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Abstract

This paper deals with the large-time behaviour of solutions to the fast diffusive Newtonian filtration
equations coupled via the nonlinear boundary sources. A result of Fujita type is obtained by constructing
various kinds of upper and lower solutions. In particular, it is shown that the critical global existence
curve and the critical Fujita curve concide for the multi-dimensional system. This is quite different from
the known results obtained in Wang, Zhou and Lou [‘Critical exponents for porous medium systems
coupled via nonlinear boundary flux’, Nonlinear Anal. 7(1) (2009), 2134–2140] for the corresponding
one-dimensional problem.
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1. Introduction

In this paper, we study the system

∂u
∂t

= ∆um,
∂v
∂t

= ∆vn, (x, t) ∈ (RN \ B1(0)) × (0, T ), (1.1)

∇um · ~ν = vp(x, t), ∇vn · ~ν = uq(x, t), (x, t) ∈ ∂B1(0) × (0, T ), (1.2)

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ RN \ B1(0), (1.3)

where 0 < m, n < 1, p, q ≥ 0, N > 2, B1(0) is the unit ball in RN , ~ν is the inward
normal vector on ∂B1(0), and u0, v0 are nonnegative and suitably smooth functions
with compact support.

Due to the degeneracy of the equations in (1.1), there is no classical solution
to the system (1.1)–(1.3) generally and weak solutions should be considered. The
local existence and the comparison principle of the weak solutions can be established;
see [6, 10]. In this paper, we investigate the large-time behaviour of solutions to the
system (1.1)–(1.3), including blow-up in a finite time and global existence in time. In
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particular, we are interested in the critical global existence curve and critical Fujita
curve which can be used to describe the large-time behaviour of solutions exactly.

In the wake of the pioneering work of Fujita [4], many results on critical Fujita
exponents for diffusion equations with nonlinear sources can be found; see [1–5, 7–9].
It was Ferreira et al. [3] who considered the fast diffusive equation with nonlinear
boundary sources:

∂u
∂t

=
∂2um

∂x2
, x > 0, t > 0,

−
∂um

∂x
(0, t) = up(0, t), t > 0,

u(x, 0) = u0(x), x > 0,

with 0 < m < 1 and p ≥ 0. They proved that the critical global existence exponent
p0 = (m + 1)/2 and the critical Fujita exponent pc = m + 1. Here, p0 and pc are called
the critical global existence exponent and the critical Fujita exponent, respectively, if
the following properties hold:

(i) if 0 < p < p0, then every nontrivial nonnegative solution is global in time;
(ii) if p0 < p < pc, then the nontrivial nonnegative solutions blow up in a finite time;
(iii) if p > pc, then the solutions are global for small initial data and blow up in a

finite time for large initial data.
Instead of critical exponents, there exist the critical global existence curve and the

critical Fujita curve for the coupled system of diffusion equations. In [9], the authors
studied the coupled system (1.1)–(1.3) in the one-dimensional case, that is,

∂u
∂t

=
∂2um

∂x2
,

∂v
∂t

=
∂2vn

∂x2
, x > 0, t > 0, (1.4)

−
∂um

∂x
(0, t) = vp(0, t), −

∂vn

∂x
(0, t) = uq(0, t), t > 0, (1.5)

u(x, 0) = u0(x), v(x, 0) = v0(x), x > 0, (1.6)

with 0 < m, n < 1, p, q ≥ 0. They proved that the critical global existence curve is
pq = (m + 1)(n + 1)/4 and the critical Fujita curve is min{α1 + β1, α2 + β2} = 0, where

α1 =
2p + n + 1

(m + 1)(n + 1) − 4pq
, β1 =

p(m − 1 − 2q) + (n + 1)m
(m + 1)(n + 1) − 4pq

,

α2 =
2q + m + 1

(m + 1)(n + 1) − 4pq
, β2 =

q(n − 1 − 2p) + (m + 1)n
(m + 1)(n + 1) − 4pq

.

That is to say, if pq ≤ (m + 1)(n + 1)/4, every nonnegative solution is global in
time. On the other hand, if pq > (m + 1)(n + 1)/4, then every nonnegative, nontrivial
solution blows up in finite time when α1 + β1 ≤ 0 or α2 + β2 ≤ 0, while there exist both
the blow-up solution with large initial data and the global solution with small initial
data when α1 + β1 > 0 and α2 + β2 > 0.
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Subsequently, Pang et al. [7] dealt with the Newtonian filtration equation with
nonlinear boundary source:

∂u
∂t

= ∆um, (x, t) ∈ (RN \ B1(0)) × (0, T ),

∇um · ~ν = up(x, t), (x, t) ∈ ∂B1(0) × (0, T ),

u(x, 0) = u0(x), x ∈ RN \ B1(0),

where 0 < m < 1, p ≥ 0. They proved that if N > 2, then p0 = pc = (m + 1)/2.
The above works motivate us to investigate the critical curves of the system

(1.1)–(1.3). In the present paper, we prove that both the critical global existence curve
and the critical Fujita curve are

pq =
(m + 1)(n + 1)

4
. (1.7)

It is clear that the above result is quite different from the known results obtained in [9]
for the corresponding one-dimensional problem.

By virtue of the radial symmetry of the exterior domain of the unit ball as in [7],
the result (1.7) can be extended to the following more general problems:

∂

∂t
(|x|λ1 u) = div(|x|λ1∇um),

∂

∂t
(|x|λ2 v) = div(|x|λ2∇vn),

(x, t) ∈ (RN \ B1(0)) × (0, T ), (1.8)

∇um · ~ν = vp(x, t), ∇vn · ~ν = uq(x, t), (x, t) ∈ ∂B1(0) × (0, T ), (1.9)

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ RN \ B1(0), (1.10)

with λ1, λ2 > 2 − N, N ≥ 1. In other words, the phenomenon that the critical global
existence curve and the critical Fujita curve coincide for the system (1.1)–(1.3) also
occurs in the system (1.8)–(1.10).

Our main results are as follows.

T 1.1. If N > 2, then the critical global existence curve and the critical Fujita
curve for the system (1.1)–(1.3) are

pq =
(m + 1)(n + 1)

4
.

That is to say, if pq ≤ (m + 1)(n + 1)/4, then all nonnegative solutions to the system
(1.1)–(1.3) exist globally in time; while if pq > (m + 1)(n + 1)/4, then the nonnegative
solutions to the system (1.1)–(1.3) blow up in finite time for large initial data and exist
globally for small initial data.

T 1.2. If λ1, λ2 > 2 − N, N ≥ 1, then the critical global existence curve and the
critical Fujita curve for the system (1.8)–(1.10) are

pq =
(m + 1)(n + 1)

4
.
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2. Proofs of main results

Since Theorem 1.1 is a special case of Theorem 1.2 (the case λ1 = λ2 = 0 and
N > 2), we only prove Theorem 1.2 in this section.

Consider the problem

∂u
∂t

=
∂2um

∂r2
+
λ̃1

r
∂um

∂r
,

∂v
∂t

=
∂2vn

∂r2
+
λ̃2

r
∂vn

∂r
, r > 1, t > 0, (2.1)

−
∂um

∂r
(1, t) = vp(1, t), −

∂vn

∂r
(1, t) = uq(1, t), t > 0, (2.2)

u(r, 0) = u0(r), v(r, 0) = v0(r), r > 1, (2.3)

where 0 < m, n < 1, p, q ≥ 0, N ≥ 1, and where λ̃1 = λ1 + N − 1 > 1, λ̃2 = λ2 + N −
1 > 1, and u0, v0 are nonnegative and suitably smooth functions with compact support.
We will first study the large-time behaviour of the solutions to the system (2.1)–(2.3).

P 2.1. If pq ≤ (m + 1)(n + 1)/4, then all nonnegative solutions to the system
(2.1)–(2.3) exist globally in time.

P 2.2. If pq > (m + 1)(n + 1)/4, then the nonnegative solutions to the
problem (2.1)–(2.3) with large initial data blow up in finite time.

R 2.3. Propositions 2.1 and 2.2 indicate that the critical global existence curve
for the system (2.1)–(2.3) is pq = (m + 1)(n + 1)/4.

P 2.4. If pq , mn, then every nonnegative nontrivial solution to the problem
(2.1)–(2.3) with small initial data exists globally.

P  P 2.1. Similarly to the proof that every nonnegative solution of the
system (1.4)–(1.6) exists globally in time if pq ≤ (m + 1)(n + 1)/4 [9, Theorem 1], we
define

ū(r, t) = ekt(M + e−L1η1 )1/m, η1 = (r − 1)ek(1−m)t/2, r > 1, t > 0,

v̄(r, t) = ek(m+1)t/(2p)(M + e−L2η2 )1/n, η2 = (r − 1)ek(1+m)(1−n)t/(4p), r > 1, t > 0,

where L1 = (M + 1)p/n, L2 = (M + 1)q/m, M is large enough such that

M1/m −
1 − m
2me

(M + 1)(1−m)/m > 0, M1/n −
1 − n
2ne

(M + 1)(1−n)/n > 0

and
M ≥max{‖u0‖∞, ‖v0‖∞, 1},

k is a positive constant satisfying

k
(
M1/m −

1 − m
2me

(M + 1)(1−m)/m
)
≥ L2

1,

and

k
m + 1

2p

(
M1/n −

1 − n
2ne

(M + 1)(1−n)/n
)
≥ L2

2.
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Noticing the global existence in time of (ū, v̄), we get that the solution of the problem
(2.1)–(2.3) exists globally by the comparison principle. The proof is complete. �

P  P 2.2. The proposition is proved by constructing a kind of lower
blow-up solution. Set

u(r, t) = (T − t)−α1 f1(η1), η1 = (r − 1)(T − t)−β1 , r > 1, 0 < t < T,

v(r, t) = (T − t)−α2 f2(η2), η2 = (r − 1)(T − t)−β2 , r > 1, 0 < t < T,

where T > 0,

α1 =
1 + 2p + n

4pq − (m + 1)(n + 1)
, β1 =

1 + α1(1 − m)
2

,

α2 =
1 + 2q + m

4pq − (m + 1)(n + 1)
, β2 =

1 + α2(1 − n)
2

.

Assume that f1, f2 satisfy

f1(η1), f2(η2) ≥ 0, f1(η1)′, f2(η2)′ ≤ 0, f1(η1)′′, f2(η2)′′ ≥ 0, η1, η2 ≥ 0. (2.4)

After some computations, we can see that (u, v), with u(r, 0) ≤ u0(r), v(r, 0) ≤ v0(r), is
a lower solution to the problem (2.1)–(2.3), if the following inequalities hold:

( f m
1 (η1))′′ + λ̃1T β1 ( f m

1 (η1))′ − α1 f1(η1) ≥ 0, η1 ≥ 0, (2.5)

( f n
2 (η2))′′ + λ̃2T β2 ( f n

2 (η2))′ − α2 f2(η2) ≥ 0, η2 ≥ 0, (2.6)

−( f m
1 )′(0) ≤ f p

2 (0), (2.7)

−( f n
2 )′(0) ≤ f q

1 (0). (2.8)

Take

f1(η1) = ((A1 + B1η1)2m/(m−1) − (2A1)2m/(m−1))1/m
+ , η1 ≥ 0, (2.9)

f2(η2) = ((A2 + B2η2)2n/(n−1) − (2A2)2n/(n−1))1/n
+ , η2 ≥ 0, (2.10)

where 0 < A1, A2 < 1, B1, B2 > 0 are the constants to be determined. It is clear that the
above f1, f2 satisfy (2.4). We now verify that f1, f2 satisfy (2.5)–(2.8). We claim that
(2.5) is valid for 0 < η1 < A1/B1. In fact, we only need to verify that

1
2 ( f m

1 (η1))′′ ≥ −λ̃1T β
1 ( f m

1 (η1))′, 1
2 ( f m

1 (η1))′′ ≥ α1 f1(η1),

that is,
1 + m
1 − m

B1 ≥ 2λ̃1T β1 (A1 + B1η1), B2
1

m(m + 1)
(1 − m)2

≥ α1. (2.11)

Let B1 =
√
α1(1 − m)2/m(m + 1) + 1. Thus, (2.11) is valid if A1 is small enough that

1 + m
1 − m

B1 ≥ 4λ̃1T β1 A1.
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Similarly, (2.6) is valid with B2 =
√
α2(1 − n)2/n(n + 1) + 1 and A2 small enough that

(1 + n)B2/(1 − n) ≥ 4λ̃2T β2 A2.
Substituting (2.9) and (2.10) into (2.7) and (2.8) yields

2m
1 − m

A(m+1)/(m−1)
1 B1 ≤ (1 − 22n/(n−1))p/nA2p/(n−1)

2 , (2.12)

2n
1 − n

A(n+1)/(n−1)
2 B2 ≤ (1 − 22m/(m−1))q/mA2q/(m−1)

1 . (2.13)

Since pq > (m + 1)(n + 1)/4, there exists a constant σ, such that

(m + 1)(n − 1)
2p(m − 1)

< σ <
2q(n − 1)

(n + 1)(m − 1)
.

Choosing A2 = Aσ
1 and taking 0 < A1 < 1 sufficiently small,

2m
1 − m

A(m+1)/(m−1)
1 B1 ≤ (1 − 22n/(n−1))p/nA2σp/(n−1)

1 ,

2n
1 − n

Aσ(n+1)/(n−1)
1 B2 ≤ (1 − 22m/(m−1))q/mA2q/(m−1)

1 .

This proves inequalities (2.12) and (2.13).
Therefore, the solution (u, v) of the problem (2.1)–(2.3) blows up in a finite time if

(u0(r), v0(r)) is large enough such that

u0(r) ≥ u(r, 0), v0(r) ≥ v(r, 0), r > 1.

The proof is complete. �

P  P 2.4. The proof is completed by constructing the global upper
solution

ū(r, t) = (B1r1−λ̃1 )1/m, v̄(r, t) = (B2r1−λ̃2 )1/n, r > 1, t > 0,

where

B1 = (λ̃1 − 1)−mn/(mn−pq)(λ̃2 − 1)−mp/(mn−pq),

B2 = (λ̃1 − 1)−nq/(mn−pq)(λ̃2 − 1)−mn/(mn−pq).

A simple calculation shows that

∂ū
∂t
−
∂2ūm

∂r2
−
λ̃1

r
∂ūm

∂r
= 0, r > 1, t > 0,

∂v̄
∂t
−
∂2v̄n

∂r2
−
λ̃2

r
∂v̄n

∂r
= 0, r > 1, t > 0,

−
∂ūm

∂r
(1, t) = v̄p(1, t), t > 0,

−
∂v̄n

∂r
(1, t) = ūq(1, t), t > 0.
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By the comparison principle, for any initial data (u0, v0) which is small enough to
satisfy

u0(r) ≤ ū(r, 0), v0(r) ≤ v̄(r, 0), r > 1,

the solution of the problem (2.1)–(2.3) exists globally in time. �

P  T 1.2. Since the functions u0(x), v0(x) have compact supports, we can
choose two radially symmetric and bounded functions, denoted by u1(x) = u1(|x|) ≥
u0(x), v1(x) = v1(|x|) ≥ v0(x). By Proposition 2.1 and the comparison principle, we
can establish global existence of solutions for the problem (1.8)–(1.10) with pq <
(m + 1)(n + 1)/4. For pq > (m + 1)(n + 1)/4, if the large and radially symmetric
initial data satisfy u0(x) ≥ u(|x|, 0), v0(x) ≥ v(|x|, 0), then the solutions to the system
(1.8)–(1.10) blow up by the comparison principle and Proposition 2.2. This shows that
the critical global existence curve is pq = (m + 1)(n + 1)/4 for the system (1.8)–(1.10).

On the other hand, using the comparison principle again, we see that the solution
(u, v) of (1.8)–(1.10) with

u0(x) ≤ (B1|x|
2−λ1−N)1/m, v0(x) ≤ (B2|x|

2−λ2−N)1/m,

where

B1 = (λ1 + N − 2)−mn/(mn−pq)(λ2 + N − 2)−mp/(mn−pq),

B2 = (λ1 + N − 2)−nq/(mn−pq)(λ2 + N − 2)−mn/(mn−pq),

exists globally for pq , mn from Proposition 2.4. This combined with Proposi-
tion 2.2 establishes the critical Fujita curve pq = (m + 1)(n + 1)/4 for the system
(1.8)–(1.10). �
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