for a
time 7;, which has an exponential distribution with parameter A;. When the loss of thickness
reaches 0.2 mm, the piece is said to be unusable; this will be the exit criterion. Table 4 gives
the values of the different parameters.

The loss of thickness will be represented by a PDMP whose modes are the different envi-
ronments. Let M = {(i, j):i € {1,2,3}, j € {0,1}}. Form = (i, j) € M, i represents
the environment and j is worth 1 if the protection y is still active and O otherwise. For each
m e M, let E,, = R* and, for & € E,, & represents the family (d, s, p, ), where d is the
corroded thickness and s is the time since the last jump. The set U,, will therefore be, for all
meM,U, = (—o0;0.2] x R3. This set is convex, so Assumption 3.3 is satisfied. Finally, the
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TaBLE 4: Numerical values of the parameters of the corrosion model.

Environment
1 2 3
X (h™h (17520)! (131400)~! (8760) !
ni (h) 30000 200 000 40000

pi (mm/h)  [1076,1073] [1077,107°] [107%,1077]
y (h) Weibull distribution with « = 2.5 and 8 = 11 800

flow in mode m = (i, j) is

d d+ dp(t +5) — dp(s)
K t+s

D0 P ] = o ,
0 0
0 0
s t+s

d; ] =

el R o

14 ¥y = 1y=n

The parameters d and y evolve continuously between the jumps, but p is chosen independently
after each jump and is constant along the flow.

Let us consider the approximation of the distribution and of the mean exit time. Consider
the first moment. We note that E,,[t] = E,,[y]+E,[t'], where y has Weibull distribution and
7’ represents the exit time in the case of a process without initial protection against corrosion
(i.e. y = 0). Therefore, it is sufficient to check whether 7’ satisfies the required assumptions.
Hence, let y = 0 and note that #* is then bounded since p > 10~7 and n < 200000, so
dw (1) > 1077(t — 200 000) and eventually u* < 0.2 x 107 4200000 = 2.2 x 10° h. Denote
this bound by C,+. Consider the distribution. Assumption 3.2(b) (the boundedness condition
on u*) is not required according to Remark 4.3. Moreover, from the proofs of Propositions 4.2
and 4.4, it follows that Assumption 3.2(a) (the Lipschitz continuity condition on u*) becomes
useless in this example thanks to Lemma 5.3. Assumption 3.4 follows from Lemma 5.2 below.
Eventually, Assumption 3.5 is satisfied, but Assumption 3.6 is not. However, considering the
process killed at time t solves this issue.

Lemma 5.2. Foralla > Qand allk € {0, ..., N},
P, (Zy € U%) < 5a.

Proof. For notational convenience, let My, D, R, and G denote the values of m, d, p,
and y after the kth jump, so Z; = (M, Dk, Rk, Gi). Note now that

P, (Zi € U*) =P, (IDy — 0.2 < a).

We therefore study more precisely the law of Dy. Let K = inf{k > 0 such that Gy = 0};
K is the jump that occurs at the end of the protection period against corrosion. Define F(s) =
s +n(e™%/7 — 1). Then we have

0 fork < K,

D, =
D1+ R F(S;) fork > K.
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Let us now prove that, for all k, the random variable Ry F (Sy) has a bounded density. Recall
that Ry has a uniform distribution on [ay; bx] C [10~7; 107°] and that Sy has an exponential
distribution with parameter A;. Now let & be a real, bounded, measurable function. Then

1
by — ay

+oo by
Bl RPN = [ [T hoPe) ;e dp s
a

Introduce the transformation
u=p, v=pF(s),
whose Jacobian is worth (l/u)(F_l)’(v/u), SO

+00 b, M F Y w/u) =1y
E, [h(Ri F(S0)] = /0 h(v)</ e TR )(v/u)du)dv.

k (bk - ak)u

Hence, we obtain the density of the random variable Ry F (Sy) and integration by parts yields

- 2

/bk Ake—AkF_l(v/u)(F—l)/(v/u) du— 1 /bk M)\ke_AkF_l(v/u)(F_l)/(U/u) "
a (bk — ar)u by — ay

ay u

1 M F! b b A F!
= [ue ™™ (U/u)]ai _/ e MF T /u) q, )
by — ay. a

Finally, the density of the random variable Ry F (Sy) is bounded by

/”k e ME @/ (F=1y (y fy) ’ a + by 2by
du| < <
a k — Ak by — ay

+1< <2.
K (bk - ak)u

Let j € N. We now study the distribution of the random variables (Dx)keN conditionally on
the event {K = j}. An induction argument shows that, conditionally on the event {K = j}, the
random variable Dy has distribution &g for k < j and has a density ¥4 bounded by 2 for k > j.
Indeed, in the second case, the density of D; may be obtained by convolution since Dy_; and
Ry F (Sy) are independent random variables. Therefore, for k < j,

Pu(IDk — 02| <a | K =j) =1g>02) <S5

since Dy = 0 for k < j and, for k > j,
0.24«
P,(|IDr —02] <« | K:j):/ Yr(v) dv < 4o
02—«
since Y < 2. Eventually,
P, (Zy e U%) =P, (|Dy — 02| <a) = ZPM(|D/< —02/<a | K=j)P,(K =)) < 5a.
jeN
This completes the proof.
Lemma 5.3. Forallk € N, let

M = 1(Tk + u*(Z) A Tigr) — (Tk + u*(Zi) A Tig)-
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We have, for all @ > 0,
Inkllp < 1Tk — Tillp + 20 Tk1 — Tietillp + | [u ]a/2+7 1Zk — Zillp + 10C, /7,

where [u*ly = (14 Cyr +4 x 10%/(1077(1 — e=/2)),

Proof. Leta > 0. Let U, = [0,0.2 — o] x {0} x [1077; 1073] x {0}. We will prove that
the function u*(d, 0, p, 0) is Lipschitz continuous on this set. The function u*(d, 0, p, 0)
satisfies the following equivalent equations:

d+dyW™) =02 < d+pu+ne™/"=1)=02.

The implicit equation satisfied by u* yields, on the set Uy, u* > o/pmax = 10°a. This
lower bound will be crucial to prove the Lipschitz continuity. Let d, d’ < 0.2 — «, and define
u=u*d,0,p,0) and u’ = u*(d’, 0, p,0). Note that d + d,,(u) = d' + d,,,(u’) because they
are both equal to 0.2. Consequently, |d,, (1) — d,, (u’)| = |d’ —d| and, noting that < 2 x 10°,
we have

|d —d'l = plu—u' + (/" — e/

> p(1 — e "Ny — i)
>1077(1 —e ) |u — |,

which proves the Lipschitz continuity of u* with respect to d on U,.

Similarly, let p, p’ € [10~7; 1073], and define u = u*(d, 0, p, 0) and u’ = u*(d, 0, p’, 0).
Note that d + p(u + n(e /" — 1)) = d + p'(u’ + ne™*"/" — 1)) because they are both equal
to 0.2. Subtracting d + p(u’ + n(e_”//" — 1)) from both terms yields

plu—u' ™" =M = o= pllu’ + /T = 1)].

A lower bound for the left-hand side term has already been computed, while the right hand-side
is easily bounded by (C» + 4 x 105)|,o — p'|, since n <2 x 10, so we have

(Cur +4x10%)|p — p'| = 1077 (1 — e %) |u — '],

which proves the Lipschitz continuity of u* with respect to p on U,. Eventually, for all
a > 0, the function u* is Lipschitz continuous on IL with Lipschitz constant [u*], =
(14 Cp +4x10%)/1077(1 —e™%/?).

Let k € N. We now intend to bound |7l ,. Define, as in the proof of Lemma 5.2, the
random variable K = inf{k > 0 such that G; = 0}; K is the jump that occurs at the end of the
protection period against corrosion.

First, note that, on the event {k < K} (i.e. when protection against corrosion is ,s\till active),
we have Zy € E( ) for some i € {1,2,3} and, since the projection defining Zi from Zj
ensures that they are in the same mode, we also have Z; € E; 1). Moreover, u*(x) = +oo for
allx € E; 1), so

Ik Lik<kyllp = 1(Tkr1 — Tir1) Yp<kyllp < 1Tkt — Tig1llp-

Furthermore, if Zy = A, where A denotes the cemetery state, then 2k = projrk Zy) = A
too and we have n; = 0, so

I Lusxyllp < Ik Lpsky Lizizarllp
<N Tx — Tellp + 1 Tkg1 — Tastllp + 1™ (Zr) — u™(Zi) Vg &y Lizizay |l p-
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Eventually, we intend to bound the last term of the previous sum; therefore, we consider the
event {k > K} N {Z; # A}. On the one hand, the random variables Z; and 2k both belong to
E i o) forsomei € {1, 2, 3}. On the other hand, although U, = (—o0; 0.2] xR3 forallm € M,
we actually have Z; € [0; 0.2] x {0} x [1077:1075] x Rt a.s. and, according to Remark 4.1,
Zk € [0;0.2] x {O} X [10 710~ 5] x R a.s. too. Combining the two previous remarks, we
have Z; € U and Zk eU, where U =1[0;0.2] x {0} x [10~7; 1073] x {0}. Finally, let @ > 0
and note that U C U, UU®. We have

1@ (Z) — u*(Z) Y=k Vizeza)lp < A+ B,

where
A=l (Z1) =" (Z) Vg Ykl B = 1@ (Z1) — u*(Z) Lizgeve) Lp=kyll -

The term B is easily bounded thanks to Lemma 5.2: B < 2C+ P, (Z; € Ul/r < 10C,«al/?
We now turn to the term A and use the Lipschitz continuity of u* on U g forany g > 0. We
have

A < W™ (Zy) — u*(Zy)) l{ZkGUa} l{szUa/z} L=yl p
+1G*(Z0) = u*ZD 1 e,y Lz Lozl

= [u*]a/ZHZk = Zillp + 2C,» ||1{Zk€l7a} I{Zk¢Ua/2}|lp'

Note now that I{Zkef/a} 1{2k¢0a/2} < 1{|erk|za/2}’ so, finally,

1/p
~ ~ o
A < U2l Zk — Zillp +2C,» (Pu<|zk — Zil > 5))

- I1Zx — Zxl
< W*la2 1 Zk — Zillp + 4@*7”,

completing the proof.

The mean exit time. Simulation results for the approximation of the mean exit time are given
in Table 5. In order to have a value of reference, a Monte Carlo method (10° simulations) yields
the value E[ T IMmonte Carlo = 526 X 103 h. For the first moment, the empirical convergence rate is
presented in Figure 5. Through a regression model the empirical convergence rate is estimated

—0.38. Note that it is roughly of the same order as the rate of convergence of the optimal
quantizer (see Theorem 4.1), as here the dimension is 4.

TABLE 5: Simulation results for the mean exit time.

Number of points in the Relative error to 526 x 10% h
quantization grids pn.1 (x10% h) (%)
20 572 8.7
50 569 8.2
100 557 5.9
200 551 4.8
500 539 2.5
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FIGURE 5: Logarithm of the error with respect to the logarithm of the number of points in the quantization
grids for the first moment of the corrosion process.

1.0
0.9 A
0.8 1
0.7 A
0.6 -
0.5 1
0.4 1
0.3 -
0.2 A
0.1 A

0.0 . . : ;
0.0x10° 2.0%10% 4.0%x10° 6.0x10° 8.0x10° 1.0x10° 1.2x10°

FIGURE 6: Survival function of T obtained using Monte Carlo simulations (dashed line) and the quantized
approximation (solid line), and the error with 500 points in the quantization grids.

The exit time distribution. Considering the approximation scheme for the exit time distri-
bution, we note that the quantized value Py (s) is not necessarily smaller than 1. Therefore, it
appears natural to replace py (s) by pn (s) A 1. This does not change the convergence theorem
and can only improve the approximation error. It is equally possible, and this is done in the
results below, to replace py (s) by pn(s)/Pw (0) since py (0) goes to 1.

Figure 6 presents the survival function of T obtained using Monte Carlo simulations (dashed
line) and our approximation scheme (solid line), and the error. Table 6 contains the empirical
error for different numbers of points in the quantization grids. For the survival function, the
empirical convergence rate is presented in Figure 7. Through a regression model the empirical
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TABLE 6: Simulation results for the distribution.

Number of points in the

quantization grids max; |py(s) — P (s)]
20 0.145
50 0.119
100 0.040
200 0.039
500 0.020
100 7
X
1071 3
] x
102 - ; :
10! 102 103

FIGURE 7: Logarithm of the error with respect to the logarithm of the number of points in the quantization
grids for the survival of the corrosion process.

convergence rate is estimated as —0.63. Note that it is roughly of the same order as the rate of
convergence of the optimal quantizer (see Theorem 4.1), as here the dimension is 4.

The convergence of the approximation scheme in the corrosion model appears to be slightly
slower than in the previous example. This is due to the higher dimension of the process that has
to be quantized, which is 4 in the case of the corrosion model and 1 in the case of the Poisson
process.

Remark 5.5. Using Monte Carlo simulations, we can approximate the value of g. We have
G ~ 0.0187 for 107 histories.
6. Advantages and practical interest of our approach
Let us describe the practical interest of our approach.

e The quantization grids only have to be computed once and can be used for several
purposes. Moreover, once they are obtained, the procedures leading to py(s) and to
P, j can be achieved very simply since we only have to compute finite sums.

e Concerning the distribution, since py (s) can be computed almost instantly for any value
of s, the whole survival function can be obtained very quickly. Similarly, concerning
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Re

the moments, py ; can be computed very quickly for any j, so any moment is almost
instantly available.

e Furthermore, in both cases, one may decide to change the set U and consider the exit time
v’ from a new set U’. This will yield new sequences (i), (7k, )k, and (Pk, ;) in the
case of the jth moment approximation or new sequences (qi)x, 7k (s))k,» and (Pr (s))k
if we are interested in the distribution. These new sequences are obtained quickly and
easily since the quantized process remains the same and we only have to compute finite
sums. Of course, the set U’ must be such that Assumptions 3.2-3.5 remain true and such
that P, (Ty < t’) remains small without changing the computation horizon N. This last
condition is fulfilled if, for instance, U’ C U. This flexibility is an important advantage
of our method over, for instance, a Monte Carlo method.
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