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In this paper, we investigate the kinetic stability of classical, collisional plasma — that is,
plasma in which the mean-free-path A of constituent particles is short compared with the
length scale L over which fields and bulk motions in the plasma vary macroscopically,
and the collision time is short compared with the evolution time. Fluid equations are
typically used to describe such plasmas, since their distribution functions are close to
being Maxwellian. The small deviations from the Maxwellian distribution are calculated
via the Chapman-Enskog (CE) expansion in A4/L <« 1, and determine macroscopic
momentum and heat fluxes in the plasma. Such a calculation is only valid if the underlying
CE distribution function is stable at collisionless length scales and/or time scales. We
find that at sufficiently high plasma g, the CE distribution function can be subject to
numerous microinstabilities across a wide range of scales. For a particular form of the
CE distribution function arising in strongly magnetised plasma (viz. plasma in which the
Larmor periods of particles are much smaller than collision times), we provide a detailed
analytic characterisation of all significant microinstabilities, including peak growth rates
and their associated wavenumbers. Of specific note is the discovery of several new
microinstabilities, including one at sub-electron-Larmor scales (the ‘whisper instability’)
whose growth rate in certain parameter regimes is large compared with other instabilities.
Our approach enables us to construct the kinetic stability maps of classical, two-species
collisional plasma in terms of A, the electron inertial scale d, and the plasma . This work
is of general consequence in emphasising the fact that high-g collisional plasmas can be
kinetically unstable; for strongly magnetised CE plasmas, the condition for instability is
B 2 L/A. In this situation, the determination of transport coefficients via the standard CE
approach is not valid.
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1. Introduction

Answering the question of when a plasma can be described adequately by fluid
equations is fundamental for a comprehensive understanding of plasma dynamics. It is
well known that some physical effects in plasmas — for example, Landau damping —
specifically require a fully kinetic description in terms of distribution functions of
the plasma’s constituent particles (Landau 1946). However, for many other plasma
processes, a detailed description of the underlying particle distribution provides little
additional understanding of the essential physics governing that process. Characterising
such processes with fluid equations, which describe the evolution of macroscopic physical
quantities such as density, fluid velocity and temperature, often simplifies the description
and therefore aids understanding. Fluid equations are also easier to solve numerically
than kinetic equations: the latter reside in six-dimensional phase space (and time), with
three additional dimensions — the velocity space — when compared with the former. The
underlying difficulty associated with determining when a plasma is a fluid is finding
a closed set of equations in the macroscopic plasma variables. The derivation of fluid
equations from the Maxwell-Vlasov-Landau equations governing the evolution of the
plasma’s distribution functions is carried out by taking moments (that is, integrating
the governing equations and their outer products with velocity v over velocity space).
However, the resulting equations are not closed: the evolution equation of the zeroth-order
moment (density) requires knowledge of the evolution of the first-order moment, the
evolution equation for the first-order moment needs the second-order moment and so
on. For plasma-fluid equations to be able to describe the evolution of a plasma without
reference to that plasma’s underlying distribution functions, a closure hypothesis or an
approximation relating higher-order moments to lower ones is required.

For a collisional plasma — i.e. one in which the mean free paths A, and collision times
7, of the ions and electrons (s = i, ¢) are much smaller than the typical length scale L and
time scale 7, on which macroscopic properties of the plasma change — there is a procedure
for achieving such a closure: the Chapman—Enskog (CE) expansion (Chapman & Cowling
1970; Enskog 1917; Cercignani 1988). It is assumed that, in a collisional plasma, the
small perturbations of the distribution functions away from a Maxwellian equilibrium
have typical size € ~ A;/L ~ 1,/7; < 1 (assuming sonic motions, and A; ~ A4,). Since the
perturbation is small, its form can be determined explicitly by performing an asymptotic
expansion of the Maxwell-Vlasov—Landau equations. Once the underlying distribution is
known, the relevant moments can be calculated — in particular, the momentum and heat
fluxes are the second- and third-order moments of the O(e) non-Maxwellian component
of the distribution function. The CE expansion applied to a two-species magnetised
plasma was worked out by Braginskii (1965). Subsequent studies have refined and
extended various aspects of his calculation (Epperlein 1984; Mikhailovskii & Tsypin 1984;
Epperlein & Haines 1986; Helander, Krasheninnikov & Catto 1994; Simakov & Catto
2004). In this paper, we will refer to the distribution functions associated with the CE
expansion as CE distribution functions, and plasmas with particle distribution functions
given by CE distribution functions as CE plasmas.

However, the theory constructed as outlined above is incomplete. For the CE expansion
to provide an adequate fluid closure, the resulting distribution functions must be stable
to all kinetic instabilities with length scales shorter than the longest mean free path,
and time scales shorter than the macroscopic plasma time scale 7. Such instabilities
(if present) are known as microinstabilities. We emphasise that these microinstabilities
should be distinguished conceptually from instabilities describable by the closed set
of plasma-fluid equations: for example, Rayleigh—Taylor (Rayleigh 1883; Taylor 1950;
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Takabe et al. 1985; Kull 1991), magnetorotational (Balbus & Hawley 1991; Hawley &
Balbus 1991), magnetoviscous (Quataert, Dorland & Hammett 2002; Balbus 2004; Islam
& Balbus 2005) or magnetothermal/heat-flux-driven buoyancy instabilities (Balbus 2000,
2001; Quataert 2008; Kunz 2011). Kinetic microinstabilities should also be distinguished
from the small-scale instabilities that arise in solving higher-order (O(e?)) fluid equations
obtained from the CE asymptotic expansion (for neutral fluids, these are called the Burnett
equations — see Garcia-Colin, Velasco & Uribe 2008). Such instabilities are not physical
because they arise at scales where the equations themselves do not apply (Bobylev 1982).
Fluid instabilities do not call into question the validity of the fluid equations themselves;
in contrast, if microinstabilities occur, the plasma-fluid equations obtained through the
closure hypothesis are physically invalid, irrespective of their own stability.

Microinstabilities have been studied in depth for a wide range of classical plasmas by
many authors; see, for e.g. Davidson (1983), Gary (1993) and Hasegawa (2012) for three
different general perspectives on microinstability theory. Although it can be shown that
a Maxwellian distribution is always immune to such instabilities (Bernstein 1958; Krall
& Trivelpiece 1973), anisotropic distribution functions are often not (Kahn 1962; Furth
1963; Kalman, Montes & Quemada 1968). A notable example is the Weibel instability,
which occurs in counter-streaming unmagnetised plasmas (Fried 1959; Weibel 1959). The
linear theory of such instabilities is generally well known (for modern reviews, see Lazar,
Schlickeiser & Poedts 2009; Ibscher, Lazar & Schlickeiser 2012). Microinstabilities in
magnetised plasma have also been comprehensively studied. The ion firehose and mirror
instabilities are known to occur in plasmas with sufficient ion-pressure anisotropy and
large enough plasma B (Chandrasekhar, Kaufman & Watson 1958; Parker 1958; Vedenov
& Sagdeev 1958; Hasegawa 1969; Hall 1981; Hellinger 2007), while electron-pressure
anisotropy can also result in microinstabilities of various types (Kennel & Petschek 1966;
Hollweg & Vo6lk 1970; Gary & Madland 1985).

A number of authors have noted that microinstabilities, if present, will have a significant
effect on the macroscopic transport properties of plasmas (Kahn 1964; Schekochihin et al.
2005, 2008; Melville, Schekochihin & Kunz 2016; Riquelme, Quataert & Verscharen
2016; Komarov et al. 2016, 2018; Roberg-Clark et al. 2018a; Drake et al. 2021). Typically
(although not always), once the small-scale magnetic and electric fields associated with
microinstabilities have grown, they will start to scatter particles, which in turn will alter
the plasma’s distribution functions. This has micro- and macroscopic consequences for
plasma behaviour. From the microscopic perspective, it changes the course of the evolution
of the microinstabilities themselves — by e.g. reducing the anisotropy of the underlying
particle distribution functions (Hellinger et al. 2014; Riquelme, Quataert & Verscharen
2018). From the macroscopic perspective, the changes to the distribution functions will
alter both heat and momentum fluxes in the plasma (which, as previously mentioned,
are determined by non-Maxwellian terms in the distribution function). In this picture, a
plasma subject to microinstabilities in some sense generates its own effective anomalous
collisionality (Schekochihin et al. 2008; Kunz, Schekochihin & Stone 2014; Mogavero &
Schekochihin 2014; Squire et al. 2017; Kunz et al. 2020). The typical values of the altered
fluxes attained must depend on the saturated state of microinstabilities (Schekochihin et al.
2010). Exploring the mechanisms leading to saturation of both unmagnetised, Weibel-type
instabilities (e.g. Davidson et al. 1972; Lemons, Winske & Gary 1979; Califano et al. 1998;
Califano, Cecchi & Chiuderi 2002; Kato 2005; Pokhotelov & Amariutei 2011; Ruyer et al.
2015) and magnetised instabilities (e.g. Kuznetsov, Passot & Sulem 2007; Pokhotelov et al.
2008; Rosin et al. 2011; Rincon, Schekochihin & Cowley 2015; Riquelme, Quataert &
Verscharen 2015) continues to be an active research area. Simulation results (Hellinger
et al. 2009; Guo, Sironi & Narayan 2014; Kunz et al. 2014; Melville et al. 2016; Riquelme
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et al. 2016; Guo, Sironi & Narayan 2018; Bott et al. 2021a) support the claim that the
saturation amplitude of such microinstabilities is typically such that the plasma maintains
itself close to marginality of the relevant instability.

Do these kinetic instabilities afflict the CE distribution function? Naively, it might be
assumed not, since it is ‘almost” Maxwellian. However, it turns out that, provided the
plasma g is sufficiently high, small distortions from a Maxwellian can be sufficient to
lead to instability. Instabilities of a CE distribution function in an unmagnetised plasma
were first explored by Kahn (1964), who considered a collisional electron plasma (mean
free path A,) with macroscopic variations in density, temperature and velocity (scale
~L). He showed that the CE distribution function in such a plasma would have two
non-Maxwellian terms of order A,/L — an antisymmetric term associated with heat flux,
and another term associated with velocity shear — and that the latter term would result in
the so-called transverse instability. Kahn (1964) also claimed that this instability would
lead to a significant change in the plasma viscosity, and other transport coefficients.
Albright (1970a,b) further developed the theory of the transverse instability, including
a quasi-linear theory resulting in isotropisation of the underlying electron distribution
function.

The stability of the CE distribution function was later considered by Ramani & Laval
(1978). They found that in an initially unmagnetised two-species plasma supporting
a fluid-scale electron-temperature gradient (scale Ly, no flow shear), the second-order
terms (in A/L7) in the electron distribution function could result in the formation
of unstable waves, with typical real frequencies @ o A./Ly, and growth rates yrp
(A./Lr)*. Similarly to Kahn (1964), they argued that the presence of such instabilities
would suppress the macroscopic heat flux in the plasma (which in a collisional plasma
is carried predominantly by electrons). This particular instability has also been proposed
as an explanation for the origin of the cosmic magnetic field (Okabe & Hattori 2003).
Subsequent authors have explored further the idea that non-Maxwellian components of
the electron distribution function required to support a macroscopic heat flux can lead
to kinetic instability. Levinson & Eichler (1992) considered the effect of introducing
a uniform, macroscopic magnetic field into the same problem, and found that a faster
instability feeding off first-order heat-flux terms in the CE distribution function — the
whistler instability — arose at the electron-Larmor scale, with yynisger.7 X Ao/Ly. A
quasi-linear theory of this instability was subsequently constructed by Pistinner & Eichler
(1998). Both Levinson & Eichler (1992) and Pistinner & Eichler (1998) proposed that the
instability at saturation would result in a suppressed heat flux (see also Gary & Li 2000).
More recently, the whistler instability has been studied in simulations of high-g plasma —
with two groups independently finding both the onset of instability at electron scales,
and evidence of a suppression of heat flux (Roberg-Clark et al. 2016, 2018a; Komarov
et al. 2018; Roberg-Clark et al. 2018b). Drake et al. (2021) constructed a theoretical model
for whistler-regulated heat transport based on a set of reasonable assumptions that were
motivated by these prior simulations.

The possibility of microinstabilities associated with the ion CE distribution function
was also considered by Schekochihin ef al. (2005), who found that weakly collisional,
magnetised plasma undergoing subsonic, turbulent shearing motions can be linearly
unstable to firehose and mirror instabilities at sufficiently high §; (where §; is the ion
plasma beta). This is because the shearing motions give rise to an ion-pressure anisotropy
A; ~ 22/L3, where Ly is the length scale associated with the shearing motions. For
|A;l = B!, the mirror- and firehose-instability thresholds can be crossed (the mirror
instability is trigged by sufficiently positive pressure anisotropy, the firehose instability
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by negative pressure anisotropy). Beyond its threshold, the maximum firehose-instability
growth rate yj, was found to satisfy yge o< |A; + 2/B:|'/?, whilst for the mirror instability,
the maximum growth rate was Y < A; — 1/8;. Such destabilisation of shearing motions
was confirmed numerically by Kunz ez al. (2014), followed by many others (e.g. Riquelme
et al. 2015, 2016, 2018; Melville et al. 2016).

In this paper, we examine the criteria for the CE distribution function to be stable to
microinstabilities at collisionless scales — i.e. at k4; > 1 (where k is the microinstability
wavenumber), and y7, > 1. In a two-species plasma with a fixed mass ratio u, =
m,/m;, T, = T; and an ion charge Z; that is not very large, these criteria turn out to be
relationships between three dimensionless parameters: A/L, d,/L and 8, where 1 = A, =
Z?J; is the mean free path for both ions and electrons in a hydrogen plasma, and d, is
the electron inertial scale. The first criterion (which we refer to as the B-stabilisation
condition) is that the ratio 4/L be much smaller than the reciprocal of the plasma g, viz.
AB/L <« 1. This condition arises because the microinstabilities discussed in this paper
are stabilised (usually by Lorentz forces) at sufficiently low B. The second criterion
(the collisional-stabilisation condition) is that the characteristic wavenumber k. of the
fastest-growing microinstability in the absence of collisional effects be comparable to (or
smaller than) the reciprocal of the mean free path: kyeud S 1. Unlike the B-stabilisation
condition, we do not justify this condition rigorously, because our calculations are only
valid for wavenumbers k such that k4 >> 1; thus, we cannot say anything definitive about
the k1 < 1 regime. We do, however, show that another, more restrictive stabilisation
condition that one might naively expect to exist on account of collisions — that
microinstabilities cannot occur if their growth rate y is smaller than the collision frequency
(viz. y1, < 1) — does not, in fact, apply to the most significant microinstabilities in CE
plasma. There are good physical reasons to believe that the CE distribution function
is stable against collisionless microinstabilities if the collisional-stabilisation condition
kpeakd S 1 18 satisfied: not least that the typical growth time of the fastest microinstability
in CE plasma (calculated neglecting collisional damping of microinstabilities) becomes
comparable to the macroscopic evolution time scale 7;,. We thus assume the validity
of the collisional-stabilisation condition throughout this paper. How k., relates to the
other physical parameters is in general somewhat complicated; however, typically, the
collisional-stabilisation condition can be written as a lower bound on the ratio d,/L. For
example, in the limit of very high 8, itis d,/L > (m,/m;)~"°(1/L)*? (see § 4.2).

If both the B-stabilisation and collisional-stabilisation conditions are violated, we
demonstrate that CE plasma will be subject to at least one microinstability, and
quite possibly multiple microinstabilities across a wide range of scales. Some of
these microinstabilities are thresholdless — that is, without including collisional effects,
they will occur for CE distributions departing from a Maxwellian distribution by an
asymptotically small amount. Note that all significant microinstabilities associated with
the CE distribution function are ‘low frequency’: their growth rate y satisfies y << kv,
where k is the typical wavenumber of the instability, and vy the thermal velocity of the
particles of species s. This property enables a small anisotropy of the distribution function
to create forces capable of driving microinstabilities (see § 2.5).

In this paper, we characterise all significant microinstabilities that arise at different
values of A/L, B and d,/L for a particular form of the CE distribution function
appropriate for a strongly magnetised plasma — that is, a plasma where the Larmor
radii of ions and electrons are much smaller than the corresponding mean free paths of
these particles. We treat this particular case because of its importance to astrophysical
systems, which almost always possess macroscopic magnetic fields of sufficient strength to
magnetise their constituent particles (Schekochihin & Cowley 2006). Our characterisation
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of microinstabilities focuses on providing the maximum microinstability growth rates,
as well as the wavenumbers at which this growth occurs. We find that there exist two
general classes of microinstabilities: those driven by the non-Maxwellian component
of the CE distribution associated with temperature gradients, and those driven by the
non-Maxwellian component associated with bulk velocity gradients (‘shear’). We refer
to these two non-Maxwellian terms (which exist for both the ion and electron CE
distribution functions) as the CE temperature-gradient terms and the CE shear terms,
respectively. Microinstabilities driven by the CE temperature-gradient terms are called
the CE temperature-gradient-driven (CET) microinstabilities, while those driven by the
CE shear terms are the CE shear-driven (CES) microinstabilities.

As expected, within this general microinstability classification scheme, we recover a
number of previously identified microinstabilities, including the (electron-shear-driven)
transverse instability (which we discuss in §§4.3.3 and 4.4.9), the whistler instability
(§4.3.2), the electron mirror instability (§ 4.3.4), the electron firehose instability (§§ 4.4.6
and 4.4.7), the ordinary-mode instability (§4.4.11), the (electron-temperature-gradient-
driven) whistler heat-flux instability (§§3.3.1 and 3.3.2) and the (ion-shear-driven)
mirror (§4.3.1) and firehose (§§4.4.1, 4.4.2, 443, 444 and 4.4.5) instabilities.
We also find four microinstabilities that, to our knowledge, have not been
previously discovered: two ion-temperature-gradient-driven ones at ion Larmor
scales — the slow-hydromagnetic-wave instability (§3.3.3) and the long-wavelength
kinetic-Alfvén wave instability (§3.3.4) — and two electron-shear-driven ones —
the electron-scale-transition (EST) instability (§4.4.8) and the whisper instability
(§4.4.10) — at electron-Larmor and sub-electron-Larmor scales, respectively. Of these
microinstabilities, the whisper instability seems to be of particular significance: it has
an extremely large growth rate in certain parameter regimes, and is associated with
a new high-8 wave in a Maxwellian plasma, which also appears to have previously
escaped attention. For convenience, a complete index of microinstabilities discussed in
this paper is given in table 1, while the peak growth rates of these microinstabilities
and the scales at which they occur (for a hydrogen CE plasma) are given in table 2.
There do exist microinstabilities in CE plasma that are not represented in tables 1 and 2;
however, we claim that the instabilities discussed in this paper are the most significant, on
account of their large growth rates and/or low S-stabilisation thresholds compared with
the unrepresented ones.

Having systematically identified all significant microinstabilities, we can construct
‘stability maps’ of strongly magnetised CE plasma using ‘phase diagrams’ over a
two-dimensional (1/L, d,/L) parameter space at a fixed 8. An example of such a map (for
a hydrogen plasma with equal ion and electron temperatures) is shown in figure 1. The
entire region of the (1/L, d./L) space depicted in figure 1 could naively be characterised
as pertaining to classical, collisional plasma, and thus describable by fluid equations,
with transport coefficients given by standard CE theory. However, there is a significant
region of the parameter space (which is demarcated by boundaries corresponding
to the pB-stabilisation and collisional-stabilisation conditions) that is unstable to
microinstabilities. In fact, in strongly magnetised plasma, the collisional-stabilisation
condition is never satisfied, because there exist microinstabilities whose characteristic
length scales are the ion- and electron-Larmor radii, respectively; this being the case, only
the B-stabilisation condition guarantees kinetic stability.

The effect of microinstabilities being present in CE plasma would be to change
the non-Maxwellian components of the distribution function, and therefore to alter the
CE-prescribed resistivity, thermal conductivity and/or viscosity. Identifying the dominant
microinstability or microinstabilities in such plasmas (as is done in figure 1 for a hydrogen
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Microinstability name Section(s) . Driving CE term
occurring in literature
Mirror instability 4.3.1 — Ton-velocity shear
44.1,44.2, Garden-hose
Firehose instability 443,444, . o Ton-velocity shear
445 instability

Slow-hydromagnetic- 3.33 — Ion-temperature
wave instability* gradient

Long-wavelength kinetic-Alfvén 334 — Ion-temperature
wave (KAW) instability* gradient

CES whistler 432 Electron-cyclotron  Electron-velocity shear
instability (whistler) instability

Electron 434 KAW, field-swelling Electron-/ion-
mirror instability instability velocity shear

Electron 4.4.6,4.4.7 KAW instability Electron-/ion-
firehose instability velocity shear

Electron-scale-transition 448 — Electron-velocity
(EST) instability* shear

Whisper instability* 4.4.10 — Electron-velocity

shear

Transverse instability 433,449 \S)vrgfbl::ﬁ?::tzgﬁﬁ}; Electr(s)lrll;:flocny

Ordinary-mode 4.4.11 — Electron-velocity
instability shear

CET whistler 331,332 Whistler heat Electron-temp.
instability flux instability gradient

Other names

TABLE 1. Index of microinstabilities. The microinstabilities listed here are those discussed
in the main text, with the relevant sections indicated. We also indicate whether these
microinstabilities are driven by macroscopic electron-/ion-temperature gradients associated with
the CE distribution function, or by macroscopic electron/ion velocity gradients (shears): see
§2.2.1 for a discussion of this classification. Newly identified microinstabilities are indicated
with an asterisk.

plasma) is then necessary for calculating the true transport coefficients, which are likely
determined by the effective collisionality associated with the saturated state of the
dominant microinstability rather than by Coulomb collisions. Although such calculations
are not undertaken in this paper, it seems possible that the modified transport coefficients
could be determined self-consistently in terms of macroscopic plasma properties such
as temperature gradients or velocity shears. We note that the calculation presented here
assumes that the CE distribution function is determined without the microinstabilities
and thus is only correct when the plasma is stable. Therefore, strictly speaking, the only
conclusion one can make when the CE plasma is unstable is that the naive CE values of
transport coefficients should not be taken as correct.

We emphasise that kinetic instability of CE plasmas is a phenomenon of practical
importance as well as academic interest. We illustrate this in tables 3 and 4, where
the possibility of microinstabilities is considered for a selection of physical systems
composed of classical, collisional plasma. We find that, while there exist some systems
where CE plasmas are immune to microinstabilities — for example, the photosphere
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Microinstability
name

Mirror
instability

Parallel firehose
instability

Oblique firehose
instability

Critical-line firehose
instability (¢ > 107°)

Critical-line firehose
instability (¢ < 1079)

Slow-hydro.-wave
instability

Long-wavelength KAW
instability

CES whistler
instability

Electron mirror
instability

Parallel electron
firehose instability

Oblique electron
firehose instability

EST instability
% S ue'")

EST instability
€7 Z e

Whisper
instability

Parallel transverse
instability

Oblique transverse
instability

Ordinary-mode
instability

CET whistler
instability

Growth rate

Wavenumber scale (x£2,)

kypi Skipi~1 He€

kypi ~ kipi ~ €2 kL < €/ o€
kypi ~ €4k ~k o€/t
kypi ~ \/3/2kLp;i < 1 pe€l/?
kypi ~ /372 kypi ~ €'/12 o€’/ 12
kipi S kypi~ 1 e

kypi < kipi~1

kipe S kjpe ~ 1 e
kjpe Skipe~1 e e
kipe Skyjpe ~ 1 He€
kjpe S kipe~1 e
kjpe <1< kipe~ gl it Saes g
kipe < 1 < kipe ~€Spuy" e
kjpe < 1 < kipe~ 61/2,31/2/.L;/4 M2/863/4/31/4
kipe S kyoe ~ €212 14 [ 33ng1n

/4 34
1S kype Skppe ~ €V2B120/% 2432172

1/4 3/4
ki =0’kj_pe'\’61/2,31/2ﬂe/ Me/ 63/251/2

1/20 1/4
k1 pe 5 kllpe ~ El/sﬂl/sﬂe/ Ne/ €

B-threshold
e~ 1

e~ 1
e~ 1
e~ 1

e~ 1

—1/4
€ ~ e /

—1/4
€8 ~ e /

—1/2
B~ e /

—1/2
€B ~ e /

—1/2
B~ e /

—-1/2
€ ~ e /

—-1/2
€ ~ e /

—-1/2
€~ [te /

—1/2
B~ p e

—1/2
€B ~ e /

—1/2
B~ e /

—1/2
B~ B3

—1/4
€~ e /

TABLE 2. Properties of microinstabilities. Typical wavenumbers and maximum growth rates
of microinstabilities in strongly magnetised hydrogen CE plasma, and their B-stabilisation
thresholds. Here, p, = m./m;. We assume scalings (2.55) to relate the magnitude of CE
temperature-gradient-driven and CE shear-driven microinstabilities. These scalings lead to the
non-Maxwellian component of the ion distribution function having magnitude ~¢ = Ma A/Ly,
where 4 = A, = 4;, Ly is the length scale of the CE plasma’s bulk fluid motions in the direction
parallel to the guide magnetic field (see (2.13d)) and Ma is the Mach number of those bulk
motions. The quoted wavenumbers and growth rates apply when the B-stabilisation threshold is
exceeded by an order-unity or much larger factor.
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FIGURE 1. Stability map for the CE distribution function. Idealised illustration of the stability
of strongly magnetised, classical, collisional hydrogen plasma to microinstabilities for different
(non-dimensionalised) values of the mean free path A = A, = A; and the electron inertial
scale d,. Here, the length scale Ly to which A and d, are normalised is the length scale of the
CE plasma’s bulk fluid motions in the direction parallel to the guide magnetic field (see (2.13d));
we assume scalings (2.55) to relate the magnitude of CE temperature-gradient-driven and CE
shear-driven microinstabilities, so the CE expansion parameter is € = Ma A/Ly (see the caption
of table 2 for definitions). The white region of the (d./Ly, Ma A/Ly) stability map is stable; the
coloured regions are not. In the unstable regions, the fastest-growing microinstability is indicated
by colour according to the figure’s legend; in the regions where multiple microinstabilities could
be operating simulataneously, multiple colours have been employed. The plasma beta 8 here was
taken to be g = 10, and the Mach number Ma = 1.

and chromosphere — there are many other astrophysical plasma systems that are
likely susceptible to them. Similar considerations apply to a range of laser plasmas,
including plasmas generated in inertial-confinement-fusion and laboratory-astrophysics
experiments. Indeed, a recent experiment carried out on the National Ignition Facility
(NIF) — part of a wider programme of work exploring magnetic-field amplification in
turbulent laser plasmas (Tzeferacos et al. 2018; Bott et al. 2021¢,b, 2022) — found evidence
for the existence of large-amplitude local temperature fluctuations over a range of scales,
a finding that was inconsistent with Spitzer thermal conduction (Meinecke et al. 2022).
This claim was corroborated by magnetohydrodynamic (MHD) simulations (with the code
FLASH) of the experiment that modelled thermal conduction either using the Spitzer
model, or no explicit thermal conduction model: the latter simulations were found to
be much closer to the actual experimental data. Because the plasma created in the NIF
experiment is also anticipated by our theory to be susceptible to CE microinstabilities,
observations of a discrepancy with CE-derived transport coefficients are tantalising. We
note that the idea of microinstabilities emerging in both collisional astrophysical plasmas
and laser plasmas is not a new one: see, e.g. Schekochihin et al. (2005) or Hellinger &
Travnic¢ek (2015) in the former context; in the latter, Epperlein & Bell (1987) or Bell
et al. (2020). However, to our knowledge there does not exist a systematic treatment of the
general kinetic stability of CE plasmas. This is the gap that this paper attempts to fill.
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Environment T, (eV) T; (eV) e (cm ™) B (G) L (cm)
Warm intergalactic medium (WIGM) 102 102 1073 10-8 3 x 10%
Intracluster medium (ICM) 104 10* 102 1073 3 x 108
IGM post reionisation 1 1 10-° 109 3 x 10
Solar photosphere 1 1 107 500 107
Solar chromosphere 1 1 1012 10 107
Burning ICF hot spot (NIF) 104 10* 2x 102 8x107 5x 1073
Laser-ablated plasma (long pulse) 10° 5% 102 4 x 10? 10° 1072
NIF ‘TDYNO’ laser plasma 103 103 5 x 1020 106 1072

TABLE 3. Plasma parameters for some physical systems composed of classical, collisional
plasma. The values of temperature and density of the WIGM given here are from Nicastro,
Mathur & Elvis (2008), while those of the ICM come from Fabian (1994). The estimates of the
typical magnetic-field strengths and scale lengths for both the WIGM and the ICM are from Ryu
et al. (2008). For simplicity, we have assumed equal ion and electron temperatures; however,
we acknowledge that there is some uncertainty as to the validity of this assumption (see, e.g.
Yoshida, Furlanetto & Hernquist 2005). Barkana & Loeb (2001) is the source of estimates for the
IGM post reionisation. Estimates for typical solar parameters are from Wiegelmann, Thalmann &
Solanki (2014) and Stix (2012). The values of the temperature, electron density and scale length
for ICF hot spots are from Abu-Shawareb (2022), who reported the first DT experiments carried
out on the NIF to exceed the Lawson criterion for ignition; the estimates of the magnetic-field
strength come from numerical simulations of a burning ICF hot spot with a similar fusion energy
yield (Sadler et al. 2022). The parameters for the laser-ablated carbon-hydrogen plasma are from
an experiment on the OMEGA laser facility, with a 1 ns, 500 J pulse with a 0.351 pwm wavelength
(Li et al. 2007); we assume that the measured fields are found in front of the critical-density
surface when estimating the density. The “TDYNO’ laser plasma is a turbulent carbon-hydrogen
plasma that was produced as part of a recent laboratory astrophysics experiment on the NIF
which found evidence of suppressed heat conduction (Meinecke er al. 2022). Naturally, the
systems described here often support a range of density, temperatures and magnetic fields, so
the values provided should be understood as representative, but negotiable.

This paper has the following structure. In § 2, we discuss kinetic and fluid descriptions
of classical plasma. We then describe the CE expansion in collisional plasma: we work
out the CE distribution function arising in a two-species strongly magnetised plasma,
evaluate the friction forces, heat and momentum fluxes necessary to construct a closed
set of plasma-fluid equations and systematically estimate the size of the non-Maxwellian
components of this distribution. Next, we discuss qualitatively the existence and nature
of microinstabilities potentially arising in CE plasma, before presenting the methodology
that we later use to perform the full linear, kinetic stability calculation. We provide an
overview of this methodology in § 2.4, and then a much more detailed exposition of
it in §2.5: in particular, we describe in the latter how a simple form of the dispersion
relation for the fastest microinstabilities can be obtained by considering the low-frequency
limit y < kvy, of the hot-plasma dispersion relation, and how this simplified dispersion
relation can be solved analytically. Readers who are uninterested in the technical details
of this calculation are encouraged to pass over § 2.5; knowledge of its contents is not a
pre-requisite for subsequent sections. In §§ 3 and 4, we construct stability maps (analogous
to figure 1) showing the parameter ranges in which the CE distribution function is stable,
to CET and CES microinstabilities, respectively. The parameters are 8 and A/L, and we
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Environment /L A;/L d,/L B BA/L  pe/de  pi/Ai  kpeakde
WIGM 2x 1073 2x1073  2x1077 104 20 10-12 10~ 1012
ICM 1072 1072 107 102 1 10-14 10-13 101
Reion. IGM 107 107 10-16 1022 1055 0.5 20 10°
Photosphere 6x10712  6x10712 2x10710 30 10710 110 4x10°  107*
Chromosphere 2 x 1077 2x 1077 5x 1078 1 1077 0.2 6 0.2
ICF hot spot 5107 3x1072  2x107°  3x10° 15 0.2 20 6
Laser-abl. pl. 7x 1073 3x107*  8x1074 200 1 0.4 800 2.5
NIF TDYNO 6x1072  2x1072  2x1073 45 2.5 0.1 200 10

TABLE 4. Derived plasma parameters for systems composed of classical, collisional plasma.
All parameters are calculated using Huba (1994), except for kpeakde. This is calculated
by considering all possible instabilities, and then finding the magnitude of kpeaxd. for the
fastest-growing instability satisfying kpeaxde 2 1. Depending on the values of other parameters,
the fastest-growing instability varies between systems; in the WIGM, ICM, ICF, laser-ablation
and TDYNO plasmas, the whistler heat-flux instability is the fastest-growing one, while in the
reionised IGM, the transverse instability is. Formulae for 4, and A; are also given by (2.14a,b).

construct separate stability maps for CET and CES microinstabilities in order to take into
account the fact that L is in general not the same in the situations where these two types
of microinstabilities occur. In § 3, we also discuss the significant CET microinstabilities
that can occur (or not) at different values A/L and B, and provide simple analytic
characterisations of them; in §4, we do the same for significant CES microinstabilities.
Finally, in §5, we discuss the general implications of these instabilities for classical,
collisional plasmas, and consider future research directions. Throughout this paper, most
lengthy calculations are exiled to appendices; a glossary of mathematical notation is given
in Appendix A.

2. Problem set-up
2.1. Kinetic vs fluid description of classical plasma

The evolution of classical plasma is most generally described by kinetic theory, via
the solution of Maxwell-Vlasov—Landau equations for the distribution functions of
constituent particles. More specifically, in a kinetic description of a (non-relativistic)
plasma, the distribution function f;(r, v, f) of the particle of species s satisfies

af, Z.e v X B af;
i-l—v-st+ E + -f
ot mg c ov

= > C(fin ko). 2.1)

where ¢ is time, r spatial position, v the velocity, e the elementary charge, Z e the charge
and my the mass of species s, E the electric field, B the magnetic field, ¢ the speed of
light and €(f;, f) the collision operator for interactions between species s and s'. Here,
we do not yet give a specific form for €(f;,fy); in general, an appropriate choice is
the full Landau collision operator (Helander & Sigmar 2005), but to aid tractability of
some calculations that we carry out subsequently (see § 2.4.2), we will in some instances
adopt simpler models such as the Krook operator (Bhatnagar, Gross & Krook 1954).
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Equation (2.1) is coupled to Maxwell’s equations:

V.E=14xn ZZSe/d%fs, (2.2q)
V.B=0, (2.2b)
19B
VXE=——, (2.2¢)
c ot
10E 4
VxB=-24M Zse/d‘gvvfs. (2.2d)
c ot c =

Together, (2.1) and (2.2) form a closed set of governing equations.
The density n,, bulk fluid velocity V and temperature T, of species s can be formally
defined in terms of moments of the distribution function:

ny = / dof, (2.3a)
1 3

Vi=— [ dvof, (2.3b)
nS
1 3 l 2

T,=— | &v=myv—V,|*f. (2.3¢)
ng 3

Governing ‘fluid’ equations are then derived by integrating (2.1) or outer products of (2.1)
and the velocity variable v with respect to v:

Dl vV =0 (2.4a)
ngv «V,=».u, aa
Dr |,
DV, V,xB
mgn, =—-Vp,—V.n,+ Zen, | E+ + R;, (2.4b)
Dr | c
3 DT;
—ng—» | +p,V-Vy=—-V.q —m,:VV,+ Q,, (2.4¢)
27 Dr |,
where
Dy _ 29 +V,-V (2.5)
Dt|, ot ° '

is the convective derivative with respect to the fluid motions of species s, p, the pressure,
7, the viscosity tensor and ¢, the heat flux of species s, R, the friction force on this
species due to collisional interactions with other species, and O, the heating rate due
to inter-species collisions. The latter quantities are formally defined in terms of the
distribution function as follows:

1

Py = /d3v gms|v —VJ*f, = n,T,, (2.6a)

n, = —p, + / FPom, (v -V, (v—-V,) f,, (2.6b)
3 1 2

g, = | v EmS|v — V) w—-Vyf, (2.6¢)
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R, = Z/d%msv C(fi f)s (2.6d)

Qy

1
R, -V, + > / d’v 5ms|v|2 C(fin fo)- (2.6¢)

The distribution function only appears in Maxwell’s equations via its zeroth and
first moments; namely, Gauss’ law (2.2a) and the Maxwell-Ampere law (2.2d) can be

written as
V.E=4x E Zseny, 2.7a)
10E 4m
VXxB=—-——+— Z.en, V. 2.7b
x c ot + c Z en ( )

Unlike the kinetic description, the fluid equations (2.4) combined with Maxwell’s
equations (2.2b), (2.2d), (2.7a) and (2.7b) are not a closed system: knowledge of the
distribution function, not just of n,, V' or T, is required to calculate momentum and heat
fluxes, as well as the friction force or heating.

As discussed in the Introduction, solving fluid equations as opposed to kinetic equations
is advantageous in many cases of interest. Since the dimensionality of the kinetic system
is greater (a six-dimensional phase space vs three-dimensional position space), solving the
kinetic system introduces both significant numerical and conceptual complexity. However,
the system of fluid equations (2.4) is only usable if some type of closure can be introduced
to calculate m,, ¢q,, R, and Q; in terms of n,, V; and 7. For classical plasmas, such a
closure is generally not possible, except in the case of strongly collisional plasmas.

2.2. The Chapman—Enskog expansion

2.2.1. The CE distribution functions

For a classical, collisional plasma — i.e. a plasma where the mean free path A; of
particles of species s satisfies A;/L < 1 for all s, L being the length scale over which
the macroscopic properties of the plasma vary — a formal procedure exists for deriving a
closed system of fluid equations from a kinetic description of the plasma. This procedure
is the CE expansion, which gives distribution functions that are close to, but not exactly,
Maxwellian. We call them CE distribution functions. The non-Maxwellian components
of the CE distribution functions of particle species s are proportional to A;/L, and must
be present in order to support gradients of n,, V', and T on O(L) length scales, because
(2.6b—e) are all zero for a Maxwellian plasma.

We consider a collisional electron—ion plasma (in which, by definition, u, = m,/m; <
1) with the property that all constituent particle species are strongly magnetised by the
macroscopically varying magnetic field B: that is, the Larmor radius p, = m,vysc/|Z;|e|B|
satisfies p, << A, both for the ions and for the electrons (here, vy, = +/27;/m; is the
thermal speed of species s). Equivalently, a strongly magnetised plasma is one in which
the Larmor frequency $2, = e|Z;|/myc satisfies §2,7, > 1, where 7, is the collision time
of species s. In such a plasma, the macroscopic variation of the fluid moments is locally
anisotropic with respect to B; L is the typical length scale of variation in the direction
locally parallel to B. It can then be shown that, to first order of the CE expansion in
As/L < 1, and to zeroth order in p;/A; < 1, the CE distribution functions of the electrons
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and ions are

~ ~ n, ~2
Wy, Vo) = ———exp(—v
f‘e ell» Ve v[?,hej_[?,/z p( e)

. . - 1= (U
X {1 + [nzAZ(Ue) + anf(ve) + HZAZ(Ue)] Vel + eece(ve) (vf - LJ_>} s

~ ~ n; ~2
Sfi(vy, vi) = W exp (—U,-)
02
xl1+nﬁxﬁﬁf+QQﬁD<ﬁr—€f)}. (2.8b)
Let us define the various symbols employed in (2.8), before discussing the origin of these
expressions and their significance for formulating fluid equations (see § 2.2.2).

The particle velocity v (with the corresponding speed v = |v]) is split into components
parallel and perpendicular to the macroscopic magnetic field B =Bz as v = vz + v,
and the perpendicular plane is in turn characterised by two vectors X and y chosen so
that {x, y, z} is an orthonormal basis. The perpendicular velocity is related to these basis
vectors by the gyrophase angle ¢:

vl=vl(cos¢fc—sin¢j/). (2.9)

The non-dimensionalised peculiar velocity ¥, in the rest frame of the ion fluid is defined
by ¥, = (v — Vi) / Vs, U5 = |V, U5y = Z - ¥, and ¥, = |V, — U,2]. The number densities
satisfy the quasi-neutrality condition

Zin; = n, (2.10)

where we have utilised Z, = —1. We emphasise that n,, {X, y,z} and vy, all vary over
length scales L in the plasma, but not on shorter scales (at least not in the direction
locally parallel to B). The functions A7 (7,), A®(3,), A“(D,), C.(3.), Ai(¥;) and C;(¥;) are
isotropic functions whose precise forms depend only on the collision operator assumed in
the original kinetic equation. Their magnitude is O(1) when v, ~ 1 or v; ~ 1, for electrons
and ions, respectively. Finally, the parameters neT, nf , n4, ni, € and ¢; are defined as follows:

Ae
n =4,V logT, = sgn(Vlog TE)L—, (2.11a)
T
k_ o Re
Ne =Ae—, (2.11b)
Pe
w g, Mellel 2.11¢)
N, = A, Tz’ .
4
n; = A,V logT; = sgn(V, log T,-)L—, (2.114)
T;
A (4 1/ w 22 ” w Ve A (2.11e)
€, = —=1):W, =sgn —=1):W, , dle
Uthe ® 3 & ® 3 Uthe LVB
A (. 1 o1 Vi A
€=—\zz—=<l|:W;,=sgn||zz—=1):W;| ——, (2.11f)
Vthi 3 3 Vi Ly
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where A, is the electron mean free path, A; the ion mean free path, 7, the electron
collision time, R, = Z - R, the parallel electron-friction force, u,;, = V., — V; the relative
electron—ion velocity, U, = Z * U,

W,=VV,+(VV) —2(V-V)I (2.12)
the traceless rate-of-strain tensor of species s, V, (V;) the bulk electron-(ion-)fluid speed
and

Lr=|V,logT,| ™", (2.13a)
Ly = |V logT,| ", (2.13b)
L, =V, |- 1n:w,| ", (2.13¢)
Ly=Vi|(& - 1w, (2.13d)

are, respectively, the electron and ion temperature and the electron- and ion-flow length
scales parallel to the background magnetic field. The mean free paths are formally defined
for a two-species plasma by

/le = Uthe Tes (214(1)
/li = Vi T, (214b)

and the collision times 7, and t; are given in terms of macroscopic plasma parameters by

3127312
T = e Lo , (2.15a)
4\/ 2T[Zi2€4l’li IOg ACL
12.73/2
. s T, (2.15h)

T 4V2nZtetnilog AcL

where log Acy is the Coulomb logarithm (Braginskii 1965).! In a collisional plasma, nf,
nf, ns, n;, €, and €; are assumed small. We note that all these parameters can be either
positive or negative, depending on the orientation of temperature and velocity gradients.
It is clear from their definitions that each of the non-Maxwellian terms associated with
the parameters n’, n®, n“, n;, €, and ¢ is linked to a different macroscopic physical
quantity. Thus, n! and #, are proportional to the electron- and ion-temperature gradients,
respectively; we will therefore refer to the associated non-Maxwellian terms as the CE
electron-temperature-gradient term and the CE ion-temperature-gradient term. We refer
to the non-Maxwellian term proportional to n® as the CE electron-friction term, to
the non-Maxwellian term proportional to n% as the CE electron—ion-drift term, and the
non-Maxwellian terms proportional to €, and ¢; as the CE electron-shear term and the
CE ion-shear term. The friction and electron—ion-drift terms appear in the electron CE
distribution function but not the ion CE distribution function because of our choice to
define all velocities in the ion-fluid rest frame. We note that, while macroscopic variation
of both the electron and ion densities is a priori allowed in our plasma, the derivation of
the CE distribution functions reveals that such variation does not directly give rise to a
non-Maxwellian perturbation to the CE distribution function (see Appendix B.1).

!Braginskii defined his ion collision time as equal to (2.15b) multiplied by a factor of +/2; for the sake of species
equality, we remove this factor.
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The derivation of the CE distribution functions (2.8) for a two-species strongly
magnetised plasma undergoing sonic motions (that is, V; ~ vg,;) from the kinetic equation
(2.1) was first completed by Braginskii (1965) for arbitrary values of p;/1;. We do not
reproduce the full derivation in the main text, but, for the reader’s convenience, we provide
a derivation of (2.8) in Appendix B.1. The gist of the full derivation is to assume that
the distribution function is close to a Maxwellian, with parameters that only evolve on
a slow time scale ' ~ tL/A, ~ tL/A; > t. The kinetic equation (2.1) is then expanded
and solved order by order in 4,/L ~ A;/L < 1, allowing for the calculation of the (small)
non-Maxwellian components of the distribution function. The small parameters neT, nf N,
ni» € and ¢€;, as well as the isotropic functions A (?,), AX(?,), A“(3,), C.(D.), Ai(¥;) and
C;(v;) emerge during this calculation. In Appendix B.2, we provide a simple illustration of
how the isotropic functions are determined by the specific choice of collision operator; in
Appendices B.2.1 and B.2.2, we calculate them explicitly for Krook and Lorentz collision
operators, respectively. For the full Landau collision operator, the equivalent calculation
is more complicated, but can be performed (for example) by expanding the isotropic
functions in Sonine polynomials (see Helander & Sigmar 2005).

2.2.2. Closure of fluid equations (2.4)

Once the CE distribution function has been calculated, the desired fluid closure can be
obtained by evaluating the heat fluxes, the friction forces, and the momentum fluxes (2.6)
associated with the non-Maxwellian components of the CE distribution functions. These
calculations were carried out in full for arbitrary values of p,/A; by Braginskii (1965).

We do not reproduce the full fluid closure relations here; instead, we illustrate how the
non-Maxwellian terms in the CE distribution functions (2.8) give rise to the friction force
and heat fluxes parallel to the macroscopic magnetic field, as well as to the viscosity tensor.
In a strongly magnetised two-species plasma (where p; < Ay), parallel friction forces and
heat fluxes are typically much larger than their perpendicular or diamagnetic counterparts.

(i) Heat fluxes. Recalling (2.6¢), the parallel heat flux g, =z - ¢, associated with
species s is given by

1 3.7 2.
qo = 5 [ domg vl v £, (2.16)

where v = v — V. Noting that the electron distribution function (2.8a) is specified
in the rest frame of the ions, not electrons, it is necessary first to calculate the electron
distribution function in the electron rest frame before calculating the parallel electron
heat flux. An expression for this quantity is given by (B18) in Appendix B.1 as part
of our derivation of (2.8a):

2
by Tt A
Je(Vey Ver) = 75 eXp (‘ >

the the

/ !/ / v/
(ool )2
Uthe Uthe Uthe Uthe
’ v/2 2
pec ey (L 2 )1 2.17)
Uthe Vthe 2vthe

Now substituting (2.17) into (2.16) (with s = ¢), we find that the parallel electron
heat flux is

qey = —nTome [Aln; + Afnf + (A7 = 3) 0], (2.18)
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where
4 o0
At = — 2o [ an g e (<72). .19)

The minus signs in the definitions of A”** have been introduced so that A7** > 0
for a typical collision operator (determining that these constants are indeed positive
for any given collision operator is non-trivial, but it is a simple exercise to show
this for a Krook collision operator, using the expressions for A’ (9,), A®(9,) and
Al(v,) given in Appendix B.2.1). Expression (2.18) for the electron heat flux can be
rewritten as

_ IIVT Au 1 'Af Au 1 T 290
Ge) = —K, Vle— e_E_ATf e T 5 ) | el tein; (2.20)

where the parallel electron heat conductivity is defined by

R
it ETE e
=2 <Az - ﬁ;Aj) lelele, (221)
me
and
~ 4 e
At =~ [ an gt e (-12). 2.2
0

Numerical evaluation of the coefficients A”-** and A”-®* for the Landau collision
operator gives (Braginskii 1965)

n, Te Te

ge| = —-3.16 V” Tg + 0.71ngTeu€,-”. (223)

The ion heat flux can be calculated directly from (2.16) (s = i) using (2.8b):
qip = —nTvw A, (2.24)
where

4

A,’ -
This becomes
qi = —Kl-HV”Ti, (226)
where the parallel ion heat conductivity is

iTi i iT'i i
Ml g gMititi (2.27)

m; n;

Kl-H = —2Ai

The last equality is for the Landau collision operator (Braginskii 1965). Note that the
absence of a term proportional to the electron—ion-drift in the ion heat flux (2.24) is
physically due to the smallness of the ion—electron collision operator (Helander &
Sigmar 2005).
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(ii) Friction force. We evaluate the friction force by considering the electron—ion-drift
associated with electron CE distribution function. Namely, noting that

v4
Uy = —2¢ / d*v, Oy f,, (2.28)
it follows from (2.8a) that
ey = vine (AIn] + Ay + Atn?) (229)

This expression can in turn be used to relate the parallel electron-friction force R,
defined in (2.6d), to electron flows and temperature gradients

244+ 1\ nomouy AT
Ry = — 2Dl ) Bttt _ 2 g ., (2.30)
2AR Te AR

e e

Evaluating the coefficients A7, AR and A“ for the full Landau collision operator,
one finds (Braginskii 1965)

nemeueiH

Ry ~ —0.51 —0.71n,V,T.. (2.31)

Te
(iii) Viscosity tensor. For gyrotropic distributions such as the CE distribution functions

(2.8), the viscosity tensor wt, of species s defined by (2.6b) — which is the momentum
flux excluding the convective terms and isotropic pressure — is given by

w, = (py —psr) (22— 51), (2.32)

where the parallel pressure py and the perpendicular pressure p,, are defined by

2
pS“ = \/d3v; m‘Ylvs/'H |2f€ - nsz (1 - géxcs) 9 (233(1)
1 3.7 ro2 1
DPsL = E d vs ms|vsL| fv == nsTx 1 + gescx B (233b)

with the last expressions having been obtained on substitution of the CE distribution
function (2.8), and

8
577 ),

The sign of the constant C; is again chosen so that C; > 0 for typical collision
operators; for the Landau collision operator, C, >~ 1.1 and C; >~ 1.44 (Braginskii
1965). We note for reference that the parameter €, (see (2.11e—f)) has a simple

C, = dd, 00 Cy (D) exp (—107) . (2.34)
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relationship to the pressure anisotropy of species s: utilising (2.33), one finds

A, =D TP e (2.35)

Ps

Using (2.33), the viscosity tensor (2.32) can be written

=M LY (- L)ew (2.36)
eI \ETF)\ETF) '

where the dynamic viscosity of species s is

MHvs = 2CsnsTsTs- (237)

(iv) Thermal energy transfer between species. It can be shown that for the CE
distribution functions (2.8), the rate of thermal energy transfer from electrons to
ions Q, is simply

Qe = _Re * Uiy (238)

while the rate of thermal energy transfer from ions to electrons vanishes: Q; ~ 0.
This is because the ion—electron collision rate is assumed small (by a factor of the
mass ratio) compared with the ion—ion collision rate when deriving (2.8b), and is
thus neglected. Braginskii (1965) shows that, in fact, there is a non-zero (but small)
rate of transfer

3n.m,

Qi - _Qe - Re Uy = (Te - Tt) . (239)

ite
The time scale on which the ion and electron temperatures equilibrate is the
ion—electron temperature equilibration time

o=t (2.40)

In summary, the non-Maxwellian components of the CE distribution function are
essential for a collisional plasma to be able to support fluxes of heat and momentum.
More specifically, (2.20) demonstrates that the electron heat fluxes in a CE plasma are
proportional to both temperature gradients and electron—ion drifts, and are carried by the
electron-temperature-gradient, friction and electron—ion-drift terms of the CE distribution
function. In contrast, the ion heat fluxes (2.26) are proportional only to ion temperature
gradients (and carried by the CE ion-temperature-gradient term). Momentum fluxes (2.36)
for electrons and ions are carried by the CE electron- and ion-shear terms, respectively,
and are proportional to components of the rate-of-strain tensor.

2.2.3. Relative size of non-Maxwellian terms in the CE distribution function

In the case of magnetised, two-species plasma satistying 7; ~ T,, (2.11) can be used
to estimate the size of the small parameters n’, n%, n“, n;, €, and €. Although these
parameters are a priori proportional to A;/L for both ions and electrons, their precise
magnitudes are, in fact, subtly different. Namely, the terms associated with !, n¥, n“ and
n; are gradients of the electron and ion temperatures and electron—ion relative parallel drift
velocities, whereas terms associated with €, and ¢; involve gradients of the bulk flows
(cf. (2.11)) — and these gradients do not necessarily occur on the same length scale.
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Recalling that the (electron) temperature and the (ion) flow length scales parallel to the
macroscopic magnetic field are defined by (cf. (2.13))

Ly =|V,logT,|”", (2.41a)

1/ 1I -wfl
yed 3 < W

Ly = Vl , (2.41b)
where W; is the ion rate-of-strain tensor (2.12), and assuming that Ly, = |V log T;| ™' ~ Ly
(an assumption we will check a posteriori), it follows from (2.11) that

n o~ o (2.42a)
T
R, Ae
nR~ =~ 2T (2.42b)
¢ pe LT ‘
el )'8
n" Z ! o~ (2.42¢)
the T
A1
o~ ?nf, (2.42d)
T i
Vi A, L
€, ~ — ~ Ma é/z—TneT, (2.42¢)
Uthe Lv Ly
Vi A L
€ ~ -2~ Ma T, @42f)
Vi Ly Z:Ly

where Ma = V;/vy,; is the Mach number. Note that, to arrive at (2.42b), we assumed that
R.y ~ p./Lr and u,; ~ vw.A./Lr, justified by (2.30) and (2.29), respectively. The relative
magnitudes of neT, nf , n4, n;, €, and ¢; therefore depend on the Mach number of the plasma,
as well as on the length scales L; and Ly.

In the work of Braginskii (1965), who a priori presumes all ‘fluid’ quantities in
the plasma to vary on just a single scale L ~ Ly ~ Ly, with sonic ordering Ma < 1,
determining the relative size of these parameters for a hydrogen plasma (Z; = 1) is
simple:
o~ il
However, in most interesting applications, this single-scale ordering is incorrect. In a
plasma with A;/L < 1 under Braginskii’s ordering, motions on many scales naturally
arise. The fluid Reynolds number in such a plasma is given by

& K€ ~m~nl~nf~nt (2.43)

Vol
Re= —=, (2.44)
V

where V) is the typical fluid velocity at the scale Ly of driving motions and v = p,;/m;n; ~
vid; 1s the kinematic viscosity (see (2.37)). Typically, this number is large:

Voly _ 1
Re~ 220> "1, (2.45)
Vi Ai €

where we have assumed Mag = Vy/vy; < 1, in line with Braginskii’s sonic ordering.

Therefore, such a plasma will naturally become turbulent and exhibit motions across a
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range of scales. As a consequence, velocity and temperature fluctuations on the smallest
(fluid) scales must be considered, since the associated shears and temperature gradients
are the largest. To estimate neT, nf, n4, n;, €. and €; accurately, we must determine the
magnitude of these gradients.

First, let £, be the smallest scale on which the velocity varies due to turbulent
motions (the Kolmogorov scale), with velocity fluctuations on scales ¢ < ¢, being
suppressed by viscous diffusion. Then it follows that Re,, ~ 1, where Re, = V(£)£/v is
the scale-dependent Reynolds number and V (£) is the typical fluid velocity on scale £. For
Kolmogorov turbulence,

V(e e\ [Re\'*
O (L) ~(Bey ™ (2.46)
V() L() Re
and £/Ly ~ (Re;/Re)**, which gives V(£)/€ ~ (Vo/Lo)(Re,/Re)~"/2, and thus, from
(2.45),
V(,) Vo [Re,\ " A\ v,
€ Yo (Rew ) =y (2) 7 1o (2.47)
£, Ly Re Ly Ly
We therefore conclude that
Vo i A 2
Ly ~ ¢, ~ LoM. — . 2.48
v VL) oMd Lo ( )

Next, the smallest scale on which the electron temperature varies, £,, is the scale below
which temperature fluctuations are suppressed by thermal diffusion; it satisfies Pe,, ~ 1,
where Pe; = V(£)¢/x is the scale-dependent Péclet number and x = 2«/'/3n, ~ vy, is
the (parallel) thermal diffusivity (see (2.21)). Because temperature is passively advected
by the flow, the temperature fluctuation 7'(¢) at any scale £ > £, obeys the same scaling
as the bulk velocity:

1/4
o Vo <@> . (2.49)

T (Lo) VO Pe

In addition, the magnitude of temperature fluctuations at the driving scale is related to
the mean temperature by the Mach number of the driving-scale motions, 7 (Ly) ~ ToMay,

which then gives

T(¢ Pe,\'*

;) ~ May (;) , (2.50)
0 e

where Pe = Pey,. It follows from an analogous argument to that just given for the velocity
fluctuations that

T(¢ T,
T Topper @2.51)
£, 0
Under Braginskii’s ordering, the Prandtl number of CE plasma is

Pe Vinid;

PrEK:—N—l~M1/2<<], (2.52)
X Re vped, ¢
and, therefore,
Ty _ L (A
Ly~ €, —— ~ Lo, *Ma; ™ (-) . 2.53
T by e e G -

Thus, Ly ~ Mayu é/ 4L <« Ly under the assumed ordering.
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Finally, we consider whether our a priori assumption that Ly, ~ Ly is, in fact, justified.
A sufficient condition for ion-temperature gradients to be the same as electron-temperature
gradients is for the evolution time 7, of all macroscopic motions to be much longer than
the ion—electron equilibration-time tfeq defined by (2.40). Since 7, 2 £,/V(£,), it follows

that
1/2 12 12
T : A i
BSOS (ﬂ) Ma)? (-) ~e (ﬂ) : (2.54)
T, m, L m,

Thus, if € > p!/?, we conclude that collisional equilibration of ion and electron
temperatures might be too inefficient to regulate small-scale ion-temperature fluctuations,
in which case it would follow that Ly, < Ly. However, it has been previously demonstrated
via numerical solution of the Vlasov—Fokker—Planck equation that the CE expansion
procedure breaks down due to non-local transport effects if A,/L is only moderately small
(Bell, Evans & Nicholas 1981); thus, the only regime in which there is not ion—electron
equilibration over all scales is one where the CE expansion is not valid anyway. In short,
we conclude that assuming Ly, ~ Ly is reasonable.
Bringing these considerations together with (2.42), we find that

A A\
e~ ) Mag—— ~ May*p)/* (=)~~~ (2.55a)
Ly Lo
A A\ "?
€0~ n2Mag = ~ p!Pma)? (2} . (2.55b)
Ly Lo
A A\
€~ Mag— ~Ma)> [ =) . (2.55¢)
Ly Lo

Thus, we conclude that the largest distortions of the ion CE distribution are due to flow
gradients, while temperature gradients cause the greatest distortions of the electron CE
distribution function.

In deriving the estimates (2.55) of the small parameters neT, nf, n4, n;, € and €,
we assumed that the motions of the plasma (including those at the Kolmogorov scale)
satisfied Kolmogorov’s statistical theory of turbulence. There are several reasonable
grounds on which this assumption could be questioned. First of these is intermittency:
it is a long-standing result that the distribution of turbulent velocities at a given scale in
hydrodynamic turbulence becomes increasingly non-Gaussian as that scale decreases (see,
e.g. Davidson 2015). This has the consequence that (2.55) may overestimate the size of
the non-Maxwellian terms in the CE distribution function for the majority of the plasma’s
volume, but underestimate it significantly in localised regions. Another objection is the
now generally accepted finding that turbulent fluids with sufficiently strong magnetic
fields do not behave like hydrodynamic fluids: instead, turbulent motions tend to become
anisotropic with respect to the background magnetic field if the latter’s energy becomes
greater than the former (Goldreich & Sridhar 1995; Schekochihin et al. 2009). When
applied to turbulent motions at the Kolmogorov scale where motions are assumed to
behave as we have proposed, this condition becomes

V() /2 V32 V(L,)? A\
mnV(€.,)*/2  mniV5/2 V(L) ~Ma3/2(—) Bi ~ €fi, (2.56)

B?/87 B2/8n  V? o\ L
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where

8mn, T,
f=—

(2.57)

is the plasma beta of species s. So, whenever ; < €', the assumption that the turbulence
is unmagnetised is unlikely to be a good one, whereas if B; is sufficiently large (8; = € ),
it is more reasonable. As we have already outlined in the introduction (cf. figure 1), the
case in which B; is large will tend to be our focus in this paper; so we conclude that the
scalings (2.55) will generally be the pertinent ones.

2.3. Kinetic stability of classical, collisional plasma

2.3.1. Overview

We have seen that the CE expansion provides a procedure for the calculation of the
distribution functions arising in a classical, collisional plasma in terms of gradients of
temperature, electron—ion drifts and bulk fluid velocities; these calculations in turn allow
for the closure of the system (2.4) of fluid equations. However, these same gradients are
sources of free energy in the plasma, so they can lead to instabilities. Some of these
instabilities will be ‘fluid’, i.e. they are captured within the CE description and are
features of the fluid dynamics of plasmas; others are kinetic (‘microinstabilities’), and
their existence implies that the CE expansion is, in fact, illegitimate. Our primary purpose
in this paper is to determine when such microinstabilities do not occur in a strongly
magnetised two-species plasma. If, however, they do occur, we wish to determine their
growth rates. We begin by making a few general qualitative comments concerning the
existence and nature of these microinstabilities, before presenting the technical details of
their derivation.

2.3.2. Existence of microinstabilities in classical, collisional plasma

It might naively be assumed that a classical, collisional plasma is kinetically stable, on
two grounds. The first of these is that the distribution function of such a plasma is ‘almost’
Maxwellian, and thus stable. While it is certainly the case that a plasma whose constituent
particles have Maxwellian distribution functions is kinetically stable (Bernstein 1958;
Krall & Trivelpiece 1973), it is also known that a plasma with anisotropic particle
distribution functions is typically not (Furth 1963; Kalman et al. 1968; Davidson 1983;
Gary 1993). The (small) non-Maxwellian component of the CE distribution function is
anisotropic (as, e.g. was explicitly demonstrated by the calculation of pressure anisotropy
in §2.2.2), and thus we cannot a priori rule out microinstabilities associated with this
anisotropy.

The second naive reason for dismissing the possibility of microinstabilities in
classical, collisional plasma is the potentially stabilising effect of collisional damping
on microinstability growth rates. If collisional processes are sufficiently dominant to be
responsible for the mediation of macroscopic momentum and heat fluxes in the plasma,
it might be naively inferred that they would also suppress microinstabilities. This is,
in fact, far from guaranteed, for the following reason. The characteristic scales of the
microinstabilities are not fluid scales, but are rather intrinsic plasma length scales related
to quantities such as the Larmor radius p; or the inertial scale d; of species s, or the Debye
length Ap — quantities given in terms of macroscopic physical properties of plasma by

. M Vi€
Ps

=—, (2.584a)
|Zsle| Bl
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4nz2en,\ " ?
= (m—c2) = B2 (2.58b)

4nZ%e*n - 2c s
Ap = st = . 2.58
o= (275 - (2] 2550

s s

The crucial observation is then that the dynamics on characteristic microinstability scales
may be collisionless. For a classical, collisional hydrogen plasma (where A = A, ~ A; for
T, ~ T;), the mean free path is much larger than the Debye length: 1/p ~ n.A3 > 1; so
there exists a range of wavenumbers k on which microinstabilities are both possible (kAp <
1) and collisionless (k4 > 1). For a strongly magnetised collisional plasma, 4; > p; for
all species by definition; thus, any microinstability with a characteristic scale comparable
to the Larmor radius of any constituent particle will be effectively collisionless. We
note that such a range of collisionless wavenumbers only exists in classical (viz. weakly
coupled) plasmas; in strongly coupled plasmas, for which A < Ap, all hypothetically
possible microinstability wavenumber scales are collisional. Thus the phenomenon of
microinstabilities in collisional plasmas is solely a concern for the classical regime.

2.3.3. A simple example: the firehose instability in CE plasmas

Perhaps the simplest example of a microinstability that can occur in CE plasma is the
firehose instability. This example was previously discussed by Schekochihin et al. (2005),
but we nonetheless outline it here to illustrate the central concept of our paper.

Consider bulk fluid motions of the plasma on length scales Ly that are much smaller than
the mean free path A;, but much larger than the ion-Larmor radius p;; the characteristic
frequencies associated with these motions are assumed to be much smaller that the ion
Larmor frequency £2;, but much larger than the inverse of the ion collision time 7,”'. Under
these assumptions, the following four statements can be shown to be true (Schekochihin
et al. 2005):

(1) The bulk velocities of the electron and ion species are approximately equal:
V.=V,

(ii) The electric field in a frame co-moving with the ion fluid vanishes; transforming to
the stationary frame of the system, this gives

V.x B
E=_ %2 (2.59)
C

(iii)) The contribution of the displacement current to the Maxwell-Ampere law (2.2d) is
negligible, and so

en, (Vi — V) ~ —V x B. (2.60)
47
(iv) The electron and ion viscosity tensors both take the form (2.32), and the

electron-pressure anisotropy, defined by (2.35), is small compared with the ion
pressure anisotropy: A, < A;.

It then follows directly from (2.4b), summed over both ion and electron species, that

DV;
Dt |

L

B-VB
47

m;n; (261)

8m

B? o5
=-V <— + Per +p,¢> = V- [2 (P —pa)]+
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We remind the reader that z = B/B, and emphasise that we have neglected the electron
inertial term on the grounds that it is small compared with the ion inertial term:

DV, DV;
eNe—— inj —— 2.62
Mt | <M D |, (2.62)
The evolution of the magnetic field is described by the induction equation
DB
E - B ° VV, - BV ° V[, (263)

L

which is derived by substituting (2.59) into Faraday’s law (2.2¢).
Now consider small-amplitude perturbations with respect to a particular macroscale
state of the plasma

SV, =358V, explik-r— wb)}, (2.64a)
SB=3B expli(k-r— o)}, (2.64b)

whose characteristic frequency w is much greater than that of the plasma’s bulk fluid
motions (but is still much smaller than £2;), whose wavevector k = k;z is parallel to B,
and assume also that the velocity and magnetic-field perturbations are perpendicular to B.
It is then easy to show that (2.61) and (2.63) become

i SV, =i B T ) OBL (2.65q)

—1m;n; =11 -— il — Di —_—, .65a
w 1 = PiL Pi II B

—iwdB, = iBkSV.., (2.65b)

where p;; and p; are the perpendicular and parallel ion pressures associated with the
macroscale state (which, on account of its comparatively slow evolution compared with
the perturbation, can be regarded a quasi-equilibrium). Physically, the macroscale flow
gives rise to different values of p;, and p;;, and thereby an ion-pressure anisotropy A;,
because it changes the strength B of the macroscale magnetic field; thanks to the effective
conservation of the first and second adiabatic moments of the ions on the evolution time
scale of the macroscale flow (Chew et al. 1956), an increase (decrease) in B results in an
increase (decrease) in p;, , and a decrease (increase) in p;;. The dispersion relation for the
perturbation is then

1 A;
o = RV, (E + 7) , (2.66)

where f;, defined by (2.57), is the ion plasma beta. For a sufficiently negative ion-pressure
anisotropy, viz. A; < —2/B;, the perturbation is unstable. This instability is known as the
(parallel) firehose instability.

The underlying physics of the parallel firehose instability has been discussed extensively
elsewhere (see Rosin ef al. (2011), and references therein; also see § 4.4.1). Here, we simply
note that the firehose instability arises in a magnetised plasma with sufficiently negative
pressure anisotropy as compared with the inverse of the ion plasma beta; because the ion
CE distribution function has a small, non-zero pressure anisotropy, this statement applies
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to CE plasma at large ;. We also observe that the product of the growth rate (2.66) of the
firehose instability with the ion—ion collision time satisfies

1+A V2

Bi Bipi’

where we have assumed that A; < —28;', and employed the (non-trivial) result that the
peak growth of the parallel firehose instability occurs at wavenumbers satisfying & 0; ~
,3;1/ 2 (see §§4.4.1 and 4.4.2). Thus, if B; < A;/p; — a condition easily satisfied in weakly
collisional astrophysical environments such as the ICM (see table 4) — it follows that wt; >
1, and so collisional damping is unable to inhibit the parallel firehose in a CE plasma.? This
failure is directly attributable to its characteristic wavelength being at collisionless scales:
the parallel wavenumber satisfies k;4; ~ ﬁi_]/ z/li /pi > 1.

This simple example clearly illustrates that microinstabilities are indeed possible in a
classical, collisional plasma, for precisely the reasons given in § 2.3.2.

wT; ™~ kH/l,' (267)

2.3.4. Which microinstabilities are relevant

Although the naive arguments described in §2.3.2 do not imply kinetic stability of
CE plasma, these same arguments do lead to significant restrictions on the type of
microinstabilities that can arise. Namely, for some plasma modes, the small anisotropy
of CE distribution functions is an insufficient free-energy source for overcoming the
competing collisionless damping mechanisms that ensure stability for pure Maxwellian
distribution functions — e.g. Landau damping or cyclotron damping. For other plasma
modes, the characteristic length scales are so large that collisional damping does suppress
growth. In magnetised plasmas, there also exist cyclotron harmonic oscillations that,
despite minimal damping, can only become unstable for sufficiently large anisotropy of
the particle distribution function: e.g. the electrostatic Harris instability (Harris 1959; Hall,
Heckrotte & Kammash 1964). Since the anisotropy threshold for such microinstabilities is
typically A, 2 1 (Shima & Hall 1965), they cannot operate in a CE plasma.

We claim that there are only two classes of microinstabilities that can be triggered in a
CE plasma. The first are quasi-cold-plasma modes: these are modes whose frequency is so
large that resonant wave—particle interactions (Landau or cyclotron resonances) only occur
with electrons whose speed greatly exceeds the electron thermal speed vy,.. Collisionless
damping of such modes is typically very weak, and thus small anisotropies of particle
distribution functions can be sufficient to drive an instability. Well-known examples of
a small non-Maxwellian part of the distribution function giving rise to microinstabilities
include the bump-on-tail instability associated with a fast beam of electrons (see § 3.3.3 of
Davidson 1983), or the whistler instability for small temperature anisotropies (see § 3.3.5
of Davidson 1983). The existence of such instabilities for the CE distribution can be
demonstrated explicitly: e.g. the peak growth rate of the bump-on-tail instability associated
with the CE distribution function (‘the CE bump-on-tail instability’) is calculated in
Appendix D.3. However, the growth rates y of such instabilities are exponentially small
in 4,/L < 1. This claim, which is explicitly proven for the CE bump-on-tail instability
in Appendix D.3, applies to all electrostatic instabilities (see Appendix D.4), and it can
be argued that it also applies to all quasi-cold-plasma modes (see Appendix E). When
combined with the constraint that the resonant wave—particle interactions required for such
instabilities cannot occur if Y, < 1, where 1, is the collision time of the resonant particles,

2In fact, the naive condition y ; < 1 is not sufficient to ensure collisional stabilisation of the firechose instability; the
true stabilisation condition is instead kj4; < 1 (see § 2.5.7 for a discussion of this claim).
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the exponential smallness of the growth rate suggests that such microinstabilities will not
be significant provided A, /L really is small. As discussed in § 2.2.3, plasmas in which A, /L
is only moderately small are not well modelled as CE plasmas anyway, and thus, for the
rest of this paper, we will not study quasi-cold-plasma-mode instabilities.

The second class of allowed microinstabilities comprises modes that are electromagnetic
and low frequency in the sense that the complex frequency w of the microinstability
satisfies, for at least one particle species s,

D) A\
~ | — 1, 2.68
o (L> < (2.68)

where ¢ is some order-unity number. Low-frequency electromagnetic modes are in general
only subject to weak Landau and cyclotron damping (of order w/kvy, < 1 or less),
and thus can become unstable for small distribution-function anisotropies. By contrast,
electromagnetic modes satisfying o ~ kvgy would typically generate strong inductive
electric fields, which would in turn be subject to significant Landau or cyclotron damping,
overwhelming any unstable tendency. The firehose instability introduced in § 2.3.3 is one
example of this type of microinstability: it satisfies (2.68) with « = 1/2, provided its
B-stabilisation threshold is surpassed.

In this paper, we will focus on microinstabilities in this second class. Whilst small
compared with the streaming rate kv, of species s, the growth rates satisfying (2.68)
can still be significantly larger than the rate at which the plasma evolves on macroscopic
scales, and thus invalidate the CE expansion. We do not in this paper present a rigorous
proof that there are no microinstabilities of the CE distribution function which do not
fall into either of the two classes considered above. However, there do exist more precise
arguments supporting the latter claim than those based on physical intuition just presented;
these are discussed further in §§ 2.4.2 and 2.5.8.

The microinstabilities satisfying (2.68) fall into two sub-classes. The first sub-class
consists of microinstabilities driven by the CE temperature-gradient, CE electron-friction
and CE electron—ion-drift terms in the CE distribution functions (2.8); we refer
to these collectively as CE temperature-gradient-driven microinstabilities, or CET
microinstabilities, on account of the parameters n® and 1" scaling with temperature
gradients (see §2.2.2). The second sub-class is microinstabilities driven by the
CE shear terms, or CE shear-driven microinstabilities (CES microinstabilities). This
sub-classification is necessary for two reasons. First, the velocity-space anisotropy
associated with the CE shear terms is different from other non-Maxwellian terms, and
thus different types of microinstabilities can emerge for the two sub-classes. Secondly, as
was discussed in § 2.2.3 for the case of CE plasma, the typical size of small parameters 1,
n%, n* and n; is different from that of €, and ¢;. In our initial overview of our calculations
(§2.4) and in the more detailed discussion of our method (§2.5), we will consider all
microinstabilities driven by the non-Maxwellian terms of the CE distribution together;
however, when it comes to presenting detailed results, we will consider CET and CES
microinstabilities separately (§§ 3 and 4, respectively).

2.4. Linear stability calculation: overview

2.4.1. General dispersion relation
Our linear kinetic stability calculation proceeds as follows: we consider an
electromagnetic perturbation with wavevector k and (complex) frequency w of
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the form

SE =S8Eexpfi(k-r— wi)}, (2.69q)
8B =SBexpli(k-r— o)}, (2.69b)

in a plasma with the equilibrium electron and ion distribution functions given by (2.8a)
and (2.8b), respectively. We assume that all macroscopic parameters in the CE distribution
function are effectively constant on the time scales and length scales associated with
microinstabilities: this is equivalent to assuming that kA,, k4; > 1 (where k = |k| is
the wavenumber of the perturbation), and |w|t, > 1. To minimise confusion between
quantities evolving on short, collisionless time scales, and those on long, fluid time
scales, we relabel the equilibrium number density of species s as ny,, and the macroscopic
magnetic field as By in subsequent calculations. For notational convenience, we define

ne=n,, (2.70)

and

R u
A, = AT(@) + Z—;Af(ﬁe) + %A:(ﬁ», @.71)

e e

which in turn allows for the equilibrium distribution function of species s to be written as

~2

i -~ nSO ot =~ =~ =~ ~ vs
oy, Vs1) = REpY) exp (—USZ) |:1 + A5 (V5) Vg 4 €,C5(V5) (U,z — TL>1| . 272

ths

Finally, without loss of generality, we can set V; = 0 by choosing to perform the kinetic
calculation in the frame of the ions; thus, ¥, = v/vy,.

It is well known (Stix 1962; Parra 2017) that the electric field of all linear
electromagnetic perturbations in a collisionless, magnetised plasma with equilibrium
distribution function f;, must satisfy

[621‘2 (kk - 1) + ez] SE =0, (2.73)

2
where k = k/k is the direction of the perturbation,

47i
¢E=/+—o, (2.74)
w

the plasma dielectric tensor and ¢ the plasma conductivity tensor. The hot-plasma
dispersion relation is then given by

Ak [ n
det [—2 (ke —1) + ez} = 0. 2.75)
1)
The conductivity tensor in a hot, magnetised plasma is best displayed in an orthogonal
coordinate system with basis vectors {X, y, z} defined in terms of B, and k:
. By | ki k—kgz
z=—, X

, — , X X, (2.76a—c)
By ki ki

Il
o M
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where By = |By|, k” =k-z and k. =|k,|. In this notation, k = kz+ k,x. The
conductivity tensor is then given by

2 k” oo~ - /00~ ~ ~ \An
= s = dv s ds As sll» Us

n=—oc %"

+& 2 dw /ood” 0% E,(Wy, )i il (2.77)
Wy ——= Wy Vst Vg =Wy, Vg -~ ~ |» .
IIﬁ . I o 1 YsL Il L — iy

where

4nZ%e%n,
Wps = RATLL (2.78)
mS
T
Wy = (2.79)
= |kH|
~ MsCUhg |Zs|
g = = —p, 2.80
"= ZeBy  z " (2.80)
D @ (2.81)
Wy = , .
: Ikl\lvths
n
gsn = CZ)X T (282)
" k1A
P L
st(vsll’ V1) = 50 vthswsll’ Uty Us L (2.83)
o |k| |
o . O
AWy, V1) = V) ——— o Ws||&a (2.84)
8 Wg|| 8vu
a S AS ~S ’ ~S
By, T51) = o (W Uos) (2.85)
3Us¢ Ws||
2, (k1 pss
(Ry)w = ”kil—";’” (2.86a)
10705,
J k sUs J k sUs
(Ryn)yy = ind,, (ki ps01)J), (k1 psv J_) (2.86b)
kJ_IOsUSJ_
']n k sYs. k N
Ry, = 1P o5’ Ky : (2.86¢)
ky psVs1 Ky Vs
(Rsn)yx = _(Rsn)xya (286d)
(Rsn)yy = J;(kiﬁsﬁsL)za (2868)
_ . N J\ 2
(Rsn)yz = ann(kLpsvsJ_)Jn(kLpsvsJ_) ~ (286f)
|ku|Uu
(Rsn)zx = (Rsn)xm (286g)
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(Rsn)zy = _(Rsn)yzv (286[’1)
(Rsn)zz = ?Jn(klﬁsﬁsj_)z- (2861)
sL

Here, (Ry,), = X+ Ry, -y, and similarly for other components of R,,. The integration in
(2.77) is carried out over the Landau contour Cy; this is simply the real axis for growing
perturbations, but has a more complicated form for non-growing ones (Landau 1946;
Schekochihin 2024). For the reader’s convenience, a summary of the derivation of the
hot-plasma dispersion relation is given in Appendix C.

We note that the dielectric and conductivity tensors have the following symmetries:

¢,=-¢, ¢€E,=¢, ¢,=-¢, (2.87a-c)
Oyx = —Oxys Oz = Oxzy,  Ogy = — Oy, (2.88a—c)

where, for tensors with no species subscript, we use the notation &,, = x - € - . We also
observe that if f;o (v, v, ) is an even function with respect to vy, then, for k; > 0,

ow(—k)) = on(k)), (2.89q)
o (—k)) = oy (ky), (2.89b)
ox(—k)) = —0o..(k), (2.89¢)
oy (k) = oy, (ky), (2.89d)
oy, (=k)) = —o,.(k)), (2.89¢)
o (—k)) = o, (k), (2.891)

with the remaining components of the conductivity tensor given by (2.87a—c). If fyo (v, v.)
is an odd function with respect to vy, then

O (—ky)) = —on(k)), (2.90a)
ow(—k) = —oy(k)), (2.90b)
o (—ky) = o (k)), (2.90¢)
oy (=ky) = —oy(k), (2.90d)
oy, (—ky) = o, (k)), (2.90¢)
o (=ky) = —o. (k). (2.901)

These symmetries can be used to determine completely the behaviour of perturbations
with k; < 0 directly from perturbations with k; > 0, without any additional calculations.
Thus, unless stated otherwise, from this point on, we assume k; > 0, and thus wy = vy
(see (2.79)).

2.4.2. Simplifications of dispersion relation: overview of our approach

The full hot-plasma dispersion relation (2.75) is a transcendental equation, and thus, for
general distribution functions, the growth rates of perturbations can only be determined
numerically; this hinders the systematic investigation of stability over wide-ranging
parameter regimes. However, adopting a few simplifications both to the form of the CE
distribution functions (2.72) and to the type of microinstabilities being considered (see
§2.3.4) turns out to be advantageous when attempting a systematic study. It enables us
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to obtain simple analytical results for microinstability growth rates and characteristic
wavenumbers, as well as greatly reducing the numerical cost of evaluating these quantities.
The former allows us to make straightforward comparisons between microinstabilities,
while the latter facilitates the calculation of stability plots over a wide range of parameters
without requiring intensive computational resources.

First, we choose a Krook collision operator, with constant collision time t, for each
species s (Bhatnagar et al. 1954), when evaluating the isotropic functions AeT(f)e), Af(ﬁe),
AL(v,), Ai(v;), C.(v,) and C;(v;) in (2.72). As was explained in §2.2.1, these functions
are determined by the collision operator. While the full Landau collision operator might
seem to be the most appropriate choice, the conductivity tensor o defined by (2.77)
cannot be written in terms of standard mathematical functions if this choice is made.
Instead, the relevant integrals must be done numerically. If a simplified collision operator
is assumed, o can be evaluated analytically with only a moderate amount of algebra. In
Appendix B.2.1, we show that for the Krook collision operator

Al (D) = — (07 — 3). (2.91a)
AR(B,) = —1, (2.91b)
Ap(v) =0, (2.91c)
Ai(@e) = — (V7 = 3), (2.91d)
C.(v,) = —1, (2.91¢)
Ci(¥) = —1, (2.91f)

where it is assumed that 0,, ; < 1,3, €, "2 in order that the CE distribution functions

retain positive signs (the vanishing of the CE electron—ion-drift term is discussed in
Appendix B.2.1). Adopting the Krook collision operator has the additional advantage
of allowing a simple prescription for collisional damping of microinstabilities to be
introduced self-consistently into our stability calculation (see § 2.5.7 for further discussion
of this).

Secondly, as discussed in § 2.3.4, the most important microinstabilities associated with
the CE distribution function are low frequency, i.e. they satisfy (2.68). Therefore, instead
of solving the full hot-plasma dispersion relation, we can obtain a less complicated
algebraic dispersion relation. We also always consider electromagnetic rather than
electrostatic perturbations. This is because it can be shown for a CE plasma that
purely electrostatic microinstabilities are limited to the quasi-cold-plasma modes (see
Appendix D). Describing how the simplified dispersion relation for low-frequency,
electromagnetic perturbations is obtained from the full hot-plasma dispersion relation
requires a rather lengthy exposition, and necessitates the introduction of a substantial
amount of additional mathematical notation. In addition to this, certain shortcomings of
this approach warrant an extended discussion. Readers who are interested these details
will find them in the next section (§ 2.5). Readers who are instead keen to see the results
of the stability calculations as soon as possible are encouraged to jump to §§ 3 and 4.

2.5. Linear stability calculation: detailed methodology

2.5.1. Low-frequency condition in a magnetised plasma

Before applying to the hot-plasma dispersion relation (2.75) the simplifications
discussed in § 2.4.2, we refine the low-frequency condition (2.68) based on the specific
form (2.77) of the conductivity tensor for a magnetised plasma. It is clear that the
equilibrium distribution function only affects the conductivity tensor via the functions
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A (Vg Us1) and E(Vg), U51) (see (2.84) and (2.85)). For a distribution function of the
form (2.72), it can be shown that

AS(ﬁS”v ﬁsL) = _ﬁsL eXp (_63) [nvAv(ijv) - 36SCS(‘6S)‘DS”:| ) (292)

and

~ o~ ~ ~ ~ ~ Uy )~
E‘v(vx\h USJ_) = —Vy €Xp (—Uz) |:2 + 2Usll nSAS(vX) - ﬁ_”nsAS(vs)

~2 ~)
~ ~2 v, 1 (., Vo1 /  ~
+ 2¢,C,(vy) (vx - ) + 5) — 17_3 (US” — ) ) €,C (vy)

+

B A@E) -3 Cs(ﬁs)ﬁs], (2.93)

€
Wy s

where the first term in the square brackets in (2.93) originates from the Maxwellian
part of the distribution function. A comparison of the size of the second, third, fourth
and fifth terms with the first indicates that for v, ~ 1 — for which Z; attains its largest
characteristic values — the non-Maxwellian terms of the CE distribution function only
provide a small, O(n,, €,) contribution, and thus the conductivity is only altered slightly.
However, considering the sixth and seventh terms in the square brackets in (2.93) (which
are only present thanks to the anisotropy of the CE distribution function), it is clear that
the non-Maxwellian contribution to the conductivity tensor can be significant for v, ~ 1
provided the frequency (2.81) satisfies one of

CT)XH ~ N < 1 or d)sH ~ €y < 1. (294)

Thus, the relevant low-frequency condition in a magnetised plasma involves the parallel
particle streaming rate kj V.

There do exist certain caveats to the claim that it is necessary for microinstabilities
of CE plasma to satisfy (2.94); we defer detailed statement and discussion of these
caveats — as well as of other potential shortcomings of our approach — to §§2.5.6, 2.5.7
and 2.5.8.

2.5.2. Simplification I: non-relativistic electromagnetic fluctuations

The requirement that the mode be electromagnetic, combined with the fact we are
interested in non-relativistic fluctuations (w < kc) enables our first simplification. We
see from (2.75) that for any perturbation of interest, the dielectric tensor must satisfy

€| = k*c*/w® > 1 (where || - || is the Euclidean tensor norm); therefore, it simplifies
to
41
e~ Mg (2.95)
a)

This amounts to ignoring the displacement current in the Ampere—Maxwell law, leaving
Ampere’s original equation. For convenience of exposition, we denote the contribution of
each species s to (2.95) by

47i

&, 0. (2.96)

w
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2.5.3. Simplification II: expansion of dielectric tensor in @ << kv,

The next simplification involves an expansion of the matrices &; in the small parameters
@y ~ N5 ~ €; K 1. The general principle of the expansion is as follows. We first divide
the matrix &, (see (2.74), (2.77) and (2.96)) into the Maxwellian contribution M, and the

non-Maxwellian one P;:
2

w \)
€ =—"(M+Py), (2.97)
w

where the a)gs /w? factor is introduced for later convenience. Next, we note that,
for a Maxwellian distribution, A,(vy, v,,) =0 (see (2.84)), whereas A, ~ €, n, for
the non-Maxwellian component of the CE distribution function. Thus, from (2.77)
considered under the ordering kp, ~ 1, My = O(@y)) as @, — 0, while P, = O(n;, €;).
The expansion of M, and P, in ) is, therefore,

M, (), k) = @y M (k) + &2 M (k) + ... ., (2.984)

sl

Ps(&)sll’ k) = PEO) (k) + C:)sn Pgl)(k) + cony (298b)

where the matrices M® and M" are O(1) functions of k only, and P’ and P{" are
O(n;, €;). We then expand &, as follows:

€ =0 ¢V +aie + .. (2.99)
where
w? 1
e = w_*’z |:M§,0) (k) + = (0 (k)} , (2.100a)
gl
! ox 1
el = w—f’z [Mg”(k) + &—Pi”(k)} . (2.1006)
]

2.5.4. Additional symmetries of low-frequency dielectric tensor €

The tensor ino) defined by (2.100a) has some rather convenient additional symmetries,
which lead to significant simplification of the dispersion relation. In Appendix F we show
that in combination with the general symmetries (2.87a—c), which apply to €§0) in addition
to &, for any distribution function of particle species s with a small anisotropy:

k

(€)= =€)y, (2.101a)
I

k

(€)= ﬁ(e§°>)xy, (2.101b)
2

(€. = %(eﬁ”)m. (2.101¢c)
I

These symmetries have the consequence that
k-eV=e".k=0o. (2.102)

As a result of this identity, it is convenient to calculate the components of QEEO) (and €,) in
the coordinate basis {e), e,, e;} defined by

e =y x IAc, =y e k. (2.103a—c)
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Carrying out this calculation (see Appendix F), we find

k2
(€§0))11 = P(QEO))XX’ (2.104a)
I
k
(€M) = —(€)y = k—(@i“’)xy, (2.104b)
I
(€M) = (E),,, (2.104c¢)
(€D) ;3 = (€3 = (€)= ()3 = (€")53 =0, (2.104d)

where (QS;O))ij is the (i, j)th component of QEE,O) in the basis {e;, e, e3}. We conclude that,
if kpy ~ 1 and 0, < 1, the components of &, satisfy

(@s)w ~ (@s)23 ~ (@s)33 ~ Cbsn(@s)n ~ 67)s||(€s)12 ~ d)sll(es)22~ (2.105)

These components can be written in terms of the components of &, in the {X,y, z}
coordinate frame (see (2.76a—c)) via a coordinate transformation; the resulting expressions
are rather bulky, so we do not reproduce them here — they are detailed in Appendix G.

2.5.5. Consequences for dispersion relation

On account of the additional symmetries described in the previous section, a simplified
dispersion relation for low-frequency modes can be derived in place of the full hot-plasma
dispersion relation (2.75). However, depending on the frequency and characteristic
wavelengths of modes, this derivation has a subtlety because of the large discrepancy
between ion and electron masses. In, e.g. a two-species plasma with u, = m,/m; < 1
(and ion charge Z;), we have

We||

= /T, (2.106)

where T = T;/T,. If t ~ 1 (as would be expected in a collisional plasma on macroscopic
evolution time scales t, greater than the ion—electron temperature-equilibration time
T — cf. (2.54)), then @& ~ p, "*@, > @,). Thus, in general, @; 7 @,, and any
dispersion relation will, in principle, depend on an additional (small) dimensionless
parameter /.. This introduces various complications to the simplified dispersion relation’s
derivation, most significant of which being that, since p, = Z;u!?t=1?p; < p; (for Z; >
1), to assume the ordering kp; ~ 1 for both ions and electrons is inconsistent (see § 2.5.6).

To avoid the description of our approach being obscured by these complications, we
consider a special case at first: we adopt the ordering kp, ~ 1 in a two-species plasma
and assume that @; ~ w 2@, < 1. In this case, @y |€ || ~ ul?ZtPo,1€° | <

@ |l ino) ||, and so the dielectric tensor & is given by

i)

€ =0,V +a eV + (2.107)
where
€0 = g0 4 Y0~ g0, (2.108a)
@e|

¢ = e 4 Zilgn, (2.108b)
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Thus, to leading order in the @,; < 1 expansion, only the electron species contributes
to the dielectric tensor for electron-Larmor-scale modes. We revisit the derivation of
simplified dispersion relations for CE microinstabilities more generally in § 2.5.6.

To derive the simplified dispersion relation for electron-Larmor-scale modes, we start
by considering the component of (2.73) for the electric field that is parallel to the
wavevector IAc,

k-&.5E=0, (2.109)

and then substitute the expanded form (2.107) of the dielectric tensor (with s = e). The
orthogonality of (‘320) to k — viz. (2.102) — implies that (2.109) becomes

k-&¢V.5E=¢Vk-SE+k-¢V.85E; = 06 |5E)), (2.110)

where the transverse electric field is defined by SE; =8E - (I —kk). In Appendix D.2,
we show that for @,, @) < 1,

) Do 2K -1
&)~ L1+ 2 ) [+ 00 €] @.111)
Since this is strictly positive, we can rewrite (2.110) to give the electrostatic field in terms
of the transverse electric field:

k-SE = (@51;)71 <k e, (S’ET) . 2.112)

We conclude that |i{- SE | ~ |8/ET| for all low-frequency perturbations with k; ~ k;
a corollary of this result is that there can be no low-frequency purely electrostatic
perturbations (see Appendix D.4.1 for an alternative demonstration of this).

We can now derive the dispersion relation from the other two components of (2.73),

[Czkz (kk . I) + (kk _ 1) : e} SE =0, 2.113)

w0
by (again) substituting the expanded dielectric tensor (2.107) into (2.113):

k?

[&)eu@“” +— <kk - l>:| SE; = — (kk - I) (€= €0) . FE,  (2114)

where we have used the identity
e = (ki —1)- €. (kk 1), (2.115)

and ordered k*c?/w® ~ @, ||€|. The ratio of the right-hand side of (2.114) to the
left-hand side is O(a,); we thus conclude that, to leading order in the o, < 1
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expansion,
Kk an —
[a)e ¥4 (kk - /)] 8E; =0, (2.116)
w

and the dispersion relation is approximately

- KT k*c? .
[we(eio))n - Fi| |:we||(@£0))22 - ?:| + [a)ell(egO))IZ]z =0. (2.117)

Finally, writing the dielectric tensor in terms of M, and P, as defined by (2.97), we find

[(I)ell M)y, + (PO, — kzdf] [&)ell (MD)yy + (P)yy — kzdz]

+ [@e (M) 12 + (P ] =0, 2.118)

where d, = c¢/w), is the electron inertial scale (see (2.58b)). This can be re-written as
a quadratic equation in @ — and thus, expressions for the complex frequency of any
low-frequency perturbation can be found for any given positive wavenumber. We note
that the electron inertial scale is related to the electron-Larmor radius by d, = p.f, 172,
therefore, our expansion scheme is only consistent with the low-frequency assumption
(2.94) under our assumed ordering, @, ~ B, !, when B, > 1.

We note that one only needs to know ino) in order to obtain the dispersion relation of
low-frequency perturbations and the transverse component of the electric field, whereas
to determine the electrostatic component of the electric field (and other quantities, such
as the density perturbation — see Appendix H), one must go to higher order in the
@, < 1 expansion. Since we are primarily interested in microinstability growth rates and
wavenumber scales, we will not explicitly calculate the electrostatic fields associated with
perturbations using (2.112), and thus can avoid the rather laborious calculation of & for
CE distribution functions. We do, however, in Appendix G.1.3 derive an explicit expression
for & for a plasma with Maxwellian distribution functions for all particle species; this
in turn allows us to relate the electrostatic electric field to the transverse field for such a
plasma (see Appendix I).

For the sake of completeness, we also observe that if the non-Maxwellian part of the CE
distribution function is even with respect to vy, the transformation rules (2.89) combined
with (2.104) imply that a perturbation with a negative parallel wavenumber k; will obey
exactly the same dispersion relation as a perturbation for a positive parallel wavenumber,
viz. for k) > 0,

P (—ky ki) = P (ky ko). (2.119)
If instead the non-Maxwellian part is odd, then, for k; > 0,

P (=ky ki) = =P (ky ko). (2.120)

The dispersion relation for perturbations with k; < O can, therefore, be recovered by
considering perturbations with k; > 0, but under the substitution P’ — —P©. Thus, we
can characterise all unstable perturbations under the assumption that k; > 0.
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In all subsequent calculations, we require the Maxwellian part M of the dielectric
tensor. The elements of the matrix M of species s are as follows:

e .
M)y, = lk_ﬁF(k”p“ klps) ) (2.121a)
©) k S
(M) 12 = —lk—G(kas, kL,Os) ) (2.121b)
I
(0) . k ~ ~
(Ms )21 = lk_G(kasa kj_ps) s (21216‘)
I
(M5, = iH (ky s, k1 fs) » (2.121d)

where the functions F(x, y), G(x, y) and H(x, y) are

2 0 2 2
Fx,y) = 4 exp <—y3> Zmzlm<%) exp (—%) (2.122a)
m=1

y2
G(x, y) = exp (—y—z) i mReZ(~) [1,’" (y—z) ~1, (ﬁ)} , (2.122b)
2) 2 x 2 2
2 ”\ ©v ¥’ ¥y m?
H(x,y) = F(x,y) 4+ /7y’ exp <_E) m_Zoo |:Im<5> — I,'n<3>:| exp (—x—2>,
(2.122¢)

where I,,(«) is the mth modified Bessel function, and

2 1 duexp (—u?) 2.123)

) = —F= - > .
Vil u-—z

is the plasma dispersion function (Fried & Conte 1961). The derivation of these results

from the full dielectric tensor (which is calculated in Appendix G.1.1) for a plasma whose

constituent particles all have Maxwellian distributions is presented in Appendices G.1.2

(expansion in the {X, y, Z} basis) and G.1.3 (expansion in the {e;, e,, e3} basis).

2.5.6. Effect of multiple species on dispersion-relation derivations

We now relax the assumptions adopted in §2.5.5 that the low-frequency modes of
interest are on electron-Larmor scales, and discuss how we derive simplified dispersion
relations for (low-frequency) CE microinstabilities more generally.

First, it is unnecessarily restrictive to assume that, for all CE microinstabilities, @, < 1
for all particle species. There are some instabilities for which @, ~ 1, ~ €, < 1 while
@; = 1. Recalling the orderings @, ~ B, and kp, ~ 1 that were adopted for the
electron-Larmor-scale instabilities described in §2.5.5, it follows that @; 2 1 whenever
B. < 7225 in other words, electron-Larmor-scale CE microinstabilities in plasmas
with B, that is not too large will satisfy @;; 2 1. Therefore, we cannot naively apply our
low-frequency approximation to both &, and &; in all cases of interest. We will remain
cognisant of this in the calculations that follow — a concrete example of @;; 2 1 will be
considered in § 3.3.1.

Secondly, because of the large separation between electron- and ion-Larmor scales,
it is necessary to consider whether the approximation M,(®y, k) ~ @y M§0) (k) remains
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valid for parallel or perpendicular wavenumbers much larger or smaller than the inverse
Larmor radii of each species. We show in Appendix G.1.6 that the leading-order
term in the @, < 1 expansion remains larger than higher-order terms for all kjp, 2 1
(as, indeed, was implicitly assumed in §2.5.5). However, for kjp, sufficiently small,
the same statement does not hold for all components of M;. More specifically, it is
shown in the same appendix that the dominant contribution to M;(k) when kjp, < 1
instead comes from the quadratic term 5)52” Mgl)(k) (rather than any higher-order term).
Thus, in general, our simplified dispersion relation for low-frequency modes in a
two-species plasma has the form of a quartic in w, rather than a quadratic, if ko, <
1 for at least the electron species. Physically, the reason why a quadratic dispersion
relation is no longer a reasonable approximation is the existence of more than two
low-frequency modes in a two-species Maxwellian plasma in certain wavenumber
regimes. For example, for quasi-parallel modes with characteristic parallel wavenumbers
satisfying kyp; < 1, there are four low-frequency modes (see §4.4.1). Nevertheless,
in other situations, the components of M,(k) for which the M,(@y, k) ~ &g M (k)
approximation breaks down are not important, on account of their small size compared
with terms in the dispersion relation associated with other Maxwellian components. In
this case, the original quadratic dispersion relation is sufficient. An explicit wavenumber
regime in which this is realised is kjp, ~ ki p, <1 but kp;>1 — see §§4.3.4
and 4.4.7.

Taking these multiple-species effects into account, the reasons behind the decision
made in §2.3.4 to consider the CES microinstabilities separately from the CET
microinstabilities come into plain focus. First, the characteristic sizes of the CE
electron-temperature-gradient and ion-temperature-gradient terms are comparable (1; ~
n.), while the CE ion-shear term is much larger than the CE electron-shear term:
€; ~ 1, '%¢,. This has the consequence that the natural orderings of @, and @; with
respect to other parameters are different for CES and CET microinstabilities. Secondly,
the fact that the velocity-space anisotropy associated with the CE temperature-gradient
terms differs from the CE shear terms — which excite microinstabilities with different
characteristic wavevectors — means that the form of the dispersion relations of CET and
CES microinstabilities are distinct. More specifically, the dispersion relation for CET
microinstabilities at both electron and ion scales can always be simplified to a quadratic
equation in w; in contrast, for CES microinstabilities, the dispersion relation cannot in
general be reduced to anything simpler than a quartic.

2.5.7. Modelling collisional effects on CE microinstabilities
As proposed thus far, our method for characterising microinstabilities in a CE plasma

does not include explicitly the effect of collisions on the microinstabilities themselves. In
principle, this can be worked out by introducing a collision operator into the linearised
Maxwell-Vlasov—Landau equation from which the hot-plasma dispersion relation (2.75)
is derived. Indeed, if a Krook collision operator is assumed (as was done in § 2.4.2 when
determining the precise form of the CE distribution functions of ions and electrons),
the resulting modification of the hot-plasma dispersion relation is quite simple: the
conductivity tensor (2.77) remains the same, but with the substitution

~ R - i

Wy —> Wy = Wy + m, (2.124)

in the resonant denominators (see Appendix C). As for how this affects the simplifications
to the dispersion relation outlined in §2.5.3, the expansion parameter in the dielectric
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tensor’s expansion (2.99) is altered, becoming @, < 1 (as opposed to @y < 1); in other
words, € /|€" || ~ ay.

The latter result leads to an seemingly counterintuitive conclusion: collisions typically
fail to stabilise low-frequency instabilities in CE plasma if wt, < 1 (where 7, is the
collision time of species s) but kjvy7, = kjd, > 1. This is because the simplified
dispersion relation (2.118) only involves leading-order terms in the expanded dielectric
tensor. These terms are independent of @, and thus the growth rate of any microinstability
that is adequately described by (2.118) does not depend on the size of wt,. For these
microinstabilities, the effect of collisions only becomes relevant if

kyd, < 1. (2.125)

This is inconsistent with the assumptions kA, > 1, kA; > 1 made when setting up
our calculation in §2.4.1. Thus, the only regime where collisions can reasonably be
included in our calculation is one where they are typically not important. An exception
to this rule arises when two-species plasma effects mean that the first-order terms in the
@y < 1 expansion are needed for a correct characterisation of the growth rate of certain
microinstabilities (see § 2.5.6); for these instabilities, we include the effect of collisions
using (2.124).

Although our calculation is not formally valid when (2.125) holds, so we cannot show
explicitly that growth ceases, this condition nonetheless represents a sensible criterion
for suppression of microinstabilities by collisional damping. Physically, it signifies that
collisions are strong enough to scatter a particle before it has streamed across a typical
wavelength of fluctuation excited by a microinstability. This collisional scattering prevents
particles from being resonant, which in turn would suppress the growth of many different
microinstabilities. However, we acknowledge that there exist microinstabilities that do not
involve resonant-particle populations (e.g., the firehose instability —see §§ 2.3.3 and 4.4.1),
and thus it cannot be rigorously concluded from our work that all microinstabilities are
suppressed when (2.125) applies.

Yet even without an actual proof of collisional stabilisation, there is another reason
implying that (2.125) is a reasonable threshold for microinstabilities: the characteristic
growth time of microinstabilities at wavenumbers satisfying (2.125) is comparable to
the evolution time t; of macroscopic motions in the plasma. To illustrate this idea, we
consider the ordering (2.94) relating the complex frequency of microinstabilities to the
small parameter €, for CES (CE shear-driven) microinstabilities, and use it to estimate

Ly v

ot ~ €KV T S €—
” ~ /ls V )

(2.126)

where V ~ Ly /7, is the characteristic ion bulk-flow velocity. Considering orderings
(2.55), it follows that €, ~ 1!/%¢;, and so

Uthi Uthe Ae A
€; ~ €, ~—_~ (2.127)
\% \% Ly Ly

Then (2.126) becomes

ot S, (2.128)
implying (as claimed) that the CES microinstability growth rate is smaller than the fluid
turnover rate 7, '. Spelled out clearly, this means that the underlying quasiequilibrium

state changes before going unstable. Similar arguments can be applied to CET (CE
temperature-gradient-driven) microinstabilities.
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Thus, (2.125) represents a lower bound on the characteristic wavenumbers at which
microinstabilities can operate. We shall therefore assume throughout the rest of this paper
that microinstabilities are suppressed (or rendered irrelevant) if they satisfy (2.125).

2.5.8. Caveats: microinstabilities in CE plasma where w/kjvns 7 15, €;

As mentioned in § 2.4.2, there are a number of important caveats to the claim that the
ordering (2.94) must be satisfied by microinstabilities in a CE plasma.

The first of these is that our comparison of non-Maxwellian with the Maxwellian
terms in expression (2.93) for &; is in essence a pointwise comparison at characteristic
values of v, for which & attains its largest typical magnitude. However, &, affects
the components of the conductivity tensor via the velocity integral of its product with
a complicated function of frequency and wavenumber (see (2.77)). Thus, it does not
necessarily follow that the ratio of the integrated responses of the Maxwellian and
non-Maxwellian contributions to the conductivity tensor is the same as the pointwise
ratio of the respective contributions to Z. In some circumstances, this can result in
the Maxwellian part being smaller than anticipated, leading to faster microinstabilities.
An example of this phenomenon was given in § 2.5.6: for kyp, <« 1, the characteristic
magnitude of the Maxwellian contribution to some components of the dielectric tensor
is O(d)fu), as compared with the naive estimate O(w,). This leads to certain CES
microinstabilities (for example, the CE ion-shear-driven firehose instability — §4.4.1)
satisfying a modified low-frequency condition

Qg ~ € < 1. (2.129)

A similar phenomenon affects the limit k; — O for fixed k,, in which case it can
be shown that the Maxwellian contribution to o, is O(k;/k,); this leads to a CES
microinstability (the CE electron-shear-driven ordinary-mode instability — see §4.4.11)
satisfying a modified ordering

~ e, L 1. (2.130)
k1 Vg

The second caveat is that for some plasma modes, the particles predominantly
responsible for collisionless damping or growth are suprathermal, i.e. v, 3> 1. Then the
previous comparison of terms in (2.93) is not applicable. Modes of this sort are the
quasi-cold plasma modes discussed in § 2.3.4 and Appendix D. They can be unstable,
but always with a growth rate that is exponentially small in 7, and ;.

In spite of these two caveats, we proceed by considering the full hot-plasma dispersion
relation (2.75) in the low-frequency limit w < kjvy,,. This approach enables the treatment
of all microinstabilities satisfying condition

oy ~nr, er L1, (2.131a,b)

where ¢, and (. are fractional powers not much smaller than unity. Similarly to the
discussion in §2.3.4, we claim that the microinstabilities satisfying the low-frequency
condition (2.131a,b) are likely to be the most rapid of all possible microinstabilities
in CE plasma. A formal justification of this claim relies on the argument — presented
in Appendix E — that for all plasma modes satisfying @ 2 kv, and [Rew| > [Imw|,
the growth rate is exponentially small in 7, and €;. By definition, this class of modes
includes the quasi-cold modes. In a plasma where €, n, < 1, the growth rates of such
microinstabilities will be exponentially small, and thus of little significance. The only
situation that we are aware of in which the low-frequency condition (2.131a,b) is not
appropriate is the aforementioned CES ordinary-mode instability; a separate treatment
of it involving the full hot-plasma dispersion relation is provided in Appendix K.3.13.
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3. CET (Chapman-Enskog, temperature-gradient-driven) microinstabilities

3.1. Form of CE distribution function
We consider first the non-Maxwellian terms of the CE distribution function arising from
temperature gradients and electron—ion drifts. Neglecting bulk-flow gradients (viz. setting

€, = 0 for both species — see (2.11e,f)), the CE distribution functions (2.72) for the
electrons and ions become

~ - o ~2 ~ 7~ 3 R
e e|» Ve = 2 a5 - 1 - e - = y 3.1
Jeo(Vep; Ver) ogeETE exp (—1;) { vy [We (Ue 2) + 778” (3.1a)
~ o~ . o ~2 ~ ~2 5
Sy, viL) = U?hin3/2 eXp (_Ui) {1 — NV (Ui - 5)} ) (3.1b)

where we have written out explicitly the electron-temperature-gradient (n!, 1, — see
(2.11a,d)) and electron-friction (n% — see (2.11b)) terms under the assumption that the
Maxwell-Vlasov—Landau system from which these CE distribution functions were derived
is governed by a Krook collision operator. We remind the reader that the electron—ion-drift
term (1) — see (2.11¢)) disappears for this choice of collision operator. We also observe
that the non-Maxwellian part of the distribution functions (3.1) have odd parity; thus, any
unstable mode with k; > 0 has a corresponding unstable mode with k; < 0 and the signs
of nz, nf, and 7; reversed (see §2.5.5, last paragraph). For the rest of this section, we
therefore take k; > 0 without loss of generality; the behaviour of modes with k; < 0 can
be inferred via this symmetry relation.

The precise methodology that we employ to calculate the growth rates of CET
microinstabilities is described in Appendix J; here, we focus on the results of those
calculations. In § 3.2, we will present the overview of the CET stability landscape, while
the microinstabilities referred to there will be treated analytically in § 3.3.

3.2. Stability

We determine the stability (or otherwise) of the CE distribution functions of the form
(3.1a) and (3.2b) for different values of n!, n® and n,, the electron inertial scale d,,
the electron-temperature scale length Ly = |V log T,|™" and for fixed electron and ion
plasma betas (8. and B;, respectively). Stability calculations are carried out for particular
combinations of values of n!, n%, n;, d,, Ly, B, and B; by solving for the maximum
microinstability growth rate across all wavevectors (see Appendix J for explanation of how
this is done), and determining whether this growth rate is positive for the microinstabilities
whose wavelength is smaller than the Coulomb mean free paths (a condition necessary for
our calculation to be valid).

The results of one such stability calculation — for a temperature-equilibrated hydrogen
plasma (! = n;, B = B.) — are presented in figure 2. In spite of the five-dimensional
(r]eT, nf,de/LT, B.) parameter space that seemingly needs to be explored, we can, in
fact, convey the most salient information concerning the stability of the CE distribution
functions (3.1) using plots over a two-dimensional (d./Lr, A./Lr) parameter space at a
fixed B, (where we remind the reader that A,/L; = |nZ| —see (2.11a)). This reduction in
phase-space dimensionality is possible for two reasons. First, dimensional analysis implies
that the salient stability thresholds of CET microinstabilities cannot depend on d, and Ly
separately, but only on the ratio d,/Ly. Secondly, it transpires that the CE electron-friction
term of the form given in (3.1a) does not drive any microinstabilities, bur merely modifies
the real frequency of perturbations with respect to their Maxwellian frequencies (this
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FIGURE 2. The CE-distribution-function stability map for CET microinstabilities. Exploration
of the stability of the CE distribution functions (3.1a) and (3.1b) for different values of small
parameters neT, r/§ and 7;, and the ratio of the electron inertial scale d, to the temperature
scale length Ly, in a temperature-equilibrated hydrogen plasma. In this plot, we chose nf =
0 and 5! =n;, and then show A,/Ly = |n!| with equal logarithmic spacing in the range
[1073,10°]; d, /Ly is chosen with equal logarithmic spacing in the range [10™1, 10°]. The
total size of the grid is 400%. For reasons of efficiency, we calculate growth rates on a
407 grid in wavenumber space with logarithmic spacing for both parallel and perpendicular
wavenumbers. In this plot, B, = 8 = 10*. (a) Stable (blue) and unstable (red) regions of
(de/Lt, A./LT) phase space. The theoretically anticipated collisional cutoff (right — see (3.4))
and fB-stabilisation threshold (bottom) of the CET whistler instability are shown as black dashed
lines. (b) Maximum normalised microinstability growth rate (red) vs A./Lr for a fixed electron
inertial scale d,/Lr = 10~'5, along with analytically predicted maximum growth rate for the
CET whistler instability in the limit A,8./L7r >> 1 (blue, see (3.10)). (c¢) Parallel wavenumber of
fastest-growing microinstability (red) vs A, /Ly for a fixed electron inertial scale d. /Lt = 10713,
along with the same quantity analytically predicted for the CET whistler instability in the limit
AeBe/Lr > 1 (blue, see (3.11)). (d) Wavevector angle 6 = tan™! (k. /kj) of the fastest-growing
instability over (d,/L7, A./Lt) parameter space.

is proven in Appendix J.1). Thus, we can set n® = 0 without qualitatively altering the
stability properties of the CE distribution functions (3.1).

Figure 2(a) shows the regions of instability and stability of the CE distribution function
(3.1) over the (d,/Ly, A.,/Ly) parameter space. The unstable region is bracketed by two
thresholds. For d,/Ly below a critical value (d,/Lr)., stability is independent of d,/Lr,
and only depends on the relative magnitude of A./Ly and S,: CET microinstabilities
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are quenched if A,8./Lr < 1. For d,/Ly 2 (d./Lr)«, and A.B8./Lr = 1, stability is
attained at fixed A /LT ford,/L; > (de /L), where (d,/Ly). increases monotonically with
Ao/Lr. It 4.8./Lr 2 1 and d,/Lr < (d,/Lr)., then the CE distribution function (3.1) is
unstable.

The fastest-growing CET microinstability is the whistler (heat-flux) instability: whistler
waves driven unstable by the small anisotropy of the CE electron-temperature-gradient
term (see §3.3.1). That this instability with wavevector parallel to the magnetic field
is indeed the dominant microinstability is most easily ascertained by comparing simple
analytic expressions for its peak growth rate and wavevector with the equivalent quantities
recorded when performing the general stability calculation (see figure 2b-d). The
maximum microinstability growth rate matches the analytic result (3.10) for the CET
whistler instability in the limit A.8./Ly > 1, while the parallel wavenumber (|k;|poe)peak
of the fastest-growing mode is extremely well described by (3.11). In addition, figure 2(d)
demonstrates that the parallel instability is indeed the fastest. The CET whistler instability
has been considered previously by a number of authors (see references in § 3.3.1); we note
that these prior studies of this instability suggest that, nonlinearly, oblique CET whistler
modes may be the more important ones, even though linearly the parallel modes are the
fastest growing (see § 3.3.2).

The two thresholds demarcating the unstable region can then be associated with
stabilisation conditions of the CET whistler instability, each with a simple physical
interpretation. The first condition is the -stabilisation condition of the whistler instability.
It is shown in §3.3.1 that when A,8,/Ly < 1, cyclotron damping on whistler modes
is sufficiently strong that only quasi-parallel modes with parallel wavenumbers k;p, <
(A.B./L7)'® <« 1 can be destabilised by the anisotropy of the CE distribution function,
and that the peak growth rate Yynister.r Of these unstable modes is exponentially small
in A.8./Ly compared with the electron Larmor frequency (see (3.8)): Vwnister.7/52e ~
Ao exp [—(A.B./2Ly)~*/*]/Ly. This means that if A,8,/Ly is reduced below unity, the
growth rate of the CET whistler instability decreases dramatically, and thus the instability
is unable to operate effectively on time scales shorter than those over which the CE plasma
is evolving macroscopically.

The second condition is collisional stabilisation of the CET whistler instability. Naively,
it might be expected that two conditions must be satisfied in order for the microinstability
to operate: that its growth rate must satisfy Yynister.77. > 1, and its characteristic
wavenumber kA, > 1 (see (2.125)). Noting that for the CET whistler instability
(cf. (3.10)),

Vwhistler,T Te _ Vwhistler, T ~ ﬁ /le,Be —1/5 < 1’ (32)
kA, kvwe Ly \ Lr

it follows that the former condition is more restrictive. Written as a condition on d, /Ly in
terms of /le/LT (and using Ywhistler,T ™ /leQe/LT —see (310))’ Ywhistler, T Te > 1 becomes

2
g (B o

LT Ly

while the condition kA, 3> 1 on the instability wavenumber kjp, ~ (1.8./Lr)"> (see

(3.11)) leads to
d, d, 1,B8.\%°
- < ( g ) _ g (L—ﬂ) . (3.4)
T T

It is the latter that agrees well with the true result, as shown in figure 2(a), implying that
(d./Lr)c0 = B;>/*. The (arguably surprising) result that the CET whistler instability can
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operate even if Yynisaer.7Te S 118, in fact, a generic feature of low-frequency (viz. @ <
kvg.) plasma instabilities (see § 2.5.7). The physical instability mechanism underlying
such modes can be sustained provided the time taken for thermal particles (in this
case, electrons) to cross the mode’s wavelength is much shorter than the collision time,
irrespective of the mode’s own frequency — in other words, t.kvy, = k4, > 1. We point
out that the collisional-stabilisation condition of the CET whistler instability can never be
satisfied in a strongly magnetised plasma if 1,8./Lr = 1: this is because its wavenumber
k satisfies k™' < p, < A,.

Whilst it is the fastest-growing one (assuming n! ~ n,), the CET whistler instability
is not the only CET microinstability of interest. There are two other instabilities
driven by the CET ion-temperature-gradient term, neither of which has previously been
identified, to our knowledge: the slow (hydromagnetic) wave instability (see §3.3.3),
and the long-wavelength KAW instability (see § 3.3.4). The former, whose characteristic
wavenumber scale satisfies kp; ~ 1, has a larger characteristic growth rate ysw ~ A4;82;/Lr,
(where Ly, = |V log T;| ™" is the scale length of the ion-temperature gradient). Similarly
to the CET whistler instability, the CET slow-wave instability has p-stabilisation and
collisional-stabilisation conditions A;8;/Lr. < 1 and A; < p;, respectively. Thus, unless
AiBi/Lz, > A.B./Lr, (acondition equivalent to t°Ly, /Ly, > Z?, where T = T;/T,), the CET
slow-wave instability only operates when the CET whistler-wave instability does, but
on larger, ion rather than electron, scales. Nevertheless, the CET slow-wave instability
is worth noting because, on account of being an ion instability, it should continue to
operate even if the electron-scale CET whistler instability modifies the underlying electron
distribution function. The slow-wave instability will then be responsible for modifying the
ion distribution function. We are not aware of any work on the CET slow-wave instability
and, thus, on its effect on ion heat conduction.

Readers who are interested in knowing more about the properties and growth rates of
CET microinstabilities are encouraged to continue § 3.3; those who are focused on the
wider question of the kinetic stability of the CE distribution function should jump ahead
to §4.

3.3. CET microinstability classification

3.3.1. Parallel whistler (heat-flux) instability

The CET whistler instability, which has been studied previously by a number of authors
(Levinson & Eichler 1992; Pistinner & Eichler 1998; Gary & Li 2000; Roberg-Clark
et al. 2016; Komarov et al. 2018; Roberg-Clark et al. 2018a,b; Kuzichev et al. 2019;
Shaaban et al. 2019; Drake et al. 2021), is driven by parallel electron heat fluxes.
These heat fluxes introduce the asymmetry to the CE electron distribution function
(i.e. the electron-temperature-gradient term), which, if it is sufficiently large, can overcome
electron-cyclotron damping of (electromagnetic) whistler waves and render them unstable.
The instability is mediated by gyroresonant wave—particle interactions that allow whistlers
to drain free energy from electrons with parallel velocities v = ££2,/k;. For a positive,
parallel electron heat flux, which is driven by an anti-parallel temperature gradient
(V T, <0, so n’ < 0), it is only whistlers with a positive parallel wavenumber that are
unstable. Whistler waves with both parallel and oblique wavevectors with respect to the
magnetic field can be destabilised, although the parallel modes are the fastest-growing
ones.

The CET whistler instability is most simply characterised analytically for parallel
wavenumbers (i.e. kK = kj). Then, it can be shown (see Appendix J.3.1, and also Levinson
& Eichler 1992; Roberg-Clark et al. 2016) that the real frequency @ and growth rate y at
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FIGURE 3. Parallel CET whistler instability. Dispersion curves of unstable whistler modes,
whose instability is driven by the electron-temperature-gradient term in the CE distribution
function (3.1a), for wavevectors that are co-parallel with the background magnetic field (viz. k =
kjz). The frequency (solid blue) and growth rates (solid red) of the modes are calculated using
(3.5a) and (3.5b), respectively. The resulting frequencies and growth rates, when normalised
as yf./S2., are functions of the dimensionless quantity neT/Se; we show the dispersion curves
for three different values of n!f,. The approximations (3.6a) and (3.6b) for the frequency
(dotted blue) and growth rate (dotted red) in the limit kjp, < 1 are also plotted, as are the
approximations (3.9a) and (3.9b) for the frequency (dashed blue) and growth rate (dashed red)
in the limit kjj o, > 1.

arbitrary k; > 0 are given by

T (kupe 1 > (/24 Kipl/B) Re Z(1/kype) (3.50)
2.\ 4 2pe)  [Rez(1/kyp,)] + mexp (=2/k02)

Yo V(0 /2 4 Kipl/Be) (3.55)
@ [Rez(1/kp.)] exp (1/k02) +mexp (~1/k}0?)

For n7 > 0, y <0, but if n” < 0, then y is non-negative for ko, < (n’B,/2)"/. The
dispersion curves @w = @ (k) and y = y (k) of unstable whistler waves with parallel
wavevectors for three different values of |n!|B, are plotted in figure 3 using the above
formulae. For |nT|B8, = 1, the range of unstable parallel wavenumbers, Akj, is comparable
to the characteristic wavenumber of the instability: Ak ~ k; ~ p, .

The expressions (3.5a) and (3.5b) can be simplified in two subsidiary limits, which in
turn allows for the derivation of analytic expressions for the maximum growth rate of the
instability and the (parallel) wavenumber at which that growth rate is realised.

First, adopting the ordering ko, ~ (In/|8,)"”* < 1 under which the destabilising 7,
terms and the stabilising electron finite-Larmor-radius (FLR) terms are the same order, we
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find

k2 2
~ SIPe Q.. (3.6a)
Be
Jr (ol ke 1
vy ——— L+ L )exp| ——— | 2.. (3.6b)
kKip2\ 2 B kipz

The frequency corresponds to that of a whistler wave in the ko, < 1 limit (Boldyrev et al.
2013). The fastest growth, which occurs at the wavenumber

DA AT
kype. ~ ¢ - 3.7
1o ( 5 4 (3.7)

is exponentially slow in [n7|8, < 1:

RIVE 2213
Vimax X Tflnfl exp {_—m - 1}93- (3.8)
(InZ18.)

Next, considering the opposite limit k;p, > 1, we obtain

1 =2 2 2
~ B, | =k p. — e | =2, 39
o |:77eﬁ (4 12 27Tk|/0e) + - | Pe 8, (3.9a)
1 [, (1 4a-= 2.
e | 0B 2 — s |+ K] | 2t 3.95
y ﬁ |:77e13 <2 2T[k2,0€2) ||Ioe} ﬂe ( )

We then find that the maximum growth rate of the parallel mode is given by

T 1 4 3/5 3 2/5 ) 3/5 -
e BT G G- () o)
~ 0.56]7] [1 —0.13 (|neT|,3€)_2/5] 2., (3.10)

at the parallel wavenumber

2 (4 1 1/5 1/5
o= som (2-0)] 0ty ~oss(aie). G
In addition, we see that the real frequency of modes with kyp, < (In7B./2)!/? is larger
than the growth rate of the mode: @ ~ kjp.y > y. Thus, these modes oscillate more
rapidly than they grow.

The approximate expressions for (3.6) and (3.9) are valid in the limits |!|8, < 1 and
Inf|Be > 1, respectively, and are plotted in figure 3 alongside the exact results (3.5).
Of particular note is the accuracy of the approximate expression (3.9b) for the growth
rate when kj p, 2 0.6; this suggests that (3.10) is a reasonable estimate of the peak growth

~

rate for |n7|B8, 2 1.
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3.3.2. Oblique whistler (heat-flux) instability

Analytical expressions for the frequency and growth rate of unstable modes with an
oblique wavevector at an angle to the magnetic field are more complicated than the
analogous expressions for parallel modes. In Appendix J.3, we show that there are two
low-frequency oblique modes, whose complex frequencies w are given by

Q.  —Br+./B:+4A:C;

= ki p,
©= g P 24,

where the coefficients Ay = Ar(kype, k1 pes 01 Be)s Br = Br(kype, ki pes ntB.) and Cr =
Cr(kype, ki pe, n!B.) are composed of the sums and products of the special functions
defined in (2.122), and also other special functions defined in Appendix G.3. For a given
wavenumber, we can use (3.12) to calculate the growth rates of any unstable oblique
modes — and, in particular, demonstrate that positive growth rates are present for certain
values of n!. When they do exist, (3.12) suggests that they will have the typical size
y ~ §2./B. ~ nr'2, when kp, ~ 1 and n! g, ~ 1.

For nET > 0, we find that both modes (3.12) are damped; for neT < 0, one mode is damped
for all wavenumbers, but the other is not. Figure 4 shows the maximum (positive) growth
rate ¥ (normalised to §2,/8,) of this mode at a fixed value of 5!, for a range of .. The
growth rate is calculated by evaluating the imaginary part of (3.12) at a given wavenumber.
For —n! < 1/p,, the mode of interest is damped for most wavenumbers, except for a small
region of wavenumbers quasi-parallel to the magnetic field: in this region, there is a very
small growth rate y < £2,/8, (figure 4a). This finding is consistent with the exponentially
small growth rates found for the parallel whistler modes (see (3.8)). When —neT ~1/Be,
there is a marked change in behaviour: a larger region of unstable modes appears, with y ~
£2./B., at wavenumbers kp, ~ 1 (figure 4b,c). The growth rate is the largest for parallel
modes — but there also exist oblique modes with k; < k; whose growth rate is close to
the peak growth rate. For example, for n’ 8, = —4, we find that the growth rate of the
fastest-growing mode with a wavevector angle 6 = 10° is only ~2 % smaller than the
fastest-growing parallel mode; for a wavevector angle & = 20°, the reduction is by ~6 %;
and for & = 30°, the reduction is by ~20 %. Finally, if —neT > 1/B., there exists a extended
region of unstable modes, with 1 < kp, < [n7B.1'3, and y ~ |nT$2,| (figure 4d). Again,
the peak growth rate is at k; = 0, but oblique modes also have a significant growth rate
(for unstable modes with & = 30°, the reduction in the largest growth rate compared with
the fastest-growing parallel mode is only by ~4 %). Most of the unstable modes have
a non-zero real frequency: for —n! ~ 1/B,, w ~ y (figure 4e), while for —n! > 1/8.,
w > y for kp, > 1 (figure 4f). Note, however, that in the latter case there exists a band of
wavenumbers at which there is no real frequency.

In summary, we have (re-)established that the fastest-growing modes of the CET
whistler instability are parallel to the magnetic field; however, we have shown
semi-analytically (a novel result of this work) that the growth of oblique perturbations
can be almost as large. This result is of some significance, because it has been argued that
oblique whistler modes are necessary for the instability to scatter heat-carrying electrons
efficiently (see, e.g. Komarov et al. 2018). It was proposed previously that such modes
could arise from modifications to the CET electron-temperature-gradient terms induced
by the unstable parallel whistler modes rendering the oblique modes the fastest-growing
ones; our calculations suggest that it would only a require a small change to the CET
whistler growth rates for this to be realised.

As a further aside, we observe that in a plasma with sufficiently high plasma g,
these oblique modes are in fact closer in nature to KAWs than to whistler waves.

(3.12)
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FIGURE 4. Oblique CET whistler instabilities. Maximum positive growth rates of unstable
whistler modes whose instability is driven by the electron-temperature-gradient term in CE
distribution function (3.1a), at arbitrary wavevectors with respect to the background magnetic
field. The growth rates of the modes are calculated by taking the imaginary part of (3.12),
where coefficients Ay, Br and Cr are known functions of the wavevector. The growth rates
are calculated on a 4007 grid, with equal logarithmic spacing in both perpendicular and parallel
directions between the minimum and maximum wavenumbers. The resulting growth rates, when
normalised as yf./$2., are functions of the dimensionless quantity neTﬁe; (a) neT,Be = —0.5,
(b) neT,Be = —4. (¢) Same as (b) but with normalisation y/|r]eT|.Qe. (d) Same as (c), but with
nZﬂe = —100. (e) Ratio of growth rate to absolute value of real frequency for unstable modes
for n! B, = —4. (f) Same as (e), but with n! B, = —100.

Whistler waves are characterised as having effectively immobile ions (w > kj vy;), while
KAWSs have warm ions (o < k; vy;); as a consequence, whistler waves have a negligible
density perturbation (én, < Zen,¢/T;, where ¢ is the electrostatic potential associated
with the wave), while KAWs do not: én, =~ Zien.@/T; (Boldyrev et al. 2013). In a
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Be ~ 1 plasma for k, 2 kj, the real frequency of whistler modes satisfies w/k vy ~
kypi/Be ~ kyp;; thus, we conclude from our above considerations that the two waves
must operate in different regions of wavenumber space, viz. kjp; < 1, kyp; > 1 for
KAWSs, and kjp; > 1 for whistlers. However, for 8, > u,'/* (where n, = m,/m;) and
ki ~k > pi_l, the frequency of whistler waves is too low for w > k| vy, to be satisfied
whilst also maintaining k;p, < 1. Instead, the ions participate in the wave mechanism,
and 6n, ~ —Zen.p/T; (see Appendix H.2).

For further discussion of the physics of the whistler instability (as well as its nonlinear
evolution), see Komarov et al. (2018) and the other references given at the beginning of
§3.3.1.

3.3.3. Slow-(hydromagnetic)-wave instability

Although parallel ion heat fluxes in a classical, collisional plasma are typically
much weaker than electron heat fluxes, they can still act as a free-energy source
for instabilities, by introducing anisotropy to the ion distribution function (3.10)
(i.e. the CE ion-temperature-gradient term). Furthermore, anisotropy in the ion
distribution function can enable the instability of plasma modes that are not destabilised
by the CE electron-temperature-gradient term. This exact situation is realised in
the CET slow-hydromagnetic-wave instability, in which a sufficiently large CET
ion-temperature-gradient term counteracts the effect of ion-cyclotron damping on slow
hydromagnetic waves. The slow hydromagnetic wave (or slow wave) (Rogister 1971;
Foote & Kulsrud 1979) is the left-hand-polarised quasi-parallel electromagnetic mode in

high-B plasma; it exists for parallel wavenumbers k; that satisfy ,Bi_l/ ‘x kypi S 1, and
has a characteristic frequency w & 252;/8;. To the authors’ knowledge, no instability of
the slow wave due to the ion heat flux has previously been reported. The instability’s
mechanism is analogous to the CET whistler instability: the slow waves drain energy from
ions with parallel velocities vy = ££2;/k; via gyroresonant wave—particle interactions.
For an anti-parallel ion-temperature gradient (ie. V;T; <0, so n; < 0), slow waves
propagating down the temperature gradient are destabilised, while those propagating up
the temperature gradient are not.

As before, the slow-wave instability is most easily characterised in the subsidiary limit
kip; — 0 (k = ky). Under the ordering kjp; ~ 1, the real frequency @ and growth rate y
are given by (see Appendix J.4.1)

o (e L) B ol boi)
7] i\ 74 2k p; [ReZ(l/kn ,Oi) + I<H,0,-]2 + T exp (—Z/kﬁpiz) ’ ‘

y ST 07 (ni/4 + Ky pi/ ) (3.13b)
2 | |

[Re Z(1/kyp:) + ku,o,»]2 exp (1/kip?) + mexp (—1/kip?)

The CET electron-temperature-gradient term does not appear because its contributions to
the frequency and growth rate are much smaller than the equivalent contributions of the
CET ion-temperature-gradient term at kjp; ~ 1. Plots of w = @w (k) and y = y (k) for
different values of n;8; < 0 are shown in figure 5.

As with the CET whistler instability, we can derive simple expressions for the peak
growth rate (and the wavenumber associated with that growth rate) in subsidiary limits.
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FIGURE 5. Parallel CET slow-hydromagnetic-wave instability. Dispersion curves of slow
hydromagnetic waves whose instability is driven by the ion-temperature-gradient term in the
CE distribution function (3.1), for wavevectors co-parallel with the background magnetic
field (viz. k = kj2). The frequency (solid blue) and growth rates (solid red) of the modes are
calculated using (3.13a) and (3.13b), respectively. The resulting frequencies and growth rates,
when normalised as yB;/$2;, are functions of the dimensionless quantity n;8;; we show the
dispersion curves for three different values of n;8;. The approximations (3.14) and (3.15) for
the frequency (dotted blue) and growth rate (dotted red) in the limit kp; < 1 are also plotted,
as are the approximations (3.18a) and (3.18b) for the frequency (dashed blue) and growth rate
(dashed red) in the limit kjj0; > 1.

First, ordering kjp; ~ |n;|B;/4 < 1 so that the destabilising »; terms and the stabilising
ion FLR terms are the same order, we find that the real frequency (3.13a) becomes

2
Bi

w

1 3,5,
<1 - Zkllpiniﬁi - §k|,0,-) ) (3.14)

which is precisely that of the slow hydromagnetic wave, with first-order FLR corrections
included (Foote & Kulsrud 1979). For n; < 0 and k;p; < |n;|B;/4, the growth rate (3.13D)
is positive:

4w (ni kyp; 1
~ - —+—)e —— | £2. 3.15
Y T (4 A G
The maximum growth rate (which is exponentially small in 1;5;/4 < 1) is
8 16
)/max 7 i‘f{z eXp (_T — I)Qi, (316)
[7:1B; 1n:1°B;

achieved at the parallel wavenumber

Inil Bi |77i|3/3-3
ki~ —— — ——L. 3.17
I 4 128 ( )
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In the opposite limit, kjp; ~ (|n;18:/4)"? > 1, we obtain

( gl e 2)@ 15
o~ —np o7 ) =, 18a
ki pi ") B
n; -3 Qi
~oym| T (1= T2 ke | 3.18b

The maximum positive growth rate is

Vinax & ? (1=3[4 =31 UnilB) ">} Imil 2: =~ 0.44[1 — 2.48 (In;1 B) "] Imi| €2,
(3.19)

realised for n; < O at the parallel wavenumber

m—3\"
kyp; ~ (T) (Imil )" ~ 0.41 (Imi| B . (3.20)

We note that, in contrast to the CET whistler instability, the real frequency of
the fastest-growing unstable mode is smaller than its growth rate: @peak/Vmax =
0.36(1n:1)~">.

The approximate expressions (3.14), (3.15), (3.18a) and (3.18b) for the frequency and
growth rate in the limits kjp; < 1 and kyp; > 1, are plotted in figure 5, along with the
exact results (3.13).

As with the CET whistler instability, a general expression for the complex frequency of
oblique ion CET instabilities can be derived in the form (see Appendix J.4)

Qi _BT + 1/ B%w + 4A7'6T

w = —ky|pil =
i ” 2AT

where Ay = Ar(kyp;, ki pi, 1iBi), Br = Br(kypi, ki pi, niBi) and Cr = Cr(k p;, k1 pi, niBi)
are again sums and products of various special mathematical functions defined in (2.122).
Investigating such modes by evaluating (3.21) numerically for a range of wavenumbers
(see figure 6), we find that, for n; < 0, there is one mode that is always damped and one
that can be unstable. For —n; < 4/, the unstable modes are restricted to quasi-parallel
modes (see figure 6a); for —n; = 4/B;, there is a much broader spectrum of unstable
modes (including oblique ones). The positive growth rates of the unstable mode are shown
in figure 6(b) for n;8; = —8. The typical growth rate y satisfies y ~ §2;/8; ~ n:82;, as
anticipated from (3.21). We also observe in figure 6(b) the existence of an unstable mode
at quasi-perpendicular wavenumbers, which is discussed in § 3.3.4.

In summary, an ion-temperature gradient can destabilise ion-Larmor-scale, slow
hydromagnetic waves via a similar mechanism to an electron-temperature gradient
destabilising electron-Larmor-scale whistler waves. If g; > Ly /A;, the characteristic
growth rate of these modes is y ~ A;§2;/Ly,. Unstable modes whose wavevector is parallel
to By grow most rapidly, although the growth rate of (moderately) oblique modes is
only somewhat smaller. While the CET whistler instability is faster growing than the
CET slow-wave instability, both modes grow much more quickly than characteristic
hydrodynamic time scales in a strongly magnetised plasma. In any conceivable saturation
mechanism, the electron mode will adjust the electron heat flux, and the ion mode the

, (3.21)
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FIGURE 6. Oblique CET ion-Larmor-scale instabilities. Maximum positive growth rates of
unstable ion-Larmor-scale modes whose instability is driven by the CE ion-temperature-gradient
term in the CE distribution function (3.1b), at arbitrary wavevectors with respect to the
background magnetic field. The growth rates of all modes are calculated by taking the imaginary
part of (3.21), with coefficients Ar, By and Cr being known functions of the wavevector (see
Appendix J.4). The growth rates are calculated on a 400 grid, with logarithmic spacing in
both perpendicular and parallel directions between the minimum and maximum wavenumber
magnitudes. The resulting growth rates, when normalised as yf;/$2;, are functions of n;8;; (a)
niBi = —2.5, (b) n;B; = —8. The unstable kjp; < k1 p; ~ 1 modes appearing in (b) are dealt
with in § 3.3.4.

ion heat flux. Thus, it seems likely that understanding the evolution (and ultimately, the
saturation) of both instabilities would be necessary to model correctly the heat transport
in a classical, collisional plasma that falls foul of the §-stabilisation condition.

3.3.4. Long-wavelength kinetic-Alfvén-wave instability

The instability observed in figure 6(b) at wavevectors satisfying kjpo; << ki p; ~ 1
is different in nature to the slow-hydromagnetic-wave instability: it is an ion-temperature-
gradient-driven instability of long-wavelength KAWs. Like the CET slow-wave instability,
it operates on account of resonant wave—particle interactions that allow free energy to be
drained from the anisotropy of the ion distribution function, which itself arises from the
ion-temperature gradient. However, the gyroresonances vy ~ %£2;/k, operate inefficiently
for modes with kjp; < 1 in a CE plasma, because there are comparatively few particles
with v >> vy;; the dominant resonance is instead the Landau resonance vy = w/k;. More
specifically, KAWs with k, p; 2 1, which are usually subject to strong Landau and Barnes
damping (that is, the damping rate of the waves is comparable to their real frequency), can
be destabilised if the (ion) plasma beta is sufficiently large: B; = Lr./A;. In figure 6(b),
the peak growth rate of the CET KAW instability is smaller than that of the CET
slow-hydromagnetic-wave instability by an order of magnitude; as will be shown below,
this is, in fact, a generic feature of the instability.

Similarly to quasi-parallel unstable modes, quasi-perpendicular ones such as unstable
KAWS can be characterised analytically, allowing for a simple identification of unstable
modes and their peak growth rates. It can be shown (see Appendix J.4.2) that, in the limit
kjp; < 1, ki p; ~ 1, the complex frequency of the low-frequency (w < kjvy;) modes in a
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plasma whose ion distribution function is (3.1) is

0 iGi kyipi /1 Z;
S e
kllvthi 201 =-F) Bi(1 —=F) 2 T

n kLol weZP\? ivanig 26 — Fi (1 = F)

where F; = F(kip:), Gi = G(k.p;) and

2 2 2
F(@) = exp (-%) [10 (%) s (%)] , (3.23)

2 2
G(a) = 202 F (@) — exp (—%)Il (%) . (3.24)

In a Maxwellian plasma (i.e. when 1; = 0), (3.22) becomes

1 i/T k2 p? | 122
® : _1ﬁ 2 p; 4 ez}
kjvwi (1 = F) 2B T
2
R0 kot 7
A N == (3.25)
,Bi 4 :Bi T

In the subsidiary limit k, p; > 1, we recover w ~ %k vk, p;/ B, which is the well-known
dispersion relation of a KAW (Schekochihin et al. 2009; Boldyrev et al. 2013; Kunz et al.
2018).

For 7n; # 0, we find that, for modes with a positive propagation direction with respect to
the background magnetic field (viz. k; > 0), there is an instability provided

Z?
n < 34| 146525 g, (3.26)
T

with the perpendicular wavenumber &, p; of the fastest-growing unstable mode at fixed k;
just beyond this threshold being approximately given by

WeZ?
kipi~ 177 1=34, 220 . (3.27)
T

Figure 7 shows the real frequency and growth rate of such modes at three different
(negative) values of 7;8;. As n; is decreased beyond the threshold, modes over an
increasingly large range of perpendicular wavenumbers are destabilised at both super-
and sub-ion-Larmor scales. Indeed, in the limit |7;|8; > 1, the peak growth rate yp.x (for
a fixed kj) occurs at a perpendicular wavenumber &, p; < 1, which decreases as |n;|8;
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FIGURE 7. Quasi-perpendicular CET KAW instability. Dispersion curves of unstable KAWs
whose instability is driven by the ion-temperature-gradient term in the CE distribution
function (3.10), for wavevectors that are almost perpendicular to the background magnetic field
(viz. k1 > k). The frequency (blue) and growth rates (red) of unstable modes are calculated
at (small) fixed values of kjp; from the real and imaginary parts of (3.21); the solid curves
are calculated for kjp; = 0.35, while the dashed curves are for kjp; = 0.05. The resulting
frequencies and growth rates, when normalised as y B;/k| v, are functions of the dimensionless
quantity n;8;; we show the dispersion curves for three different values of n;8;. The frequency
(dotted blue) and growth rate (dotted red) in the limit kyp; < 1, which are calculated by taking
the real and imaginary parts of (3.22), are also plotted.

increases. Such modes are, in fact, no longer well described physically as KAWSs; their
analogues in a Maxwellian plasma are Barnes-damped, non-propagating slow modes.

Although it is possible to characterise analytically the peak growth rate of the unstable
modes (and the perpendicular wavenumber at which such growth is attained) in the limit
kypi < 1 by analysing (3.22), such estimates do not capture accurately the behaviour of
the fastest-growing modes across all wavevectors, because these fastest-growing modes
occur at finite values of kj p;; at such values, the dependence of the frequency and growth
rate on k, p; departs somewhat from (3.22) (see figure 7). Instead, we find numerically
that, for n;8; < —6,

Vmax ~ 0025|771|Ql at (kllpi)peak ~ 0357 (328)

independent of the specific value of either n; or f;. For values of kp; that are larger
than (kjpi)peak, the instability is quenched. It is clear that, in comparison with the
slow-hydromagnetic-wave instability, the growth rate of the fastest-growing perpendicular
modes is small (see (3.18)). This difference can be attributed to the fact that, for unstable
modes in the limit [1;|8; >> 1, Ymax ~ |nilk; 0:§2; and the value of kjpo; at which maximum
growth is achieved is still rather small compared with unity. We conclude that the
instability of slow hydromagnetic waves that are driven by an ion-temperature gradient
is likely to be more significant than the analogous instability of quasi-perpendicular/KAW
modes.

4. CES (Chapman-Enskog, shear-driven) microinstabilities
4.1. Form of CE distribution function

Next, we consider the non-Maxwellian terms of the CE distribution arising from bulk-flow
gradients. If we set n; = 0 for both ions and electrons (viz. neglecting both temperature
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gradients and electron—ion drifts), the CE distribution functions (2.8) for both species
become

Ny i vi !
fo(up, v) = meXp (—vs) 1 — ¢ 2 zvtzm , 4.1

ths ths

where we have again chosen the isotropic functions C,(ty) to be the ones that arise from
the Krook collision operator (see § 2.4.2). We note that for this choice of collision operator,
the constant C; defined by (2.34) is C; & 3/2, and so the relationship (2.35) between the
CE distribution functions’ pressure anisotropy A; and the shear parameter €; becomes

A =le,. 42)

We also observe that the CE shear terms have even parity with respect to the parallel
velocity v, and thus for any unstable mode with positive parallel wavenumber k; > O,
there is a corresponding unstable mode with k; < 0. This conclusion has the consequence
that the sign of €, (which is the same as the sign of (zz — I/3): W, where W, is the
rate-of-strain tensor of species s — see (2.12)) has a significant effect on possible types
of CES microinstabilities. Thus, we must consider the cases €, > 0 (positive pressure
anisotropy, A; > 0) and €¢; < 0 (negative pressure anisotropy, A, < 0) separately. For
easier comparison with previous work by other authors, we will sometimes substitute
€, = 2A,/3, and work in terms of Aj;.

As with the discussion of CET microinstabilities in § 3, in the main text, we only present
the main findings of our calculations: namely, the overview of the CES stability landscape
(§4.2), and the analytical characterisation of CES microinstabilities with €, > 0 (§4.3)
and ¢; < 0 (§4.4). The methodology underlying the calculations of growth rates of CES
microinstabilities is presented in Appendix K. Similarly to § 3, for the rest of this section,
we assume without loss of generality that k; > 0 in all formulae.

4.2. Stability

The stability of CE distribution functions of the form (4.1) is determined as a function
of the parameters ¢;, €,, d., B., B; and the velocity scale length Ly, = |(zz — %I): w,/ v~}
by assessing whether the maximum microinstability growth rate across all wavelengths
smaller than A, and A; is negative or positive (see Appendix K for the methodology
underpinning this calculation). As with the temperature-gradient-driven instabilities, we
report the results of stability calculations that pertain to a temperature-equilibrated
hydrogen plasma; that is, the particular case in which 8; = 8, and €, = M;/ %¢; [where
we recall that the characteristic magnitude of the CE electron velocity-shear term in
such a plasma is smaller than the analogous CE ion-velocity-shear term by a factor of
wl? = (m,/m;)"/?]. Because ¢; can take both positive and negative values (see §4.1),
we do one stability calculation for each case; the results of these two calculations are
shown in figures 8 and 9, respectively. The key characteristics of the stability of the
CE distribution function (4.1) for ions and electrons can be shown using plots over a
two-dimensional (d,/Ly, Ma A,/Ly) parameter space at fixed B, and Ma — we remind the
reader that Ma A,/Ly = |¢;|, and that the Mach number Ma is assumed to satisfy Ma < 1 —
as opposed to the five-dimensional (¢;, d,, Ly, B., Ma) parameter space that might naively
be anticipated. This is because dimensional analysis again implies that d, and Ly must
appear in the stability boundary in the combination d,/Ly, and the two relevant stability
thresholds are only functions of the product of Ma and d, /Ly rather than their independent
values.
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FIGURE 8. The CE-distribution-function stability map for CES microinstabilities driven by
positive pressure anisotropy. Exploration of the stability of the ion and electron CE distribution
functions (4.1) for different positive values of small parameters €, and ¢; (viz. electron- or
ion-pressure anisotropies), and the ratio of the electron inertial scale d, to the velocity scale

length Ly, in a temperature-equilibrated hydrogen plasma. In this plot, we chose €, = ,u,;/ 2Ei,
and then show Ma A, /Ly = |€;| with equal logarithmic spacing in the range [1073,10°]; d, /Ly is
chosen with equal logarithmic spacing in the range [10~'3, 10°]. The total size of the grid is 4007.
For reasons of efficiency, we calculate growth rates on a 40> grid in wavenumber space with
logarithmic spacing for both parallel and perpendicular wavenumbers. In this plot, 8, = f; =
10%, and Ma = 1. (a) Stable (blue) and unstable (red) regions of (d./Ly, Ma A./Ly) phase space.
The theoretically anticipated collisional cutoffs (right — see (4.5)) and S-stabilisation thresholds
(horizontal dashed lines) for the CES mirror and parallel transverse instabilities, respectively,
are also shown. (b) Maximum normalised microinstability growth rate (red) vs Ma A,/Ly for a
fixed electron inertial scale d,/Ly = 10~'3, along with the maximum growth rate for the mirror
instability (purple) in the limit Ma A.8./Ly > 1 (see (4.13)), and for the parallel transverse
instability in the limit Ma A, B,/Ly > us /* (see (4.31), with @ = 0°). (c) Parallel wavenumber
of the fastest-growing microinstability (red) vs Ma A./Ly for a fixed electron inertial scale
d./Ly = 10713, along with the same quantity analytically predicted for the mirror instability
(purple) in the limit Ma A.B./Ly > 1 (see (4.14a,b)), and for the parallel transverse instability
(blue) in the limit Ma A.Be/Ly > s /? (see (4.33a,b), with 0 = 0°). (d) Wavevector angle
6 = tan™! (kj/kL) of the fastest-growing instability over the (d./Ly, Ma A.B./Ly) parameter
space.
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FIGURE 9. The CE-distribution-function stability map for CES microinstabilities driven by
negative pressure anisotropy. Same as figure 8, but for negative values of the small parameters
€. and ¢;. (a) Stable (blue) and unstable (red) regions of (d./Ly,MaA,/Ly) phase space.
The theoretically anticipated collisional cutoffs (right — see (4.5)) for the CES firehose and
oblique transverse instabilities, respectively, and the g-stabilisation thresholds (horizontal
dashed lines) for the CES firehose, CES EST and whisper instabilities are also shown. ()
Maximum normalised microinstability growth rate (red) vs MaAd./Ly for a fixed electron
inertial scale d./Ly = 10713, along with analytically predicted maximum growth rate for
the firehose instability (purple) (see (4.66)), for the EST instability (green) in the limit

2B > Made/Ly > e BT (see (4.98)) for the whisper instability (yellow) in the
hmlt e 1/2,36 173 > Mad,/Ly > [he I/Z,Be 3/ (see (4.110)), and for the oblique transverse
instability (blue) in the limit Ma A,/Ly > u. 172 B, I (see (4.101)). (¢) Same as (b), but for the
parallel wavenumber of the fastest-growing microinstability. The analytical predictions of this
quantity for the firehose instability (purple) (see (4.67)), for the EST instability (green) (see
(4.99h)) and for the whisper instability (yellow) (see (4.111b)), respectively, are also shown. (d)
Same as (b), but for the perpendicular wavenumber of the fastest-growing microinstability. The
analytical predictions of this quantity for the firehose instability (purple) (see (4.67)), for the EST
instability (green) (see (4.99a)) and for the whisper instability (yellow) (see (4.111a)), are also
shown.

The regions of stability presented in figure 8(a) for €; > 0 (viz. for shear flows that drive
positive pressure anisotropy) and in figure 9(a) for €; < O (viz. for shear flows driving
negative pressure anisotropy), respectively, are broadly similar to the region of stability
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for CET microinstabilities described in §3.2 (and shown in figure 2a), but with one
crucial difference. Once again, for d,/Ly less than a critical value (d./Ly)., stability is
independent of d,/Ly, and there are no instabilities for Ma A.B./Ly < 1; for d,/Ly 2
(d./Ly)co and Ma A.B./Ly > 1, stability is guaranteed if (and only if) d./Ly > (d./Ly).
at fixed Ma A,/Ly, where (d,/Ly). is a monotonically increasing function of Ma A,/Ly.
As before, these two bounding thresholds correspond to the S-stabilisation conditions
and collisional-stabilisation conditions, respectively, of CES microinstabilities. However,
the dependence of (d,/Ly). on MaA,/Ly is more complicated than the analogous
relationship between (d./Lr). and Ma A,/Ly that was presented in figure 2(a). Namely,
if MaA,/Ly 2, B;' ;"2 then (d,/Ly). suddenly shifts towards a larger value, with the
subsequent (power-law) relationship between (d,/Ly). and Ma A,/Ly being distinct from
the analogous relationship when Ma A,/Ly < B, ' '/?. This behaviour is the result of
a feature of the unstable region that is present for CES but not CET microinstabilities:
different instabilities being dominant in different regions of the (d./Ly, MaA,/Ly)
parameter space. As we will see, this arises because CES microinstabilities on ion scales
have less stringent B-stabilisation thresholds than those on electron scales. Although their
regions of stability are qualitatively similar, the types of microinstabilities that arise when
€; > 0 or ¢; < 0 are quite different, so we now discuss each case in turn.

4.2.1. Positive pressure anisotropy

For ¢ > 0 and 0.5u,'28;' 2 MaA,/Ly > B;', the fastest-growing CES microin-
stability is the mirror instability: that is, a non-propagating, compressible slow mode
on ion scales that is destabilised by positive ion pressure anisotropy. For Ma A.8,./Ly 2,
0.5u,'72, a faster-growing CES microinstability emerges on electron-Larmor scales,
driven by positive electron-pressure anisotropy: the whistler (electron-cyclotron)
instability. For fixed B;, the CES mirror instability can operate at smaller values of
MaA,/Ly than the CES whistler instability, because the mirror-instability threshold
AiBi =3Mad,Bi/2Ly > 1 (see §4.3.1) is a less stringent condition on Ma A, /Ly for fixed
B. than the threshold A,B8, = 3u!/* MaA,B;/2Ly Z 0.5 of the CES whistler instability
(see §4.3.2). On the other hand, once MaA,B./Ly = 0.5u,'/%, the maximum growth
rate of the CES mirror instability ymir ~ A;£2; is much smaller than that of the CES
whistler instability: Yynister.s ~ Ac82 ~ ;2 A;82; > A;82;. For Ma A,B8,/Ly > u, ">,
in addition to unstable whistler modes, modes on sub-electron-Larmor scales are also
destabilised: this is the parallel transverse instability, a microinstability that is essentially
unmagnetised (kp; > 1) in character. When it can operate, the CES parallel transverse
instability has a much larger growth rate than the unstable electron-Larmor-scale whistler
Waves, Vigns ~ A(AB)V?82, > Vit ~ Ac82,,s01f Ma A,8,/Ly > 1, '/?, the transverse
instability dominates.

Numerical evidence for the dominance of the CES mirror instability when '/ >
MaA,/Ly > 1, and then the CES parallel transverse instability when Ma A,/Ly > ;'/?,
can be produced by isolating the maximum growth rate, the parallel wavenumber and
the wavevector angle associated with peak growth for the unstable regions of the
(d./Ly, Ma A,/Ly) parameter space. Figure 8(b) shows that, for fixed d,/Ly and a range
of Ma A./Ly, the peak microinstability growth rate is a reasonable match for that of the
mirror instability (viz. (4.13)) for 0.5u;'?B;' > MaA,/Ly > B;', and a good match
for the parallel transverse instability (viz. (4.31)) for Ma A,/Ly = p;'/?B;". Figure 8(c)
demonstrates that, for u;'/28;' > MaA,/Ly > B,', the (non-dimensionalised) parallel
wavenumber (kj pe)peax OF peak growth satisfies (kjpe)peac ~ 14, /2, in agreement with the
expected parallel wavenumber of the fastest-growing mirror modes (see (4.14a,b)). At
MaA,/Ly ~ p;'?B; !, there is a dramatic shift in (k0,)peak t0 @ value (kjpe)peac 2 1 that
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agrees with the expected parallel wavenumber of the parallel transverse instability (see
(4.33a,b)). As for the peak-growth wavevector angle (figure 8d), for 8! < Mad,/Ly <
w281, the dominant instability is oblique (as would be expected for the mirror
instability), while for MaA,/Ly 2 0.5u; "2, it is parallel (implying that the CES
whistler/parallel transverse instability dominates). We conclude that the mirror instability
is indeed dominant when 0.5u,'28;' 2 Ma A,/Ly > B;', and the parallel transverse
instability when Ma A,/Ly > n;'?B;".

4.2.2. Negative pressure anisotropy

Now considering the case when €; < 0, i.e. the case of negative pressure anisotropy, the
only CES microinstability that operates when w,'/?8;' > Ma A,/Ly >> B, " is the firehose
instability: the destabilisation of Alfvén waves by ion-pressure anisotropies A; < —1/8;.2
If Ma A, /Ly 2, u; "B, several electron-scale CES microinstabilities arise, all of which
tend to have larger growth rates than the firehose instability. The first of these to develop
(at Ma A,/Ly ~ w;'>B; ") is the oblique electron firehose instability: the destabilisation
of oblique kinetic-Alfvén waves by negative electron-pressure anisotropy. For /28,1 <
Mad,/Ly < ;2877 the EST instability begins to operate; this is a non-propagating
quasi-perpendicular mode on electron-Larmor scales (k, p, ~ 1 > kp,), which, while
damped in a Maxwellian plasma, is unstable for sufficiently negative electron pressure
anisotropies, and grows more rapidly than the oblique electron firehose instability. For
w, 2B < Mad, /Ly S g 'V?B;!13, the EST instability is surpassed by the whisper
instability: the instability of a newly discovered propagating wave in a Maxwellian
plasma (a whisper wave) whose perpendicular wavelength is on sub-electron-Larmor
scales (k. p, > 1), but whose parallel wavelength is above the electron-Larmor scale
(kjpe < 1). Finally, when MaA,/Ly Z p;'/?B; '3, the oblique transverse instability
comes to predominate; unlike either the oblique electron firechose, the EST or whisper
instabilities, it is unmagnetised in nature (like its parallel relative). Of these four
instabilities, the oblique electron firechose and transverse instabilities have been identified
previously (see references in §§ 4.4.7 and 4.4.9, respectively), but not the EST or whisper
instabilities.

We support these claims (in an analogous manner to the ¢; > 0 case) by calculating the
growth rate of the dominant microinstabilities for given points in the (d./Ly, Ma A,/Ly)
parameter space. Figure 9(b) shows the maximum growth rate for a fixed value of
d,/Ly. For ;"B > Mad,/Ly > B,', the peak growth rate follows the analytical
prediction for the ion firehose instability, yu. ~ |A;|'282;//Tog1/[A;], when A; K
—2/B; (see (4.66)). For MaA,/Ly Z n,;'?B;!, the peak growth rate becomes much
greater than yge; for B, > ul/?Maa,/Ly > B!, it instead matches that of the
EST instability, ygst ~ |Ac|(| Al Be)*?82./+/Tog | A.|B. (see (4.98)), where we remind
the reader that |A,|=3ul*Mad,/2Ly. For p!?Mad,/Ly > B>, the observed
growth rate agrees with an analytical prediction for the whisper instability, Ynisp ~
A2 (1A B) Y482,/ /Tog [ A, B. (see (4.110)). Finally, because of the value of 8, chosen
for this numerical example, the condition Ma A,/Ly = j1;'/?8;'/? under which the oblique
transverse instability dominates is never met for Ma A,/Ly < 1, and thus the numerically
measured growth rate of the dominant CES microinstability is larger than the transverse
instability’s peak growth rate Yians ~ | Al (| Al Be)'/? 82, (see (4.101)) for the entire range
of Ma A,/Ly that we show in figure 9(b), (blue line).

3In the limit of wavelengths much larger than the ion-Larmor radius, the firehose-instability threshold is well
known to be A; = (A;). < —2/B;. However, for plasmas whose ion species have either a CE distribution function or
a bi-Maxwellian distribution, the instability threshold for oblique ion-Larmor-scale firehose modes is somewhat less
stringent: see § 4.4.1.
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A further confirmation that the most important microinstabilities are those that we
have explicitly identified is obtained by calculating the parallel and perpendicular
wavenumbers associated with the dominant microinstability. Figures 9(c) and 9(d) show
that, for ;' < MaA,/Ly < ;' B, (kjpe)peak ~ (kipe)peax ~ 1t/%. These values of
(kype)peax are consistent with the properties of the fastest-growing unstable firehose
modes (see §§4.4.1 and 4.4.4), whose parallel wavenumber (approximately) satisfies
(kypi)peax ~ 1/+/log 1/|A;] when A; <« —2/B; (see (4.67)), and whose wavevector angle
i Opear ~ 39°. At Ma A, /Ly ~ p,; "B, !, the magnitudes of the parallel and perpendicular
wavenumbers changes abruptly, to (k) 0.)peak ~ (K1 0c)peax ~ 1; this is in line with
expectations from the onset of the oblique electron firehose instability when |A,|8, ~ 1.
ForMa A,/Ly > ,B;‘ (J]A.|B. > 1), the parallel scale of the fastest-growing mode remains
above electron-Larmor scales [(kpe)peax < 11, While (k1 p,)peak increases monotonically
above unity. Both findings match theoretical expectations concerning the evolution of
the parallel and perpendicular wavenumbers of the EST and whisper instabilities as
functions of increasing | A, |B,, and analytic formulae for these quantities are in reasonable
agreement with the numerical results (see §§ 4.4.8 and 4.4.10).

4.2.3. Collisional stabilisation

For both ¢; > 0 and ¢; < 0, the shift in (d,/Ly). at MaA,/Ly ~ u,'/?B;" observed
in figures 8(a) and 9(a) can be explained in terms of the ion-scale and electron-scale
microinstabilities having distinct collisional-stabilisation conditions of the form (2.125)
(viz. kA, ~ kA; S 1), with the condition on the ion-scale instabilities being more
restrictive. The wavenumbers k., and kg, at which maximal growth of the ion mirror
and firehose instabilities occurs satisfy kpiw0; ~ 1 and kgep; < 1, respectively, for

~

Ma A.B8./Ly > 1, leading to the collisional-stabilisation condition

A D d
o< B ozglizze 4.3
L, >, M B. L (4.3)

For the electron-scale microinstabilities, the parallel and the oblique transverse
instabilities have the largest (common) wavenumber of all such instabilities that
operate when ¢€; > 0 and ¢; < 0, respectively, and so provide the most demanding
collisional-stabilisation conditions. For both transverse instabilities, the wavenumber at
which peak growth occurs satisfies kianspe ~ (1)/?Ma A,B./Ly)'/* (see (4.32)), which in
turn can be rearranged to give the collisional-stabilisation condition

A, 4\
= SMaTPpe (=) (4.4)
Ly Ly
Bringing these results together, we find
d, B2/ Ly, B! <« Mad./Ly < u;'*B;",
T ] = Vdng 1/2 3/2 1/2 g—1 (4.5)
Ly). |ul*Ma'? A, /Ly)’"*, Mad, /Ly 2 u;' 2B,

with (d,/Ly).o = nl/?B,%*. This matches asymptotically the numerical results shown
in figures 8(a) and 9(a). These findings confirm that, once again, the relevant
collisional-stabilisation condition for the microinstabilities with wavenumber k is kA, =
kA; <1 (viz. (2.125)), as opposed to the more restrictive conditions y7; < 1 and yt, < 1

on the CES ion-scale and electron-scale instabilities, respectively. Similarly to the
collisional-stabilisation condition on the CET whistler instability (see § 3.2), we note that
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the collisional-stabilisation condition on any of these microinstabilities can never actually
be satisfied in a strongly magnetised plasma, because kd; = A;/p; >> 1 for the ion-scale
instabilities, and kA, = A./p. >> 1 for the electron-scale instabilities.

4.2.4. Outline of the rest of this section

Further discussion about the properties and growth rates of CES microinstabilities
with €; > 0 (viz. those driven by positive pressure anisotropy) can be found in §4.3,
with the mirror, whistler and transverse instabilities discussed in §§4.3.1, 4.3.2 and
4.3.3, respectively. In addition to these, there is another instability (the electron mirror
instability) that can be driven by positive pressure anisotropy of CE distribution
functions that we note in passing: it consists in KAWSs driven unstable by the CE
electron-shear term, and to some extent by the ion-shear term (§ 4.3.4). The electron mirror
instability does not appear to be the fastest-growing CES microinstability anywhere in
the (d./Ly, Ma A,/Ly) parameter space; since the instability is subdominant to two other
electron-scale instabilities (the whistler and transverse instabilities), this would seem to
imply that the instability is comparatively less important.

CES microinstabilities with €, < 0 (viz. those driven by negative pressure anisotropy)
are explored in §4.4. The firehose instability is overviewed in §4.4.1, with then four
subclasses of the instability (parallel, oblique, critical line and sub-ion-Larmor scale)
considered in §§4.4.2, 4.4.3, 44.4 and 4.4.5. The oblique electron firehose instability
is discussed in §4.4.7, the EST instability in §4.4.8, the oblique transverse instability
in §4.4.9 and the whisper instability in §4.4.10. We identify two additional CES
microinstabilities which are never the fastest-growing microinstability in any unstable
region: the parallel electron firehose instability (§4.4.6), which (in spite of its name)
has a different underlying physical mechanism than the oblique electron firehose, and the
ordinary-mode instability (§ 4.4.11), which only operates at very high B, (B, = |A.|™3),
and is only characteristically distinct from the oblique transverse instability in a regime in
which it is slower growing.

Readers who do not wish to dwell on specific CES microinstabilities should proceed
directly to § 5.

4.3. CES microinstability classification: positive pressure anisotropy (€; > 0)

4.3.1. Mirror instability

The CES mirror instability consists in the destabilisation of compressive slow modes
by a sufficiently large positive ion-pressure anisotropy associated with the ion-shear term
of the ion CE distribution function. In a high-g plasma with Maxwellian ion and electron
distribution functions, the slow mode — which is one of the two plasma modes which
exist at oblique wavevector angles 6 = B * (the other being the shear-Alfvén wave),

1
and consists of a perturbation to the magnetic field’s strength — is non-propagating,
being subject to strong Barnes’ (equivalently, transit-time) damping (Barnes 1966).
This damping is the result of Landau-resonant interactions between the slow mode
and co-moving ions with v, = w/ky; since, for a distribution function that decreases
monotonically with vy > 0, there are more ions with v, < w/k; than with v > w/k|,
there is a net transfer of free energy from the slow modes to the ions (as a particle
acceleration process, this is sometimes called betatron acceleration). However, in a plasma
with A; > 0, there is an increase in the relative number of ions with large pitch angles in
the troughs of the slow mode’s magnetic-field strength perturbation, giving rise to excess
perpendicular pressure. When A; > 1/, this excess pressure overbalances the magnetic
pressure, leading to the mirror instability. In CE plasma with 0 < A;6;, — 1 < 1, only
quasi-perpendicular long-wavelength mirror modes (k;p; < k,p; < 1) are destabilised;
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for larger values of A;, a broad range of slow modes (including ion-Larmor-scale ones)
become unstable. Chronologically, the earliest discussions of the mirror instability in
pressure-anisotropic plasmas are due to Parker (1958) and Hasegawa (1969). Southwood &
Kivelson (1993) provide a detailed and lucid discussion of the linear physics of the mirror
instability (see also Kunz et al. 2015); various analytical (Pokhotelov et al. 2008; Rincon
et al. 2015) and numerical (Hellinger er al. 2009; Kunz et al. 2014; Riquelme et al. 2015;
Melville et al. 2016) studies investigating its nonlinear evolution have also been carried
out.

The CES mirror instability can be characterised analytically — and simple expressions
derived for the maximum growth rate and the wavevector at which that growth is attained —
in the limit of marginal instability. First, we define the threshold parameter I; = ;A — 1,
where A = A; + A, = (1 + p}/*) A;, and assume that I; < 1. It can then be shown (see
Appendix K.3.2) that under the orderings

2 2 4 r?
kjpi ~kip; ~ T < 1, 2" Fll <1, (4.6a.b)
the mirror modes have a growth rate given by
2
v _ ko 3ki 3, 5
L= ri————- kip7]. 4.7
2 = Juh ( 28 @7

This is the same result as the growth rate of the mirror instability in a bi-Maxwellian
plasma, with (the anticipated) threshold /7 > 0 (Hellinger 2007). The peak growth rate
Ymax 1S then given by

2

Vmax = mﬂi, 4.8)
achieved at the wavenumber
I 1/2
(kypi)peak = —= (k1 pi)peak = ——=- (4.9a,b)

32

This recovers the results of Hellinger (2007).

Figure 10 illustrates the accuracy of the above predictions for y (and therefore
Vmax)s (k) Pi)peac and (k1 p;)peac by comparing them with the equivalent values obtained
numerically using the general method outlined in Appendix K for a particular value
of I'; <« 1. The wavenumber dependence of the numerically determined growth rate
(see figure 10a) corroborates that, close to marginality, the unstable mirror modes are
quasi-perpendicular; more quantitatively, the values of kj p; and k, p; at which peak growth
is obtained numerically match (4.9a,b). Furthermore, the growth rate (4.7) agrees well
with the numerical result when plotted as a function of k; p; with fixed k, p;, and also as a
function of k, p; with fixed k; p; (figure 100).

In contrast, for finite I; 2 1, simple expressions for Vimax, (kj0i)peak and (ki p;)peax are
challenging to derive analytically. Our numerical calculations indicate that, when I; ~ 1,
a broad range of (purely growing) oblique modes becomes unstable, with maximum
growth rate yma. ~ £2;/8; ~ AS2; attained when kyp; < ki p; ~ 1 (figure 11a). Therefore,
asymptotic expansions that treat k; p; and ko; as small or large cannot be used to derive
simplified expressions for the growth rate of the fastest-growing mirror modes. While
the expressions (4.9a,b) for the wavenumber of peak growth derived in the case of

V3
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FIGURE 10. Mirror instability at I; = AB; — 1 < 1. (a) Growth rates of unstable mirror modes
resulting from the CE ion-shear term in the CE distribution function (4.1) for I; = 0.04 < 1
(AB; = 1.04). The growth rates of all modes are calculated using the approach outlined in
Appendix K.3. The growth rates are calculated on a 400> grid, with logarithmic spacing in
both perpendicular and parallel directions between the minimum and maximum wavenumber
magnitudes. The resulting growth rates, when normalised as yf;/§2;, are functions of the
dimensionless quantity Ap;. The dashed white lines indicate the analytical prediction (4.9a,b) for
the wavenumber at which peak growth is achieved. (b) The mirror mode’s growth rate (solid line)
as a function of k) p; with k| p; = I"l.l/z/\/g (top), and as a function of k| p; with kjjp; = 1"1-/3\/5
(bottom). The dashed lines show the analytical prediction (4.7) for these quantities.

near-marginality remain qualitatively correct, they are no longer quantitatively accurate;
the same conclusion applies to the expression (4.7) for the growth rate when k;p; ~
k1 p; ~ 1 (figure 11b). That being said, an expression similar to (4.7) can be derived (see
Appendix K.3.2) for long-wavelength unstable mirror modes that satisfy the ordering

14 ky pi
kipi ~ koo <1 o 5 Akyp; < 1. (4.10a,b)
This expression is
y _ ke (p TiA3K 411
o -\ T T2 ') 1D
i i 1
It implies that all such modes with
3+ 17\
kJ_ > (T) k”, (412)

will be unstable, a prediction that is consistent with the unstable region observed in
figure 11(a).

When I > 1, but I; < (m;/m,)"/?, the region of (k, k,) space in which mirror modes
are unstable is qualitatively similar to the I'; ~ 1 case, albeit more extended (figure 12a).
We find that in this limit, the maximum growth rate y,,,x becomes directly proportional to
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FIGURE 11. Mirror instability at I; = AS; — 1 ~ 1. (a) Growth rates of unstable mirror modes
resulting from the CE ion-shear term in the CE distribution function (4.1) for I7 = 1 (AB; = 2).
The growth rates of all modes are calculated in the same way as in figure 10. The dashed
white lines indicate the analytic prediction (4.9a,b) for the parallel/perpendicular wavenumber at
which peak growth is achieved, while the dotted line indicates the analytical prediction (4.12) for
the perpendicular wavenumber above which long-wavelength (kp; < k1 p; < 1) mirror modes
become unstable. (b) The mirror mode’s growth rate (solid line) as a function of kjp; with

kipi= 1“,.1/2/\/3 (top), and as a function of k| p; with kjp; = E/3ﬁ (bottom). The dashed
lines show the analytical prediction (4.7) for this quantity.
A (see figure 12b), in contrast to the marginal case (4.7):
Ymax ~ 0.2A82;. (4.13)
This growth is attained at parallel and perpendicular wavenumbers
(kLpi)peac = 1.2, (kypi)pear = 0.7, (4.14a,b)

which depend only weakly on Ap,;.
Some understanding of these results can be derived by considering the dispersion
relation of mirror modes on sub-ion-Larmor scales. Adopting the ordering

kyoi ~ koo~ (AiB)'2 > 1, é ~ A (4.154,b)

l

while assuming that A,;8; < . '/?, one finds (see Appendix K.3.2) that

e

k k2 p? kK — Kk B k2p?
Yh PLoa 1) (a-l - =200, (4.16)
2, k Bi k k Bi

This can be re-written in terms of the wavevector angle 6 = tan™' (k, /k) as

k2 p? k2p?
Y~ cos 9\/[i — ,-(00520 — sin’ 9)i| (A,»cosze — %) 4.17)

Qi ﬂi i

Analysing this expression leads to three conclusions. First, for 6 > 45°, there is an
instability at all wavenumbers satisfying kp; < (A;B;)'/? cos 6, explaining the expansion
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FIGURE 12. Mirror instability at 17 = Ap; > 1. (a) Growth rates of unstable mirror modes
resulting from the CE ion-shear term in the CE distribution function (4.1) for I; =29 > 1
(AB; = 30). The growth rates of all modes are calculated in the same way as in figure 10.
The dot-dashed white lines indicate the parallel/perpendicular wavenumbers (4.14a,b) at which
peak growth is achieved, while the dotted line indicates the analytical prediction (4.12) for
the perpendicular wavenumber above which long-wavelength (kp; < k1 p; < 1) mirror modes
become unstable. () Normalised maximum positive growth rate ymax/A$2; (solid red line) of
the unstable mirror mode as a function of AB; along with the parallel (solid blue line) and
perpendicular (solid yellow line) wavenumbers, (k| 0;)peak and (k1 0;)peak respectively, at which
that growth is attained. The analytical prediction (4.7) of ymax for marginally unstable modes,
as well as the analogous predictions (4.9a,b) for (k| p;)peak and (k1 p;)peak, are shown as dashed
lines.

of the unstable region of (kj, k; )-space with increasing A;f;. For 6 < 45°, growth only

occurs over a more limited range of wavenumbers v/cos26 — sin? @ < kp;/(A:B)'* <
cos 6. Secondly, growth in this limit is maximised when kp; < (A;B;)'/?, with the maximal
growth rate

1
max = —AiQi ~ (. 19A,‘Qi, (418)
Yo =53

attained at cos @ = 1/+/3 (0 ~ 55°). This expression for ypq, is (surprisingly) close to the
numerically measured peak growth rate (4.13). For kp; ~ (A;8:)'/?, the maximum growth
rate is smaller than (4.18) by an order-unity factor. Finally, when kp; > (A,;8:)"/?, viz. in a
wavenumber regime where there are no unstable mirror modes, (4.16) becomes imaginary,
implying that the modes have a real frequency given by

2,
o~ hikip g (4.19)

This is the dispersion relation of KAWs in a high-8 plasma.* In short, at A;8; > 1, KAWs
are also destabilised by positive ion-pressure anisotropy in addition to longer-wavelength

4We note that (4.19) is also the same dispersion relation as that of oblique whistler waves (see, e.g. Galtier & Meyrand

2015). However, as was discussed in § 3.3.1, in a high-g plasma (8, > ;L;UZ), the small frequency (@ < kjvwm;) of
perturbations prohibits all but parallel perturbations from not interacting significantly with the ions, and thus we believe
that the modes are more accurately identified as KAWs.
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mirror modes. We note that KAWs can also be destabilised by positive electron
anisotropy, but the characteristic wavelength of such modes is preferentially comparable
to electron-Larmor scales (see § 4.3.4).

4.3.2. Whistler instability

The CES whistler instability arises when the free energy associated with positive
electron-pressure anisotropy A, of the electron CE distribution function destabilises
whistler waves, overwhelming both the electron-cyclotron damping (which is the dominant
stabilisation mechanism for whistler waves with k;p, ~ 1) and the Landau damping due
to the ion species (the dominant stabilisation mechanism for waves with kjp, < 1).
In the special case of static ions, electron-cyclotron damping can be overcome by
a positive electron-pressure anisotropy of any magnitude for whistler waves with
sufficiently long wavelengths. Retaining mobile ions, the instability operates only if A,
exceeds a threshold of order (A,),. ~ ﬂ;l. When A, > (A.)., gyroresonant interactions
between electrons with vy = +£2,/k; and whistler waves allow for free energy to pass
from the former to the latter, and so an increasingly broad spectrum of unstable
parallel and oblique modes emerges on electron-Larmor scales. The analogue of
this instability in a bi-Maxwellian plasma was found by Kennel & Petschek (1966),
and it has since been studied numerically in moderately high-f plasma (8, ~ 1-10)
by several authors (e.g. Gary & Wang 1996; Guo et al. 2014; Riquelme et al.
2016).

Similarly to the CET whistler instability, the simplest characterisation of the CES
whistler instability is for unstable parallel whistler modes (viz. k ~ k). Assuming that
these modes satisfy the orderings

1
W = ~ A~ —, kpe~1, (4.20a,b)
” kllvthe Be ”
it can be shown (see Appendix K.3.3) that their real frequency @ and growth rate y
satisfy
: kype [AcBe (14 u1l/?) — ki p?| Re Z(1/k; pe
_5;’3 P 1 A ”62) iec] (2 /2 2 (4.21a)
e [Re Z(1/kyp.)]” + mexp (—2/ki p2)
yBe _ kipe[exp (=1/kip) + 1.?] (AcBe — Kip7) + pe* AcBeRe Z(1/kype) (4.21b)
= 5 , (4.
2, [Re Z(1/kyp.)]” /~/7 + /Texp (—2/ki p2)

where the terms proportional to w!/? are associated with the ion species.” In the

limit pu, — 0, formally there is always instability provided A,B, > 0; however, for a
hydrogen plasma (u, ~ 1/1836), it can be shown numerically that the numerator of
(4.21b) only becomes positive (over a narrow interval of parallel wavenumbers around
kyp. ~ 0.60) for A,B, > 0.56. The dispersion curves @ (k) and y (k;) of the unstable
whistler waves in a hydrogen plasma for three different values of A, S, that are above the
necessary value for instability are shown in figure 13. When A,f8, 2 1, the growth rate
is positive for a range Akj ~ p, ' around k;p, ~ 1, attaining a characteristic magnitude
y ~ @~ 82/P..

SFormally, these terms are 0(;13,/ 2) under our assumed ordering, and so should be dropped. However, because of
the exponential dependence of the other damping/growth terms on k| p., these terms play an important role for moderate

values of k| pe, viz. M;/z exp (l/kﬁpg) = 1 for kjjp. < ﬁ/dlog m;/m, ~ 0.5, so we retain them.
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FIGURE 13. Parallel CES whistler instability. Dispersion curves of unstable whistler modes
whose instability is driven by the electron-shear term in CE distribution function (4.1),
for wavevectors that are co-parallel with the background magnetic field (viz. k = kjz). The
frequency (solid blue) and growth rate (solid red) of the modes are calculated using (4.21a) and
(4.21D), respectively. The resulting frequencies and growth rates, when normalised as y /2.,
are functions of the dimensionless quantity A.fB.; we show the dispersion curves for three
different values of A, .. The approximations (4.22a) and (4.22b) for the frequency (dotted blue)
and growth rate (dotted red) in the limit kp, < 1 are also plotted, as are the approximations
(4.24a) and (4.24b) for the frequency (dashed blue) and growth rate (dashed red) in the limit
kjjpe > 1.

As before, we characterise the growth rate for various values of A,B, by taking
subsidiary limits. First, for A, 8, < 1, a necessary (though not always sufficient) condition
for positive growth is kjp, < (A.B.)"/? < 1. We therefore expand (4.21) in kjp, ~
(A.Bo)'? « 1, finding that

2.2
kip.
Be

JT 1 k2 p? k2 p?
Yy~ X exp ey A, — AZe ) ué/zn— £2,. (4.22b)
| Pe I1Pe /36 /36

Similarly to what we showed in § 3.3.1 for the CET whistler instability, we have once again
found unstable whistler waves. For comparison’s sake, the approximate expressions (4.22)
are plotted in figure 13 in addition to their exact analogues (4.21); it is clear that there is
reasonable agreement for a moderately small value of A,fB,, but that the approximations
become less accurate for kjp, 2 0.5 and A8, > 1.

In the limit u, — 0, the expression (4.22b) for the growth rate is very similar to that of
the whistler (electron-cyclotron) instability in a plasma with a bi-Maxwellian distribution
and positive electron-pressure anisotropy (Davidson 1983). In this case, whistler modes
with kjp, < (A.B.)"/* are always unstable, although the growth rate of such modes is
exponentially small in A8, < 1 as compared with the frequency (4.22a), and so y <
@ ~ §2,/P.. By contrast, with small but finite u, = m,/m;, it can be shown analytically

o

£2,, (4.22a)
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that, for (4.22b) to be positive, A, > (A.)., where
1
BeWiam |1 exp (=) |
1 1
™ Belog (u: ) — 1 — log llog (. ™) — 11

(Ae)c =

(4.23)

Here, Wi.m(x) denotes the Lambert W function (Corless et al. 1996). Unstable modes
first develop around (kjp.). = (A.)/*/[(Ae). + 1/B.1"*. In a hydrogen plasma, this gives
(A.)e =~ 0.49/8, and (kjp.). ~ 0.57, which are similar to the instability threshold and
wavenumber, respectively, determined numerically if y is computed for arbitrary values
of k;p.; the small discrepancy is due to the finite value of ko, at which instability first
emerges. Formally, (A,). — 0 as u, — 0, but the limit converges only logarithmically in
e, suggesting that in an actual plasma, the CES whistler instability will generically have
a threshold at a finite value of A,j,.

Let us now turn to the opposite subsidiary limit A,8, > 1. We find from (4.21b) that
maximal growth occurs at ko, ~ (A.8)"? > 1

1 kip;
m x| A=)+ | 2 (4.244)
T e
k . k2 2
y ~ —yi (Ag - nge> 2. (4.24b)
T e

Alongside kjp, < 1 approximations, these approximations are plotted in figure 13, and
agree well with the numerical results for A8, 2 3 and k;p, 2 2. The maximum growth
rate

2
Ymax = ﬁAe(Aeﬂe)l/zge ~ 0'22A€(A€ﬂ€)1/2967 (425)

is attained at the parallel wavenumber

Ae 3 1/2
(kj pe) peax = (Tﬁ) . (4.26)

A notable feature of the CES whistler instability in this subsidiary limit is that the
fastest-growing modes are on sub-electron-Larmor scales; thus, such modes are arguably
better conceptualised not as whistler modes, but as unstable, unmagnetised plasma modes
(see §4.3.3).

Similarly to the CET whistler instability, analytical expressions for the frequency and
growth rate of unstable modes that have an oblique wavevector angle are much less
simple that the analogous expressions for parallel whistler modes. It can be shown (see
Appendix K.2) that the complex frequency of such modes is given by

Q. —iBs+ B+ 4AsC;s
w=—=kjp. :
e 2AS

4.27)

where the functions AS = AS(kaw kJ_,Oe, Ae,Be)’ BS = BS(kae7 kJ_,Oe, Ae,Be) and CS =
Cs(kjpes ki pes AcPe) are composed of the sums and products of special mathematical
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FIGURE 14. Oblique unstable modes at A, ~ 1: (a) A.B. = 0.75; (b) AL = 3. Maximum
positive growth rates of linear perturbations resulting from CE ion- and electron-shear terms
in the CE distribution function (4.1) for A.B, ~ 1. Here, a temperature-equilibrated hydrogen
plasma is considered, viz. A, = y,é/ ZA,-, and B; = B.. The growth rates of all modes are
calculated using the approach outlined in Appendix K.3. The growth rates are calculated on
a 400 grid, with logarithmic spacing between wavenumbers in both perpendicular and parallel
directions. The resulting growth rates, when normalised as yS./$2., are functions of A.p,, or,
equivalently, €,8,. The vertical dashed lines indicate kp; = 1 and k) p. = 1, respectively, while
the horizontal ones indicate k| p; = 1 and k; p, = 1.

functions. When A,B, ~ 1, (4.27) implies that if there is an instability, its growth rate
will be of order y ~ £2./8, at kyp., ki p. ~ 1.

To confirm this expectation, in figure 14 we plot the maximum growth rate (obtained
numerically) of oblique modes across the (kj, k; )-plane for two of the values of A,B,
used in figure 13. For A,f, not far beyond the threshold of the CES whistler instability
(figure 14a), the unstable modes are quasi-parallel and have growth rates y « £2./8.
(cf. figure 13a). For A,B. = 1, a broader spectrum of wavenumbers becomes unstable
(figure 14b). The parallel mode remains the fastest growing in this case; however,
oblique modes with k; < k;/2 also have growth rates of comparable magnitude: e.g. the
fastest-growing mode with wavevector angle & = 10° has Y. /Ymax (k. = 0) ~ 0.93, and
for a wavevector angle 6 = 10°, Ymax/Vmax (k. = 0) & 0.76. For more oblique angles, the
growth rate is reduced significantly: e.g. for 6 = 30°, Yimax/Vmax (k. = 0) & 0.22. Thus,
we conclude that a spectrum of oblique modes in addition to parallel ones is indeed
destabilised, with y ~ 2,/B8, < y (k. = 0).

We note that, in addition to oblique CES whistler modes, whose characteristic
wavenumber domain is k,p, < kjp; ~ 1, we observe two other unstable modes in
figure 14(a) with different characteristic values of k; and k. The first of these, which
exists on ion scales, is the CES mirror instability, which we already discussed in § 4.3.1.
The second is the CES electron mirror instability — we shall consider this instability in
§4.3.4.

4.3.3. Parallel transverse instability

As was shown in § 4.2, in the limit A, 8, >> 1, the fastest-growing CES microinstability
is essentially unmagnetised, and is a variant of the so-called transverse instability (Kahn
1962, 1964; Albright 1970b). This instability is also sometimes referred to as the resonant
(electron) Weibel instability, or the Weibel instability at small anisotropy (Fried 1959;
Weibel 1959). Both the linear theory of this instability and its physical mechanism have
been explored extensively for bi-Maxwellian plasmas (see, e.g. Lazar et al. 2009; Ibscher
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et al. 2012), and various studies (both analytical and numerical) of its nonlinear evolution
have also been performed (Albright 1970a; Davidson et al. 1972; Lemons et al. 1979;
Califano et al. 1998, 2002; Kato 2005; Pokhotelov & Amariutei 2011; Ruyer et al.
2015). For the small anisotropy case that is relevant to CE plasma, the mechanism of
the instability is somewhat subtle, involving both non-resonant and Landau-resonant
wave—particle interactions. In a Maxwellian plasma, transverse modes are non-propagating
and Landau-damped by electrons with velocities v &~ w/k;. However, this damping can
be reversed by the free energy associated with positive electron-pressure anisotropy at
wavenumbers that satisfy kd, < A!/2; the electron Landau damping increases more rapidly
with k than the instability’s drive, which in turn sets the wavenumber at which peak growth
occurs. The requirement for the corresponding scale to be well below the electron-Larmor
scale — and thus for the plasma to be quasi-unmagnetised with respect to the transverse
modes — sets the restriction A.8, > 1 on the instability’s operation. In general, transverse
modes whose wavevectors are co-parallel to the velocity-space direction along which the
temperature is smallest are the fastest growing; in the case of a CE electron distribution
function of the form (4.1) with A, > 0, these modes’ wavevectors are parallel to the
magnetic field. However, a broad spectrum of oblique transverse modes is also destabilised
when A, > 0.

To characterise the transverse instability’s growth analytically, we first assume A,f, >
1, and then take directly the unmagnetised limit of the full CES dispersion relation (see
Appendix K.3.4) under the orderings

w

kipe ~kipe ~ (A > 1, @y = ~ A,. (4.28a,b)

ku Uthe

We obtain two non-propagating modes (real frequency @ = 0) that have growth rates

kvthe kﬁ - kzL k2,02
= Y — =L, 429
V1 NG ( 2 B, ( a)
kvthe kﬁ k2,02
= A 2L} 4.29b
V2 NE ( &2 B, ( )

For A, > 0, the growth rate of the second mode is always positive and larger than that of
the first mode; the first mode only has a positive growth rate provided k; < k;. Now taking
the subsidiary limit k0, > k; p, > 1, we find that both roots have the same growth rate

ky Ve kzpf
y ~ l/%h (Ae— 23 , (4.30)

which is identical to (4.24b). We note by comparison with (4.24a) that the unmagnetised
limit fails to recover the non-zero real frequencies of the ko, >> 1 whistler modes; this
is because the ratio of these modes’ real frequency @ to their growth rate y is @ /y ~
1/ kag < 1.

The maximum growth rate y,.x of the second mode (4.29b) for an oblique wavevector
with angle 6 is

2
Ymax = 3«/3— 0053 eAe(Ae,Be)l/zQea (431)
T
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FIGURE 15. Oblique unstable modes at A, B, > 1. (@) Maximum positive growth rates of linear
perturbations resulting from CE ion- and electron-shear terms in the CE distribution function
(4.1) for A, B, = 100. Here, a temperature-equilibrated hydrogen plasma is considered, viz. A, =
,ui/ ZAi and B; = B.. The growth rates of all modes are calculated in the same way as figure 14.
The vertical dashed line indicates the value of kjp. at which maximum growth of the parallel
transverse instability is attained (see (4.33a,b)), while the horizontal one indicates k| p, = 1. (b)
The transverse mode’s growth rate (solid line) as a function of kj o, with k p, =1 (top), and
as a function of k1 p. with kjp, = (AcBe/ 3)1/ 2 (bottom). The dashed lines show the analytical
prediction (4.29b) for this quantity.

attained at the (total) wavenumber

AB 1/2
(kpe)peax = €OS O ( 3 ) ) (4.32)

The parallel and perpendicular wavenumbers of this maximum growth are then

A.pe

AB 12 172
(kae)pea.k = cos’ 0 (%) ’ (kJ_lOe)peak = cos ) sinf ( ) . (43351,17)

In the special case of parallel modes (6 = 0°), this recovers the peak growth rate (4.25) of
the CES whistler instability at & in the limit A8, > 1.

In figure 15, we demonstrate that the fastest-growing unstable modes in the limit
A.B. > 1 are indeed transverse ones. This figure shows the numerically determined
growth rate as a function of k; and k), for a particular large value of A.8,. A broad
range of sub-electron-Larmor-scale modes are unstable (figure 15a), with the parallel
wavenumber of the fastest-growing ones closely agreeing with the analytical prediction
(4.33a,b). The analytical expression (4.29b) for the transverse instability’s growth rate
also agrees well with the numerical result as a function of both k; and k, (figure 15b).

4.3.4. Electron mirror instability

The oblique microinstability evident in figure 14(b) at sub-ion-Larmor scales is the CES
electron mirror instability: the destabilisation of KAWs by excess perpendicular electron
pressure (viz. A, > 0) associated with the CE electron-shear term. The instability (which
has also been referred to as the field-swelling instability — see Basu & Coppi 1984) is
perhaps confusingly named, given that its physical mechanism is rather different to that
of the (ion-scale) mirror instability: non-resonant interactions between the anisotropic
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FIGURE 16. Electron mirror instability at I, = A8, — 1 < 1. (a) Growth rates of unstable
electron mirror modes associated with the CE distribution function (4.1) for I, = 1/3 (A.B. =
4/3). The growth rates of all modes are calculated in the same way as figure 14. The dashed
white lines indicate the analytical prediction (4.37) for the parallel/perpendicular wavenumber at
which peak growth is achieved. (b) Plot of the electron mirror mode’s growth rate (solid line) as
a function of kjp, with k1 p, = 0.65I,/* (top), and as a function of k p, with kjp, = 0.27T,
(bottom). The dashed lines show the analytical prediction (4.35) for this quantity.

distribution of electrons and the KAWSs causes the restoring force underpinning the
latter’s characteristic oscillation to be negated if A, > 1/8,.. The electron mirror instability
has been extensively explored in 8, ~ 1 plasma (see Hellinger & Stverak (2018), and
references therein); in plasmas with 8, >> 1, it has been analytically characterised and its
physical mechanism elucidated in the quasi-perpendicular (k; < k) limit of gyrokinetics
(Kunz et al. 2018). Here, we find that once its marginality condition (A, = 1/8,) is
surpassed sufficiently, oblique modes with k; < k. are also destabilised.

As with the mirror instability, a simple analytic characterisation of the CES electron
mirror instability can be performed in the case of marginal instability. We define the
marginality parameter I, = A.B, — 1, and adopt the ordering

K2 ~ kype ~ @ e ~ T < 1, (4.34)

with the additional assumption that I, >> u!/? in order that the effect of ion-pressure
anisotropy can be neglected. Then, it can be shown (see Appendix K.3.5) that the growth

rate is

y _kpe| 3w 9
EZE{ =—kipl+ \/rkipe Zlie: +—(Tc—2)kLpe . (435)

It follows that the maximum growth rate is

Ymax =

[x—8+V/r6+m]" \/n+4+¢n(16+n)_ | 2

48 (1 — 2) T — 8+ /(16 + 1) n—2|8 ¢

FZ
~ 0. 0555— (4.36)

e
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attained at

n—8+ /(16 4+ T)
(kae)peak =

B e~ 02, (4.37a)
T[' p—

n—8+ /(164 m)
(kpe)peak = \/ 6 —2) r)?~0.65I,". (4.37b)

Figure 16 demonstrates that these predictions are accurate by comparing them with
numerical results for a particular (small) value of I',. More specifically, figure 16(a) shows
that the location in the (kj, k, ) plane at which the maximum growth of the electron mirror
instability is attained closely matches the analytical prediction (4.37), while figure 16(b)
confirms that the wavenumber dependence of the growth rate agrees with (4.35) for
kipe = 1l/*. We note that, in addition to the electron mirror, another instability operating
at smaller characteristic values of k, p, is evident in figure 16. These are the k, p; = 1
mirror modes driven unstable by the CE ion-shear term that were discussed in §4.3.1;
for 1 < kp; < pu;'*, the ion-pressure anisotropy associated with the CE ion-shear terms
remains a greater free-energy source for KAW instabilities than the CE electron-shear
term, even when A, > 1/8,.

For I, 2 1, our near-marginal theory anticipates that peak growth occurs at
electron-Larmor scales (kjp. S ki p. ~ 1), with yma. ~ £2,./8,. These expectations are
indeed realised numerically, as shown in figure 17 (see also figure 14). The expression
(4.35) for the growth rate as a function of wavenumber that was derived in the case of
I', < 1 remains qualitatively — but not quantitatively — accurate (see figure 17b). Figure 18
shows that a similar conclusion holds for the expression (4.36) for the peak growth
rate, and also for the expressions (4.37a) and (4.37b) of the parallel and perpendicular
wavenumbers at which that growth occurs.

To confirm our prior claim in §4.2 that the CES parallel whistler instability is faster
growing than the electron mirror instability, we show the former’s numerically computed
growth rate on figure 18(a); as it approaches the asymptotic value (4.25) that is valid in the
limit A8, > 1, we observe that the electron mirror’s growth rate is a factor of ~3 smaller
(cf. figure 15a). The parallel wavenumber at which peak growth of the whistler instability
occurs is also larger than the analogous quantity for the electron mirror by an order-unity
factor.

While we cannot derive a simple analytic expression for the growth rate of the dominant
electron mirror modes when I, 2 1, we can calculate this quantity for long-wavelength
(viz. kp, < 1) modes. For this calculation, we assume that kp, ~ ul/* < 1, k;, ~ k; and
the ordering

. w kp.
w,| =
“l k|| Uthe Be

~ | Aclkpe. (4.38)
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FIGURE 17. Electron mirror instability at I, = A,B, — 1 ~ 1. (a) Growth rates of unstable
electron mirror modes associated with the CE distribution function (4.1) for I, = 1 (A.Be = 2).
The growth rates of all modes are calculated in the same way as figure 14. The dashed white lines
indicate the analytical prediction (4.37) for the parallel/perpendicular wavenumber at which peak
growth is achieved, while the dotted line indicates the analytical prediction (4.43) for the total
wavenumber below which oblique long-wavelength (kjp. < k1 p. < 1) electron mirror modes
become unstable. (b) The electron mirror mode’s growth rate (solid line) as a function of k) o,
with k) p, = 0.65I/* (top), and as a function of k p, with kj p, = 0.27T, (bottom). The dashed
lines show the analytical prediction (4.35) for this quantity.

Under these assumptions, we obtain (see Appendix K.3.5) two modes whose complex
frequencies w are given by

1 1 k2,02 _ kZ ,02
~ 4k p.2, | — + A [ = — 122017 “L%e
©T e {[ﬂ " (2 He et

1/2
K p? ki1
x [ 5 A, (kipf + M;/Zk—g — zkﬁpf . (4.39)

The terms proportional to i!/? A, are associated with the CE ion-shear term, which plays
a non-negligible role for kp, < w!/*. In the subsidiary limit kp, < w!/#, (4.39) becomes
the dispersion relation (4.18) obtained in §4.3.1 for unstable mirror modes in the limit
A;B;i > 1. In the opposite subsidiary limit kp, > ul/* (but kp, < 1), (4.39) simplifies to

1 A, k2 p? 1
W~ :i:k”pe.Qe\/(IB— + 7) |: pre — A, (kipf - Ekzpez):|. (4.40)

For ky <« k., this recovers the high-B limit of the dispersion relation for unstable KAWs
previously derived in the gyrokinetic calculations of Kunz et al. (2018); our calculations
show that this dispersion relation also applies to oblique (k; < k) electron mirror modes.
For A, > 0, we (as expected) have an unstable root if and only if

A, > —, (4.41)

e
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FIGURE 18. The maximum growth of the electron mirror instability. The maximum normalised
growth rate y,B./$2. ((a), solid red line) of unstable electron mirror modes as a function
of A, as well as parallel ((b), solid blue line) and perpendicular ((c), solid yellow line)
wavenumbers, (kj0¢)peak and (K1 pe)peak, TESpPectively, at which that growth is attained. The
analytical prediction (4.36) of ymax for marginally unstable electron mirror modes, as well as
the analogous predictions (4.37) for (kjjpe)peak and (k1 pe)peak, are shown as dashed lines. The
dotted lines are the maximum growth rate and (parallel) wavenumber of peak growth for the CET
parallel whistler instability (see § 4.3.2) as functions of A, fB,.

with the unstable mode’s growth rate being

1 A, 1 k?p?
y A k"peQe\/(,B_ + 7) |:Ae (ki,oe2 — Ekﬁp?) — 5 ] (4.42)

We can now provide an analytical demonstration that a broad spectrum of electron
mirror modes is unstable if I, = 1. It follows directly from (4.39) that instability arises for
all modes with k; > k if the following constraint on the total wavenumber k is satisfied:

2u? (L, + 1) cos? 6
0 / pe” (I £ 1) cos (4.43)

(I, +3)cos2@ — 21, sin* O’

where 6 = tan™! (k / ky) is, as normal, the wavevector angle. The validity of this bound is
illustrated in figure 17(a). (4.43) is particularly simple to interpret in the subsidiary limit
kp. > !4, yielding a lower bound on 6 alone:

Ir,+3
6> tan—! |12 (4.44)
2T,

For I, < 1 (but I, > 0), this implies that the only unstable electron mirror modes are
quasi-perpendicular, as anticipated from our calculations pertaining to the marginal state
of the instability. On the other hand, for I, = 1, modes with a wide range of wavevector
angles will be destabilised.

4.4. CES microinstability classification: negative pressure anisotropy (€; < 0)

4.4.1. Firehose instability
The best-known instability to be triggered by either negative ion or electron-pressure
anisotropy associated with the CE ion- and electron-shear terms, respectively, is the
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CES firehose instability. The linear theory of the firehose (or garden-hose) instability
in high-8 plasma, the first studies of which were completed over half a century
ago (Rosenbluth 1956; Chandrasekhar er al. 1958; Parker 1958; Vedenov & Sagdeev
1958), has previously been explored in the contexts of plasmas with bi-Maxwellian
distributions (e.g. Kennel & Sagdeev 1967; Davidson & Volk 1968; Yoon, Wu & de
Assis 1993; Hellinger & Matsumoto 2000), CE distributions (e.g. Schekochihin et al.
2005) and even characterisations that are independent of the ion distribution function (e.g.
Schekochihin et al. 2010; Kunz et al. 2015). Its physical mechanism is well established:
negative pressure anisotropies reduce the elasticity of magnetic-field lines that gives
rise to Alfvén waves, and can completely reverse it when A; is negative enough. The
long-wavelength ‘fluid’ firehose instability (whose mechanism is independent of the
particular ion distribution function) is non-resonant in nature; however, resonant damping
mechanisms such as Barnes damping or cyclotron damping play an important role in
regulating the growth of modes on scales comparable to the ion-Larmor scale, and thereby
set the scale of peak firehose growth. Beyond linear theory, nonlinear analytical studies of
the parallel firehose instability in high-8 plasma have been completed (e.g. Rosin et al.
2011), as well as numerical ones (e.g. Kunz et al. 2014; Melville et al. 2016; Riquelme
et al. 2018).

While there is much in common between firehose modes across all wavevector angles,
there are certain differences that, on account of their significance for determining the
fastest-growing firehose mode, are important to highlight. Based on these differences,
firchose modes can be categorised into three different types: quasi-parallel, oblique
and critical-line firehose modes. Quasi-parallel firehose modes, which are destabilised
left-handed and/or right-handed high-8 Alfvén waves (Kennel & Sagdeev 1967; Davidson
& Volk 1968), exist inside a narrow cone of wavevector angles 6 < ,3,-_1/ ¢ (Achterberg
2013). The peak wavenumber of their growth (kjp; ~ |A; +2/:|"/?) is determined by

gyroviscosity, an FLR effect (Schekochihin ef al. 2010). For 6 = ,Bi_l/ *, the characteristic
low-frequency (viz. @ < §2;) waves that exist above ion-Larmor-scales in high-8 plasma
are shear-Alfvén waves and (compressible) slow modes; the former remains susceptible to
firehose instability, but, on account of its FLR coupling to the slow mode, its instability
proceeds quite differently at sufficiently small wavenumbers (kp; = | A; + 2/B:|'/?), with
peak growth occurring at smaller scales (kjp; ~ |A; +2/B;|'/* < 1). Finally, along a
‘critical line’ in the (kj, k,) plane (k; ~ /2/3k;, 6 ~ 39°), the FLR coupling between
the slow mode and shear-Alfvén wave becomes anomalously weak due to two opposing
FLR effects cancelling each other out. This results in much weaker collisionless damping
on critical-line firehose modes, and so they can exist on scales that are close to (though,
as we prove here for the first time, not strictly at) the ion-Larmor scale. Thus critical-line
firehose modes are generically the fastest-growing ones in high-8 plasma (Schekochihin
et al. 2005).

We support this claim with figure 19, which shows the maximum growth rate of the
firehose-unstable modes as a function of both k and &, for two different (unstable) values
of A;B; (and with the same value of §; as was used to calculate the stability maps presented
in § 4.2). Both examples confirm that, although a broad spectrum of unstable parallel and
oblique firehose modes emerge when A;8; + 2 < —1, it is the critical-line firchose modes
that are the fastest growing.

The value of A; required to trigger the CES firehose instability is, as with the case
of the firehose instability in a plasma with a bi-Maxwellian ion distribution, dependent
on the scale of the unstable firchose modes. For long-wavelength firehose modes (i.e.
those with kp; < 1), the threshold is A; < (4;). = —2/B;; it can be shown that this
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FIGURE 19. The CES firehose instability when A;8; +2 < —1. Maximum positive growth
rates of linear perturbations resulting from the CE ion-shear term in the CE distribution function
(4.1) with A; negative enough to surpass the long-wavelength firehose-instability threshold
A; = —2/B; by at least an order-unity factor. The growth rates of all modes are calculated
using the approach outlined in Appendix K.3. The growth rates are calculated on a 400> grid,
with logarithmic spacing in both perpendicular and parallel directions between wavenumbers.
The resulting growth rates, when normalised as yf;/£2;, are functions of two dimensionless
parameters only: A; and ;. The dashed white lines indicate the analytical predictions (4.67) for
the parallel/perpendicular wavenumber at which peak growth is achieved, while the dotted line
indicates the critical line k| = kj4/2/3 along which the firehose growth rate is predicted to be

maximal; (@) A;B; = —3, (b) A;B; = —30. In both cases, §; = 10%.

result is independent of the particular form of the ion distribution function (Schekochihin
et al. 2010). However, our numerical solutions for the wavenumber-dependent growth
rate of firechose modes in CE plasma when A; > —2/8; (see figure 20a) suggest that
oblique ion-Larmor-scale firechose modes can be destabilised at less negative pressure
anisotropies. This is consistent with the findings of previous studies of the oblique firechose
in B ~ 1 plasma (Hellinger & Matsumoto 2000; Hellinger & Travnicek 2008; Astfalk &
Jenko 2016), although this finding has not until now been comprehensively studied in
plasma with § >> 1. We can, in fact, calculate the threshold semi-analytically for the CES
firehose instability as a function of wavenumber (see Appendix K.2.2); the results, which
are shown in figure 20(b) show that oblique firehose modes with k;p; ~ 0.45, k, p; ~
0.3 become unstable when A; ~ —1.35/8;. The reduced threshold of ion-Larmor-scale
firehose modes, which can be shown to depend only on fourth- and higher-order moments
of the ion distribution function, is considered in greater depth in Bott et al. (2023, in prep.).

The growth of the three different sub-categories of unstable CES firechose modes
(quasi-parallel, oblique and critical-line firehoses) can be described analytically. However,
the relative orderings of @y, kjp0;, k1 p;, B; and | A;| for these sub-categories are different,
S0 it is necessary to treat them separately.

4.4.2. Quasi-parallel firehose instability
The relevant orderings of parameters for quasi-parallel firchose modes is

w

i = ~ /3[_]/2 ~ 4" ~ kypi, (4.45)

ku Uthi

with the additional small wavenumber-angle condition

ki pi < :81'_1/4k|| pi ~ ,3,-_3/4- (4.46)
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FIGURE 20. Onset of the CES firehose instability. (¢) Maximum positive growth rates of linear
perturbations resulting from the CE ion-shear term in the CE distribution function (4.1) with
Bi = 10* and A; = —1.7/B; (a value at which the long-wavelength firehose instability is absent,
because A; > —2/8;). The growth rates of all modes are calculated in the same way as figure 19.
(b) Threshold value (A;B;). of A;B; at which modes with parallel and perpendicular wavenumber
k) and k| , respectively, become firehose unstable. Regions of (k||, k1 ) that are shaded black are
stable.

Under the ordering (4.45), we find (see Appendix K.3.6) that there are four modes with
complex frequencies given by

O _ o [ o+ k 1 A’ (4.47)
2, = | Pi 4 11Oi ||;Ol ﬁz , .

where the 4 signs can be chosen independently. This is the standard parallel firehose
dispersion relation (Kennel & Sagdeev 1967; Davidson & Volk 1968; Schekochihin
et al. 2010). To (re-)identify the modes that are destabilised by the negative ion-pressure
anisotropy, we set A; = 0: the resulting dispersion relation agrees with Foote & Kulsrud

(1979), recovering the dispersion relation of Alfvén waves in the limit kj0; < ,Bfl/ 2 (see
their (19)) and the dispersion relation of the slow and fast hydromagnetic waves in the limit
kypi > ,8,._1/ z (see their (20)). The growth rate of the unstable parallel firehose modes that
follows from (4.47) is shown in figure 21 for several different values of A; and B;; the
results closely match the analogous result determined numerically.®

For non-zero A; and fixed kj p;, (4.47) implies that we have instability provided

2 1,
|A;] > E + ngpi . (4.48)

6 An inquisitive reader might wonder why the numerical solution suggests that, in addition to the long-wavelength
parallel firehose modes, parallel ion-Larmor-scale modes are also unstable in some cases (see figure 21b), albeit with
a much smaller growth rate. This instability is the CES resonant parallel firehose instability, so named because of its
mediation via gyroresonant interactions between ions and ion-Larmor-scale modes (Yoon ef al. 1993).Ina 8; ~ 1 plasma,
this instability can have a growth rate comparable to (or even larger than) the longer-wavelength non-resonant firehose
modes; however, because of the exponential dependence of the resonant parallel firehose instability’s growth rate on
|A;]~" ~ B;, the instability is generically much weaker than the non-resonant firehose in plasma with g; > 1 (see Bott
et al., in prep.). In the language of § 2.3.4, resonant parallel firehose modes are quasi-cold in CE plasma. We therefore do
not consider this instability further in this paper.
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FIGURE 21. Parallel CES firehose instability. Growth rates of Alfvén waves whose instability is
driven by the CE ion-shear term in the CE distribution function (4.1), for wavevectors co-parallel
with the background magnetic field (viz. k = k). The growth rates (solid lines) of all modes
are calculated in the same way as figure 19. We show the growth rates for a selection of different
values of A;B; and B;. The approximation (4.47) for the growth rate (dashed red) in the limit
kjpi < 11is also plotted.

The fastest-growing mode

Vinax _ ‘ 2
2 B
occurs at the characteristic wavenumber

, (4.49)

+ A

172

2
(ky o) peak = 2 ‘E + A; (4.50)

For kyp; > 2+/2|28," 4 A;|'/2, the unstable mode is stabilised. This agrees with previous
analytical characterisations of the firehose instability (Rosin et al. 2011).

4.4.3. Oblique firehose instability
In this case, we order

. 1
@iy ~ —5 ~ |AN"? ~ ki o} ~ Koy 4.51)
Bi
Aside from the finite propagation angle of oblique modes, the key difference between
the oblique and quasiparallel cases is the larger magnitude of the typical wavenumber
kp; ~ B: "4 The unstable oblique firehose modes have the complex frequency (see

l

Appendix K.3.7)
1) i 3 :
- = _k | — k2 2 _ _k2 2
P {8@@? ( 1P R

1A 1 3 !

1/4

Setting |A;| =0, and considering the subsidiary limit kp; < B; /7, we recover the

dispersion relation of the shear-Alfvén mode (Foote & Kulsrud 1979).
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FIGURE 22. Oblique CES firehose instability. Growth rates of the shear-Alfvén mode whose
instability is driven by the CE ion-shear term in the CE distribution function (4.1), for
wavevectors at an angle 6 = 60° with the background magnetic field (viz. k| = \/gk”). The
growth rates (solid lines) of all modes are calculated in the same way as figure 19. We show the
growth rates for a selection of different values of A;B; and B;. The approximation (4.52) for the
growth rate (dashed red) in the limit kj p; < 1 is also plotted.

Similarly to the quasi-parallel firehose instability, the instability condition is still

2
A< ——. (4.53)
Bi
If this condition is met, the maximum growth rate of the instability is
Vo 8\ 4|2 3/4 3 -1
~|— — 4+ A;| tanf|1— —tan“ 60 , 4.54)
£, 27 B 2
and is attained at (parallel) wavenumber
321\ 2 v 3 -
(kypi)peax = (T) E + 4;| tan® [1 5 tan’ 9i| ) (4.55)

where 6 = tan~'(k, /k;) is (again) the wavevector angle with respect to the magnetic
field. In contrast to the quasi-parallel case, if the condition (4.53) is met, the instability
persists for all wavenumbers satisfying kp; < 1, albeit with a decreasing growth rate
beyond the parallel wavenumber given by (4.55). We notice that along the critical line
ki = kj/2/3 (0 ~ 39°), the maximum growth rate (4.54) of the oblique firehose diverges.
This divergence is mathematically the result of failing to take into account higher-order
terms in the kp; < 1 expansion, but, as was discussed earlier in this section, it is indicative
of a physical effect (viz. much faster growth of firehose modes with k; = kj+/2/3).

The degree to which the growth rate of unstable modes determined from (4.52) follows a
numerical solution for a particular choice of 6 is demonstrated in figure 22. The agreement
is reasonable, although an increasingly large discrepancy develops as kp; approaches unity
due to FLR effects.

4.4.4. Critical-line firehose instability
In this third and final case, we set k; = kj+/2/3. The FLR coupling between the
shear-Alfvén mode and the Barnes’-damped slow-mode then vanishes to leading order
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in kp; < 1, and next-order FLR terms must be considered. Depending on the value of S,
we find two sub-cases.

First, for B; ~ A;' > 10° — a numerical bound that we will justify a posteriori
following our calculations — the FLR term responsible for setting the wavenumber of
the fastest-growing mode is the second-order correction to the FLR coupling between
the shear-Alfvén and slow modes. The appropriate ordering to adopt then depends on the
relative magnitude of A; and B;'. For A;8; + 2 < —1, we use the ordering

. 1
C(),'H ~ W ~ |A,’|]/2 ~ kﬁplé (456)

i

In this case, we find (see Appendix K.3.8) that the frequency of the two shear-Alfvén
modes is given by

6889ik¢ pf I A\ 68892
@ ko | [ D) - 2 | (4s7)
2 276481 B 2) 27648n

The wavelength at which the growth rate is maximised scales with an extraordinarily low
power of |2,3i_] + Al

219/1231/21/12 | o 1/12 2 1/12
(kllpi)peak ~ W E + A; ~ (0.97 ‘E + A; , (4.58)
with associated maximum growth rate
Vimax 213/1231/241/12 | o 7/12 ) 7/12
2, " “samsim | A 08 ‘E A (5%

As discussed in § 4.4.1, the instability threshold for critical-line firehose modes is not
(4.53), but is a less stringent value. We can demonstrate this analytically by showing that,
for A; >~ —2/p;, critical-line firehose modes are still unstable. Adopting the ordering

—
@iy ~ =75 ~ Ko, (4.60)

i

it follows (see Appendix K.3.8) that the growth rate of the critical-line firehose modes is

6889k pf 5 68892
Yo —kyp; R L8 —ki o} + = kiP0 | (4.61)
£2; 27648 /7 46; 27 648%n
The maximum growth rate of such modes is then given by
Vmax __ 2357/1033/2 113 -7/10 ,_ —~7/10
o~ gz B 1287, (4.62)
obtained at parallel wavenumber
25103125110 0
(ky pi) peax & W'Bi ~0.648, . (4.63)

When B; ~ A7' « 10° the fastest-growing critical-line firehose modes have a
sufficiently large wavenumber that the effect of FLR coupling between shear-Alfvén
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and slow modes is sub-dominant to the effect of cyclotron damping. Assuming that
A;Bi +2 < —1 and adopting the ordering

& NLN|A.|1/2 kio: ~ ! 4.64a.b
il ,31/2 il | Pi ) (4.64a,D)

; Jiog1/[71 + A2

we show in Appendix K.3.8 that the frequency of the shear-Alfvén modes becomes

i I 1A I
© __WT o (=) 2 hm <—+—) ~epl-—=). @69
2 2k pi Ko Bi 2 4kip? Ko

In this case, the maximum growth rate

y A |12
2 & (kyp)veak | — + —1| 4.66
2, (ky i) peak 5 + 5 ( )
is attained at
/3 4log <log1/ |ﬁf1+A,~/2|)
(ky pi)peax ~ - I (4.67)
\/10g1/|ﬂ;1+Ai/2| log1/ |8+ Ai/2]

Figure 19 corroborates that the analytical approximation (4.67) provides a reasonable
estimate of the parallel wavenumber at which peak growth occurs.

Similarly to the B; > 10° regime, when B; < 10°, critical-line firehose modes still grow
when A; & —2/8;. Their growth rate as a function of wavenumber is given by

1 5 1
— + ki | —kip7 + exp ( ) (4.68)
k2p2> 48, 4k;|* 3 22

VxS
o T(kup,);edk/s ", (4.69)

is achieved at

V2 {1 _ 3log [log (n:/20)/2] } ‘ (4.70)

k i)peak N ——————
(ky 0i) peak log (n6:/20) log (7B;/20)

By comparing the expressions (4.57) and (4.65) for the complex frequency of
shear-Alfvén modes — specifically, the ratio of the final terms — the dependence on p;
(equivalently, A;) of the relative importance of FLR slow-mode coupling and cyclotron

damping can be determined. This ratio is ~O0. 16k|| p¥exp (—1 /k|| p?), with equality being
achieved when kp; ~ 0.3. Using (4.58) to est1mat1ng the value of |2,6i + A;| at which
this value of k;p; is achieved, we find that |28, + A;| &~ 8 x 1077, Assuming |A;8; " +
2| ~ 1, we conclude that, for B; < 10°, cyclotron damping will determine the wavenumber

~

cutoff, with this transition value of §; proportional to the value of | A;|8;. This estimate can
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FIGURE 23. Critical-line CES firehose instability. Growth rates of shear-Alfvén modes whose
instability is driven by the CE ion-shear term in the CE distribution function (4.1), for
wavevectors at an angle 6 ~ 39° with the background magnetic field (viz. k; = /2/3k)). The
growth rates (solid lines) of all modes are calculated in the same way as figure 19. We show the
growth rates for a selection of different values of A;B; and B;. The approximations (4.57) and
(4.65) for the growth rate (dashed and dotted red, respectively) in the limit kjp; < 1 are also
plotted.

be validated numerically by comparing (4.57) and (4.65) with the numerically determined
growth rate (see figure 23). We indeed find that, for §; ~ A;l < 10%, the effect of
cyclotron damping sets the wavenumber of peak growth, while FLR slow-mode coupling
does so for B; ~ A;”' > 10°. In both cases, the superior of the two analytic approximations
closely matches the numerical growth rate.

These results suggest that, for very large §;, the wavenumber of the maximum growth
of the firehose instability satisfies kp; < 1, rather than kp; ~ 1. This result might seem
to contradict previous authors who claim to have found numerical evidence that the
fastest growth rates of the firehose instability occur at kp; ~ 1 (Yoon et al. 1993;
Schekochihin et al. 2005; Kunz et al. 2014); however, given the logarithmic dependence
of the characteristic wavenumber (4.67), we conclude that it would take simulations at
very high f; to be able to distinguish between kp; ~ 1 and kp; ~ B, /"> « 1. In addition,
the results presented in figure 20(b) indicate that firehose modes with kp; ~ 1 have a
less stringent instability threshold on A; than (4.53), providing an opportunity for such
modes to grow significantly before longer-wavelength modes can do so. In short, it seems
reasonable to assume for all practical purposes that the dominant firehose modes occur at
kp; ~ 1, provided ; is not extremely large.

4.4.5. Sub-ion-Larmor-scale firehose instability

Figure 19(b) also suggests that, once |A;|B; > 1, firchose modes on sub-ion-Larmor
scales develop — albeit with a smaller growth rate than the critical-line ones. Similarly
to sub-ion-Larmor-scale mirror modes (see the end of §4.3.1), we can characterise these
modes analytically by adopting the ordering

Y <A (4.71a.b)
2

i

kypi ~ kipi ~ (148" > 1,
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If we also assume that |A;|8; < '/, it is shown in Appendix K.3.2 that the growth rate
of these modes is given by

LA N Sl 7 W S
2 k\\"7Te T Je e

k2 2 k2 2
= cos 9\/ |:—A,~ (sin® 6 — cos?6) — i] (i — A cos? 9). (4.72)
Bi Bi
If A; <0, we have an instability for all modes with 8 > 45° whose total wavenumber
satisfies
kp; < \/|A,-|ﬂ,- (sin2 0 — cos? 9). 4.73)

Analogously to the sub-ion-Larmor-scale mirror modes (cf. (4.18)), the growth is
maximised when kp; < (|A;|B)"/? and 6 ~ 55°, with

1
Vmax — m

In contrast to the case of the mirror instability, this growth rate is asymptotically small in
A; < 1 compared with the peak growth rate of the critical-line firehose modes (cf. (4.59)
and (4.67)), and thus the instability of sub-ion-Larmor-scale firehose modes is always
subdominant. For completeness, we note that, once |A;|B; ~ w, /2, the electron-pressure
anisotropy associated with the CE electron-shear term begins to play a comparable role to
the ion-pressure anisotropy for modes with kp; ~ (|A;|8:)"/2. In this case, the expression
for the growth rate becomes

Yok R TR e (L A
Q0 k R "\ B 2

12
K p? 1 ki
x {— — A 1l pF = ulP e + L : (4.75)

|A;]82; ~ 0.19]|A,|£2;. (4.74)

2 k?

The bound (4.73) on the total wavenumber required for the instability of modes with k; >

ky is then
Al B: (sin® 6 — cos? 6
kp; < |4ilP ( 7 ) (4.76)
1+ pe'"AiBi/2

Because the denominator tends to zero as A; — —2u; /27!, the bound becomes
increasingly weak, and so the region of (kj, k, )-space in which there is instability extends
significantly towards electron-Larmor scales. This extension precedes the onset of the
oblique electron firehose instability (see § 4.4.7).

4.4.6. Parallel electron firehose instability

The CES parallel electron firehose instability arises when the negative electron-pressure
anisotropy (A, < 0) associated with the CE electron-shear term becomes a sufficiently
large free-energy source to overcome the relatively weak collisionless damping
mechanisms that act on long-wavelength (k;p, << 1) quasiparallel whistler waves by
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changing their handedness from right to left handed. More specifically, whistler waves
with quasi-parallel wavevectors do not have a component of electric field parallel to
By, and so are not subject to electron-Landau damping. Electron-cyclotron damping
does occur, but is very inefficient for kjp. < 1. The resonant interaction primarily
responsible for damping is that between the whistler waves and Maxwellian ions in the CE
plasma streaming along field lines with v; < vy, When the handedness of the whistler
waves changes, this interaction instead leads to the waves’ growth. Because the resonant
interaction driving the instability involves the plasma’s ions, the CES parallel electron
firehose instability has a rather small growth rate compared with other CES electron-scale
microinstabilities, with growth disappearing entirely in the special case of cold ions.
The parallel wavenumber of peak growth, which is a small but finite fraction of the
electron-Larmor scale, viz. (kjp)peak = 0.4 for A, S —2/8,, is set by electron-cyclotron
damping, which prevents shorter-wavelength modes from becoming unstable. The CES
parallel electron firehose instability was first identified by Hollweg & Volk (1970) and has
been studied subsequently using theory and simulations in plasma with g, ~ 1-20 by a
number of authors (e.g. Paesold & Benz 1999; Li & Habbal 2000; Messmer 2002; Gary
& Nishimura 2003; Camporeale & Burgess 2008, 2010; Riquelme et al. 2018).

To characterise the parallel electron firehose instability analytically, we can simply use
the expressions (4.21a) and (4.21b) given in § 4.3.2 for the real frequency @ and growth
rate y, respectively, of the parallel whistler waves that satisfy the ordering

w
We|| = ~

e ™ —
kHvlhe ﬂe

and have k;p, ~ 1, but this time with A,8, < 0. Plots of the dispersion curves @ (k)
and y(kj) of CES parallel electron firchose modes are then shown in figure 24 for
a selection of different (negative) values of A.B,. In a hydrogen plasma, we find an
instability for A, < (4,). ~ —1.7/B,. For A, < —2/B,, modes with kp, < 0.4 become
unstable. Figure 24 also shows that parallel electron firehose modes generically have a
real frequency that is much greater than their growth rate (= ~ £2./8. > y); however,
this frequency changes sign at a wavenumber which, when A, < —2/8,, is comparable to
the wavenumber (k) 0, )peax at which peak growth occurs.

These results can be elucidated by considering the expressions (4.21) in the subsidiary
limit

4.77)

1

\/ log (2111 +2/A..1)

Then (4.21) simplifies to

Ae e Qe
o=+ [(1 + 2ﬂ )k2p§ — u;/erﬁe} 5. (4.79a)

ﬁ 1 (Ae 1 > 1/272 2
Acexp | —5—= | = | ==+ = | ulPkp? | 2.. (4.79D)
kllloe kﬁpez 2 ,Be H

These approximations are plotted alongside (4.21) in figure 24; the agreement is qualitative
rather than quantitative for A, ~ —2/8,, but becomes increasingly good as A, is decreased
further.

Using these simplified expressions, we can derive approximate analytical expressions
for the instability’s threshold (A.)., as well as its peak growth rate and the wavenumber at

https://doi.org/10.1017/50022377824000308 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377824000308

86 A.F.A. Bott, S.C. Cowley and A.A. Schekochihin

. . : : { RN . i i ) 1 .

10° A8, = 22 | 107AL =3 | 10 AL =10
s 10° {107
<" | 107
(L |
g1
B |
_10—2E

103 L i 8 . . . a3l B i . .

02 04 068 08 1 02 04 06 0.8 1 02 04 06 08 1

k| pe ky k| pe

FIGURE 24. Parallel CES electron firehose instability. Dispersion curves of unstable whistler
modes, whose instability is driven by the negative electron-pressure anisotropy associated with
the electron-shear term in CE distribution function (4.1), for wavevectors that are co-parallel
with the background magnetic field (viz. k = kz). The frequency (solid blue) and growth rates
(solid red) of the modes are calculated using (4.21a) and (4.21b), respectively. The resulting
frequencies and growth rates, when normalised as yf./$2,, are functions of the dimensionless
quantity A, pB.; we show the dispersion curves for three different values of A.f,. The kjp, < 1
approximations (4.79a) for the frequency (dotted-blue) and (4.79b) growth rate (dotted-red) are
also plotted.

which that growth occurs. First considering the sign of (4.79), it is easy to show that
there exists a range of wavenumbers k; at which y > 0 if and only if A, < =2/8,,
so (A,). ~ —2/B,. This is somewhat more stringent than the numerically observed
threshold, a discrepancy attributable to FLR effects, not taken into account by the
approximation (4.79b). When A, < —2/8,, it can be proven that the growth rate (4.79b) is
maximised at

: log [v2log (1;"211/2 + 1/A..))|
(kllpe)peak ~ 1- iy s
\/log( SR 1/4.8.) log (e *11/2+1/A..1)
(4.80)
attaining the value
A 1

—| £2,. 4.81
5. @50

Comparing (4.81) with the characteristic magnitude of @ evaluated using (4.79a) at
kype = (kjpe)peax (and assuming that (kyp,)peak = (41/*), we conclude that y < pl/to
thereby explaining our previous observation that the growth rate of parallel electron
firechose modes is generically much smaller than the real frequency of those modes. We
can also show that the one exception to this occurs when (k p.)peak = '/ 124.8./(1 +
2A.B.)1"/2, an approximate expression for the wavenumber below which w changes sign.
As we will see, the characteristic growth rate of the CES parallel electron firehose is
typically much smaller than its oblique relative in high-8 plasma (see § 4.4.7), a conclusion
that also applies in B, ~ 1 plasmas with bi-Maxwellian distributions (see Li & Habbal
2000).

Vmax = \/;/‘L;/Z(k\\pe)peak 76 +
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4.4.7. Oblique electron firehose instability

In spite of its similar name, the CES oblique electron firehose instability is quite
distinct from its parallel cousin: it is a non-propagating mode than arises from the
destabilisation of oblique KAWs by a sufficiently negative electron-pressure anisotropy.
The linear theory of the analogous instability in 8, ~ 1 plasma with bi-Maxwellian
electrons was first presented by Li & Habbal (2000), with a number of simulation
studies of this instability having been conducted subsequently (Gary & Nishimura 2003;
Camporeale & Burgess 2008, 2010; Riquelme er al. 2018). The high-8 variant of the
(linear) instability for general anisotropic electron distribution functions was studied in
the k; < k; limit of gyrokinetics by Kunz et al. (2018). In contrast to the findings of
Gary & Nishimura (2003), who showed that the oblique electron firehose instability in a
bi-Maxwellian plasma at 8, ~ 1 involves gyroresonant wave—particle interactions between
electrons and the unstable modes, instability of CES oblique electron firehose modes
at B, > 1 is essentially non-resonant, with sufficient large negative electron-pressure
anisotropies negating the restoring force that underpins the oscillation of high-8
KAWs.

Similarly to the parallel electron firehose instability, the CES oblique electron firehose
instability is triggered when A, < —2/8,. The precise value of the threshold depends
on the wavevector of the mode being destabilised. Analogously to the parallel electron
firehose, long-wavelength oblique electron firehose modes are unstable when A, <
(A,). = —2/B.. However, figure 25(a) shows that there is positive growth of kp, ~ 1
oblique electron firehose modes for less negative values of A,, illustrating that the
threshold is less stringent for such modes. This phenomenon is reminiscent of the ion
firehose instability (see figure 20): ion-Larmor-scale oblique firehose modes also have a
less stringent threshold than longer-wavelength modes. In addition to the kp, ~ 1 modes, a
region of unstable KAWs with characteristic wavenumbers n!/? < kp, < ul/*, ki ~ k.
is evident in figure 25(a). These modes, which were discussed at the end of §4.4.1, are
destabilised by negative ion-pressure anisotropy; the extent of this region closely matches
the analytic prediction (4.76). Using a similar semi-analytic approach to that employed
for the case of the ion firehose instability (see Appendix K.2.2), we can determine the
approximate threshold for the oblique electron firehose instability as a function of ko,
and k, p,. The results are shown in figure 25(b); modes with k;p, ~ 0.5, k, p, ~ 0.4 have
the least stringent threshold (A, =~ —1.4/8,).

Well into the unstable regime, i.e. when A,f8, + 2 < —1, electron firehose modes across
a broad range of wavevectors are destabilised (see figure 26a). The fastest-growing electron
firehose modes are oblique and occur at electron-Larmor scales (k, p, ~ 1 > kyp,), with
characteristic growth rate y ~ |A,|§2, ~ £2,/B.. This growth rate is much larger than the
peak growth rate of the parallel electron firehose instability (4.81).

Similarly to the electron mirror instability, a simple analytic expression for the growth
rate of the fastest-growing electron firehose modes when A,f8, +2 < —1 is challenging
to establish. We can, however, characterise the growth of two particular classes of electron
firehose modes analytically.

The first of these are long-wavelength (viz. kp, < 1) electron firehose modes. For these,
we adopt the same ordering (4.38) as was considered when characterising long-wavelength
electron mirror modes:

2 kp.
ku Uthe Be

kipe ~kipe ~pllt <1, @y = ~ |A,kp,. (4.82a,b)
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FIGURE 25. Onset of the CES oblique electron firehose instability. (a) Maximum positive
growth rates of linear perturbations resulting from both the CE ion- and electron-shear term
in the CE distribution function (4.1) with 8; = 10* and A, = —1.7/B, (which is above the
long-wavelength oblique electron-firehose instability-threshold A, = —2/8,). The growth rates
of all modes are calculated in the same way as figure 19. The resulting growth rates are
normalised as yB./§2, are functions of the dimensionless parameter A,B.. The dotted line
denotes the instability boundary (4.76) on KAWs driven unstable by ion-pressure anisotropy
of the CE ion-shear term. (b) Threshold value of A.B, at which modes with parallel and
perpendicular wavenumber k| and k| , respectively, become unstable. Regions of (kj, k) that
are shaded black are stable.

(@)

0,.2 0,.4 . 0,.8 . 1.6
ki p.

FIGURE 26. Oblique electron firehose instability at A,8, +2 < —1. () Maximum positive
growth rates of linear perturbations resulting from CE ion- and electron-shear terms in the CE
distribution function (4.1) for A.B, = —3. Here, a temperature-equilibrated hydrogen plasma is
considered, viz. A, = ué/zA,', and B; = B.. The growth rates of all modes are calculated in the
same way as figure 25. (b) Plots of the oblique electron firehose mode growth rate (solid line) as
a function of k) p. with k| p, = 0.2 (top), and as a function of k, p. with k) p, = 0.2 (bottom).
The dotted and dashed lines show the analytical predictions (4.83) and (4.86), respectively.
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We then obtain a closed-form expression (cf. (4.39), and also (4.75)) for the complex
frequencies of the electron firehose modes:

1 1 k2p2 _ kz P2
~ 4k .82, — 4+ A, =-- 1220 "LPe
1) 1o {|:/3e + (2 M, K

1/2
K*p? ki 1
X {ﬁ— — A, (kipj - Myzk_g - Ekﬁpf : (4.83)

If A, < —2/8,, the right-hand side of (4.83) is purely imaginary for k, > kj, and so
we have positive growth for all long-wavelength electron firehose modes with 6 > 45°.7
This approximation should be compared with the numerically determined growth rate in
figure 26(b). If it is further assumed that u!/* < kp, < 1, ki ~ ky, it is shown in §4.3.4
that (4.83) simplifies to an analogue of (4.40), viz.

1 A, A
W~ ikpeﬂe\/ (F + 7) (kngﬂ— + 5 Koz - 21@3]). (4.84)

This result is again in agreement with the gyrokinetic calculations of Kunz et al. (2018).
Extrapolating (4.84) to kyp, ~ k. p, ~ 1, we recover that y ~ £2,/8, when |A.B, +
2| 2> 1.

A second sub-category of electron firehose modes that can be described analytically are
quasi-perpendicular ones. For any fixed ko, < 1, the most rapidly growing modes are
strongly anisotropic: they occur when the perpendicular wavelength is comparable to the
electron Larmor radius, k; p, ~ 1. These modes can therefore be elucidated analytically
by considering their dispersion relation under the ordering

. 1

el ~ Al ~ A (4.85)
in the wavenumber domain p)/? < kjp, < kip. ~ 1. We solve the dispersion relation
(see Appendix K.3.10) to find

ﬁ:M{_iﬂ [kip?
2, Fkipe) 2 Be

where the discriminant is

+ A-H(kLpe) } + /D (ki pes B Ae)} , (4.86)

kip;

D (kLpes Bes Ae) = |: ;

+ AeH(kLpe):|

e

x {ﬂl (1- %kipj) — A, [;H(klpe) + }"(kl,oe)” . (487

and the two auxiliary functions are (cf. (3.24))

o’ o’ o’

2 2
H(@) = 1 — exp (-%) I (%) . (4.89)

7In fact, this condition is stronger than necessary to guarantee instability — but the exact condition is somewhat
complicated, so we omit discussion of it.
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As a sanity check, we observe that in the subsidiary limit k, p, < 1, (4.86) becomes

~ +k kyp>82 (i+é)<i—A> (4.90)
w ~ LK P, Sde ,Be ) ﬂe e | .

returning us to the dispersion relation (4.84) of unstable kinetic Alfvén waves taken in the
limit k” < kJ_.

In the case when A, < —2:3;1’ one of the modes described by (4.86) can be
destabilised by sufficiently negative pressure anisotropy, and become purely growing. The
wavenumbers susceptible to this instability are those satisfying

k2 o2 k2 o2 =1
12 p? |:1—exp (—L—pe>10<¢—p8)] < |AB.. (4.91)

2 2

Provided A, < =28, and |A,|B, ~ 1, this gives a range of unstable perpendicular
wavenumbers k| o, < 1. That these wavenumbers are indeed unstable follows immediately

~

from the observation that if (4.91) holds, then the discriminant (4.87) satisfies

K p? Kp: 1
D (kJ_pea IBEﬂ Ae) =T [AEH(kJ_IOE) - e:| [AEH(kJ_IOE) - /3 £ + ,3_ + |A6|f(klpe)j|
k2 ,02 2
<7 [AEH(kLpe) — 2 "i| , (4.92)

from which it follows that the imaginary part of (4.86) for the ‘4’ root is positive. When
|A.B. + 2] ~ 1, the characteristic growth rate of the instability is

Ymax ™ kaE|Ae|Qe7 (493)

which is consistent with the numerical findings shown in figure 26(a). Indeed, (4.86)
agrees reasonably with the numerically determined growth rate for small values of kjp;
(see figure 26D).

One particularly interesting subsidiary limit of (4.90) is |A.|B. > 1, in which it can be
shown that, under the ordering k, p, ~ (| A.|B.)"/? > 1, the growth rate is

K2 p?
y ~ nkik,p} <|Ae| ~ 5 ) 2,. (4.94)

This implies that the perpendicular wavelength of peak growth transitions smoothly to
values below the electron-Larmor radius as | A, |, is increased beyond order-unity values.
As we shall discuss in the next section, these unstable sub-electron-Larmor-scale modes
are best regarded as a distinct instability from the electron firehose, and so we introduce it
properly in a new section.

4.4.8. Electron-scale-transition instability

When | A,|B, is increased significantly past unity, the fastest-growing microinstability
changes character from that of a destabilised KAW, and instead becomes a destabilised
non-propagating mode. The authors of this paper are not aware of this instability having
been identified previously; we call it the EST instability, on account of it providing
a smooth transition between unstable KAWs with &k, p, < 1, and microinstabilities on
sub-electron scales (k, p, 2 1). Unstable EST modes are quasi-perpendicular (kjp, < 1 <
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FIGURE 27. The CES EST instability. (@) Maximum positive growth rates of linear
perturbations resulting from CE ion- and electron-shear terms in the CE distribution function
(4.1) for A.B. = —10 and B, = 10*. Here, a temperature-equilibrated hydrogen plasma is
considered viz. A, = ui/ ZA,-, and B; = B.. The growth rates of all modes are calculated in the
same way as figure 25. (b) Plot of the EST mode growth rate (solid line) as a function of k| o,
with k) p, = (3|A€|/88/5)1/2 (top), and as a function of k3 p, with kjjpe = (k|| pe)peak (bOttom),
where (k| p¢)peak is given by (4.99D). The dotted and dashed lines show the analytical prediction
(4.97).

kip. < BY7), with the parallel wavenumber of the fastest-growing modes determined
by a balance between the instability’s drive and the electron-cyclotron damping that
arises at sufficiently large k;p,. In contrast to the oblique electron firehose instability,
Landau-resonant electrons with v, &~ w/k; also play a role in the EST instability’s physical
mechanism.

To demonstrate that the EST modes are not unstable KAWSs, we consider the expression
(4.86) in a Maxwellian plasma (viz. A, = 0). It is easy to show that in this case,
D (ki pe, Be, A.) < 0if and only if

2
kipe > ﬁ (4.95)

Thus, for sufficiently large values of k, p., KAWs cease to be able to propagate, and
we obtain two purely damped non-propagating modes. Thus, any microinstabilities for
A, < 0 associated with these modes can no longer be considered to be unstable KAWSs.
Substituting (4.95) into the threshold condition (4.91), we estimate that EST modes first
become unstable when A, < (A,). & —3/p..

As A, is decreased below (A,)., the EST modes quickly acquire a faster growth rate
than all the other CES microinstabilities that can operate for such values of A,. We
illustrate this numerically in figure 27(a) by showing the maximum growth rate of all
CES microinstabilities as a function of (k, k, ) for a particular value of A, < 0. The EST
modes with k., ki p, > 1 are the fastest growing, with y > §2,/p..

In the limit |A,|B. > 1 (but |A,|B. < B7), the maximum growth rate of the EST
instability can be estimated analytically. Adopting the orderings

1 w
kjpe ~ —————=, kip.~ (|AB)"?  —— ~ AL, (4.96a—c)
: J/l1og|A.|B. - k) Vine
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it can be shown (see Appendix K.3.11) that the EST mode has the growth rate

-1
Y 3 4 K p; ki p; 1 1213 .3
Y kk Al — 14+ 2P N gexp [ ——— k ,
o, =~ hikie. <| | 5 + o2 | TP\ T2 + VT *kp;

4.97)

where the term proportional to u!/? is associated with Landau damping on the ion species.
Taking the subsidiary limit k;p, < 1/4/log|A.|B., we recover (4.94). The EST mode’s
growth rate is, therefore, anticipated to be positive provided k, p, < (|A.|B.)"/?. It can
then be shown that (4.97) has the approximate maximum value

N 6+/37
ymax ZSﬁ

at the wavenumbers

32

3n
(kll pe)peak |:1 - 5

Mé/z(kpe)peak|Ae|IBe:| |Ae| (|Ae|,3e)3/2 Qe» (498)

314,18, 1/2

(klpe)peak = ( | 5“3 ) ) (4.99a)
1 log log (24n|Ae|ﬁe/5)}

Ky e)neak = - . 4.99b

(Koo \/log(24rt|Ae|,Be/5)|: log 24| A,|B/5 (4:990)

The growth rate (4.97) is plotted in figure 27(b) along with the numerically determined
growth rate; reasonable agreement is found.

We note that, for perpendicular wavenumbers k;p, = B)/7, the characteristic
quasi-perpendicular plasma modes in a Maxwellian plasma are not EST modes, but
are instead whisper waves (see §4.4.10). Therefore, when |A,|B, = B (see (4.106)),
the expressions (4.98) and (4.99a) for the EST mode’s maximum growth rate and the
perpendicular wavenumber at which that growth is attained are no longer valid. Instead,
when |A,|B. = B/, the fastest-growing EST modes (which coexist with faster-growing
unstable whisper waves) are those close to the scale k; p, ~ A;'/3; extrapolating from

(4.97), we find that Yme, ~ | A7,/ /102 [A4]Be. ‘

4.4.9. Oblique transverse instability

The transverse instability (whose physical mechanism was discussed in § 4.3.3) can be
excited for sufficiently large negative electron pressure anisotropies as well as positive
ones; however, when A, < 0, the fastest-growing modes are highly oblique with respect
to the background magnetic field as opposed to parallel to it. In contrast to the A, >
0 case, the oblique transverse instability does not become the fastest-growing CES
microinstability for all A, < —B;!, only becoming so once its maximum growth rate
exceeds the electron-Larmor frequency (which occurs when A, < —g.7'/3). While A, >
—B;'73, the fastest-growing oblique transverse modes, which have &, p, ~ (| A,|B.)'/?, are
confined to the parallel wavenumbers satisfying kjp, 2 1. Their growth is outcompeted
by the EST and whisper instabilities (see §§4.4.8 and 4.4.10, respectively), which have
kyp. < 1; this is illustrated numerically in figure 28(a) for a particular large, negative
value of A,B..

As for their analytical characterisation, transverse modes have identical growth rates to
those obtained in the A, > 0 case, given by (4.29a,b). For A, < 0, only the first mode
can have positive growth, and such growth is only realised if k; > k. Now taking the
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FIGURE 28. The CES oblique transverse instability. (¢) Maximum positive growth rates of
linear perturbations resulting from CE ion- and electron-shear terms in the CE distribution
function (4.1) for A, = —100 and B, = 10*. Here, a temperature-equilibrated hydrogen plasma
is considered viz. A, = ui/ ZA,-, and B; = B.. The growth rates of all modes are calculated in the
same way as figure 25. (b) Plot of the oblique transverse mode’s growth rate (solid line) as
a function of kjp, with k1 p. = (1Ae|Be/3)? (top), and as a function of k3 p, with kjp, =2
(bottom). The dotted and dashed lines show the analytical prediction (4.97).

quasi-perpendicular unmagnetised limit k; p, >> kjp. >> 1, we find that this mode has the

growth rate
k . k2 2
y ~ KLV (—Ae - L—'O€> . (4.100)
e Be
This expression is mathematically identical to the parallel transverse instability (4.30)

(8§4.3.3), except with substitution k; — &, ; the maximum growth rate of the oblique
transverse instability is, therefore,

2
max = ——(|A|B)*|A,|82., (4.101)
Y 3437 P

at the (perpendicular) wavenumber

(4.102)

ABN\"?
=)

(ki :Oe)peak = (

(4.100) is compared with the numerically determined growth rate in figure 28(b); we find
that the approximation is excellent provided kp, 2 1.

We note that, based on our analysis, the oblique transverse mode is anticipated always
to have a smaller growth rate than the EST instability (4.98) when 1 < |A,|B8. < BY7:

VEST ~ |Ae|ﬂe
Yeans  10g A, B,

> 1. (4.103)

4.4.10. Whisper instability

When A, < —B,%7 (but A, > —B,'/3), the dominant CES microinstability is the CES
whisper instability. The instability is so named, because it consists in the destabilisation
of the whisper wave, a plasma wave whose existence has not previously been identified:
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it is therefore of some interest.® The likely reason for its previous neglect relates to
the somewhat esoteric regime in which such a wave exists — a magnetised plasma with
B. > 1 that might naively be expected to support essentially unmagnetised perturbations
at kp, > 1. The energetically dominant magnetic component of the wave is perpendicular
to both k and By (viz. 6B,), and the wave itself has no electron-number-density perturbation
unless B, is extremely large. Its operation (and also the operation of its instability in a
CE plasma) involves both resonant and non-resonant interactions between electrons and
the wave. More specifically, it is the non-resonant interaction of electrons at the edge
of their Larmor orbits with the parallel electric field associated with the whisper wave
that gives rise to the phase-shifted current perturbation necessary for wave propagation,
while the primary damping mechanisms (Landau and Barnes’ damping, respectively)
of whisper waves are mediated by resonant wave—particle interactions. The physical
mechanism of this wave and its instability (which is most clearly explored within
the quasi-perpendicular limit of gyrokinetics) will be discussed further in a future
paper.

We characterise the whisper instability’s growth analytically in the limits w!/? «
kjpe < 1,k p, > 1and A,B, > 1 under the orderings

1) 1 1 1 1
~ ~s ~ s k pe ~N —
kvee YT Kp2 AL T Jlog AR

It can be shown (see Appendix K.3.12) that such modes have complex frequencies

L ﬁexp - ! + ol
2. 2k pe kipZ ] 8wk p?

2
Jr k2 p? Jr 1 1
+ ko, | —kip. C+A)— | ——¢€ — .
NI 2202 “P\ "2z ) T s/

(4.105)

B = < 1. (4104ab)

It is a simple matter to ascertain that the right-hand side of (4.105) is either purely real or
purely imaginary, and thus modes are approximately either non-propagating with growth
rate y or purely oscillating with frequency @ . The dispersion curves @ (k,) and y (k)
are plotted in figure 29. To interpret (4.105), we take subsidiary limits.

We first consider 1 < k; p. ~ (|A.|B.)"* < B!/7. In this case, the second term in the
square root is much larger than the first, so the expression for the ‘+’ root simplifies to
the dispersion relation (4.97) of the EST instability. However, when the perpendicular
wavenumber (4.99a) of the EST instability’s peak growth derived from (4.97) exceeds
(ki pe)peak 2 31727313/ BT ~0.568)/7, this simplification is no longer justifiable.
Therefore, when so when

2/7T ~ 2/7
|AclBe 2 Siomasran B~ 0528, (4.106)

(4.97) is no longer, in fact, a valid description of the EST mode’s growth rate.

8We have named whisper waves as such because they always have a higher frequency than their whistler-wave
counterparts, and, on account of their small characteristic scale, are likely to have lower amplitudes than whistlers. The
analogy of a whistle to a whisper seemed apt to us.
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FIGURE 29. The CES EST vs whisper instability. Growth rates of EST and whisper modes
whose instability is driven by the CE electron-shear term in the CE distribution function (4.1), for
quasi-perpendicular (k| < k) wavevectors with respect to the background magnetic field. The
growth rates (solid lines) of all modes are calculated in the same way as figure 25 for a selection
of different values of A.8, and B, and kjp, = 0.35. The approximations (4.97), (4.105), and
(4.109) for the real frequency (dotted, dot-dashed and dashed blue, respectively) and growth
rate (dotted, dot-dashed and dashed red, respectively) in the limit ko, < 1, k1 p, > 1, are also
plotted.

Now considering the subsidiary limit &, p, ~ (|A.|B.)"* > BY7 and kjp, <
1//log|A.|B. of (4.105), we find two propagating modes:

o e
—_— = :I:Tk”pe kj_pe + A, . (4.107)

2, Be

If we set A, = 0 in order to identify the underlying Maxwellian mode, this reduces to

(4.108)

This dispersion relation, which does not coincide with any previously identified plasma
wave, is that of the whisper wave.

The presence of this wave in the case of A, < O results in a purely unstable mode
provided B, "7 « ki p. < (|A.|B.)'/* and retaining finite kjp,. In this subsidiary limit,
the growth rate of the instability is

Y v exp b
Qe Zkae kﬁpez

VT K p? T 2
+ &y 0e Tkipe |Acl — j@e +2k4p4 exp —W . (4.109)

[1+e

This has the maximum value

1/4

T
Vinax A ﬁ(kup»peak (4B 141?82, (4.110)
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at the wavenumbers

14,18\ "
(kLpe)peak = 3 s (411161)
2 410g3 (log | A,|B./4)
ki 00)peak = 1— 4.111b
KiPedpest ¢3log—|Ae|ﬁe[ 31og | 4415, (“4-1118)

Thus, the maximum growth rate of whisper instability has different scalings with |A,|
and g, than either the EST instability (4.98) or the oblique transverse instability (4.101).
When |A,|B. = B, (4.105) implies that the growth rate y continues to increase beyond
the maximum value of k, p, at which the EST modes can exist, and thus the whisper
instability, if it is operating, is always dominant over the EST instability. Whether it is
also dominant over the oblique transverse instability depends on the choice of 5, and A,.
We can quantify this explicitly, by considering the ratio of the oblique transverse
instability’s growth rate (4.101) to that of the whisper instability

Virans log (| A,18.) (|Ae|,8e)l/4 |Ae|l/2- (4.112)

Ywhi sper

We see that for [A.*B. < 1. Vins K Vahisper- Thus for [A,|77° < B, < |A,|73, the
whisper instability dominates. This condition certainly holds for the particular value of
A, considered in figure 28; to support our claim, in figure 30(a) we plot the analytical
approximation (4.109) along with the numerically determined growth rate for the fixed
values of k,p, and kjp., respectively, at which the whisper instability is predicted
to achieve its maximum growth. The growth rate of the whisper instability, which is
correctly captured by our analytic approximation, does indeed exceed that of the transverse
instability by an appreciable factor.

For B, = |A,| 73, (4.110) implies that, in fact, y/ kjvme ~ 1. This violates the condition of
validity of the method that we have generally used to evaluate CES microinstability growth
rates numerically (see § 2.5.8, and also Appendix K). The divergence of the true growth
rates (calculated by solving the full hot-plasma dispersion relation numerically) from those
arising from the solution of the low-frequency (@ < kvy,) dispersion relation (K23) for
increasing B, is illustrated in figure 30(b). For y 2 §2,, we find that the distinction between
kyp. < 1 modes and kjp, > 1 modes vanishes; furthermore, the fastest-growing modes
(including the modes with k; = 0) come to resemble the transverse instability when 8, >
|A.|~3; this feature, which indicates the emergence of yet another distinct CES instability,
is discussed in the next section.

4.411. Ordinary-mode instability

The final instability we consider in this paper is the CES ordinary-mode
(electromagnetic) instability: the destabilisation of the ordinary mode at sub-electron-
Larmor scales by negative electron-pressure anisotropy. The bi-Maxwellian equivalent of
the instability was first identified by Davidson & Wu (1970); for a more recent linear study
of the instability, see Ibscher er al. (2012). For the characteristically small electron-pressure
anisotropies that are associated with the CE electron-shear term, this instability can only
arise at very large values of .. For purely perpendicular modes (k; = 0) in a magnetised
plasma, resonant wave—particle interactions cannot arise, and so the ordinary-mode’s
instability mechanism is non-resonant.

The CES ordinary-mode instability is most simply characterised by considering modes
that are exactly perpendicular to the guide magnetic field (viz. k; = 0). In this case, it can
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FIGURE 30. The CES whisper instability. (a) Plot of the whisper instability’s growth rate as
a function of kjp, with ki p. = (|Ac|Be/3)!/? (top), and as a function of k| p, with kjp, =
(k| pe)peak (bottom), where (k| pe)peak is given by (4.111b), for A, = —100 and B, = 10* (cf.
figure (28)). The numerically determined value of this quantity is calculated in the same way
as figure 25. The dotted and dashed lines show the analytical prediction (4.109). (b) Divergence
of growth rates (dotted lines) arising from using the approach outlined in Appendix K (which
involves solving a simplified ‘low-frequency’ dispersion relation) as compared with the full
hot-plasma dispersion relation (dashed lines) when B, ~ |Ae|_3 . Here, A, = —0.01, ky p, =
(|Ae|ﬂe/3)1/2 and S, is varied. For reference, 8, = 0.01 |Ae|_3 = 10* corresponds to the same
values of B, and A, as considered in figure 28.

be shown (see Appendix K.3.13) that, if the ordinary mode is destabilised, its growth rate
is given by the equation

- ki p? K p: 2 P K pz kLIO
) (L) = —A, — 2 —exp [ =) gy 22 )
Zy 222 ¢ p( 2 ) ( 2 e R T )\,

n=1
(4.113)

This dispersion relation is very similar to that derived by Davidson & Wu (1970)
for the ordinary-mode instability in the case of a bi-Maxwellian distribution. If the
electron-pressure anisotropy is insufficient to destabilise the ordinary mode, the mode is
undamped, and its real frequency satisfies

oo

20 Kel\, (ke 2 o ko2, (ke
;nzﬂj—wzeXp( > )In< 5 ):Ag—l—klde—i-exp( > >10< > )

(4.114)

The dispersion curves @ (k;) and y (k, ) for a selection of different values of §, and at
fixed A, are shown in figure 31.

We can use the ordinary-mode dispersion relation (4.113) to derive the threshold for this
instability at exactly perpendicular wavevectors. We note that the left-hand side of (4.113)
is strictly positive; thus for solutions to exist, it is required that there exist a range of
perpendicular wavenumbers over which the right-hand side of (4.113) is also positive. For
ki p. < 1, the right-hand side is always negative because |A,| < 1. We therefore consider
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ky p, k) p. ki p.
FIGURE 31. The CES ordinary-mode instability. Growth rates of ordinary modes whose
instability is driven by the CE electron-shear term in the CE distribution function (4.1), for
perpendicular (k = 0) wavevectors with respect to the background magnetic field. The growth
rates (solid lines) of the modes are calculated using (4.113) and (4.114). We show the growth
rates for a selection of different values of S, and for A, = 0.01. The approximation (4.121) of
the growth rate in the limit k| p, > y/£2, > 1 is also plotted (dashed red).

the limit k, p, >> 1 (assuming y ~ £2,), for which

o0

1 2y? K2 p? 1
~ A, — < — . 4.115
ﬁkipe ; )/2 + nZQeZ | | ﬁe ﬁkipe ( )

The right-hand side of (4.115) is maximal when

B 1/3
kip. = <2ﬁ> , (4.116)

and, when maximal, also greater than zero if and only if

5 27
AN Be > —. 4.117)
4

Therefore the threshold (4.117) is a necessary condition for a purely perpendicular
instability to exist. It is also a sufficient condition, because the left-hand side of (4.115)
becomes arbitrarily small for small y. Comparing the threshold (4.117) with figure 30(b),
we conclude that the emergence of an instability with a purely perpendicular wavenumber
at around B, ~ |A,|? is consistent with numerical expectations. In the limit 8, > A,
all modes whose perpendicular wavenumbers satisfy

VTIALT < kipe < (1AB)? (4.118)

are unstable.

One can also show analytically that for y > £2,, these unstable ordinary modes grow
at the same rate as unstable oblique transverse modes (§ 4.4.9). Motivated by the fact that
y & ky vy, for the oblique transverse instability, or, equivalently, vy /£2, < k. p., we first
consider (4.113) in the limit &, p, > y /2. ~ 1; we will subsequently take the subsidiary
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limit y /£2, > 1. The relevant dispersion relation is (4.115), which can be rewritten as

1 k? p? 1
—[” coth<”) —1} ~ A, — e , (4.119)
ﬁkJ_IOe Qe Qe IBe ﬁkJ_IOe
using the summation identity
o0 2 2
Y Teom () -1 (4.120)
y:+n222 £, 2,

n=1

Now assuming y >> §2, and using coth x & 1 for any number x >> 1, we deduce

k , kz 2
L ;’i (Ae+ }pe), (.121)
e T[ e

which is equivalent to (4.100). Since |A,| < 1, our result is consistent with our initial
assumption y/£2, < k; p.. We note that, at wavenumbers that do not satisfy (4.118),
ordinary modes and oblique transverse modes behave quite differently: such ordinary
modes have real frequencies and are neither growing nor damped, whereas transverse
modes remain non-propagating.

In summary, we conclude that, when B, > |A,| 3, the CES ordinary-mode instability
is the dominant CES microinstability, but that in this limit, the fastest growing unstable
modes are essentially identical to the unstable unmagnetised oblique transverse modes
already described in § 4.4.9.

5. Discussion and conclusions

In this paper, we have shown that the CE description of classical, collisional plasma
is valid for a wide range of plasma conditions. Microinstabilities are stabilised in such
plasmas by two effects: collisional damping of instabilities, or S-dependent thresholds
arising from a non-zero macroscopic magnetic field. In particular, we have demonstrated
that predictions for transport based on the CE theory should not fail on account of kinetic
instabilities in a collisional plasma whose constituent ions and electrons are strongly
magnetised and that has 8 < 1. By identifying the stable region for the leading-order
corrections in the CE expansion, we have de facto identified the stable region for
corrections to arbitrary order: if one of the above effects is enough to maintain stability,
any perturbations arising from smaller corrections will be unable to overcome the same
effect. However, we have also demonstrated that for plasmas with 8 > 1 there exists a
significant region of the (d, /L, A/L) parameter space in which fast, small-scale instabilities
are both possible and, in fact, generic. Indeed, in the strongly magnetised plasmas (that
is, p; < A, for both electrons and ions) on which we have focused our investigation, it
transpires that collisional damping is never able to prevent the most important kinetic
instabilities, and thus strongly magnetised, high-8 plasmas cannot be modelled by standard
CE theory if A/L 2 1/B. This finding has significant implications for our understanding
of various plasma environments, including those found in astrophysical contexts and also
those created in laser-plasma experiments on high-energy laser facilities.

When kinetic instabilities do arise in a CE plasma, we claim that we have characterised
the most significant of them systematically. Using an analytical approach based on
asymptotic methods, we have been able to derive simple expressions for the thresholds
and growth rates of these kinetic instabilities in terms of basic parameters such as 8, 4/L
and the mass ratio u, = m,/m;. Three of the instabilities — the CET whistler instability

https://doi.org/10.1017/50022377824000308 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377824000308

100 A.F.A. Bott, S.C. Cowley and A.A. Schekochihin

(§3.3.1), the CET slow-wave instability (§3.3.3), and the CET long-wavelength KAW
instability (§3.3.4) — are driven by heat fluxes in a CE plasma, while the remaining
ten — the CES mirror instability (§ 4.3.1), the CES whistler instability (§ 4.3.2), the CES
transverse instability (§§ 4.3.3 and 4.4.9), the CES electron mirror instability (§ 4.3.4), the
CES firehose instability (§§4.4.2, 4.4.3, 4.4.4, and 4.4.5), the CES parallel and oblique
electron firehose instabilities (§§ 4.4.6 and 4.4.7, respectively), the CES EST instability
(§4.4.8), the CES whisper instability (§4.4.10) and the CES ordinary-mode instability
(§4.4.11) — are driven by ion- and/or electron-velocity shears. While many of these
instabilities, or versions thereof, had been considered previously, four of them (the CET
slow-wave, CET long-wavelength KAW, CES EST and CES whisper instabilities) are new;
the whisper instability in particular seems to be of some interest both conceptually and
practically, because it is associated with a newly discovered plasma wave (the whisper
wave), and the instability is much faster than its competitors over quite a wide range
of values of A/L and B. The consequences of the existence of the whisper (and EST)
instabilities for astrophysical and laser plasmas, in particular for magnetic-field generation,
will be addressed in future work.

An important question to address is that of the dominant microinstability overall: in
a given plasma (with fixed d,/L, A/L and B), amongst the many instabilities that we
have found, which is the dominant one? As we explained in §2.2.3, the answer to
this question depends on assumptions about the relative magnitude of temperature- and
velocity-gradient scale lengths Ly and Ly. Here, we assume Ma A/Ly to be large enough to
trigger all of the aforementioned instabilities, and also adopt the scalings (2.55) in § 2.2.3
for a CE plasma whose largest-scale fluid motions are sonic (Ma < 1). As we discussed
in the final paragraph of §2.2.3, our first assumption (which necessitates that g; > €, ")
in fact supports our second one. We then find that the three most competitive ones are on
electron scales: the CET whistler, CES whisper and transverse instabilities. These have
growth rates (see (3.10), (4.31) and (4.110), respectively)

A
ywhistler,T ~ nege ~ M;MMLIL_Qev (Sla)
14

|€€|3/4/3e1/4 o <£)3/4 Mg/SMa3/4ﬂgl/4
[log e.18.]"* L

log (1! B.Ma 4,/Ly) | CRA

)/whisper ~

21\ 2
Ve ~ €12BY202, ~ 3 (L—) Q. (5.10

Although the threshold for the CET whistler instability is less restrictive than for the

whisper instability, at the whisper instability threshold [e,|B. ~ B2/7 ~ |e,|~** it follows
that
1/2 3/5
whistler, Te IOg 66:36 /li
s 1| 7 I 1> (—) [log (u!/*B.Ma A;/Ly)]* < 1. (5.2)
Vwhisper €e LV

Thus, the fact that CE plasmas typically support fluid motions on smaller scales
than temperature gradients (see §2.2.3) implies that CES microinstabilities are more
potent at sufficiently high plasma g,. Yet, for B, < u;'/*Ma™" Ly/A;, the CET whistler
instability is the most rapidly growing microinstability. Finally, for 8, < u;'*Ma 'Ly /4,
none of these electron-scale instabilities is triggered at all, with only the ion-scale
firehose and mirror instabilities operating. In short, the dominant microinstability is a
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complicated function of the parameter regime. For reference, in table 2 of § 1 we show
the (approximate) growth rates for all of the instabilities considered in this paper if the
scalings (2.55) are adopted, and figure 1 shows a schematic stability map for the same
case.’

We believe that our study — which is the first systematic investigation of the kinetic
stability of a classical, collisional, magnetised plasma — provides a significant step
forward towards a comprehensive understanding of this state of matter. It is perhaps
inevitable, however, given the conceptual extent of the problem, that there remain a
number of questions concerning the stability of the CE distribution function that we
have not addressed here. In terms of linear theory, a numerical study using a better
collision operator to find the exact stability boundaries could be usefully carried out —
although we do not anticipate that this would lead to an alteration of the basic scalings
of those boundaries derived in this paper. Another issue not addressed by this work is
that of linear coupling between CET and CES microinstabilities; it is not immediately
obvious to what extent microinstabilities with similar growth rates might aid each other’s
growth. The analysis could also be extended to two-species plasmas not in thermal
equilibrium, as well as high-Z; plasmas (with important applications in laser-plasma
physics). Numerical simulations using collisional particle-in-cell or Vlasov codes could
be employed to confirm the validity of the predictions made in this paper. Another
possible research direction that could prove to be fruitful concerns the application of
thermodynamic arguments to CE microinstabilities, such as those propounded by Fowler
(1968) and more recently by Helander (2017). Such arguments have previously been
used to derive bounds on growth rates, and also the amplitude that unstable electrostatic
fluctuations can attain in magnetised plasmas. While the use of analogous arguments to
characterise CE microinstabilities would require a generalisation of those arguments to
include electromagnetic fluctuations, this may not be too challenging for microinstabilities
such as the whisper instability that can be described by reduced models (e.g. gyrokinetics).

Perhaps the most interesting future development of this work would be the determination
of transport coefficients for plasmas falling into the unstable regimes. This requires
quasi-linear or nonlinear treatment. Nonetheless, the results presented here can be seen
as both a guide and a warning to those wishing to address this fundamental question. They
are a guide in the sense that a correct characterisation of transport coefficients requires
knowledge of the fastest-growing linear modes, which our study provides. But they are also
as a warning in that an isolated treatment of one type of microinstability without reference
to the full range of possible others could lead to a mischaracterisation of transport
properties. The best hope for a correct calculation of transport in a weakly collisional,
high-8 plasma is, therefore, the following programme: for a plasma with particular
conditions, identify the fastest microinstability, calculate the saturated magnitude of
the fluctuations produced by it, determine the anomalous transport coefficients with
those fluctuations present, re-calculate of the stability of this plasma and so on, until a
self-consistent picture emerges. It is likely that such a picture will involve a distribution
function whose underlying nature depends on macroscopic motions, and hence transport
coefficients that are themselves properties of flow shear, temperature gradients and
large-scale magnetic fields. Carrying out such calculations is a non-trivial task, but not
impossible.

9 A note of caution is warranted: if a CE plasma is unstable to microinstabilities, then the heat fluxes and rate-of-strain
tensors will be modified, potentially altering both L7 and Ly. There is no a priori reason to think that such a plasma will
obey Braginskii-type scalings of the form (2.55) — and so using this ordering to estimate microinstability growth rates is
incorrect in kinetically unstable CE plasmas.
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Appendix A. Glossary of notation used in the paper

As an aid to reading, we provide a glossary of the notation that we use in our paper in
tables 5 and 6 of this appendix.

Appendix B. Derivation of the Chapman-Enskog distribution function
B.1. The Chapman—Enskog expansion in strongly magnetised plasma

There exist a number of lucid explanations of how the CE distribution functions (2.8)
arise in a collisional, strongly magnetised two-species electron—ion plasma (p; <K A, for
s = 1, e) — the monograph of Braginskii (1965), but also (for example) Helander & Sigmar
(2005), Chapter 4. For that reason, we do not provide a full derivation of (2.8). However,
in this appendix, we describe a calculation that allows for a direct derivation of the CE
distribution function for a strongly magnetised collisional plasma, without first having to
perform the CE expansion for arbitrary values of p/A;.

The first part of the calculation is the same as in Helander & Sigmar (2005, pp. 76-78).
For the reader’s convenience, we present a summarised version. We consider the
Maxwell-Vlasov—Landau equation (2.1) of species s in a frame co-moving with the fluid
rest frame of that species. Defining the peculiar velocity variable v, = v — ¥/ in the fluid
rest frame, (2.1) becomes

Df, Ze (., v.xB\ DV, o af,
f+vs-st+[—e<E+ )— } ) —vc-VVs-af/—ZC(fs,fs,),

Dt . c Dt | v, v
(BD)
where E' = E + V; x B/c is the electric field measured in the moving frame, and
D_J + V-V (B2)
Dt ot
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Notation
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Quantity

Spatial position
Time
Elementary charge
Speed of light
Charge of species s (s = i in two-species plasma) in units of e
Mass of a particle of species s
Electron-to-ion mass ratio
Electric field
Magnetic field
Macroscopic magnetic field
Direction vector of the macroscopic magnetic field
Particle velocity (in the direction perpendicular to By)
Particle speed (in the direction perpendicular to By)
Particle velocity in the direction parallel to By
Gyrophase angle
Distribution function of particles of species s
Collision operator for interactions between species s and s’
Density of particles of species s (2.3a)

Bulk fluid velocity of particles of species s (2.3b)
Temperature of particles of species s (2.3¢)
(Parallel/perpendicular) pressure of particles of species s (2.6a), (2.33)
Viscosity tensor of particles of species s (2.6b)
Pressure anisotropy of particles of species s (2.35)
(Parallel) heat flux of particles of species s (2.6¢), (2.16)
(Parallel) frictional force on species s due to collisions (2.6d)
Heating rate due to inter-species collisions (2.6e)
(Parallel) relative electron—ion drift
Thermal speed of particles of species s
Peculiar velocity of particles of species s
Peculiar parallel (perpendicular) velocity of particles of species s
Non-dimensionalised particle velocity in ion-fluid rest frame
Non-dimensionalised parallel particle velocity, ion-fluid rest frame
Non-dim. (perpendicular) particle speed, ion-fluid rest frame
Mean free path of species s
(Signed) Larmor radius of species s
Collision time of species s
(Signed) Larmor frequency of species s
Macroscopic length scale of variation in the direction parallel to By
Electron-(ion)-temperature length scale parallel to By (2.13a,b)
Ion-(electron)-bulk-flow length scale parallel to By (2.13¢,d)
Macroscopic time scale over which CE distribution varies
Small parameter (2.11a) o< CE electron-temperature-gradient term
Small parameter (2.115) o CE electron-friction term
Small parameter (2.11¢) o< CE electron—ion-drift term
Small parameter (2.11d) o< CE ion-temperature-gradient term
Small parameter (2.11¢) o< CE electron-shear term
Small parameter (2.11f) o CE ion-shear term
Function arising in CE electron-temperature-gradient term
Function arising in CE electron-friction term
Function arising in CE electron—ion-drift term
Function arising in CE ion-temperature-gradient term
Function arising in CE electron-shear term
Function arising in CE ion-shear term

TABLE 5. Glossary of notation I.
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Notation Quantity

/8 Traceless rate-of-strain tensor of species s (2.12)
Ma = Vi/vwmi Mach number

log AcL Coulomb logarithm

KEU (Kl«”) Parallel electron (ion) thermal conductivity (2.21) (2.27)
x =2« /3n, Parallel thermal diffusivity

Hous Dynamic viscosity of particles of species s

V = [Lyi/min; Kinematic viscosity

rieeq Ion—electron-temperature equilibration time

ds Inertial scale of particles of species s (2.58b)

Ap Debye length (2.58¢)

Bs Plasma beta of particles of species s (2.57)

Wps Plasma frequency of particles of species s (2.78)

S50 (g, Us1) Equilibrium distribution function of particles of species s
fso(f)s”, Ug1) Renormalised equilibrium dist. func. of particles of species s (2.83)
SE Microscale electric-field perturbation

8B Microscale magnetic-field perturbation

SE Fourier component of §E

5B Fourier component of § B

k(ky) (Perpendicular) wavevector of electromagnetic perturbation
k (ky/k1) (Parallel/perpendicular) wavenumber of electromagnetic perturbation
k (x) (Perpendicular) wavevector direction

y Direction perpendicular to both X and z

0 Wavevector angle

w Complex frequency of electromagnetic perturbation
o Real frequency of electromagnetic perturbation

y Growth rate of electromagnetic perturbation

&g = w/lk|vns Ratio of complex frequency to parallel streaming rate (2.81)
g = g +1/1ky|As Modified frequency-to-streaming-rate ratio (2.124)

I Unit dyadic

¢ Plasma dielectric tensor (2.74)

& Contribution of species s to &

o Plasma conductivity tensor (2.77)

o Contribution of species s to o

CrL Landau contour

Con = @y — n/ k1 ps Resonant non-dimensionalised velocity (2.82)

Wyl = kg /lky | Non-dimensionalised parallel particle velocity (2.79)
AWy, Us1) Velocity-space anisotropy of distribution function (2.84)
Ey(Wy|, Us1) Velocity-space integrand of conductivity tensor (2.85)
¢© Leading-order term in expansion of € in &, < 1
e® First-order correction in expansion of € in ay < 1
My Maxwellian component of &; — see (2.97)

Py Non-Maxwellian component of &; — see (2.97)
MEO) (P§°> ) Leading-order term in expansion of M (Py) in &g < 1
M§1) First-order correction in expansion of M in oy < 1
{e1, e, e3} Coordinate basis (2.103a—c)

SET =3E- (= i(ic) Transverse electric-field perturbation

Z(2) Plasma dispersion function (2.123)

F(x,y), G(x,y), H(x,y) Special mathematical functions (2.122)

L(x,y), N(x,y) Special mathematical functions (G32)
I(x,y),J(x,y), K(x,y) Special mathematical functions (G85)

W(x,y), X(x,y), Y(x,y) Special mathematical functions (G97)

TABLE 6. Glossary of notation II.
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is the convective derivative. Initially ordering A, ~ p;, and assuming the plasma is
collisional (4;/L <« 1), we rearrange (B1) so that the largest terms are grouped together

(on the left-hand side):
Ze ofs
Y CUf) = 2 (o) x B) - 2
= mgc v,
Df; Zse DV, af; of;
= L VS, E — . —v. - (VV) - . B3
Dt—‘_vA f+<ms Dt) v, v ) v/ (B3)
We then expand the distribution functions f; in small parameter A;/L < 1:
L=fO+f0+. ., (B4)

and solve (B3) order by order in A;/L for £ and f". The subsequent treatment of the
collision operator for the electron distribution function is a little different from the ion
distribution function, so we treat each case individually.

B.1.1. Electrons
For the electrons, we can rewrite the total collision operator in a convenient form if we
assume that 7; ~ T,, and V; ~ vy,;:

Y Cferfi) = €l f) + L (f) + € (S, (BS)

where the electron—electron collision operator €., ( f,) and electron—ion collision operators
0 1
€ (fo) and €7 (f,) are

Cee(fe) = C(fer fo), (B6a)

¢Of) = vei(v)v3% - E (1— vd) - %} , (B6b)

UV, U,

’
eV, e
3
T, 320,

¢(f) = Vei(v)m exp (—7;) (B6¢)

e

Here, v,;(v) is the velocity-dependent collision frequency

Sﬁ (Uthe>3 ’

B7
4z, v ®B7)

vei(v) =

and the total electron—ion collision operator &(f,,f;) is given by €(f.,f)) = (’Zi?) (fe) +
¢\ (f.). Note that when evaluating €'’ (,), we assumed that the deviation of the electron
distribution function from a Maxwellian was small. This reformulation of the electron—ion
collision operator is possible, because the assumptions 7; ~ T,, and V; ~ vy,; mean that,
from the perspective of the electrons, the ion distribution is sharply peaked around the
ion-fluid velocity: in other words, f; =~ n;6(v — V;). Furthermore, the reformulation is
convenient because the total electron collision operator (BS) becomes independent of the
ion distribution function. Thus, the asymptotic expansion (B4) for the electron distribution
function is decoupled from the ions.
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Substituting (B5), the ordered kinetic equation (B3) for the electron distribution

becomes
e of,
Coo(fe) + €' (f) + — (v, x B) - L ,
m,c v,
Df. / e , DV, fe f (1)
= .Vf,. — | —E . — \4# - ¢, (f. B8
Dt v - Vi (mg + Dt) v, ( ) FrR ’ (). (BSa)

where we note that, under assumptions T; ~ T,, and V; ~ vy, €\ (f,) ~ nl/ 2¢9 (£ is
much smaller than (’Zi?) (f.). Then applying expansion (B4) with s = e gives

f(O)
v,

C(£0) + €V (£0) + mic (v, x B) - 2= 0. (B9)

It can be shown (Helander & Sigmar 2005) that the only solution of (B9) is (as expected)
a Maxwellian distribution:

0 — [vel” B10
1O = —Fexp (s ). (B10)

the the

After some algebraic manipulation, it can also be shown that the leading-order perturbed
electron distribution function £V (v) satisfies

1 O 41 e af)
ee(f())+(’: (fe())"‘ ('U XB)
m,c v,
|v;|2 5 / Vl T + / Re + meueivei(v)
= — =]V - 0 e v, | — -
Ve 2/)°° £ Pe T,
m |v/ |2
<ol — =1 )W, £, Bll
+2Te (vevf 3 ) }fe (B1I)

where R, and so on are defined in the main text, in (2.12). We note that this manipulation
uses the leading-order terms (in 4, /L) of the moment equations (2.4), and all terms directly
involving gradients of density cancel with other terms.

B.1.2. Electrons in strongly magnetised limit

We now solve for £V in a strongly magnetised plasma, i.e. p, < A,. In this subsidiary
limit, both the collision integrals on the left-hand side of (B11) and the terms on its
right-hand side are much smaller than the term proportional to the magnetic field; in other
words,

f(l)
ave

~ 0. (B12)

We then define coordinate system {v, v,,, ¢’} by v, =Z-v,, v, =v, —v,Z, v, =
[v. | and ¢’ = ¢, where z = B/|B| and ¢ is the gyrophase angle. The velocity gradient
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operator in this system is

9f( 9f v ofM 1 9f
T A ®13
v/, v, v, 0, v lo}
This, when combined with (B12), implies that £V is approximately gyrotropic:
S0 = (f)y (v, V), (B14)

where we have defined the gyro-average (f"), of the electron distribution function by

1 27n

M)y = > do' V. (B15)
0

Now gyro-averaging (B11), we obtain

Cee ((F)er) + €5 (F)wr)

_ |v;|2_§ V, log T, + eH_i_meueillvei(v) Y
"y 3 | 108 e —Te el

1 v;ﬁ V2
3 ( vtzhe 2vthe

where we have used the gyrophase isotropy of the collision operators to commute the order
of gyro-averaging on the left-hand side. (B16) is a linear equation for (/") so by tensor
invariance, it must have a solution of the form

! ! Re ! eei /
D)y = 1, {[Aer<|ve|) v, logT. +Af<|v“|> I < Z(I%I) B 1) meu |] v,
Uthe Uthe Pe Uthe Te Te
1 U;Z 22
+Ce(|v |> ( - —I) w, (- — 2L )10 (B17)
Uthe 3 Vthe 2vlhe

where 7, is defined by (2.15a) in the main text, and the isotropic functions AZ(Ile /Vthe)s
AR(|v)|/vme) and (|V)|/vp.) are determined by inverting the collision operators (see

Appendix B.2 for an example of how this calculation is done for a simple choice of
collision operator). The total electron CE distribution function becomes

’ ’ _ T |v;| R | . | eII
S v, ) =11+ 7. [A, VilogT, +A;
Uthe Uthe De
4 " |” | 1 Melej v
Uthe TeTe “l
o () (- Lh)ow, Vi 1O, (B18)
Uthe 3 Ut2he 2vthe

We emphasise that this quantity is expressed in the rest frame of the electron fluid."”

10Reintroducing the parameters neT, nf, n4 and €, into (B18) gives the expression (2.17) that is quoted in § 2.2.2.
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Finally, we recover (2.8a) by transforming (B18) into the frame co-moving with the
ion fluid. Since u,;; ~ A, vpe/L <K vy, this transformation applied to the non-Maxwellian
component f of the electron distribution function only produces corrections of
magnitude ~ (4,/L)f", and thus any correction terms are negligible. The only important
contribution is from the shifted Maxwellian

LAY - Sl
exp (== ) A exp (=5) [ 14200 —— | + ..., B19)

the Uthe

where v, = (v — V) /.. Combining (B19) with (B18), we deduce

. T~ Romy 3 Rel | ju o~ Melei) | ~
ﬁ?(vell, veJ_) =11 + Ae (ve) deVH log Te + Ag (Ue) /le + Ag(ve) /le T Ue||
(1 -2 6e2L ()
+ Tgce(Ue) Iz — gl W, Uell — 7 f;, . (B20)

Introducing the parameters n’, n®, n* and €, defined by (2.11a), (2.11b), (2.11¢) and (2.11e)
gives the final result (2.8a).

B.1.3. Ions

The derivation of the equivalent result (2.8b) for the ion distribution is mostly similar,
but with one key difference: the total ion collision operator is dominated by the ion—ion
collision operator €;(f;) = €(f;, f7):

D Cfifo) = Cilf) + i fo) & Ca(f). (B21)

This is because ion—electron collisions are small in the mass ratio compared with
ion—electron collisions. After some algebra, it can be shown that the equivalent of (B11)
for the perturbed ion distribution fi(l) is

Ze ar
Ci(fM) — == (v, x B) - =
) mic(’ ) v,
[v]> 5 m; [v|? ()
= L Vv -ViegT,+ — (viv. — ——1):W; |, B22
|:< vtzhl‘ 2 vl Og + 2Tt vlvl 3 f; ( )

where the lowest-order distribution is Maxwellian:

FOm)y = — 2 _exp(— [vif (B23)
l 7/ 2Ut3hi vtzhi .
We emphasise that the main differences between (B11) and (B22) are the presence of
only one collision operator on the left-hand side of (B22) and the absence of any term
proportional to the ion—electron friction force R;, on the right-hand side of (B22).

Once (B22) has been written down, the method for obtaining the ion CE distribution
function (2.8b) in a strongly magnetised plasma is near-identical to that of the electron
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distribution function. Gyro-averaging gives

|v |2 5 1 1)1{2 U
Vit Uthi Vihi

from which it follows that

v/
ﬂ(v;\\’ vz{l) = |:1 + TA (| hl) Ul”VH IOgT
t

1 vif
+C |v | —1):w, _2|| N :J_ f(O) (B25)
Uthi 3 Uthi 2vthl

On substituting for parameters n; and €; defined by (2.11d) and (2.11f), respectively, we
obtain (2.8b).

B.2. Deriving isotropic functions of velocity for the CE solution

In this appendix, we illustrate how to calculate the isotropic functions AZ(ﬁe), Af (v.),
AL(v,), Ai(v;), C.(v,) and C;(v;) arising in the electron and ion CE distribution functions
for the particular cases of two simplified collision operators: the Krook collision operator
and the Lorentz collision operator.

B.2.1. Krook collision operator
The Krook collision operator (Bhatnagar et al. 1954) for species s is given by

1
Ce(f)=—— (fi =£2), (B26)

where 7, is the collision time of species s (assumed velocity-independent), and

7O = s o < |’|2> (B27)
s 3/2 p

ths ths

is a Maxwellian distribution with density n,, mean velocity V, and temperature T}
determined from f; via (2.3). For this choice of collision operator, i.e. assuming

D Cff) = C(f), (B28)

for all particle species, calculating the CE distribution function is particularly simple.
Substituting (B18) for the electron CE distribution function into the electron Krook
collision operator, we find

LA v, R. WarA Mmettey |
e
the the / Pe Uthe LT,
|v | 1 Uﬁ 1/2 (0)
+Ce =3l £ (B29)
Uthe 3 Vihe 2Ulhe
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By comparison with (B16), which, on substituting the Krook operator, becomes

AR Ry meug
Q:K(fg(l)):{[< 3 —5 V”lOgTe+ p + T v

the e ere

2 /
+ <z€ - ll) aw, (2 2 ) o
M e 2 2 e ’
3 vthe 2vthe

we can immediately deduce that

AL = — (07 = 3),

e 2
AR (@) = 1,
Al(5,) =0,
Co(@) = 1.

l
ell

(B30)

(B3la)
(B31b)
(B3l¢)
(B31d)

The CE electron—ion-drift term vanishes for a Krook operator because the operator
neglects inter-species collisions; by the same token, neither 7; and T, nor V; and V', will

equilibrate.

For the ion CE distribution, it follows from (B25) substituted into (B26) that

vl LAY vip
Cx(f) = — | Al — Ui”VHIOgTi—{—C,- zz—=1):w; - -
Uthi Vi 3 Vi

which gives, on comparison with (B24), that

Ay =—(3-3),
Ci(5) = —1.

B.2.2. Lorentz collision operator
The Lorentz collision operator for species s is defined by

a 1 o of
) =[5 0-99)- 50,

2
Ut f(O)
202, P
thi

(B33a)
(B33b)

(B34)

where v(v) is a velocity-dependent scattering rate. We emphasise that the Lorentz
collision operator is still simplified and physically complete compared with the full Landau
collision operator, as it merely isotropises the distribution function over long times.
However, such an operator does arise as the largest component of the electron—ion collision
operator (see (B6b)) in Appendix B.1), and is, in fact, the exact electron collision operator
in the limit of highly charged ions: the so-called ‘Lorentz approximation’ (Helander &

Sigmar 2005).
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To calculate the electron CE distribution function, we substitute (B18) into the collision
operator (B34) (with s = ). Using the identities

0 1 A 0 2a - v
8_v.|:;(l—vv).8—v(a.v):|:— U3 s (B35(1)
9 1 6v-A-
R (A Py Bt ) P Lty (B35h)
ov v3

for any constant vector a and any symmetric, traceless, constant matrix A, it follows that

/ , Re
CL(f) = —D(D ){[ (' |)V||logT +2AR<'”e')_H
he vthe pe
+2 |v | meue,H
Uthe eH
/ 1 v/Z ”
+6C€(| l) ( N _’> W =t — o ) (B36)
Uthe 3 V2, 2vthe

where D, = v,(0,)7, is the non-dimensionalised collision rate for species s. As with the
Krook operator, we compare (B36) with (B16), substituting a Lorentz collision operator
for the latter, viz.

V)2 5 R, muty v (D,
C(f) = {[(' ;' - —) V,logT, + =L + #] vy
vthe 2 pe Te

4 ( 11) w Vi _ v 1O, (B37)
T — = . e
3 vtzhe 2Ulhe

We deduce from the comparison that

oy L o S
A, (v,) = 3.0 (ve 2), (B38a)
0~ 1
A, (V) = XA (B38b)
A“(D,) = % (B38c¢)
C.(v,) = — 6.5 (B384d)

The isotropic functions A;(v;) and C;(v;), which are given by

A = —5— (” -3) (B39)

A= 2v; (V)T i 2)’ “
- 1

i) = g (B39b)

can be deduced in an analogous manner.
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Appendix C. Derivation of hot, magnetised plasma dispersion relation for arbitrary
distribution functions

In this appendix we re-derive the hot-plasma dispersion relation, given by (2.75) in
§ 2.4.1 (see also Davidson (1983), Parra (2017), the latter of whose approaches we follow).
Our derivation also introduces a (simplified) collision operator in order to show that
substitution (2.124) stated in § 2.5.7 provides a simple technique for including the effect
of collisions on linear electromagnetic perturbations.

Consider a kinetic, magnetised plasma in equilibrium composed of one electron species
and multiple ions species, with (assumed constant) background magnetic field B,. As in
§2.4.1, we denote the (gyrotropic) equilibrium distribution function of species s as f;, =
Jfoo(vy, vp). and then consider a collisionless, linear perturbation §f; to this equilibrium
state, with wavevector k£ and complex frequency w:

8f, = 8f exp (i (k - r — o)} . (C1)

The electromagnetic perturbations associated with the perturbed distribution functions
have the forms given in (2.69), viz.

SE = SEexpli(k-r— o)}, (C2a)
8B =5Bexpfi(k-r— ob)}, (C2b)

and satisfy Faraday’s law and the Maxwell-Ampere law:

6B

o = —cV x §E, (C3a)
196E
VXSB_—S + —-— (C3b)
c ot
where the current perturbation is
8j=3djexpli(k-r—wh)) = ZZSe/d%v(Sﬁ. (C4)

To close these equations, we relate 8f; to the electromagnetic field perturbations by
linearising the Maxwell-Vlasov—Landau equation (2.1). The linearisation f; = fiy + df;
then gives that the perturbed distribution function of species s satisfies

adf; Zse 88ﬁ Zse v X B df
+v.Véf, + (v x By) - SFE + . —vdfy, (C5)
ot mgc ov my c ov

where we have replaced the full linearised collision operator with a simplified Krook
collision operator with constant collision frequency v, = 7' for species s. For any
particular equilibrium distribution function, (C3a), (C3b), (C4) and (C5) are a closed set
of governing equations.
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We now write these equations in terms of k and w using (C1), (Ela) and (C2b):

—iwSB = —ick x SE, (C6a)
o~ 1(,() o~
ik x 8B = —5] — —5E (Co6b)
G=Yze f Coo . (C6e)
~ Z e[~ vx3B af0
—idy +ik-v+ 2,— ofy = SE + .=, (Cé6d)
gb my c av
where we have defined the (signed) Larmor frequency of species s as
. ZeB, Z
G, =20 S o (C7)
mgc  |Z
and introduced the modified complex frequency @s; = w + iv,. Note that Z, = —1, so that
£2, < 0. We then eliminate § B in (C6b) and (C6d) using (Cb6a) to give
k*c* —~ i~ —~
[SE k <k : 5E>] — "5 — SE, (C8a)
w? o)
5 = Zzse/d%va?s, (C8b)
~ Z e k A= fso
by ik v+ 22 ) §f, = SE+ v x (k x (SE) IO (c8e)
¢ n ov

Next, we derive an expression for Sf in terms of 8E For arbitrary wavelengths
compared with the Larmor radius p, of species s, expressing § f in terms of the equilibrium
distribution function and §E requires inversion of the gyrophase-angle derivative in (C8).
This can be done for any fi, in an orthonormal coordinate system with basis vectors
{x,y, z} defined by (2.76a—c). By Fourier transforming §f, in ¢, it can then be shown
that

S/f B qui 8ﬁ0 L] 8ﬁ0
T 8UH V| 8vl

) 2 : 5’.1?: + exXp (_ikLﬁsas‘L sin ¢) Z a7s,n exp (ll’l¢) )

(C9)
where the series coefficients are given by

~ Zel 1 |:3fso Ll k|| ( 9fs0 fs0

& n=—""7= = —
n Wy _k”UH —I’ZQS aUL aUH aUL

)]u;-SE, (C10)

and the vector u, in the basis {x, y, 7} is

I’lJ (kips Usi) A

kL Ps vsL

v ~ ~ A
n = v_“Jn(kJ-IOSvSJ_)Z + 1J (kj_psvsj_)y, (Cll)
1

J.(ky psvs1) denoting the nth-order Bessel function of the first kind. We can then
take advantage of the independence of f, of the gyroangle to show that the current
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perturbation is

- 2nZ2e*i Ofs s
SJ:_Z / dv“/ dv, (vLa{)T —Unaf )Ullz(z 8E)

—i—ZZTcZe/ dv/ dv, v? Z SF s ptns (C12)

n=—0o0

where C; denotes the usual Landau contour. This can be written as Ohm’s law
5j=0-3E, (C13)

where ¢ is the conductivity tensor. In the absence of collisions (vy; = 0), this is given by
(2.77). If the collision frequency v # 0 is non-zero, then

Wy . i B i
=0t ——— = @+ —— (C14)

[I
|k |V Ky | TsVens Y lkylay

from which the substitution (2.124) proposed in § 2.5.7 follows.
Substituting Ohm’s law (C13) into Ampere’s law (C8a) gives the singular nonlinear
eigenvalue equation

2k2 A P
[C—Z (ide—1) + es] 3E =0, (C15)
w
where
4i
E=I+""¢ (C16)
w

is the plasma dielectric tensor (2.74). Taking the determinant of (C15) gives the desired
result (2.75).

Appendix D. Electrostatic instabilities of CE plasma

In this appendix, we calculate the electrostatic hot-plasma dispersion relation for
arbitrary distribution functions (Appendix D.1). We then show (Appendix D.2) that for
frequencies w such that oy, = w/kjvg, < 1, the dominant contribution to the longitudinal

conductivity k- o -k is from the Maxwellian component, and strictly positive; the small
O(n;y, €,) non-Maxwellian distortion associated with the CE distribution function results
in only an O(n;, €,) distortion to k- o - k. We then illustrate the possibility of electrostatic
instabilities associated with the CE distribution function by calculating the growth rate
of the parallel CE bump-on-tail instability (Appendix D.3). Finally, in Appendix D.4, we
show that the only electrostatic instabilities that can occur have a growth rate which is
exponentially small in dimensionless parameters O(n;, €,), for arbitrary frequencies. Thus,
it follows that electrostatic instabilities generally have a small growth rate in comparison
with electromagnetic instabilities for a CE plasma.
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D.1. The electrostatic hot-plasma dispersion relation

Beginning from the singular eigenvalue equation (2.73), viz.

[i(l}l}—l>+6}-rﬁ:0, (D1)

w

we consider the electrostatic modes, for which SE = (IAc . (S/E)IAc For them, the hot-plasma
dispersion relation becomes

4
Q§3g_k2+£k o k=0. (D2)

Employing the expression (2.77) for the conductivity tensor, we calculate the longitudinal
conductivity

- - i 2 k[ o0
k- ck=—— 2 '_”/ d~v ~v / d~v Av ~v 9~v
g ATt Xs:wps |:ﬁk2 . Ug)| Us| ; Vg1 Ag(Vg), Ug1)

k- R, - &
+0)5H\/— . dUa|/ di,, 02, B (Vyy, Us1) Z :|, (D3)

n=—00 é‘sn - vsll

where
7 7 J (klﬁsﬁu_)z ~ ~ ~ ~
k- Rsn k= W (l’l2 + 2l’lkH,Os'Us|| + kﬁpfvfn)
k Jn(kJ_IOsUsJ_)z n ~ :
_ ks ( _n vs”) . (D4)
k*og, k) o
By way of the identity
S (ks + ) N o 2 1/kyps + Uy
Z Ju(k L P01 )~ = Uy + @y Z Julky o505 )" ————, (D5)
— o é-sn - vsH n=—00 é-sn - vsll
which follows directly from the Bessel-function identity
Y Tk p) =1, (D6)
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it follows that

k- Rm ok
ws”[ - dUSII dvsJ_ UgJ_uS(USH’ UsJ_) Z

é‘m - Usll

2 k2 o o A (g, V1)
— dug v, / do L] L
"ka_/ 1o ) l{avu o
n/ kn Ps + Vg

+ C()SII sz LL dvs/ dvsl_ A (Us||v vsJ_) Z Jn (kl_ﬁs ~sJ_)2 _ Us||

n=—00

2 K Mo — n/kyps + v
&2 ds, di, Tk B, )2 P T B
s||fk2/ v / Vsl 5= Tl Z (K1 s0:1) Lon — Dy

n=—oo

S / dog v / do,, A (U v )
Lz ) ) S s S S
\/_ Il Us|| A I

/ aiy [ i i ooy 1B ) BERDDE g
o ) Ty kAt ) Cu =Ty

where &g = w/kvy,,. We conclude that

A~ A~ i - J (kJ_IOvvvJ_)
k . . k = - 2 d s d S Hn sl s ’
o o ps|: \/_/ U/ Uin;w W)y V1) ————=—— e j|
(D3)
where
. _ df | n 0f;
Hn(vaa UXJ.) = Vst {0 + = .Jjo . (D9)

AUy kyps 0051
The electrostatic component of the dielectric tensor is then

@33 =]€2—i-Zk]2)v |:ff dUY”/ deJ_ Z H (UY”, YL)M} s (Dl())

el Lon = Vs

and the electrostatic hot-plasma dispersion relation (D2) becomes
J (klﬁsﬁsj_)z
YR, s, / RN S RGN KA LLLIDA I T)
Z ° \/_ o ,,;oo Con = s

where the Debye wavenumber kp, of species s is defined by

V2 copY

Uths

kp; = (D12)
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D.2. The electrostatic dielectric response at low frequencies

In this appendix, we perform a Taylor expansion of the electrostatic component ¢;3 of the
dielectric tensor (D10) in @, < 1. Before carrying out the expansion, we first substitute
the identity

- Y e~ . of,
Hn(vslla USL) = a)s\l‘:s(vsHa vsl) + (véH ;w) 5_0 (D13)

sL
into (D10), which then becomes

3f;
Cy =k — Zkfn\/—/ dvsn/ dvu fo

s J (k1 psvy
+Zkés|: H /; dvs/ dogy E(Vyy, Us1) Z %} (D14)

n=—oo

Now carrying out the Taylor expansion in @, < 1, we see that, to the leading order in this

expansion,
1 o[> _ .
Eyy Ak + Zszkésﬁ /_ N diy fio (Tyy, 0). (D15)
For the CE distribution
Fo(@yy, 0) = exp (=52 {1 + n,A, (5, + & Co(BD T2} (D16)
we have
i/wdﬁ fo(® 0)=1+i/00d5 07, Cs () exp (—37) (D17)
ﬁ . sl s sl Zﬁ 0 sl Y s W)l sl

where the term in the CE distribution function proportional to n, has vanished on
account of having odd parity with respect to v,. We conclude that the non-Maxwellian
contribution to (D17) is O(n,, €,) in comparison with the Maxwellian contribution, and so
the electrostatic component of the dielectric tensor for low-frequency fluctuations is just

Es ~ I+ )k, (D18)

or, writing (D18) explicitly in terms of @, and the plasma frequency w,, of species s,

2 2k2
Cy ~ K+ Z s kz" @2 (D19)

It follows that G(O) and (‘5%13) defined by (2.99) are given by

¢Q =0, (D20a)
Z,T, 2k
a1y _ ste =
€ =— T e (D20b)

where we have neglected the displacement current term (k < kp,), and the temperature of
species s is denoted by 7.
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D.3. Existence of electrostatic instabilities for a CE plasma

That electrostatic instabilities can exist is most simply shown in the limit of purely parallel,
high-frequency fluctuations: k; = 0, ky = k, @, = @, > 1 and

@ =Rew > Imw = y. (D21)

For purely parallel modes, the only non-zero term in the sum of Bessel functions in
the electrostatic hot-plasma dispersion relation (D11) is the n = 0 term; thus, (DI11)
simplifies to

- O 1
Cy3 =Kk ki dJ/ di,, ¥ =0. D22
: +Z DX(\/_ o Pt va)g—vv) 022

Next, we expand (D22) around the real frequency @, using (D21); this gives

¢
Cy(w, k) ~ Cs3(w, k) + iya—j@v, k). (D23)

Taking the imaginary part of (D23) allows for an expression for y to be derived in terms
of w:

8Re€g3
Yy~ =

-1
5% (w, k)] Im &33(w, k). (D24)

To calculate y, we use

_ e 1
2 2
Re E33(w, k) = k™ + ES ki, ( /dvvll / dvg, vy — D0y or — U3||) , (D25a)

Fo .
Im Ey3(w, k) = —/7k> / di,, f)uaf % (@4 T51) » (D25b)
0

sl

where, to the leading order, &, & @ /kvy,. Now expanding (D25a) in @, > 1, we find that

K2 ?
ReCy(m k) ~ K2 — Y 2~k >, (D26)
w

2
K s @

where we have integrated (D25a) by parts, used identity

/ di, / 45,1 5, Fo (B, B11) = V. (D27)
—0 0

and neglected the small ion contribution to the dielectric tensor. We conclude that — as
expected — the real frequency of such modes is simply the plasma frequency: @ ~ Lw,.
This in turn implies that

W, =

kDe
V2k

In other words, electrostatic modes in this limit are simply plasma oscillations with
wavelengths much greater than the Debye length.

> 1. (D28)
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We immediately deduce that if @ ~ w,, (without loss of generality, we can consider the
mode with @ > 0), then

oRe & 2k?
C =8 (@ k)~ (D29)
ow

Wpe
which in turn implies that y is positive if and only if, for some &,

Im €33(wpe, k) > 0. (D30)

For the electron CE distribution function (2.72), we have

~ =2
oo _ —exp (—7?) {zﬁe + 1. [(253” — 1) Au(@.) — %A;(ﬁe)}

a‘DeH
~ ~ ~ 52¢ 56\\ ~ 52¢ ~
t€ |20 Ce(e) (U — = — 1) — = |7, — = | C.(@) | { . (D31)
2 U, 2

As shown in Appendix B.2.1, for a Krook collision operator it follows that (assuming
R u
e =1, =0)

A(U) =— (0] —3). (D324q)
C.(3,) = —1. (D32b)

We then see that

kp k2 3\ [k
Im¢& . k) = k2 e . De = De 1

koo (K, 3 R, D33)
—€e——— — =) |exp|— .
s\ T 2) TP\ T ke

This expression changes sign from negative to positive when k < n!/%kp,, or k <
€!?kp,; thus, plasma waves with sufficiently long wavelengths are driven unstable
by the non-Maxwellian component of the CE distribution function. Physically, this is
the bump-on-tail instability; this arises because the distribution function is no longer
monotonically decreasing at (parallel) particle velocities vy 2 1, 2vg,, or vy 2 17, vy,
and so plasma waves can extract energy from particles via the Landau resonance.
Substituting (D33) into (D24), the growth rate of instabilities satisfying k < kp,

becomes
T kpe K K2 K2
X wype————|1—n, C  —,—= ——= . D34

YO 22 k L 2/2Kk3 ¢ 2k> P 2k? ( )

Maximising this expression with respect to k, it can then be shown that the peak growth
rate for CE electron-temperature-gradient-driven microinstabilities (€, = 0) is

3/n 3
Vinax A Tn;” exp (—1,% = 1) wp. (D35)
at the wavenumber
/3 2/
k cal = 1 — = k ey D36
w1 (030
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whereas for CE electron-shear-driven microinstabilities (1, = 0)

Vinax & =€, exp (—e." = 1) wpe, (D37)
at the wavenumber
€l/? €,
Kk~ = [1- 5] (D38)

D.4. Impossibility of electrostatic instabilities with ‘fast’ growth rates

The existence of electrostatic instabilities was demonstrated in Appendix (D.3); however,
the growth rates of the exemplified instabilities were shown to be exponentially small
in the parameters 7, or €,. In this appendix, we provide a proof that there cannot exist
electrostatic instabilities whose growth rate scales algebraically with 7, or €.

To substantiate this claim properly, it is necessary to consider perturbations with
frequencies w satisfying @ < kjvgns and @ 2 kv, separately.

D.4.1. Low-frequency electrostatic modes: @ <K kjvy

The impossibility of low-frequency electrostatic instabilities follows immediately from
(D18), which shows that the leading-order term in the &, < 1 expansion of the
electrostatic component of the dielectric tensor is non-zero. It follows that the electrostatic
component of the dielectric tensor is strictly positive at low frequencies. Since the
electrostatic component of the dielectric tensor must vanish in order for the electrostatic
dispersion relation (D11) to be satisfied, we conclude that there do not exist electrostatic
modes with w < kv, let alone instabilities.

D.4.2. Other electrostatic modes: @ 2, ks
For all other electrostatic perturbations, we suppose that there exist microinstabilities
with growth rates which scale algebraically with n;, €, and then prove that that such a
supposition is incompatible with the hot-plasma electrostatic dispersion relation.
Consider some unstable perturbation satisfying the electrostatic dispersion relation
(D11), with complex frequency w = @w + iy, and y > 0. We then define

- w
Wy =

(D39a)

9
ku Uths

Yol = (D39b)

9
k | Vths

so that @, = @y + iy . For unstable perturbations satisfying (D11), it follows from the
real and imaginary parts of the dispersion relation that

1 [ ~ [ ~ & _ ~
0=k — Zklz)s {ﬁ/ dvsH /(; doyy Z |:Hn(vs’ Vs1)

« (175” - w~-s|| + n/kHias) Jn(kj_lasﬁsj_)z:| }
~ ~ ~\2 ~ ’
(O — @y +n/kifs)” + 74

(D40q)
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O_VZsz S—m{ff dva/ dvuz

n=—0oo

Ju(ky pss1)?
x e (D40b)
(Vg — @y + n/kyfs)” + 74

|:H (U3||, Uy 1)

where u; = m,/m;,, and we have utilised the fact that the Landau contour simplifies to the
real line for unstable perturbations. Using (D40b), we can eliminate part of (D40a) to give

1 0 _ 00 _ e _ _
- Zklz)v {ﬁ/ dvsll/0 dvsj_ Z |:Hn(U5||, vsJ_)

~Y + k ~S' Jn k ~S~S 2
I o)
(U — @ +n/kyfs)” + 74
Next, we substitute for I7, (v, Uy, ) using
-~ o~ ~ o~ n 3]30
IT, (U, V1) = Ag(Vgy, U51) + | U5 + —, (D42)
kllps avsL
to give
of. (Ug +n/k J,(ky psvs 1 )?
Zklz)g{ / dvsn/ dug,. Z |: Vo Lo 47/ Hp) e {)
v el LAY (U — @y + ”/kuﬂa) + 75
Vg + 1 k J (k sUs )
+ A (Usu, u)( H / Hp) 10Dy i” . (D43)
(5 — @ +n/kyy)" + AT

This expression is very helpful for contradicting the premise of the existence of unstable
electrostatic modes. We illustrate this claim with a simple example — a pure Maxwellian
distribution function — before considering the CE distribution.

For a Maxwellian distribution for which A;(%y, U51) = 0, and

0o

0V,

= —20,, exp (—1752) , (D44)

(D43) becomes

0= k2 =+ Z kl2)v |:% / di}sH f dﬁsJ_ l~)SJ_ exp (—'D?)
s —00 0

(ﬁsn + n/kHlas)2 Jn (klﬁsﬁsi)z:|
~ ~ ~\2 ~ :
n=—00 (Usn — oy + n/kllps) + Vszu

(D45)

The integrand on the right-hand side of (D45) is strictly positive — a contradiction.
Therefore, we recover the standard result that there cannot exist unstable perturbations
if the underlying distribution is Maxwellian.
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We now consider the CE distribution (2.72). In order for an instability to arise, it is
clear that the integrand on the right-hand side of (D43) has to be positive — and further,
the contribution of the integrand from that interval has to dominate all other (negative)
contributions to the total integral. To prove that these conditions cannot be satisfied for
the CE distribution function, we consider the two terms in the integrand on the right-hand
side of (D43) separately.

For the first term

o (Vg +n/k||p~s)2-ln(kl15sﬂsj_)2 -0

S - —— (D46)
st (3 — @y +n/kibs)” + 7]
if and only if
ofs
o _, (D47)
avsL
For the CE distribution function (2.72),
’Jj() = —Vy €Xp (_USZ) {2 + UR |:2vs||As(vs) - gA;(Us)]
BUSJ_ Us

~2 ~2
+ € [2@(@) (53 — ”; + %) — vl <ﬁ§” - U;) Ci(ﬁs)}} . (D48)

Thus, for v, <1 and v, S 1, we see that dfi0/d7,. < 0, because 1,, €, < 1. The only
values of v; where this inequality could be reversed are large: v, > 1. Assuming that
As(Dy) ~ 0 and C,(Dy) ~ v for v, > 1, where ¢, and (. are constants, it follows that, for

b, = Gt e D) (D 49a,b)

the non-Maxwellian terms are comparable to the Maxwellian ones. However, for such v;

5o ~ g H/GFD

" exp (_nX—Z/(t,,-'rl)) , Es—l/(td-l) exp (_ES—Z/(te-H)) , (D50a,b)
sL

while
~ ~\2 ~ ~ ~
(vsH + n/kllps) Jn(kJ_losvsJ_)z < w_y2||
- - N2 o, N~ S0
(B — @ +n/kyds) + 75 Y
if it is assumed that || > |y|. Since we assumed that y;; is only algebraically small
in €; and/or n;, we conclude that the contribution to the integrand on the right-hand
side of (D43) from vy satisfying (D49a,b) is asymptotically small compared with other
contributions, and thus cannot change the sign of the total integral.

For the second term, we consider the nth term of the sum independently. Recalling from
(2.92) that

(D51)

As(ﬁslla ﬁsj_) - _ﬁsj_ eXP (_63) [nsAs(ﬁs) - 36scs(ﬁs)ﬁs||] ) (D52)
it follows that for v, ~ 1

As(f)slh l~)sJ_) ~ Ny €
3fi0/ 7,1 by +n/kypy” g + n/k ps

(D53)

Thus, for v; ~ 1, the non-Maxwellian term is only comparable to the Maxwellian one
for |5 + n/kyps| < ns, €, However, this non-Maxwellian contribution is in fact always
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smaller than other non-Maxwellian contributions, which by (D53) are in turn smaller than
the equivalent Maxwellian contributions.
Depending on the magnitude of |n/k; o/, this claim is justified in two different ways.

(i) |n/kips] S 1: in this case, let the interval of non-dimensionalised parallel

velocities U satisfying |0y + n/kps] S 1, €, be denoted by Z. Then, there exists
another finite interval of v, ~ 1 such that |vy 4 n/k;ps| ~ 1. It therefore follows
that

(55“ + n/kHﬁs) Jn (klﬁsﬁsL)2

~ ~\2 ~
(U — @y + n/kyps)” + 74

o ~ ~ ~ f)sll + n/kH/;s Jn(klﬁsf)sj_)z
~ 7732/ dug Ay (g, V1) (~ - ) 2
—o0 (0 — @y +n/kyfs)” + 74l

/ dﬁxH As(ﬁsll, ﬁsL)
7

, (D54)

where we have assumed that |@y| > |yy| (and also |@y| 2 1). The claim
immediately follows.

(ii) |n/kjps| > 1: in this case, it follows immediately that |0 + n/k;ps| < 75, € if and
only if vy, > 1. Via a similar argument to that presented for large vy for the first term
in the integrand on the right-hand side of (D43), contributions to the total integral
will be exponentially small in 7, €, and thus are unable to reverse the sign of the
total integral.

Thus, we have confirmed that there cannot exist electrostatic instabilities with growth
rates which are algebraic in small parameters 7, €.
Appendix E. Weak growth of high-frequency perturbations

In this appendix, we present an argument that all perturbations in a CE plasma with
complex frequency w = @ + iy satisfying the ‘high-frequency’ conditions || 2 kjvp,
and || > |y | for all particle species have a growth rate that is at most exponentially small
in 7,, and €,. This argument does not prove that all perturbations satisfying |w| 2 kv in
a CE plasma are stable, in that it does not apply to perturbations whose damping or growth
rate is not small compared with their frequency.

E.l. Deriving conditions for stability

We begin with the result that for any linear electromagnetic perturbation with real
frequency @ > 0, growth rate y, wavevector k and electric-field perturbation

SE=08Eexplitk-r—wi) + yt}, (E1)

the dissipation rate £Q of the perturbation is related to the anti-Hermitian part of the plasma
dielectric tensor evaluated at the perturbation’s real frequency (Pitaevskii & Lifshitz 1981):

0O =iwdE" - &' (k, w) - SE, (E2)
where the anti-Hermitian part &” is defined by
¢l=1l(e-¢e, (E3)

with &' representing the conjugate transpose of &. If the mode is damped, then the
dissipation rate is positive: > 0. Since &” is anti-Hermitian, it is diagonalisable in some
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orthonormal basis {e,, e,, e.}, with imaginary eigenvalues (—ig,, —ig,, —ig.), where ¢,,
¢, and ¢, are real numbers. The dissipation rate $Q can be written in terms of these
eigenvectors as

Q= (e 5E" + 6, [é, - SB[ + . [é. - SE[*) . (E4)

Thus, for unstable perturbations to exist, it must be the case that at least one of the numbers
G4, Gp and ¢. has to be negative (without loss of generality, we will assume ¢, < 0); if
this is the case, then the dissipation rate (and hence the growth rate) is a linear function
of ¢,. We will show that if |w| 2 kjvms, Su» S» and ¢, can only be negative if they are
exponentially small in 1, and ;.

To prove this, consider the characteristic polynomial

o(c) = det[&'(k, w) — ] (E5)

of &" evaluated at the real frequency o and wavevector k; it is a cubic, and thus can be

written
0(s) = —¢> —ioxs” + 016 + gy, (E6)
where @y, 0; and g, depend on &%, Since & has eigenvalues (—ig,, —i¢,, —ig.), it follows
that
0(s) = — (s tic.) (¢ +igp) (¢ +ig.)
=—¢"—ic” (Ga+ Sp+ o) + S (uSp + SoSe + 6eSa) +iGuShSe,  (ET)
and so

Q0 = SuaSbGe» (E8a)
01 = SuSp + SpSe + SeSas (E8b)
02 =Ga+ Sp+ G- (E8¢)

This implies that ¢,, ¢, and ¢, are positive if gy, 0; and p, are positive. Furthermore, 0y,
01 and o, can be used to provide bounds for ¢,, ¢, and ¢, using an inequality discovered
by Laguerre (1880):

S < Sas Chs Ce < Sy, (E9a—c)

where

o 2
ci = _?2 + §,/Qg — 302 (E10)

In particular, the expression (E10) for the root bounds implies that if o; and o, are
exponentially small in 5, and €, then so are ¢,, ¢, and ¢,.
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We can also evaluate ¢(¢) in terms of the components of &* in the coordinate basis
{x,y, 2}
3 2 A A A
Q(g) =—¢ +g (exx + ny + ezz)
— ¢ (ELE, + CLEL + CLEL + (€))7 + (€))7 + (€))°) +det &,

xx Tyy Yy Tz &z

(E11)

where we have used the symmetries (2.87a—c) of the dielectric tensor to give o(¢) in terms
of only the (six) independent components of &”. (E11) gives

0o = —idet€”, (E124)
01 = —@ix@;}y - Qzﬁy@?z - @;zeﬁx - (G?y)z - (@;Z)z a (sz)z’ (E12b)
o= (e ) ). E12)
The anti-Hermiticity of €" implies that Im ¢, = —i€¢, Im &}, = —i¢} Im ¢4 = —i¢2
and Im €}, = —i€,, while Re €}, = &} and Re &), = €], as is indeed necessary for oy,

01, and @, to be real numbers. Thus, in order to establish stability it is sufficient for our
purposes to show that

idet&? <0, (E13a)
ELE, + ELEL+ ELEL + (€)) + (€7 + (€7 <0 (B3
(€L +e +¢l)<0. (E13¢)

When these inequalities are not strictly satisfied, then we can instead estimate the
magnitude of (E12b) and (E12c¢) to determine bounds for ¢,, ¢, and ¢,.

E.2. Evaluating conditions for stability

Combining (2.74) with (2.77) gives an expression for the general plasma dielectric tensor
(assuming k; > 0 without loss of generality):

L I T e - -
E=1I+ Zw_pz |:ﬁ /oo duy Usu/o dogy Ag(vy), 051)22

+& 2 dv /Oocr 0%, By (Dyy, )i i (E14)
Wy —= Us Vg1 Vg =Zs(Vg), Vg -~ ~ |-
I NS A LV I> UsL L=y

where all salient quantities are defined in § 2.4.1. Now evaluating the anti-Hermitian part
of (E14) forw = w, J)sH = é’su, we find

a)zs ~ *© ~ o~ = ~ ~
QEA = —1 Z ;pz |:2\/EZD'5 / dUsJ_ U?l Z Es(gsn’ vsJ_)Rsn(;sna vsj_):| . (EIS)
s 0

n=-—00

We now consider stability conditions (E13) in turn.
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First evaluating (E13c¢), it can be shown that

P(eh el et —2«/_2

[}
~ ~2 ~
!/ dvxi v”_ds(gsn’ vsL)
0

n=—oo

n°J, (ki psVs1) o~ = . .-
|:sz—2p2J_ + Jn(klvaxL)z + f;Jn(klpAsvsi)2:| } .

105051 s
(E16)
It is clear that the right-hand side (E16) is negative if
ES({S}'I’ ﬁsJ_) < 0 (E17)
For a Maxwellian distribution,
- - 9o 2
‘-Hfs(é‘m» vxi) a (Cvnv UVL) 2va eXp ( )CXP( ;‘m) < Oa (Elg)
and thus i(€}, + €}, 4+ &%) < 0, as required. For the CE distribution (2.72)
. . o NP
LMfs(vslla USJ_) = —Ug €Xp (_US) {2 + Ns [ZUSAS(US) - ﬁ_As(vs):|
21 1 "2 ,
+€, | 2C(vy) 5|| ) + E - 5 UJH 2 C, (V)
Us . . -
= == exp (=) [0 () = 36Dy ] (E19)
sl

For |&g| 2 1, it is clear for 0, < 1 that the largest contribution to Z(7y, U,1) comes
from the Maxwellian term; the non-Maxwellian terms are O(n;, €,). Thus, for ¢, 051 S 1,
Es(Len, U51) < 0. As discussed in Appendix (D.4.2), for ¢, > 1, the sign of Z(¢,,, V1) <
0 can, in principle, be reversed. However, the magnitude of = ({;,, Us,) is exponentially
small for such ¢,,, and thus so is ;.

The remaining conditions (E13a) and (E135) are much more tedious to treat; thus for
simplicity, we explicitly consider only the case when a single particle species provides the
dominant contribution to the dielectric tensor. Under this assumption, it can be shown that

CLE, + €L EL + CLEL + (€))7 + (€))7 + (&)’

XYy Yy T2z 2z XX
pv &2 1) (2) 75 (2)
ON Z Z {/ dv, / du; v,
x [Es@sm, 5 Eu s 8 (s, 30, 5D} (E20)
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where a; = k| p, and

1 2
W (s, 7)), D)

1
=— [mv(z)J (o v(l))J (a,0) — nv(l)J (ot 0V, (s (2>)]
aY
1
b [ i b 00 — 8 b D)

b

[;m U TN YA C R R e M RN YA (a:@)] (E21)

Being a sum of positive terms, 2, is positive for all n and m, and thus we again conclude
that the integrand on the right-hand side of (E20) is negative if & (¢, Vs1) < 0 and
Zs(Len, Ug1) < 0. Via similar reasoning to that applied to g, in the previous paragraph,
it follows that for the CE distribution function, the only way in which this condition can be
violated is for either &, > 1 or &, > 1 — both of which give rise to exponentially small
terms. Thus, either o; > 0 or g, is exponentially small in n; and ;.

Finally, for (E13a), it is necessary to evaluate det &*: this becomes (after much tedious

algebra)
6
det&* = —L—Lil'c‘%/2 wpsé3
3 w6 sl
2 X [T e [Ca e
m=—00 n=—00 [=—00
— ~( ~(2) ~(3) H ~2 ~3
X [ds(gsma ())us(é‘sn, ()us(gsl, & )%mnl(as’ Eja Eja ())]}, (E22)
where
1 2) ~@3
mnl(avv S(J_)a §J_)a ())

= {min(eoD) [0 € (@8 @8 D) = 5 6l (88|
(a8 ) [32 €l (08 D) = 50 Eond (@82 et 5D ]

2
@) |3 G (@8 @8 D) = 8Dt (@8] | (E23)

Similarly to 2,,,, 2B, is strictly positive for all m, n and /, meaning that the integrand
on the right-hand side of (E22) is negative if Z( (L, U51) < 0, E(&, V51) < 0 and
Z(Ly, U51) < 0. For the CE distribution, exactly the same argument as before applies
to show that either gy > 0 or it is exponentially small.

In summary, we have now verified that the only situation in which the stability
conditions (E13) are not satisfied are those for which gy, 0, and g, are exponentially small
in n, and €,. In the latter case, considerations of bounds (E9a—c) and (E10) implies that ¢,,
Sp, and ¢, are also all exponentially small in 7, and €. The claim of the appendix follows.
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Appendix F. Properties of leading-order expansion ¢© of dielectric tensor (2.74) in
wyg| < 1 for a weakly anisotropic distribution function

El. Symmetries of € in coordinate basis {X, , )

In this appendix, we show that the leading-order expansion Qfgo) (cf. (2.100a)) of the
dielectric tensor &, of species s (cf. (2.96)) in &, < 1 arising in a non-relativistic plasma
with only weak anisotropy of its particle distribution function obeys additional symmetries

(2.101), viz.
(€9, = —%(e?))m (Fla)
(€0, = 2 (€0, (F1b)
(€).. = ]; (€M) (Flc)

when kp, ~ 1. The term ‘weak anisotropy’ means that the magnitude of angular
anisotropy — mathematically represented by the function A, defined by (2.84) — satisfies
Ay S @y for all particle species when v, ~ 1.

We begin the proof by substituting (2.77) into (2.96) to give

oy | 2 k[ >
¢ = —p2 |:\/— |k::| doy) vy /0 dvs, AUy, U,1)22

+ &y —= f CLdvsu / v, 02, (D), D u) } (F2)

o gsn - vsH

Then, under the assumed ordering @, ~ A,, the function =, defined by (2.85) satisfies
E; ~ 1 for vy ~ 1; therefore, &, has order-unity elements as @, — 0. Let us expand &,
in a Taylor series around @, = 0:

¢ =, € +5¢, (F3)

where §€&; = O(J)fu), and the matrix elements of &” are given below:

2 o] 2
(6(0)) = _ ps |: n / dvéu
’ Vrw? Bt kip? Je, Uy + n/lky| fs

X / dﬁsL Es(ﬁXHa avi)\ln(kLﬁsﬁxL)z} s (F4a)
0
2iw?. & n dv
(eio))x = _ ps [ _ / _ S|l _
Y JTw? n;w kips Jo, Vg +n/lkylps
x / A1 Bo BBy, o) (ki fss0), (kLﬁsth)] : (F4b)
0
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2 ~
@0 = _ 207, Z |: n / vy duy
T et S Lkups Jo, O/ kyl s

X / dﬁsl Es(ﬁsll’ ﬁsL)Jn(klﬁsﬁsL)z] )
0

(€9, = —<e<,°>>xy,

dov
&), = [/ Sl
¢ \/_w2 :2_: ¢, Vs + n/lky| o

00
X / dﬁsi ﬁSZL Es(ﬁslh 5.VL)J;,(klﬁsﬁsL)2:| s
0

2iw i

2 ~ ~
s Uy doy
(€M), = ——=" |: / — =
g Jrw? n;oo ¢, Vs +n/lkylps

X / dﬁsj_ ﬁsJ_Es(ﬁsHs ﬁsl)Jn(kLﬁsﬁsl)J;(kLﬁsﬁsL)] s
0

(QEE'O))ZX = (Q:’EO))XZ’
(€9), = —(€"),,

2 0 o0
(€0, = &/‘ duy vy / dvgy Ag(Vy, Us1)
' ﬁa)sua)z —00 0

Z/ s||dva||
\/_602 . Us +n/lky| o

Next, noting that

T)sll _ _ n 1
vy + n/lky| oy k| 55 Uy + /Kyl s

as well as

k /dvsf dv,, us(UQH»Uu)J (kJ_pAUAJ_) =0,
Lps Cr

n=—o0o

we see that the double integral in (F4c¢) can be rearranged to give

ad doy
(€M) = > [ / - .
«/_602 o \kylkip? Je, Vg 4+ n/lkylos

X / dijxl Es(ﬁsll, ﬁsL)Jn(kllasﬁsl)2:| ’
0

= <®°>)m
Ikul
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(F4c)

(F4d)

(Fde)

(F4f)

(F4g)
(F4h)

/ dﬁsL Es({)sHa ﬁsL)Jn(kLlas{)si)z- (F4l)

(F5)

(F6)

(F7)


https://doi.org/10.1017/S0022377824000308

130 A.F.A. Bott, S.C. Cowley and A.A. Schekochihin

Similarly, it can be shown that

2iw? i n dov I
(€0),, = b [ i / _ D
’ JTw? nigo lkylps Je, Vg + n/lkylos

« / AL 3. 5,3y, ﬁu)mmsmw,;(kmsm] ,
0

e, F8
|k”|( )y (F8)

Finally, (€§0))ZZ can also be written in terms of (QEEO))XX: because

~2 2
S R : (F9)
O nflkles kA k1262 By 4 n/lky 1By

it follows that

2

©) ko 2wy U L
(€. = F(es )ax + m/ duy Ux'/o dvg; Ay (v, Vs1)
” S —0o0
2w

_fTi:z 2 f i [ i B, G )

J_wz Z kJ_,Os,/ dvs/ do,,. us(vsu»Uu)J (kLpsvu)

K’ - 8f,0
— k_%(egm)xx \/_ 2/ dUS/ dvug USHa

2a)23
\/_a)pHa) f dvsH Us/O dug; Ay (Usu, Us1) |:1 - Z Ju (k1 ps0s1) :|

K e, 4 22 [ an [ v A (F10)
= 5 s Jxx Y 5 Vg Vg1 Ag(Vg)5 Vsl ),
kﬁ ﬁwZ —00 0
where we have used the identity

Y Tukifibin) =1, (F11)
Thus, we conclude that since the anisotropy is assumed small,

(6(0))12 = ﬁ

E (€7 + O(@y)), (F12)

completing the proof.
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F.2. Evaluating the dielectric tensor in coordinate basis {ey, e;, €3}

(©0)

To demonstrate that the components of the dielectric tensor € are given by (2.104), viz.

k2
€ = Een,, 130
k||
k
(€M) = —(€)y = k_(éio))xy, (F13b)
I
(€M) = (€"),,, (F3e)

we use (F1) to express &; @ in the form

eV = (QS“”)H + (€M), (39 — yx)+(ez‘ ) 3P

= (€),, (32 +2%) + — (€, (52— %) + (e“))xx”. (F14)

Ikul |k|I i
Noting that
~ ki, k.
k=— —2Z, F15
X X+ kz (F15a)
~ ~ ku ~ ki
k=—x—-—z F15b
yx TRt (F15b)

we can rewrite (F14) as

e = ; @), (y x k) (y x k)

k A A
" lk_ul(e(()))“ [(y % k)y y (y x k)] + (€))7 (F16)
kz (QE(O)))axelel + m(qf( ))xy (e1er — erey) + (Qf ))}}ezez, (F17)
I

leading to the desired results (F13). In addition, we see that QEEO) k= 0; thus, the results
(2.105) claiming that certain components of &, are small in @, are justified.

Appendix G. Dielectric tensor components for the CE distribution function (2.8)

In this appendix, we calculate the components of the dielectric tensor arising from
the CE distribution function (2.8), with isotropic functions A!(7,), A®(3,), A“(D.),
C.(v.), A;(v;) and C;(v;) chosen as appropriate for a Krook collision operator (see
Appendix B.2.1), viz.

Al@) =— (3] -3), (Gla)
AR(Be) = —1, (G1b)
A“@,) =0, (Glo)
A = — (97 = 2), (Gld)
Ce(¥) = —1, (Gle)
Ci(v) = —1. (G1f)
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This, via (2.108), allows for the dielectric tensor &, to be calculated order by order in @y.

We carry out these calculations in the case of non-relativistic fluctuations, and so

ewﬂa_Zes,

where we remind the reader that (cf. (F2))

¢ — wgs 2 Ky
' AT

+ws||f . de/ dd,1 07, E(Byy, 051 Z

; - n
sn = Wy — 5~
k1,
- 3203 ky
f;‘()(vsllv U5) = —thf ( l vthsvslly vthsvsL)
nyo |k| |
_ ke - 0
Av?av = Vs — Vs 7=
(Vg)» Ds1) ooy o0
o~ o~y 3]?30 A (g, Uu)
ds(vsHa USJ_) = 8~
UsJ_ 603||
and
n2J, (ko fsts1)*
(Rsn)xx = %7
ki pgvs,
(Rm)xy = an (kJ_IOsUSJ_)J (kJ_losvsJ_)
kj_psvsJ_
Jn k sUs k s
(Rsn)xz = . ( {p..vL) HU..” s
kprvxL |kH |USL
(Rsn)yx = _(Rsn)xy
(Rsn)yy = J/ (klﬁfﬁvi)z
Us
(Rsn)yz Eln]n(klpsvsl)-] (kJ_ps AJ_) H ”
IklllvsL
(Rsn)z,x = (Rsn)xz
(Rsn)zy = _(Rsn)yz
52”
(Rsn)zz = 'DA_YJn(kJ_lasﬁsl)z-

sl
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00 00
dﬁxH l‘;sll / dﬁsJ_ Ax(as\h ﬁrJ_)zz
0

(G2)

(G3)

(G4)

(G3)

(G6)

(G7)

(G8a)

(G8b)

(G8c¢)

(G84d)
(G8e)

(G8&f)

(G8g)
(G8h)

(G8i)
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The components of the dielectric tensor &; in coordinate basis {e;, e,, e;} are related to
the components in coordinate basis {X, y, z} by

K2 2k k k2
(€)1 = 5 (€)n = =5 (€ + 5 (€ (G9a)
k k
() = ;“(eaxy + f(eoﬂ, (G9b)
kik kg2
(€13 =~ [(€)n — (€):] + (; - k—§> (€. (G90)
(€9 = — (€Yo, (G9d)
(GS)ZZ = (es)yya (G9€)
k k
(€)= —f(&)w + ;”(es)yz, (G9f)
(65)31 = (es)m, (G9g)
(€ = —(€))n, (G9h)

2kaJ_
k2

i ki
(QES)EB = k_Jz_(es)xx + (es)xz + ﬁ(es)zz- (G91)

For clarity, we calculate separately the Maxwellian contribution M, of the total CE
distribution function and the non-Maxwellian contribution P, associated with the CE
electron friction, temperature-gradient and shear terms to &, — viz. we decompose &,
as follows (cf. (2.97)):

2

Wi
w

G.1. Maxwellian distribution

G.1.1. General dielectric tensor
Consider a non-dimensionalised Maxwellian distribution function

Fi@y, B50) = exp (—77) . (G11)
The Maxwellian is isotropic, so (G6) gives
As(ﬁsllv i}sj_) - 0: (G12)

while (G7) becomes

E(Dy), U51) = =201 exp (—7;) . (G13)

s
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Substituting this into (G3) gives

2\ g~
exp (—v; ) duy,
(Ms)xx = a)v“ Z / ~( H)
kj_ps vsH - {sn
X / dﬁsJ_ ijsJ_Jn(kJ_lasi}sJ_)z €Xp (_53L) j| 5 (G14(1)
0
exp (—ESZH) doy
() &, [ =
v ” Z |:kpr (o3 Us| — ;.Yn
X /(; i,y 92, J, (k1 ps0,1)J, (ko psDs1) €xp (—QZL) i| , (G14b)
i}SH exXp (—55“) dﬁs”
M. = g, / ! (Gldo)
) “ Z |:kpr Vs — {sn
X / dﬁsJ_ ﬁsJ_Jn(kJ_lasﬁsJ_)z €Xp (_‘Dzl) } ) (G14d)
0
(Ms)yx = (M')xy, (G14€)
exp (—05;) dy
(My)yy = a)SII Z |:/ ”—2
X / dv,. 0}, J) (k1 py,1) exp (—07,) } , (G14f)
0
Uy exp (—07)) diy
Ms z — s
( ))z 0) I Z |:/ U5|| Con
X A dﬁsl T)SZJ_Jn(kJ_pNsﬁsJ_)J,;(kLpNsﬁsJ_) exXp (_ﬁfj_) :| ) (G14g)
(M) = (M), (G14h)
(Ms)zy = —(M; )yza (G14))
s exp vll) duy)
(Ms) z — _a)s / H
: ” nZoo |: UsH - g‘m
X /(; dﬁsi ﬁsLJn(kL/asi}si)z exXp (_ﬁgj_) j| . (G14J)
Using the integral identities
1 uexp (—u?) du
wep ) L, (G15a)

ﬁ C u—=z

https://doi.org/10.1017/50022377824000308 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377824000308

Kinetic stability of Chapman—Enskog plasmas

1 u? exp (—u?) du
\/E Cr u—z

involving the plasma dispersion function, and the identities

=z[1 +zZ(2)],

© 1 o? o?
d n tz _t2 = = 5 In ~ ]
./o ttJ(a)exp( ) 2exp( 2) (2)
o
2 9

o 1
/ dt £7 (at)? exp (—tz) = 7 &XP (

0

dielectric components (G14) in terms of special functions:

2 ~2 2 ~2
E : kLlOs kLpf
(M )xx zwvH k2 ~ZZ(§vn) eXP ( 2 ) In( 2 )

n=—oo

k2 ~2 k2 ~? k2 ~2
(Ms)xy = iC?)sll Z nZ({sn) exp (_ J_2'Ob ) |:Iy/,< J_Zpb ) - In( szs

ki:asz klpv
Z(é‘vn)]exp< T)Ll( D) >

(My),. = 2wy Z

n=—00

(Ms)yx = (Ms)xy’

(Ms)yy = d)sH Z Z(é‘m)

n=—0o0

i3 p? 2n’ _ K p} 2
con (8 () () -

(Ms)yz = _i(z)sH Z kLﬁs [1 + {an(Csn)]

n=—oo

k2 ~2 k2 ~2 kZ ~2
X exp _ LpS I/ LlOS _ In lpS ,
2 "2 2

(Ms)z,x = (Ms)xm
(M )zy = _(M )yﬂ

ki p; K p;
(M )Zz - 2wsH Z {sn 1 + ;snz(gsn)] exXp < J_2 )In< L2 ) .

n=—0oQ

[Fuenesencs 0 =Gos (-5 ) 2(5) -
o) n(%)
< [(%) ()]}

involving Bessel functions (here « is a real number), we obtain expressions

)

’

“f

]

K
2

ﬁf)],

135

(G15b)

(G16a)

(G16b)

(Gl6c)

for the

(G17a)

(G17b)

(G17¢)

(G17d)

(G17e)

(G17f)

(G17g)
(G17h)

(G17i)

The components of the dielectric tensor (G10) in coordinate basis {e;, e,, e;} then follow

from (G9Y), although we do not write these out explicitly.
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G.1.2. Dielectric tensor in low-frequency limit, {x, y, 2} coordinate frame

Now, to consider the low-frequency limit @, < 1, we Taylor expand (G17) in .
Noting that @, only appears via the argument ¢, = @y — n/|k;| o, we use the differential

identity Z'(z) = —2[1 + zZ(z)] to obtain the expansions

706 = z(— " ) ~ 24y [1 - Z(— n )} +0@),
&y | o5 &y | s &y | o5
1+§snz(§sn):1_ n~Z(_ n~>
|k|||/)s |ku|,0s
+ @y [(I—Li)Z(— n~>+ 2n~i|+0(5)2)’
|k|||2/0y2 &y | O |k 105 sl
Con [1 + gan(;vn)] = _L,, |: Z( ):| + CZ)XH |:1 - i
&y | O |k|||ps k) 105 k202

__n ( ( )}+0(5)2)
&y | s Ikulzps &y | O s

Then, expanding the dielectric tensor as

M, = &g M + o} M + O(&])),

we have

x 2 k2 ~2 k2 ~2
(M‘EO))XX =2 Z %Z(— I’l~ ) exp (_J-_'OV> [n<L_l)Y> ,
S kLo &y | o5 2 2
w0, =i 3 z( )
k)11 05

n=—oo

K2 52 K2 52 k2 52
xexp( L2103> |:I;,( Lzlos) _In( szs)i|’
n n
O AR
< Z_: kl,Og |kH|px |k|||ps
k2 k2 ~2
% exp ( LpA ) ( szs ) ,

()
(M = Z: |k|/0s)
2 ~2 2 2 ~2 2 ~2
P; 2n - ki p; < [ KLP;
<o (5 ) [ (5 ) n(57) (1))
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137
. - ~ n n
n=-—00 IFs

&y | O

K2 p? K K p?
X exp SR N l'OY -1, LOs ,
2 "\ 2

2

(G20e)
it n n n
-2 1 — 7l —
,l;o |y | 0 [ &y | o5 ( ﬂ

Ik | o
k2 ~2 k2 ~2
X eXp <_ Lzlos ) In( szx ) ,

(M£0))zz =

(G20f)
and

1 —
(Mg ))xx =—4 Z k2 ~

o L

n n
-]
|ku|/0s |k|||;0s
2, (A
n 2 9

16
X exp > (G2la)
M), = —2i T
( s )X} ln_Zoon[ |k|||)53 |kH|ﬁé
k2 ~2 k2 52 k
X exp (——szs) |:I;1<LT)OS> B I"( i2ps )] ’

(G21b)
n 2n? n 2n
s [0 )
C n;oo k. ps k1207 &y | g &y 1 o5
k2 p> K2
x exp [ — L0 I, A ,
2 2
(M(l))”-—

(G2lc¢)
t _2,1;00[ Ikulps ( | ﬂ

&y | s
ats 2 2 52 ko7 2y (KIS
xexp<— ; ) (kiﬁg+kmx n(==) -5 )| )
= 2”2 n 2”
Sl )
' n;oo ) Az

Loy kil s

k2 ~2 k2 ~2 k2 ~2
X exp _As I 105 ) _ I, il ,
2 2 2
2n n?
MD).. =2 [ _ (1 -
,,;OO |kll|2:0Y k| 05

|ky >3 ki1 o5
k2 ~2 k2 ~2
X exp (— LZ'OS ) In( szs ) .
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These expressions can be simplified somewhat using two further types of algebraic
manipulation. First, for z a real number, we can split the plasma dispersion into real and
imaginary parts as

1 * exp (—u?) du
Z(z =—77/ ——— +iJmexp (-7
@=72=P | — = tivrew (=)
=ReZ(z) + iv/mexp (—2°). (G22)
Thus, we see that the real part of Z(z) is an odd function for real z, while the imaginary
part is an even function. As a consequence, only one of the real or imaginary parts of the

plasma dispersion function will enter into the summations in (G20) and (G21). Secondly,
we utilise the generating function of the modified Bessel function, viz.

o]

> Lt —exp|: (t—l— 1)] (G23)

n=—00

to deduce the following identities:

Z L(a) = exp (), (G24a)

i n’I,(a) = aexp (o), (G24b)

i [I'(a) — I(@)] =0, (G24¢)

i n* [I () — I,(a)] = exp (). (G24d)

Combining these results, we obtain from (G20) and (G21) the following expressions for
the components of M® and M'":

o0 2 2 K2 2 K2 2
M(,O) o= 4i m_ m _ M Ps I, 1M
(M) i/T mzzl kiﬁf exp kz — | exp > >

I1Ps

= lF(kllﬁsv kiﬁs) s (G25a)
k D k2 152 k2 /52
o= 2w o (55 [ (5) -(5)
m; |k|||)95 2 2 2
2 k2 152 k ,0
M), = 4 m ERATEC Y Y
= iVE Y xp( kﬁ?)exp( 2 (R
ik
= |kL| (kyor ki) . (G25¢)
I
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kiﬁf 2m? 2 =2 kiﬁf 2 <2 kiﬁf
X exp (_ 2 kiﬁsz + kj_ps Im ) kJ_ slm 2
= iH (ky s, k1 fs) » (G25d)
0 k k2 ~2 k2 ~2 k2 ~2
M), = —i ML Re[Z (_m~ ):| exp (— 1P ) |:I,'n( L6 ) — Im< L6 )]
et L71 &y | O 2 2 2
1kJ_ - .
= —lk—HlG(kups, kip) (G25e¢)
2 i 5 12 2
M(O) =4 _m_ _LPs Im 1M
(M%) 1*/_; ( iz ) TP\ 2 2
ik2
=2 F(kyps ki) (G25/)
I

and

2 3 k2 ~2 k2 ~2
MOy, =211+ Z M Relz () Jexp (=225 ) g, (L5
‘K13 o3 &y | o5 2 2

4 L
= —§W(k|| Ps> kips) , (G26a)

2

? Z |kH|Pv k||:0y
k kZ , k2 ~2
xexp | — Lps I/ JJO.S _Im L_Ios , (G26b)
2 "2 2
k| > 2m? m m
PRI SENN T
t Ky m;m lkylPkip?  kips &y | s

k> k2
X €Xp ( LZ'O‘ ) Im( sz’ ) } , (G26¢)

m
(ME-I))}’}’ _2{1+ Z |kH|ps |: <|kll|155>:|

kiﬁZ 2m2 k2 152 kZ 152
_ s k2 ~2 Im 1M _k2 ~21/ 1 FMs
<on(-5) [ (5 +12) (55) - (5
4 ~ .
= —gy(kups, kips), (G264d)
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@ 2 2 m2
(Ms ))‘Z = Z klloa ( |k|||2 ) exp k2 ~o

m=—00 H s

K p k> p? k2 p?
X exp —L—'O‘* i l—'oé -1, LPs , (G26¢)
2 " 2 2

T

2m m’ m
M(l) =211 1——|RelZ
s { i Zoo Ky 15 ( Iklzﬁf) e[ (|k|,55.>]

kZ
I m=—

k2 ~2 k2 ~2
X exp (- sz 5 ) Im( sz 5 ) } , (G26f)

where we have reintroduced the special functions F(x, y), G(x, y) and H(x, y) defined by
(2.122), as well as W (x, y) and Y (x, y) defined by (G97). As anticipated from the arguments
presented in Appendix F, M” obeys the symmetries

k
M), = —k—l(M§°))xx, (G27a)
I
(0) ky (0)
(M), = k—(MS )y (G27b)
II
k.
M?),, = k—ﬁ(M§°))u. (G27¢)

G.1.3. Dielectric tensor in low-frequency limit, {e;, e, e3} coordinate frame

Having evaluated the first- and second-order terms in the expansion for components
of the dielectric tensor in the coordinate basis {X,y,z}, we can use (G9) to find
equivalent expressions in the coordinate basis {e;, e,, e3}. Explicitly, we have the following
transformations for M©:

M), = Z—sz%m - 2k”'”(lvr“”» %(Mﬁ"))w (G284)
), = Lm0, + L), (G28h)
(M) = k']':;l [(M®),, — (M©)..] + (I;—i - %) M), (G28¢)
(MO, = (MO),,, (G28d)
M) = =20, + S, (G28¢)
T kE mO)... (G28f)

and similarly for MV,
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On account of the symmetries derived in Appendix G.1.2, we find for M that

M)y = g(M§°>)xx, (G29q)
I

M), = kﬁn(M_E‘”)xy, (G29b)

(M5 = —(MP) 1, (G29¢)

M)y = (M), (G29d)

with all other components vanishing. This agrees with (2.104) stated in the main text. On
substitution of identities (G25), (2.121) are recovered.
As for MV, from the results (G26) derived in Appendix G.1.2, we have the following

identities:
k., . m m
(Mgl))x + _(Mgl))xx = _2 ~ Re[z( ~ )]
SR Ry m;w k1 ps k) 155
k2 ~2 k2 ~2
X eXp (— —sz : ) Im( sz g ) , (G30a)
MO~ =), = —vw Z e (5
s Jyz ko xy = 105 €Xp kﬁ FE

2 2 ~2
§ exp( kL2p3> [lln (kg%) 1, ("LTP)] . (G30b)
(1) (1) ~
(M) + (M )xz _2{1 + Z |k |,O |:Z(|k | ):|
— I Ps [IFs

K p? k
< exp (_ szx),m< ga) } G0

Thus, we can decompose the dielectric components (M"),., (M"),. and (MV)_. in terms
of the remaining components of MV as follows:

k
(M) = == (M) = L{kyfr. ki) (G3la)
I
(1) ki (1) ~ ~
(M), = 2= (M) = N (ki s, k1.3) (G31b)
I
(1) ko (1) ko ~ ~
(MS )z = __(Ms e T |2+ k—L(knﬂs, kips)

k.
-7 (M<1>)xx+2 [1 e L(k||p5,klp5):|, (G31¢)
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where the special functions L(x, y) and N(x, y) are defined by

_ o om y2 y2
L(x,y) = m:Z_oo 7Re Z( B > exp (_E> I,,,(E , (G32a)
= m’ NI, (¥ y
N(x,y) = ﬁm;ooyexp (—;) exp (_E) [%(5) - Im(?)} . (G32b)
This leads to the following expressions:
(1) K (1) ki
17} =My +2| =+ kyos, ki ps) |, G33
M)y kﬁ< D) + [k2 N L (k3 Lp)} (G33a)
(1) k (1) ki ~ ~
(M) = k_(Ms Dy — TN(ku,Os, ki py), (G33b)
I
2k k . ~
(MD) 1 = == = L(ky o k1) (G33¢c)
(M) = (M), (G33d)
k . -
(M)s5 = =N (ki ki) (G33¢)
| 2k}
(M35 = 2 (G33f)

We note that M" does not possess the same symmetry properties as M.

G.1.4. Asymptotic forms of M and M"

In this appendix, we write down asymptotic forms at small and large x and y for the
special functions F(x,y), G(x,y), H(x,y), L(x,y) and N(x,y) defined by (2.122) and
(G32), respectively. Physically, this corresponds via (2.121) to considering the dielectric
response associated with M® and M" for modes with parallel and perpendicular
wavenumbers very small (or very large) with respect to the inverse Larmor radius of
species s. Detailed derivations are left as an exercise to keen readers (and can be verified
numerically).

Proceeding systematically through various limits, we have the following results:

Hx~1lyxl

F(x,y) = /T exp (—é) [1+0(y")], (G34a)
G(x,y) = Re[Z (%)} [14+0(y")], (G34b)
H(x,y) = J/Texp ( : > [1+0(y")], (G340)

L(x,y)=yRe[ ( )] (G34d)

N(x,y) = fy[zexp< ) }1+0( ] (G34e)
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Qi) x,y>> 1
F(x,y) = (xzf;yxj)m [1 + o(ﬁﬂ , (G35a)
G(x,y) = —(xzi—x;)z [1 + o(ﬁ)} , (G35b)
H(x,y) = ﬁ [1 n 0(}#)] , (G35¢)
Lix,y) = —xzziyyz [1 + o(ﬁ)] , (G35d)
N(x,y) = ﬁ [1 n o(ﬁ)} . (G35¢)

We observe that the asymptotic forms (G35) are in fact valid even for y < 1.
(i) x << 1y~ 1

w=4fexp<—y;>h<y;>exp<—:—z>{w[exp(—s—zm,

(G36a)

2
G(x,y)z—xexp< y2>[lo< )—h( )] [1+0(x (G36b)
¥y y
H(x,y) = /7Ty’ exp (—5) [Io( ) — 1 (5)} (G36¢)

2x ¥\, (¥
L(x,y) =7 [1 — exp (_E) (2” [1+0(x)]. (G36d)
2
N(x,y) = —+/myexp (_%) [Io(yZ) - (%)] (G36e)
v) x,y k1
F(x,y) = J/mexp (—12) {1 + 0|:exp (—%),y{“ , (G37a)
X X

N PR S
Gx,y) = x|:1 <4y 2x)

3 15 5
+ (ZX4 - ﬁx ¥+ T4 )] [14+0(x° x%. 2y y°)],  (G37b)

H(x,y) = /7y’ [1 - (%ﬁ - lxz)

2
3, 15 5
+ (ZX4 — ﬁx v+ Ey )] [1 + 0(x6,x4y2,x2y4,y6)], (G37¢)
Lix,y) = —xy[1 + O(x*,y")], (G37d)
N(x,y) = =y [1 +0(*)][1 + O(x*,y%)]. (G37e)
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V) x<LLy>»1

4 1 3 1
F(x,y) = = exp (——2) {1 + O[exp (——2), —2:|} , (G38a)
y X x)y

X 1
G(x,y) = ~ [1 + 0(;)]’ (G38b)
H(x,y) = l |:1 + 0(%)] , (G38¢)
y y
L(x,y) = > [1 - L} [1 + 0(x2 l)] (G38d)
,y = y ﬁy ’ y3 )
N(x.y) = —12 [1 + 0(12)] (G38e)
y y

G.1.5. Unmagnetised Maxwellian dielectric response

In this paper, we consider microinstabilities over a wide range of scales, from kp; <
1 to sub-electron-scale microinstabilities with kp, >> 1. Therefore, the ordering kp; ~ 1
assumed in § 2.5.3 for the derivation of the low-frequency dielectric tensor in a magnetised
plasma cannot hold for both ions and electrons (as was noted in § 2.5.5 and discussed in
§2.5.6). While the derivation of the dielectric tensor in a strongly magnetised plasma
(kps < 1) is straightforwardly performed by asymptotic analysis applied directly to the
hot, magnetised plasma conductivity tensor (2.77), the equivalent calculation for kp; > 1
is most easily done by direct analysis of the Vlasov equation with B, = 0. In this appendix,
we present such a calculation.

We begin from (C8), but with £2, = 0 (and ignoring the displacement current):

KB r—  afn —~ 471 ~,
— [Pk (k5E)| = =24, (G39a)
1) 1)
§j = ZZse/d%vSAfs, (G39b)
-~ ZS —_ k ~ P a s
(—iw + ik - v) 8], = — e|:8E+—vx<kx5E>:|- fo. (G39¢)
s w v
As with the magnetised case, we substitute the perturbed distribution function (G39¢) into
the current (G39b):
~ 7%e? v —~ k L~ 0
8 = —i : v —— [SE+ — kx3E)|- . G40
J 1; ms/ vw—k-v[ —I—wvx( * ):| av (G40)

Non-dimensionalising the distribution function via

32,3

7 o~ U vlhs ~
fo(vy) = " fs0 (Vins0y) (G41)
s0
we obtain
N i &, _ ~ L_ =N\ of
8 = ——— 2 &, ————— 8E+—vyx(kx8E) =, (G42
J 4w - wpsnm / s — k + Vg [ O v, ( )
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where @; = w/kvy,. For a Maxwellian distribution, with

Fo(@®,) = exp (=72, (G43)

the second term in (G42) vanishes, leaving

5 =0 -3E, (G44)
where the conductivity tensor is
! 2 20 / P (=77) (G45)
o=—) o, vA ——=——¢X .
dnw bs 372 oy — k - P

The integral can be evaluated to give

o= e Za)ma)v {Z(a)g) (I — kk) +2 [a)Y + @ Z(a)g)] IAdAc} . (G46)

The dielectric tensor in an unmagnetised Maxwellian plasma for general @ is, therefore,

2

EUM _ Z Dps
CL)2

s

5,20 (1 - ko) +2[3, + 322(@,)] k] (G47)

Note that it follows from (G39) that € -k =0, so we conclude that for non-zero
fluctuations, either k-SE=0 or 1+ &,Z(w;) = 0. We do not find the conventional
longitudinal plasma waves because we have neglected the displacement current in
Maxwell’s equations. The only modes that satisfy 1 + &,Z(@;) = 0 are strongly damped,
with @, ~ 1. Thus, all modes satisfying &, < 1 must be purely transverse.

For oy « 1, the unmagnetised dielectric response therefore simplifies to

2

e i /x (I—kk)z 26, [1+ 0G@y)]. (G43)

G.1.6. Validity of approximation M, ~ M§0) for large or small k p, and k p,

In carrying out the expansion of the Maxwellian dielectric tensor (G17) in @y, we
assumed that kp; ~ 1; however, in general, we will wish to consider microinstabilities
that exist at typical wavenumbers kp; << 1 or kp; > 1. Indeed, since the mass ratio
e = m,/m; is very small, if we wish to consider the combined response of both species,
it is inevitable that for one of them, kp, << 1 or kp; > 1. Thus, it remains to assess
when the approximation M; &~ M is valid in these limits. We show in this appendix
that this approximation is appropriate in the limit ko, >> 1, for arbitrary k, p,; however,
for kyp; < 1, the approximation breaks down for some dielectric components — indeed, in
the limit kj p,, k| p; < 1, it breaks down for all but two components. For these instances,
an alternative expression for the dielectric tensor is derived below.
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The validity of the kjp, > 1 limit is most simply demonstrated by comparing the
components of M”) with the unmagnetised dielectric response (G48). Recalling that

(M), = iay ',i% (ki s k13s) (G49a)
M), = i@ka”G(k D5, k1) , (G49b)
(M) = —(M?) 5, (G49¢)
(M), = i@y H (k) fs, kips) (G494d)

and applying the asymptotic results (G35), we find

ok

MO),, ~ iym I ” L (G50a)

Mo ~—2'w“”k“ 1 G50b

(M7), =~ =21 i ko ( )
ok

(MO)y, ~ i/ 25 “ L (G500)

We note these expressions are valid for arbitrary k, p,. The equivalent components of the
unmagnetised (normalised) dielectric tensor M, ~ w*&"™/ a)gx are

(My)y; = iv/Tay, (G51a)
(M), = (MP)y =0, (G51b)
(M), = iy/Tta;. (G5l1¢)

Noting that &; = @k /k, we see that the diagonal terms are identical, while the non-zero
eje; term present in the kp, > 1 limit of M*) becomes asymptotically small in 1/kp, < 1.

To demonstrate that the approximation M, ~ M is not accurate in the limit k; o, < 1,
we consider the full Maxwellian dielectric tensor assuming @, < 1 and kjp, < 1. If this
long-wavenumber dielectric tensor subsequently evaluated at low frequencies @y < 1
gives the same result as M for any particular component of M, then the approximation
for that component is reasonable; otherwise, the approximation has to be modified at
sufficiently small k; o << L.

If kyps < 1 and @y < 1, it follows that, for n # 0,

sl ~S

> 1. (G52)

- n
Wy — —=

|| =
ky ps

In this case, we can simplify the plasma dispersion function via a large-argument
expansion
1

1
Z(&on) ~ _E - fgn + ... (G53)
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The long-wavelength dielectric tensor is then
(M )xx ~ —261)3“ Z

2 2
e (7)), s
_ sntv ] Mg

KA\ [, (K7 &5
(M,),, ~ —idy Z {—exp( )[ ( 5 )—1,1< 2)} (G54b)

R\, (KA
(M) ~ —ay Z zklp (— 5 )1( 5 ) (G54c)

n=—00 m

(M), = —(M,),,, (G54d)
1 k2 ~2
2 {_e"p< sz§>
neZ# {m
2n? K p} K p}
x + 1867 ) 1 = ) — kAt
K p? 2 2
k2 ~2 k2 ~2 k2 ~2
—Z(&y) k.57 exp (— sz ) {10< sz ) —11< lsz)”, (GS4e)
- kZ k2 2 :552
w2 fgrnen () [1(F) -(F)])
ne

2 2
+ [1+c?)sZ(€vsu)]klpsexp( K, ){Io(klp S)—h(“jf)}} (G54f)

(Ms)yy ~ _CT)SII |:

(Ms)zx = (Ms)xzv (G54g)
(Ms)zy = _(Ms)yz’ (G54h)
) I KA\, (K5
o =on [ oo (EE)1 ()
neZ#
2 =2
— 28 [1+ @y Z(@y)] exp ( ksz s ) n(%) } , (G54i)

where Z7 denotes non-zero integers We note that the error associated with neglecting
higher-order terms in &g, is O(k|| ,of) Next, using

1 1 k ~s ~s k ~s 2
__ — _ __~ 10 1+wll IO +0 - ’ (G55)
Lon n/kas — Wy n n .Qez

we can isolate the dependence of each dielectric tensor component on @y. It is clear
that any sum involving an odd power of n vanishes, meaning that the leading-order
contributions in kj o, from the summation terms arise from the highest power of @, gives
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an even power of n. The resulting approximate expressions are

Zk2

(Ms)xx ~ k2

kilasz kJ_IOs
ox [l—exp< > >10< >
kilasz klps
Iy
2 2

(My)., ~ iy k) o5 €Xp (

k 1
~ 2 ~2 M ~2
(My),. ~ _4kll Py k. @y 2

at

(Ms)yy ~ d).vll exp <_

~2 2
Py kip
) e o7

)
RE

2 ~2
J_Ios

2/33)]

k2 ~2 k2 ~2

exp ( J_'OA )In( J_ps

—~n 2 2
)i

K p;

at

!/
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o]

2

KLp:

o 2
+ 20,k ) [(kz -
1

n=1

(My),. ~ idoy [1 + @y Z(@y)]

iﬁ?) (
kiﬁ?)[ <kiﬁf) /
2 N ) !

J_ps

X ki pgexp (—

(M) ~ 207 [ 1 + &g Z(dy) | exp (—

2

)-

2

J_'OA

n2

2]

2 =2

k2 p? k
L5 )
2 2

d

n

2

)]}

(G56a)

(G56b)

(G56¢)

(G56d)

(G56e)

(G56f)

where we have again used the sum identities (G24). Note that we have retained a term
in (My),, which is quadratic in kjp,, even though there exists another term which is
independent of k; o,. This is because the latter term becomes arbitrarily small in the limit
ki ps < 1, whereas the former is independent of k, p,; hence, if k, p, < k; p, the latter

term can become dominant.

Now considering the limit &, < 1, while holding ko, < 1 at some fixed value, the
plasma dispersion function can now be approximated by its small-argument expansion

Z(@y) ~ i,

to give

(MS)XX ~

o ks k2 2,
(My),, ~ ik ps exp( ~ ) |: < ~

)
<

2k2 K2 52 k2
|1 (<57) ()]
e 2

()]

k > K p Kp
252N -2 K1 Py 1P
(M )xz ~ k|| Py k AH ( I,,( )
n=1
k2 ~) K2
(My)y, % i) eXP( ) {lfkipv |:Io l2p5> - < szx )}
= 2 K2 52 Kai\ ke, (K
2 k2 ~2 1My In 1 Ms 1 31/ 1
+ 205 ||PsZ[(kle T ) ( 2 2 i\ T

n=1
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(Ms)yz ~ id’)sll [1 + iﬁd)s“]

k2 "2 k2 ~2 k2 ~2
x ki ps €xp (— szs ) |:IO( LZ'O‘Y) -1 (lT'OY)] , (G58e)

. ) . k2 ~2 kZ ~2
(M,).. ~ 237, [1 + i/mioy ] exp (— sz : ) 10<LT‘)S) . (G58f)

For comparison, we state below the long-wavelength limit of M using asymptotic
expressions (G36):

~S 1 k2 ~2 k2 ~2
(M?),, = 4i/n s exp (——) exp (—L_ps) I (L_&) ) (G59a)

an =\ ER A
k2 ~2 k2 ~2 kZ ~2
(M©),, = idg ky| ps exp (—%) [10( sz ) — 11< szs )] , (G59b)
) 1 k2 ’52 k2 152
MOy, = —4i @sl _ IR PN QIR G59
(M), lﬁklkuﬁf exp kﬁﬁf exp 5 i = (G59¢)
e (REN[, (RR\ (RE
(M©),, = iy/mig k> 5% exp (-lT) [10( lz‘ ) — 11< Lz‘ )} , (G59d)
o RN, (BA KRR
=i (E) () 0 (55)]. oo
> 1 k2 ~2 k2 ~2
ONT, Ws| 10 10

Assuming k; p; ~ 1, we observe that, while three of the six unique dielectric tensor
components are identical for both &y — 0, kjp, < 1 fixed, and kjp, — 0, &y < 1 fixed
[(My)yy, (My),,, and (M;),.], the other three [(M,),., (M,)., and (M,)..] are not. Instead,
the dominant terms are the quadratic terms (M"),,, (M"),. and (M'")_, in the &, < 1
expansion. In the limit k; p, < 1, (M),, also departs from the approximation (M),,
for sufficiently small k, p, as compared with k; p,, instead being accurately described by
(MD),,.

As a consequence, we must assess the conditions under which one approximation or the
other is valid. This is most simply answered by observing that the expressions for (M),
(M©),. and (M?)_. from (G59a), (G59¢) and (G59f) are exponentially small; thus, for
kyps < 1/1og (1/@y), we must use approximations (G58a), (G58¢), (G58e) for (M),,.
(M,).. and (M;).. In addition, if k7 p; < @y kjp; < 1, then

2

205 .
(M,),, ~ w—;’wf”kﬁpf, (G60)

becomes the appropriate approximation for (M,),,.
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G.1.7. Calculation of second-order corrections to dispersion relation
In this appendix, we justify the relations (K20) used in Appendix K — that is, for
kips < 1,

[(M,) 3]
(M)
(M) 3(M,)23 <
MD)yy
[(M,)23]* <
(MD)3 ™

S (M), (Géla)
@e (My) 1, K (M), (G61b)

@ (My)22 < (My)5. (G6lc)
We also prove the identity (K25), or

2
[(M(l) + M(-l))m] 4 4 1
MO+ M), - =W, = Wi~ - (L. + L) (G62)
e i 1 2(M<]))33 - 3 e 3 i 4 e i) >

used to derive the dispersion relation (K23). We have introduced the notation W, =
Wk pe, kipe), Wi = L(kypi,kipi), Lo = L(kyp., ki p.) and L; = L(kyp;, ki p;), for the
sake of brevity.

To complete the first task, we begin with the expressions (K16) for the dielectric
components, and substitute (G26a), (G25b), (G25d) and (G26d) for (MV),., (M),
(M), (M), and (M?),,, respectively. This gives (K16) directly in terms of special
functions G(x, y), H(x, y), L(x, y), N(x, y), W(x, y) and Y (x, y):

4k _, ~ ~ o [k ke ~ ~
(Ms)ll ~ _st”W(kaw kJ_pS) + 2(03,” ﬁ + k_L(k”p?’ kJ_/OS) ) (G63(1)
I I
ko ~ -
(M), ~ —1k—ws”G(kas, ki py) (G63b)
I
- | 2k k . B
(My)3 ~ —wa [k—é + L(kasa kL,Os)j| , (G63c¢)
.~ - ~ 4. - -
(Ms)22 ~ la)sllH(kasa kLp.s) - ga)guy(kups, kLps) s (G63d)
ky - - -
(My)o3 ~ —;HCUSZHN(’CH,OS, ki ps) . (G63e)
Zkﬁ s
(My)33 ~ 2 (G63f)

We then apply the kjp, < 1 limits of the aforementioned special functions using
Appendices G.1.4 and G.4.2 — in particular, (G36b), (G36¢), (G36d), (G36¢), (G100a)

and (G10l1c¢):
k2 ~2 k2 ~2
(M) 1 ~ 207 exp (— sz‘* ) Io(lTp“> , (G64a)
k2 ~2 k2 ~2 k2 ~2
(Ms)12 I i&)s”kﬁs exp (_ J-210s ) |:IO( J-zps ) — 11 <LTIOS)j| s (G64b)
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, 2k k3 p? k2 p
(M) 3 ~ -, k” exp (—%) 10( L2 ) ) (G64c)
o BENT, (KA S
M)z, ~ 1\/;0%\\](3_/052 exp <_ Lz - ) |:IO< L2 ) - Il( lz‘ ):| f\\kupbv (G64d)
s K b} K p; K p;
(My)y3 ~ ﬁa)f”ku,os exp <— l2 ) [Io< lz ) - 11<LT>j| , (G64e)
2k2 e
(My)33 ~ 7 - (Go64f)
We can now make the relevant comparisons presented in (G61), and obtain the desired
results
M, 2 k2 52 k2 52
_LM)is]" A exp _Khs I sy <1, (G65a)
(M) 11 (M;)33 2 2
M,) 3 (M, 3 k3 p? K p? -
((M))13(M))23 A ia)sH exp (_ Lzlos ) I()( sz_s ) 5 @y)s (G65b)
s) 12105 )33
Ms 2 k2 ~2 k2 ~2 k2 ~2
WMl e (Y () 1 ()] < 6y, (G50
(M)22(My)33 2 2 2 2
where we used the inequalities
K p? K% p?
exp (— izpb)lo( i2p°) <1, (G66a)

k2 ~2 k2 ~2 k
exp (— L;“) [10< 2”“) —11< lsz)] <1, (G66b)

valid for arbitrary values of k p;.
To derive (G62), we use (G63a), (G63b) and (G63f) to derive the following expressions:

k? 2k%
MO+ M) = o5 [ M)+ )] +2 [ - + = <L +L )] (G67a)
I
4k k
(M + M5 = === + Lo+ L, (G67b)
4kﬁ
2Py = 5 (G67c)
Then
1 2
[(Mgl) + M§ )13] ZkL 2
= L.+ L; G68
2(M")33 [ k 2ku (et )] (©08)

which in turn gives

2
[(Mil) + M,Q))B] K2
2(MD)s; kﬁ

1
M + M)y, — [(M“bxx + (M) — 7 (Lo + L,->2] . (G69)

The identities (K24) give (G62), completing the proof.
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G.2. The CE electron-friction term
For an electron distribution of the form

L@y, Bor) = =180, exp (-2, (G70)

with n® « 1 a constant, it follows that

Ay V1) = —1Der exp (—77) (GT1)
while
nR
Be(Beys Ber) = === Ter exp (=07) + O010)- (G72)
el
Since
/id@ﬁﬂ/ die, Ac(Dy, Der) =0, (G73)

when A,(V,, U..) is given by (G71), the function =, (v,, V.. ) is just proportional to that
arising for a Maxwellian distribution (cf. (G13)), and so the dielectric response associated
with the CE electron-friction term is

T)R
P.= S M. (G74)

G.3. The CE temperature-gradient-driven terms

For the CE temperature-gradient-driven term arising from a Krook operator, which takes
the form

F @y, B51) = —n,0 (82 — 2) exp (—77) , (G75)

it follows (assuming n* = 0) that

Ay, 1) = —n,d,0 (82 — 3) exp (—37), (G76)

and

- s~ [~ 5 -
Es(vsllv vxL) = _(g Vst (UAZ - E) eXp (_Uz) + 0(’7?) (G77)
sl

Then, to leading order in n;,

o) > n? exp (—0?%) diy
(Ps)xx = —=1 Z 2~ / ~( H)
ﬁ = kj_ps Cy Uy — {sn

*© ~ ~ ~ ~ 2 ~2 ~2 5
x [ gy 050 d, (ki pvs1)  exp (—07,) | 07 — >) | (G78a)
0
21 ad n exp (—l‘}%“) df‘)é”
(Ps)x' = —=1 = / = -
N n;w |:kipx c Vs —
o s~ Npp R AN T
X / dvsi UJJ_Jn(kipsvsL)Jn(kipsvsL) exp (_vsl) <v5 - E) j| ) (G78b)
0
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2 i n ﬁsH exp (—IN)S2H) d'l~)s||
(Ps)x = —=1 ~ / ~ (G78C)
NRVE n;w |:kpr o Vg — Cn
F o - ~~ 2 oy D
X / dvg, vy, J, (ki psUs1)” eXp (_vu) (vs — 5) :| , (G78d)
0
(Ps)yx = _(Ps)xy’ (G78e)
2 °° exp (_6%\\) dﬁs”
o, = Ly 5[ [
” ﬁ n:X—:oo CL vsII - é‘sn
* ~ ~3 ~ ~ N2 ~2 ~2 5
x | du,. ) (ko psDs1)  exp (—0)) | OF — 21 (G78f)
0
p) —— Oy exp (=07 ) diy
(Pv) = ———=1s / =~
! ﬁ n;oo Cy Uy — ;sn
® o~ N~ NP R 22
X / dvsJ_ Uu-]n(kJ_PsUsJ_)J,,(kJ_PsUsJ_) eXp (_U‘YL) <vs - 5) :| ’ (G78g)
0
(Py)oe = (Py)sz, (G78h)
(Ps)zy = _(Ps)yz: (G781)
2 i 03, exp (—07,) diy
(Py).. = —F=1s / H o
= ﬁ n;w CL Vs — é‘sn
T - ~~ 2 ~2 3 .
X / dvsj_ UsJ_Jn(kJ_psvsJ_) exXp (_vsJ_) <vs - §>i| . (G78])
0

In addition to the plasma-dispersion-function identities (G15) and Bessel-function
identities (G16), we use

1 wexp (—u)du 1 201 4 2] (GT%)
N - —2+z +2Z2(2)], a

1 u* exp (—u?) du

ﬁ C u—=z

00 1 0[2 052
/o dt 27, (at)* exp (—tz) = 5 exp <—7> {In (3)
2

=z %-I—zz[l—l—zZ(Z),]}, (G79b)

and

o0 2 2 2 2
/0 dt* £2J,(at)J, (af) exp (—tz) = % exp (—%) [<a2 -2+ a_nz> I, (%)
o2

+ (1-0a?)1, ?)] , (G80b)
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/ de’ £J(at)’ exp (—1°) = = exp ( )
0
30> ot g 1 3 / o?
X | — - — — — = A —
2 2 o 2 2
ot n? o?
— — I , G0
* ( 2t ) ( 2 )} (@50

to obtain again the expressions for the dielectric components (G78) in terms of special
mathematical functions (a tedious, but elementary calculation):

— Ko\ [ ke (KPS
(Ps)xx =1Ns Z kiﬁz exXp (_T) { (Cm)l ( 2 )

n=—00 s

2 ~2
|:§m + Z(8m) ( Con — o klzps )] In<kl2pb )} ; (G8la)

2
s B 3 k2 ~2 ) K2 52
ot Bl 48 oo E)

= 2
1 kpr 2 ik
+ [ Z(w) (— + o s gi) - g] In< = )} (G81b)
[ 2 2 Kp
N k2 5 p? o
P — 1L Ms 1Ms 1 7 I/ 1My
( s)xz Ns n;w kLﬁS eXP( ) ) { [ + é‘sn (é‘sn)] n( 2 )
kz '52 3 kz '52 k ,0
2 _ 1— 1L Ms an o 2 - P In 1Ms 1
+ [4“ 5 T aZla) \Sw—5— =5 5 . (G8lo)
(Ps)yx = (Ps)xw (GSld)
o0 k2 /32 n? k2
(Ps)":ns exp <_#> {|:( L )é‘sn
" ,,;Do 2 ap
2452 k2 k2 ~2 k4 ~4 3 2 3 2 k2 ~2
+Z(§m)("fi"; LKAt KA KA 3 fz)}l( Lp°')}
k1 p? 2 4 2 2 2k p? 2
1 n’ Ko (K p?
Z - - 2 ~2 _ — Lo 1 .SI/ 1 Ms G81
+ |: (; ) (2 J_IOA + ki ~S2 ;&n) { :| 2 n( 2 ’ ( 8)
177s kj_ps
(Ps)yz = Z kl_ps exXp )

2n? 1 2n? K2 2
2 ~2 2 LM
" {["”’f *ig e (04 g+ ) [ (5F)
2 2 ~2 2 3 2 ~2 4 ki[a?
+ é‘sn —1- kJ_IOs + g‘mz(gm) é‘m - 5 - kJ_ps In 2 ‘ ’ (Gglf)

(Ps)zx = (Ps)xz, (Gglg)
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(Ps)zy = _(Ps)yzv (Gglh)
> RRY (85 (85
ooy Ben() B )
P S¥ A 3 kiﬁf) (kiﬁf)} .
+ [4 Eon > + E0Z(En) <§ 55 ) B . (G8li)

G.3.1. Dielectric tensor in low-frequency limit
In the low-frequency limit &, < 1 under the ordering kp; ~ k p, ~ 1, the expressions
(G81) can be approximated by the leading-order term of the expansion of P;, that is

P~ P + 0(&}), (G82)

where

o 2 k2 ~2 k2 ~2 k2 ~2
(PEO))XX =, Z % exp (_ 1P ) { 1P Z(— l’l~ )I:;( LIOS)
= ki p? 2 2 |y | 05 2
[t i) (=2 ) () oo
Loy lkylos ) \lky?Pp2 2 2 2 ’
(0) ”7 K p;
(PO, = Z nexp( 5 )
) (5 2 ) )
Ky 105 2 kiﬁf k1202 Ky 1 05 ! 2
+ [ ( ) ( w3 KA )] 1;(—"1’33 )} . (G83b)
&y | s Lqrs k1208 2 2 2
k2 K p K p?
(-5 ) I [l -~ mm) JA(5)
k pY |k|||ps |k|||10s 2

(PEO))xz = 77;

2 |k|||2/0x 2
A T N
k| s lkylps ) \ k1?02 2 2 ’
(PO = (P),, (G83d)
= k3 p? n’ k2 p n
e B (D)
" Z 2 ki,osz 2 |k os

T n' +n2ki +kiﬁ.3 AN
RIEYAGE T 4 2

https://doi.org/10.1017/50022377824000308 Published online by Cambridge University Press



https://doi.org/10.1017/S0022377824000308

156 A.F.A. Bott, S.C. Cowley and A.A. Schekochihin

Y LA b
2 28p2)]1"\ 2 2 2
n 1 n? n? n
x |z + K P+ 5= +—11, (G83e)
|: ( |k|/0s)( P ki p? k,OX) |k|ps:|}
) 17y ~ 1P
(P === ;wklpsexp( 5 )

x I(kiﬁf) kot + U
2 BT eR T R
n n 1 2n? n’
— —7Z| ——— K2 ? + + 5= 5
&y | o ( |k|,0s) ( P ki p? kﬁpsz
J_Ioc ~
() e
( ) ER Y (G83/)
|k"|pb kilp, ) \ktp2 2

(P?)or = (P, (G839)
(P, = —(PY),., (G83h)

00 k k2 ~s k2
(POY.. = 1, Z exp( L/%){_n 1P |:1_ ”~Z< n >:|]< 1P )
2 2|k||| |kH|ps |k|||ps 2

k2 ~2 3 k2 ~s
—|—In< m)[ e et L
2 |k 0s ky|° o 2]k
2 2 3 k2 ~2

k||:05 &y | O k||:05 2 2

In this limit, we have utilised the approximation ¢, &~ —n/|k;|p,. Similarly to the
Maxwellian case, we can use the Bessel-function-summation identities (G24) and the
symmetry properties of the plasma dispersion function with a real argument to show that

2 ~2 oo n2
(PO, = 2iy/7n, exp ( ) Z ~on
1

« n? iﬁcz va przlr/l(kilsxz)
kas 2 2 2

= i’]sl(ku Ps kJ_IOs) s

(PY)y = —in +1 i ”Re[ ( )]eXp (_kiﬁf)
C o ' 2|k|||/0v — &y | o5 2

(G84a)
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203 K p?
(2 kg 1,;(_% )
pr 2 2
1 2. 21 n’ K 5}
+<§+klpb+kil52—kﬁ~2 I >

= —iny (ky ps, kLpy) | (G84b)
K252 © 2 "
(Pio))x = —2i/mn, ex ( L S) — ex (— ~)
: P 2 ,,Zf‘ ki p? P ky [k o]
" n 3 kKp / K 5} +kms I K 5}
kpz 2 2 )" 2 2 2
ik,
= Ikln‘ 1(ky s, kips) (G84c)
I
: k2 ~2 S n2
ON iy/m 10
= Fnen(5) 5 oo(5)

1 2k2 k2 /52
2 k k4 ~4 1 I 1Ms
X {(n + > l,OS + kﬁ i\ 5

2n* 3n? n2k? K2 52
+ | 55= — —3n* + kps—k4,5j+ L I,,(ls>
(kﬁkipj i 52 + + it 2

= inK (ky fs, kLps) (G84d)

>~ nk, n ki p;
P(O) L s nKky _ L Fs
e {Zkﬁ} Z Ky | [ (lkh@ﬂ exp( 2
n2 3 kZﬁZ
———k2 ~2 I/ 1Ms
X{<kﬁz 2 L”f) (%)
1 m K p}
1254 I ==
+<z+ SRR kﬁ?) ( 2 >}

ik,
|k |77s (k||/0s, kips)’ (G84e)
I

SR "
0 . 1 FMs
(pi ))ZZ = 21ﬁns exp (—T) Z 122 exp _kﬁﬁsz

1105

n’2 %_kilasz I kj_ps +kLpsI/ kj_ps
kpz 2 2 )" 2 2 2

112

ik} B B
=l (ky s k1 s) (G84f)
I
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where the functions /(x, y), J(x, y) and K(x, y) are defined by

2
I(x,y) = 2f exp (_y_)

0 2 2 2 2 2 2
2 m Yo (Y m- 34y y
E —— )= - ) -

N 1 e 2m? m? / y? (G85b)
2 Y y? x2 )"\ 2 '
NG 7\ © m’ 1 my*\ (Y
K()C,y)ETeXp —5 Z exXp _F m2+§y2+y4_x_2 Im 5
2m* 3 m? 1, my Y
e R P ] EC

G.3.2. Asymptotic limits of P

In this appendix, we give simplified expressions in the limits of small and large x and
y for the special functions I(x,y), J(x,y) and K(x, y) defined by (G85). Physically, this
corresponds, via (J2), to considering the dielectric response associated with P for modes
with parallel and perpendicular wavenumbers that are very small or very large with respect
to the inverse Larmor radius of species s.

Proceeding systematically through various limits, we have the following results:

Hx~1lyxl1

11 1
I(x,y) = ? (; — 5) exp (U?) [1+0(%)]. (G86a)
11 1 1 )
J(x,y) = [(Z_z_xz> ReZ(;) +2—x} [14+0()]. (G86b)
11 1
K(x,y) = \/TE (E — 5) exp (—;> [1+0(y")]. (G86¢)
(i) x,y > 1
_ A 1
e i K )
oy = —— [1 + 0(#)] (G87b)
neT (2 +2) 24y )]
B NE: 1
K(x,y) = —W |:1 + O(m)] . (G87c¢)
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(iii) x < 1,y ~ 1

2 2 1 2
I(x,y) = x;ij exp (_y_ — —)I(%) [1 + O(xz)] ,

(v) x,y k1

Jr 1 3
I(x,y) = pye) exp (—;) [1 + O(exp (—;),yz)] ,
s = = (g7 = ) [+ 0L 2 51)].
\/_ Y1

K(x,y) = +0(x*,y)].

G.4. The CE shear terms
For a CE shear term of the form

. . 02 -
Ss (U, V1) = —€ ( 3” TL) exp (—vf) )
we have

As(ﬁs”’ {)SL) = _3€sﬁs|| f)sj_ eXp (_53) P

3¢ Uy Uy €XP (—173) + O(ey).

Es(ﬁsll: ﬁsj_) = -
sl

This gives

6 U exp (—75) di
(Ps)xx = Z B f = ( ”)
f oo kipy c Vg — Con

X YL UYLJ (kipyva) eXp ( 21_) j| s
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(G88a)

(G88b)

(G88c)

(G89a)

(G89b)

(G89¢)

(G90)

(G91a)

(G91b)

(G92a)
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i e Oy exp (—02 ) do,
(Ps)xy = gEs Z n~ / ” })( S”) H
ﬁ N=—00 klps CL vsll - gm

X / diy 02, J, (ko ps0 ), (ki psDs1 ) exp (—55)}, (G92b)
0

dv
P,).. = U5 ;exp (=9 sn) s G92
( ) \/_ Z [kJ_pS / USII - {sn ( C)

X f dﬁsJ_ f)sj_‘]n (kJ_IasﬁsJ_)z exXp (_T)SZJ_) :| ) (G92d)
0
(Ps)yx = (Ps)xy (G92€)
Py =—ze 3 | [ 25
o \/E n;oo |: Cr Vs — gsn
x / dv, 02\ J) (ki psDs1)” exp (—5@)} , (G92f)
0
U exp Vg df)sH
(Ps)yz = E Z [f ”)
N=—00 ¥|| Csn
X / dﬁsi 5321_Jn (kilb‘sﬁsi)-l;q (kiﬁsﬁxi) exp (_5_52J_) :| s (G92g)
0
(Ps)ox = (Py)xe, (G92h)
(Ps)zy = _(Ps)yz, (G921)
Po=—ed Y / | X1 (=)
ﬁ n=—00 Cy Vs — é-m

X / dﬁsJ_ i}xj_-]n(klﬁsﬁsl)z eXP (_ﬁszL) j|
0

— / dy U / dd,, U1 exp (—53)}. (G92j)
— 0

oo

Again using the Bessel-function identities (G16), and the identities (G15) and (G79a)
applicable to the plasma dispersion function, the dielectric tensor’s elements become

2 ~2
[1 4+ ¢uZ(&m)]exp (_l%> In<kJ_2IOY ) s (G93a)

o 2

n
(Ps)xx = 36& Z k2 152

n=—oco Vs

3- ) o0
Py =5 3 nll +5uZ()]

n=—oo

k2 ~2 k k2 ~2
x exp | — LPs I i -1, LOs , (G93b)
2 2 2
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NN KA\, (ke
(Ps)xz - 363 n;oo mé‘sn [1 + é‘snz(é‘sn)] eXp (_T) In( D) ) ’ (G93C)
(Ps)yx = (Ps)xys (G93d)
3 o0
(Po)y = S n;w [+ CuZ ()]
SV 2n’ 2 =2 K p; 2y (KLA]
cor(55) (&5 -ea) o (557) - (55) ] oo
3ie, 00 )
(Ps)yz = - 126 Z kJ_IOs{sn [1 + ;‘snz(gsn)]
CEN[, (B (EF
xexp(— / )[1( / )_zn( / )} (Go3f)
(Ps)zx = (Ps)xz’ (G93g)
(Ps)zy = _(Px)yzv (G93h)
- AN, (kA .
(Ps)zz - 3€s n;oo {3,, [l + {snz(é'sn)] eXP (_LT> In (J_T) . (G93l)

G.4.1. Dielectric tensor in low-frequency limit

As with the CE temperature-gradient term, under the ordering ko, ~ ki p, ~ 1, the
expressions (G81) can be approximated by the leading-order term of the expansion of Py
in the low-frequency limit w,; < 1. Namely, we have

P, ~ PO + 0(a}), (GY4)
where
(PO, = 3, i fzz [1 S Z(— . )}
W= ks Iyl os Iy 105
X exp (—@) I,,(kizﬁsz) , (G95a)
Sie, &
EMa=3 L I i (7))

k2 ~2 k2 ~2 k2 ~2
X exp (— szs) |:I,’L( szs) - I,,( szs ):| , (G95b)

ad l’l2 n n
(PO),. = =3¢, n [1 - — Z(— n )]
) Z kylky|p; &y | o5 &y 1 0

n=—0o0

k2 ~2 k2 ~2
X exp (—LTp*) In< szs ) , (G95¢)
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(P"),, = (P§°))xy, (G95d)
s
w oo k)11 s &y 1 s
k3 p; KT\ o (kR
X exp (_T kzl ~SZ ki 32 I, B - kJ_IOSIn B , (GY5e)
i€, — nkl
= et
. ; |ku| |ku|,03 |k|||/%
k2 ~2 k2 ~2 k2 ~2
Xexp( szs) [1;( sz5> —I,,( lf)], (G95f)
(P = (PO, (G95¢)
(P, = —(P(‘”)yz, (G95h)
k2 p? k% p?
(P®),, =3 Z [ . z(— . )] exp (—L—pﬂ) In(i—“) . (GY5i)
kllpv &y | o5 k105 2 2

n=—oo

In this calculation, we have utilised the approximation &,, ~ —n/|k;|p,. Similarly to the
Maxwellian case, we can use the Bessel-function-summation identities (G24) and the
symmetry properties of the plasma dispersion function with a real argument to show that

1 STAR - ’ k3 p}
(P™), =3¢, { = + exp (— LA ) Z " Re[Z( n )]I(i)
2 2 |k|||kL,0$ &y | o 2

= e,W(lky| 05, k1 0s), (G96a)
k2 ~2
(PEO))Xy — 3\/_6 CXP ( J_ZIOY )
0 n2 n2 kZ /52 kz p~2
I/ 1 N _In 1 s
e (<) [1(F) (7))
= —€,X(|ky| oy, k1py), (G96b)

k. K2 52
PO = 3¢, _ihs
(Pg")xe € 20k exp >

- e () [ ()
X ReZ — I, g
Y et i) (5

k.,
=~ oW klA kb, (G96¢)
(PO, = (P™),, (G96d)
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3 B2\ o 2 n KA
PO = e 1 — L ———Re|Z L ==
(P = 5€ { +exp( 2 2 kK L\ Tkl 2

B2\ — n
+ k% 52 exp <——L ‘) _
uk 2 n;oo k| 0s
k2 ~2 k2 ~2
el ()| [+ (5) = (5]
&y 1 0 2 2
= €Y (k| o5, kLpy), (G96e)
k2 ~2
(PO),. = 3/me exp (—LT'OT)
© kin? 2 K2 52 K2 52
X Z é’z exp (— ;1~2> |:1;l( 1P ) _In( L/Os)]
"= Kips ki s 2 2
ki - .
= —meSX(IkH | 05> k10s)s (G96f)
I
(PEO))zx = (P§0))XZ7 (G96g)
(P”).y = —(P"),., (G96h)
k2 k2 52 o nS n k2 152
POy —3 X oL M Rel 7 I, 1O
(PP =36 sz +ee == ) 1 e A 2
I n=—oo I s Il
k2
= k_Jz_esW(lkH |/5s, kj_/;s)a (G96l)

where the functions W(x, y), Y (x, y) and X(x, y) are defined by

2 00 2
Wx,y) = % + x% exp <_y3) Z m’ ReZ(%)Im (y?) , (G97a)
3T N o, (Y (Y m’?
X(x,y) = o SXP (—5) ;m [1(3) —1,,,(5)} exp (_F) (G97b)
3y’G(x,y)

Y(x,y) = W(x,y) — (G97¢)

2

G.4.2. Asymptotic limits of P

As we have done for the other special functions defined in this paper, in this appendix
we provide asymptotic expressions in the limits where x and y are very small or large
for the special functions W(x, y), X(x, y) and Y (x, y) defined in (G97). These limits again
correspond to parallel and perpendicular wavenumbers that are very small or very large
with respect to the inverse Larmor radius of species s.

Considering various asymptotic limits in a systematic fashion, we find
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Hx~Lykl1

3
W, y) = [2

; z(3) | +o0A),
N

Y(x,y>=[§ ziR Z( )][HO( ]

X(x,y) =

@) x,y>1

3x% (= y?) 1
W(X,)’)=—2|:1+0( 5 2):|
2 (x2 +)?) X=+y

3/mx? (y? — 247 1
=S [ o))

4(x2+y

Ve = = [1+0(L)}
Y S22 +y?) 24y )]

(i) x << 1,y ~ 1

av) v,y 1

W(x,y) = =35 [14+0(.y7)].

3 1 3
- Dl )
Yy = [ = = f (¢ = 50" +)Y)]

X [1 + 0(x°, x*y*, Xyt y )] )
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WM xlLy>»1

3x2 !
W(x,y) = 32 [1 + O(x , y_zﬂ , (G102a)
3 1 3\ 1
X(x,y) = > exp (—;) {1 + O[exp (—;) F]} , (G102b)
Y(x,y) = 3 [1 + O(xz, 12)} . (G102¢)
2/my y

Appendix H. Density perturbations for low-frequency modes

In this appendix, we derive an expression for the (Fourier-transformed) perturbation of
number density dn; of species s associated with a low-frequency mode, in terms of the

expanded terms of the dielectric tensor &, = @, & + @3 & 4 .. of species s and the

perturbed electric field, SE ; we will show that SAns is, in fact, independent of @ff’). We
then derive an expression for the perturbed density of all sub-ion-Larmor scale (kp; > 1),
low-frequency modes.

H.1. Derivation of general expressions

We begin with the continuity equation (2.4a), which describes the time evolution of the
density of species s in terms of itself and the bulk velocity of the same species. For any
small-scale, small-amplitude perturbed density én, and bulk velocity § ¥ of some (much
more slowly evolving, much larger-scale) quasi-equilibrium state with mean density ny >
on, and bulk velocity Vi > 8V, viz.

ng =ng+on,, Vy=Vy+4§V, (Hla,b)
the continuity equation governing that perturbation is

adny
ot

+ 1oV -8V, + V- Vén, = 0. (H2)

where we have neglected all terms that are quadratic in the perturbation amplitude,
and also the terms that are proportional to gradients of the equilibrium state, which by
assumption are much smaller than the remaining terms. Assuming the perturbation has

the form
Sny, = dnyexp{i(k - r — wb)}, (H3a)
SV, =8V,explik-r— wt)}, (H3D)
we deduce from (H2) that
~ 1 o~ -~
Sny = — (nok - 8V, +dnk - V). (H4)
1)

The perturbed velocity SV, can be written in terms of the dielectric tensor of species s
using Ohm’s law (C13) and (2.96):

—~ iw — g;z‘Y
Vy=———¢& . 6FE —
4T[erns0 N0

V5o, (H5)
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whence, by way of (H4),

dny = k-&,.SE. (H6)

47[Z e

Finally, we note that the symmetries (2.102) of ino) imply that it does not contribute to the
right-hand side of (H6), which implies in turn that

Sny ~ — 4n§|ek e . SE. (H7)

Thus, for low-frequency modes, Sl\’l_v is a function of the electric field and Qfgl), but not
of 6(0)

We note that the condition (2.109) implies that, for low-frequency modes,
quasi-neutrality is maintained:

(PP i (¢)]
gz‘ganw—m; @k - €. S5E = 0. (HS)

Thus, in a two-species plasma, the ion number density associated with a perturbation can
be calculated if the electron number density is known, and vice versa.

H.2. Special case: sub-ion-Larmor-scale modes in a two-species plasma

In the special case of a two-species plasma whose characteristic parallel wavenumber
satisfies k;p; > 1, a particularly simple expression for the perturbed number densities
of ions (and electrons) can be derived: the Boltzmann response. This arises because the
ion dielectric tensor €&; is unmagnetised, and so takes the simple form (valid for arbitrary
@; = w/kvy,;) that was derived in Appendix G.1.5:

2
w: . AA AA
€~ e™ =205, | (1- k) 2@ +2 [ + 32(@)) k| (HO)
w
It follows that
2
k€ .0E~ 2 2267 [1+ @;Z(@)] k - E. (H10)
w?

Now assuming that @; < 1, it follows that

2

P 2 ki
k-¢; -SE%—zﬁk-SE. (H11)
1)
Expression (H7) with s = i then gives

N Zeiny, k-SE
on; &~ — _
T; k

(H12)

Finally, introducing the electrostatic potential ¢, whose Fourier transform is related to the
electrostatic component of the electric field via

ik . 6E
k 9

N

(p:

(H13)
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we deduce that

o Zieiny
Sn; ~ — a2 (H14)

and

~ Z:eing
S~ == 29, (H15)

where we have used the quasi-neutrality relation n,y = Z;n; for the equilibrium state.

Appendix I. Calculating the electrostatic field from the transverse electric field

In Appendix G.1.3, it was shown that, for any distribution function with a small
anisotropy,

¢ . k=0, an

which implies that the leading-order terms (in @, < 1) of the dielectric tensor are
insufficient to determine the electrostatic field. To do this, we must go to the next order
in oy < 1. To illustrate how such a calculation is done, in this appendix, we derive an

expression for the electrostatic field component k - 5E in terms of the transverse electric
field E7 and special functions when the underlying particle distribution function is
Maxwellian.

To achieve this aim, we first derive a relation between the components of the electric
field in the coordinate basis {X, y, z}. We begin with the consistency condition (2.110)
appropriate for non-relativistic electromagnetic fluctuations

k-€.5E=0. 12)
Writing IAc, & and SE in the basis {x, y, z}, this becomes
(kL exx + kH @xz) (S"Ex + (kl @x), - k“ (’fyz) @y + (kléxz + k“ Q‘EZZ) SEZ == 0 (13)

Now considering the case of fluctuations that satisfy @, < 1 for all particle species s, and
expanding the components of the dielectric in @, < 1, we find

(k €V + k&) SE, + (k. ¢ — kg ed) SE, + (k €V + k €V)6E, = 0(&)). (14)

where
eV =>"ayel. (15)
From (G26), we have
ZkHCU ad m
ki€ + kel = — iy ReZ( . )
e Z w2 m:Z_ kide \lkild,
k2 ~2 k2 ~2
X exp <——L2p s ) Im( sz : ) , 16a)
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k@ m’
(1) a _ N I ps sl vII
kLGXy — k” nyz = Z a) Z kLPA eXp kzﬁvz

s m=—00

k2 ~2 k2 ~2 kZ
X exp (_ L2p8> |:I;n( sz.r) _ ( Lps :| (I6b)

ZkHCl) m
k€l el =) —2 ad 1+ ( )
LEY el =y Z |k|||p5 Iy 1 05

N m=—

kZ ~2 k2 ~2
X exp (— szs ) L, (_szs ) } . (16¢)

Thus, we have the following relationship between 8/Ex, @y and gEz:

2

k 5 N~ » N~
2w { — L(Iky|5s. k1) SE, + N(1ky| 3. k1 4y) OE,
s I

ki - | =
+ |:2 + k_L(lkH |:0s: klpv)] 8Ez} - 07 (17)
I

where kp; is the Debye wavenumber (D12), and L(x, y) and N (x, y) were defined previously
by (G32). Using the identities

5 _he ks

O0E, = —6F, + —4L;, I8
O + o5 (18a)

SE, = 8E,, (18b)

(SEZ = —?5E1 + E5E3, (18C)

we can rearrange (I7) to give

) K (T k& ky
v (ka)m Xs:zkz{[ L(lky| B ki fc) +2 k]aEl

— N(lky |55, k1 3,) S’EZ} : (19)

Thus, the electrostatic field is related to the transverse field by

—1
N ZT, zT, || ¥ N T
k-SE = § E —L(|ky|ps, k1 ps) + — | SE

( ) -, Hw (e ”’“ku] !

s

k 5 L\
- iN(VCu | B k1.0s) 3E2} . (110)
I
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Appendix J. Methodology for characterising CET microinstabilities

In this appendix, we describe our method for calculating the real frequencies and growth
rates of microinstabilities driven by the CE electron- and ion-temperature-gradient, and
electron-friction terms when the Krook collision operator is assumed. The method follows
that outlined in § 2.5: that is, motivated by the considerations of § 2.3.4, we assume that all
significant CET microinstabilities are low frequency (v < kjvwm, for at least one particle
species), and derive algebraic dispersion relations of such microinstabilities (a particular
example of which is given by (2.118)). The growth rate of CET microinstabilities (and,
therefore, the stability of the electron and ion CE distribution functions (3.1a) and (3.10))
as a function of their parallel and perpendicular wavenumbers k; and k, is assessed
by solving this dispersion relation for the complex frequency w, and then evaluating its
imaginary part.

As we explained in § 2.5, to construct the algebraic, low-frequency dispersion relation
for particular forms of CE distribution function for each particle species s, we must
evaluate its (leading-order) non-Maxwellian contribution to the dielectric tensor, Py & PEO)
(see (2.97) and (G10) for the precise relation of this quantity to the dielectric tensor
&,). This is done for the CE electron-friction term in Appendix J.1, and for the CE
temperature-gradient terms in Appendix J.2. We then deduce the algebraic dispersion
relations of CE electron-temperature-gradient-driven microinstabilities in Appendix J.3,
and of CE ion-temperature-gradient-driven microinstabilities in Appendix J.4. Within
these two appendices, respectively, we also present derivations of the (further) simplified
dispersion relations for the parallel CET whistler instability (Appendix J.3.1), the
parallel CET slow-hydromagnetic-wave instability (Appendix J.4.1), and the CET
long-wavelength KAW instability (Appendix J.4.2), from which the frequencies and
growth rates of these instabilities that are stated in § 3.3 are calculated.

J.1. Dielectric response of CE electron-friction term

We first consider the CE electron-friction term when evaluating P”, defined in (2.97).
We showed in Appendix G.2 that, when a Krook collision operator was assumed, if ! =
n; = 0, then (see (G74))

nR

(P = ?e(Mio))n, (Jla)
Oy _ M 2r0)

(P, = ?(Mg )12, (J1b)
oy _ ny 0)

(Pg ) = ?(Me )21, (J1c)
Oy _ e o)

(P,7)2n = ?(Me )22 J1d)

It follows that the dispersion relation of all plasma modes is identical to that in a
Maxwellian plasma, only with shifted complex frequencies @}, = @, + n®/2. Since
Im(w,) < O for all modes in a Maxwellian plasma, we conclude that Im(c?)jH) < 0 also,
and hence the CE electron-friction term cannot drive any microinstabilities when a Krook
collision operator is employed: instead, it merely modifies the real frequency of the
waves. Thus, when characterising CET microinstabilities, we henceforth ignore the CE
electron-friction term, as well as the electron—ion-drift term (viz. n® = n* = 0).
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J.2. Dielectric response of CE temperature-gradient terms

Now consider the CE temperature-gradient terms. It is shown in Appendix G.3 that P\ is

given by
k> 5 5
POy, = infk—ﬁl(kupe, kipe) , (J2a)
(0) . T k ~ ~
(P,7)12 = —in, k—J(kHPe, kipe) (J2b)
I
(0) - T k ~ ~
(P,") =1n, k—f(kupe, kipe) (J20)
I
(PO)ay = ing K (kypes k1pe) » (J2d)

where the special functions /(x, y), J(x, y) and K (x, y) are defined by (G85). Note that p, <
0, by definition. The contribution Pfo) associated with the CE ion-temperature-gradient
terms is given by

N
(PEO))H = lniﬁl(kllpia kuoi) ) (J3a)
I
ok
(PEO))Q = _lni_-](kai, kLpi) s (J3b)
ki
ok
(PEO))Zl = lnik_\](kllpia kuOi) ) (J3¢)
I
Py, = inK (ky 1. k1) (13d)

1.3. Approximate dispersion relation of CE electron-temperature-gradient-driven
microinstabilities

We first consider microinstabilities for which @, = w/kjvm. ~ 0. It follows that @; =
w/kjvmi ~ n’u; ' > n;. Therefore, the CE ion-temperature-gradient term is irrelevant
for such instabilities, and we need consider only the electron-temperature-gradient term.
We also assume that the Maxwellian contribution to the dielectric tensor, M;, can be
ignored for such microinstabilities — the validity of this assumption is discussed at the
end of this section.

The dispersion relation for microinstabilities under the ordering @ ~ n! ~ 1/8, is
then given by (2.118), with M” and P”’ substituted for by (2.121) and (J2), respectively,

[CbeHF(kHlam klﬁe) + UeTI(kll p~ev kj_ﬁe) + lkﬁdz]
X [CbeuH(ku Pes k1pe) + UQTK(kH/Se’ kLﬁe) + ikzdez]
+ [0 G(kipes ki) +nld (kies ki) | = 0. (J4)

We remind the reader that we have ordered k*d* ~ n! and kp, ~ 1. Noting that B, =
p2/d?, we can rewrite the skin-depth terms as follows:

2.2
ki p,

B’

K*p?
Be

kid: = KPd> = (J5a,b)
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This allows for the dispersion relation (J4) to be arranged as a quadratic in the complex
variable @, B.:

Ar(kupe, klpe) 5)3“&2 + BT(kae» kipe) @ Be + CT(kH,Oe, kipe) =0, (J6)

where
AT(kll Pes kJ_IOe) =FH, + Gis (J7)
Br(kype, kipe) =l Be (FK. + Hol. +2GJ,) +1(Fok p; +Hh&) (J8)

CT(k“pea klpe) = (nZﬂE)z (IeKe + Js) kzkae + 177e lBe ( + K k”pg) ’ (J9)

and F, = F(kyp.. ki p.), G. = G(k;pe, k1 p.), etc. Solving (J6) gives two roots; restoring
dimensions to the complex frequency, they are

£2, —By + /B2 + 4A;C
= L p, BrENBr 4G (J10)
e 2AT

recovering (3.12). For a given wavenumber, we use (J10) to calculate the growth rates of
the perturbations — and, in particular, to see if positive growth rates are present. If they are
it is anticipated that they will have typical size y ~ §2,/8, ~ n!'$2, (or &, ~ 1/B. ~ n!).

When deriving (J10), we assumed that neglecting the Maxwellian ion response
was legitimate. It is clear that if @&; > 1, then thermal ions are effectively static to
electromagnetic perturbations, and so their contribution M to the dielectric tensor can
be ignored. In terms of a condition on nT the scahng nl ~ @, gives n’ > k2, so
this regime is valid for sufficiently large n!. For &; < 1, it is not immediately clear in
the same way that the ion contribution to the dielectric tensor is small. However, having
deduced the typical magnitude of the complex frequency of perturbations whilst ignoring
ion contributions, we are now able to confirm that our neglect of M; was justified.

Since kp, ~ 1 under the ordering assumed when deriving (J4), we conclude that the
Maxwellian ion response is unmagnetised: kp; > 1. As a consequence, it can be shown
(see Appendix G.1.5) that the transverse components of M; are given by

(M), = (My)y, = 0 Z(w;), (M), = (M;)y =0, (J11a,b)

where @; = w/kvy; = ky@;;/k. Then, estimating the size of the neglected Maxwellian ion
contribution to the dielectric tensor (assuming k; ~ k) as compared with the equivalent
electron contribution, we find

(€)n N (€)n Me ;

~ 1/2 .
€, (Qf(o))zz e Z@) 1~ n1z@) | (J12)

where we have used &; = p,M; and € = &, M + P (see §2.5.3). Since |Z(z)| < 1
for all z with positive imaginary part (Fried & Conte 1961), we conclude that the ion
contribution to the dielectric tensor is indeed small for unstable perturbations, irrespective
of the value of w;, and so its neglect was valid.
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J.3.1. Derivation of frequency and growth rate of the parallel CET whistler instability
The dispersion relation of unstable whistler waves with their wavevector parallel to B
is obtained by taking the subsidiary limit k; p, — 0 in (J4), and substituting p, = —p,:

2
- 1 N ! 1 1 ,
[wellﬂeﬁexl) (_ k2p2> + ’%TlgeT (W - 5) eXp <—W) + lkﬁpe{|

2
+~5Rz(1)+Tﬂ 1+ ! 1RZ<1> 0
@.1B. Re n, Be — ~ | Re =0.
” ki oe 2kype - \2kipZ 4 kijoe

J13)

This can be factorised to give two roots; separating the complex frequency into real and
imaginary parts via @ = @ + iy, and defining

~ w - V4
T = s Vel = ) (J14a,b)
” k|| Uthe | ku Uthe
we have
. 1 1 n’ B./2k p. — k:p?) Re Z(1/k; p.
@ Be = 1! Be <2k2 - — Z) ( Be/ 2k i I ) ( / Hz ) ’ (J154)
& [ReZ(1/kjp.)]” + mexp (—2/ki p2)
~ ﬁ UeTﬁe/zkupe - kzpez
Vel Be = ( i7:) (J15b)

[Re Z(1/k;0.)] exp (1/K2p2) + mexp (—1/K3p2)
whence (3.5) follows immediately.

J.4. Approximate dispersion relation of CE ion-temperature-gradient-driven
microinstabilities

We now explain the method used to characterise microinstabilities driven by the
ion-temperature-gradient term. For these, we set the electron-temperature-gradient terms
to zero, n! = 0, assume the ordering @;; ~ n;, and anticipate that such microinstabilities
will occur on ion rather than electron scales, i.e. kp; ~ 1. Under the ordering w; ~
n; < 1, it follows that &, ~ ul/?@; < 1; therefore, we can use (2.121) to quantity the
contribution of Maxwellian electrons to the total dielectric tensor. However, since kp; ~ 1,
we must consider the matrix M in the limit kyp, ~ k1 p, ~ }/? < 1. Asymptotic forms

of (2.121) appropriate for this limit are given by (G37), and lead to!!

(M), = O | exp L , (J16a)
‘ ki p?

k
(M), ~ —ie [kjp. + Ok p))] . (J16b)
I
©) k 33
(M,”)s = lk_ [k”pe + O(k ,Oe)] , (J16¢)
I
(MO)ss — [V 52 + O D). 16

A5 noted in §2.5.6, for kjp. < 1, the approximation (M.) 11 ~ @ (M(eo))ll in fact breaks down, on account of

(M§°>)1. becoming exponentially small in ko, < 1. However, it turns out that when kjjp; ~ k1 p; ~ 1, (M.)11 < (M;)11,
and so this subtlety can be ignored for the CE ion-temperature-gradient-driven instabilities.
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We now combine (J16) with (2.121) for M\” and (J3) for P\, and find the dispersion
relation for CE ion-temperature-gradient-driven microinstabilities by substituting the
dielectric tensor (2.108) into (2.117):

[ F (ky pi, kopi) + mid (kypi, kpi) + lkzdz]
x [y H (kypi» ki pi) + niK (kypir kopi) +1K°d; |
+ [67)[\\ [G(kai: kJ_,Oi) + ky /Oi] + ni-](kaia kj_pi)]z =0, J17)

where d; = c¢/w,; is the ion inertial scale, and we have ordered n; ~ 1/8; ~ k*d?. This
dispersion relation is very similar to (J4), save for the addition of one term (the mlddle term
in the third line of (J17)) providing a linear coupling between the SE, and SE, components
of the electric-field perturbation. Similarly to (J10), the dispersion relation (J17) can be
written as a quadratic in w;f;, which is then solved to give the following expression for

the complex frequency:
Qi —BT + \/ E% + 4ATE:T
(J18)

=gl 24, ’
where
Ar =FH +[Gi+kp] (J19)
Br = niB; [FiKi + Hil; + 27; (G; + kyp;) | + 1 (Fik* p} + Hik p7) . (J20)
Cr = (niB)* (IK; + J7) — I2ki ] + ini: (L2 o} + Kiki p7) - (J21)

This expression is the one that is used to evaluate the real frequencies and growth rates of
ion-scale CET microinstabilities in § 3.3.3.

J.4.1. Derivation of frequency and growth rate of the parallel CET
slow-hydromagnetic-wave instability

We obtain the dispersion relation of the parallel slow-wave instability by considering
the general dispersion relation (J17) of CE ion-temperature-gradient-driven instabilities in
the limit k;, — O:

2
i 1 Jif 11 |
|:wi||ﬁiﬁexp (—W> + niﬁiT (kﬁ 2 - 5) exp ( 2 12) k||/)l:|
+ 3w B |:ReZ< ! )+k ]+ Bi ! + P! ReZ(L) 2—0
i|| Pi k” o | Pi NiPi 2k||/01 kal 4 k||p,~ = L.

J22)

As before, this can be factorised to give two roots; for o = @ +1iy; (cf. (J14a.b)), it
follows that

1
| 1 ky pi [ReZ(m) + kpi] (ni,Bi/4 - kllpi)
@i = i + ’ ’
I (2k”pl 4) [R Z( 1 >+k ]2+ 2
eZ| — I10i T EXp
kypi - Ko?
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ﬁkupi (Ufﬂi/4 - kH/Oi)

1 2 1 1\
ReZ| — ) +k pi] expl 5= | +texp| ———
[ (kpi) ” kip? kio?

These can be rearranged to give (3.13).

YuBi = (J23b)

J.4.2. Derivation of frequency and growth rate of the CET long-wavelength KAW
instability
In the limit kjp; < 1, kyp; ~ 1, the general dispersion relation (J17) of CE
ion-temperature-gradient-driven instabilities becomes

. 2
I:C?),'H(l — ]:,) - %gz]
2 .2 2 1 .
+ —kj;i |:iﬁ (fi +4/ MZZ > @i — l + 1\/2577! (gi - %ﬁ):| =0, (24

where we remind the reader that F; = F (k. p;), Gi = G(k, p;), with the functions F(c)
and G () being defined by (3.24). Equation (3.22) for the complex frequency of the CET
KAW modes in the main text is then derived by solving (J24) for @;; = w/kjv;.

Appendix K. Methodology for characterising CES microinstabilities

This appendix outlines the method used to determine the growth rates of
microinstabilities driven by the CE electron- and ion-shear terms. Once again (cf.
Appendix J), §2.5 presents the general framework of our approach: determine a
simplified algebraic dispersion relation satisfied by the (complex) frequencies w of CES
microinstabilities with parallel and perpendicular wavenumber k; and k;, under the
assumption that they are low frequency (viz. @ < kjva,; cf. (2.94)), solve for w, then
calculate the growth rate y from its imaginary part (and the real frequency @ from its
real part). To construct the dispersion relation, we first need to know the tensor P
for a CE distribution function of the form (4.1); this result is given in Appendix K.1I.
Then, in Appendix K.2.1, we determine an approximate quadratic dispersion relation
for CES microinstabilities, show in Appendix K.2.2 how that dispersion relation can
be used in certain cases to evaluate the CES instability thresholds semi-analytically,
then demonstrate the significant shortcomings of the quadratic approximation in
Appendix K.2.3. In Appendix K.3.1, we address these shortcomings by constructing
a revised quartic dispersion relation for CES microinstabilities. This quartic dispersion
relation is then used to derive simplified dispersion relations for the various different CES
microinstabilities discussed in the main text: the mirror instability in Appendix K.3.2,
the parallel (CES) whistler instability in Appendix K.3.3, the transverse instability in
Appendix K.3.4, the electron mirror instability in Appendix K.3.5, the parallel, oblique
and critical-line firehose instabilities in Appendices K.3.6, K.3.7 and K.3.8, the parallel
and oblique electron firehose instabilities in Appendices K.3.9 and K.3.10, the EST
instability in Appendix K.3.11 and the whisper instability in Appendix K.3.12. Finally, in
Appendix K.3.13, we derive the dispersion relation of the CET ordinary-mode instability —
the one CES (or CET) microinstability that does not satisfy w < kjvy, for either electrons
or ions (see § 2.5.8) — directly from the hot-plasma dispersion relation.
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K.1. Dielectric response of CE shear terms

First, we evaluate the elements of P\

k? - 5
POy, = Esk_ﬁW(kllpsa kJ_;Os) , (Kla)
(0) k ~ ~
(P = _Esk_X(kH/Osa kuos) , (K1b)
II
(0) k ~ ~
(Py")a = Esk_X(klllosa kJ_;Os) , (K1c)
II
(P2, = €Y (kyfs, kips) s (K1d)

where the special functions W(x, y), Y (x, y) and X (x, y) are defined by (G97). These results
are derived in Appendix G.4.

K.2. Quadratic approximation to dispersion relation of CE shear-driven
microinstabilities

K.2.1. Derivation

Considering the relative magnitude of @; = w/kjvy and @, = w/kjvn. K @,
we observe that, unlike CET microinstabilities, CES microinstabilities satisfy the
low-frequency condition (2.94) for both electrons and ions. This claim holds because any
microinstability involving the CE electron-shear term must satisfy @, ~ €, < (m,/m;)"/?,
where the last inequality arises from the scaling relation €, ~ (m,/m;)"?¢; given by
(2.42d); thus, from the scaling relation (2.106) with 7, = T;, it follows that @; ~
€.(m;/m,)"/* ~ €; < 1. Therefore, it is consistent to expand both the Maxwellian electron
and ion terms in @y < 1.

We therefore initially approximate & as follows:

w2
¢~ ag€” =N oy m® + 3 pu PO, (K2)
w

where the expansion of M, and P; in @y, i.e.
MS (&)Y||7 k) ~ d)YHMEO) (k) s PY (CT)YHa k) ~ P_EO) (k) ’ (K3a3b)

applies to both ion and electron species. By analogy to the derivation presented in § 2.5.5,
this approximation gives rise to a simplified dispersion relation (cf. (2.117))

. k2c? . k22 . 2
(a)e ey — 7) (weu ¢ — 7) + <weu @(1%)) =0. (K4)

We emphasise that, here, each component of & has both electron and ion contributions.
Expressing @; = @, i, '/ in (K2), (K4) can be written as

[(Z’ell (MZO) + M;HM;O))H + (Péo) + M}/ZP;O))H - kzdg]
x [@eu MO + 12M”)y + (PO 4 ul2Py,, — kzdj]

2
+ [Ga MO + 1P+ (PO + PP | = 0. (KS)
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Combining the expressions (K1) for P with (2.121) for M and substituting M” and
P into (K5) gives
(16 (Fy 4+ wlF) + e, (W, + W) — Ee]
x [ide) (He + p*H;) + €. (Yo + u)?Y;) — Kd; |
+ [i@e (Ge + 1)?Gi) + e (X + M'/ZX)] =0, (K6)

where we have used ¢; = ee,ue“/ 2. For brevity of notation, we have also defined F, =
F(kyps, k1 ps), Gy = G(ky py, k1 ps) and so on.

Using (2.58D) for the terms o d? explicitly introduces a 8, dependence into (K6). After
some elementary manipulations, we obtain the quadratic

As@ B? + iBs@, . — Cs =0, (K7)
where
As = (Fe+ plF) (He + nPH) + (G + 1)*G))’ (K8a)
Bs = (H. + p,"Hy) [kip? — €cBe (We + 11,2 Wi) | = 2€cBe (Ge + 11,7 G) (Xe + 12,7°X;)
+ (Fe+ wlPF) [02 — e (Ve + 1Y), (K8b)
Cs = [kjp: = €cBe (We + 1" W) [ 0. — €ce (Ve + 1,*Yi)]
+ 27 (X, + 1l2X,)’ (K8¢)

As before, this can be solved explicitly for the complex frequency

Q.  —iBg+ /Bt 4AsC
W= koo s FHsCs, (K9)
e 2AS

From this expression, we can extract the real frequency @ and the growth rate y explicitly.
In the case when 4A5Cs > B2, we have two oppositely propagating modes with the same
growth rate:

2, V=B +4AsC
o =+—Ck pe#, (K10a)
e 2AS
e 0 B (K10b)
V= ﬂ [Pes7— 2A
For 4AsCs < B2, both modes are non-propagating, with distinct growth rates
2, Bs &+ /B} — 4A;C
y = —kjpe— s TSES (K11)

e 2AS

K.2.2. Semi-analytic estimates of CES instability thresholds using quadratic
approximation
In the case of non-propagating modes whose growth rate is given by (K11), we can
determine semi-analytic formulae for the thresholds of any instabilities. This is done by
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noting that, at marginal stability, @,; = 0. Therefore, it follows from (K7) that Cs = 0, or,
equivalently,

[ 02 — €cbe (We + W) [K0] = eche (Yo + wlPY0)] + €22 (X4 X)) = 0.
(K12)
This is a quadratic in €., which can be solved exactly to give the threshold value of €.,
as a function of perpendicular and parallel wavenumber,

o= [0t W) 0 )+ (e 2]
x (k2 2(W, + ulPW) + ko2 (Y, + 1lY;)
= {[€02 (Wt W) + K22 (Ye V)]
4! [ (We+ nlPW) (Yo + LX) + (X + u;/2xi)2]}1/2) L (KI3)

Expression (K13) is used in §§4.4.1 and 4.4.7 to evaluate the wavevector-dependent
thresholds of the CES ion and electron firehose instabilities, respectively.

K.2.3. Shortcomings of quadratic approximation

In contrast to quadratic approximations to the dispersion relations of CET
microinstabilities being sufficient to characterise all instabilities of note (see,
e.g. Appendix J.3), not all CES microinstabilities are captured by the quadratic dispersion
relation (K7), because there are important microinstabilities whose correct description
requires keeping higher-order terms in the o, < 1 expansion. The mathematical reason
for this is that some microinstabilities occur in wavenumber regimes where either kjp; < 1
and/or kjp, < 1. As a result, the issues raised in §2.5.6 regarding the commutability of
the o, < 1 and k;p, < 1 limits must be carefully resolved. In Appendix G.1.6, it is shown
that, if ko, < 1/log (1/@y), then the dominant contributions to (My),,, (M;),, and (M),
arise from the quadratic term in @, < 1 expansion, namely

(My) e = @3 (M), (K14a)

(M), ~ @} (M), (K14b)

(M,).. ~ &% (MD)... (K14c)
If k. p, < kyp,@,]°, then

(M,)y, ~ & (M), (K15)

In the {e;, e,, e3} coordinate frame, this means that the dominant contributions to each
component of M; are (see Appendix G.1.3)

k2 k2 k
(My)y; ~ ng (M( ))11 = k_” sl (M( )xx + 20 Wy |:k2 (kllpm ki ps ):| (K16a)
- k .
(M) 12 = &g (M?) 1, = P (M), (K16b)
I
) 2%k k o
(M) 3 ~ & (M")3 = =], [% L(ky s, klps)] ) (K16¢)
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(M) = &g (M) 2 + & (MD)5y = @y (MD),, + &% (M), (K16d)
- ky .

(M) ~ wa(ME]))ZS = _E sH (kl\ps’ kipx) , (K16e)
2k>

()35 ~ @ (MD)55 =~ (K16f)

where the special functions L(x,y) and N(x,y) are given by (G32). The quadratic
dispersion relation (K7) must, therefore, be revised to capture correctly all relevant
microinstabilities.

K.3. Quartic approximation to dispersion relation of CE shear-driven microinstabilities

K.3.1. Derivation of general quartic CES dispersion relation
To assess how the new terms identified in § K.2.3 change the dispersion relation (K6),
we now return to the full hot-plasma dispersion relation (2.75), which we write in the form

e & K € ¢3¢’
Cy—— — B (e, - = ﬁ) (@ - = 23) =0. K17
( 1 o (’333)( 2= 5 + Ca + | €2 o (K17)

Reminding the reader that, for a two-species plasma,

s (Mg + Py) , (K18)

w?,
e:ZeF o

and also that the electrostatic component of the dielectric tensor is determined by the
Maxwellian components only (which in turn are equal for electrons and ions when
T, =T, — see Appendix D.2), viz.

W _ ﬁe ~2 pa(l) 4o, & kﬁ
€53 ~ oy € el Z“S“’su (M")3; = o2 Ll (K19)
we show in Appendix G.1.7 that, in the limit ko, < 1,
[(M,) 5]
—— < (M,), K20
(Mil))33 ~ ( ‘)11 ( (1)
(M) i3(M)os .
—— S @ (M M)z, K20b
M)y~ @ (Ms)12 K (My) 12 ( )
[(M)5] .
W S @ (My)2n K (M), (K20c)

On the other hand, the shear-perturbation components P; satisfy

(P~ (Pg)an > (Py)ia. (K21)
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Substituting for M; and P, in (K18) using (K16) and (K3b), respectively, and then
substituting (K18) into (K17), we obtain the following quartic dispersion relation:

M
M + M; )i,

67)2 M(l)+M(l) _ 3 + P(0)+ ]/2P(»0) _k2d2
{ el (M, F 2(M£1))33 (P, P e

x {2, [ MO + M)z ] + oy [ MO+ 1M | + (PO + 02RO, —

2
+ a7 [+ M) =0, (K22)
We have assumed kp, < kp; < 1 and so we now have additional quadratic terms for both
electrons and ions, as explained in § K.2.3.

We note that the dispersion relation (K22) is similar to (K6) except for the addition of
two quadratic terms in @,, and the absence of the linear terms @, (M), and (P©),.
This motivates our approach to finding modes at arbitrary wavevectors: we solve a quartic
dispersion relation that includes all the terms in (K22) and also those linear terms which
were present in (K6), but absent in (K22). Explicitly, this dispersion relation is

(@2 [3We + 3W; + § (L + L)?] + i@y (Fe + 1l *F)) + €0 (We + nl*W;) — kid2}
x [=@F, (3Y; + 2Y.) +id. (He + nl?H) + €. (Yo 4+ pl?Y;) — KPd2]
+ i@ (G + 12G) + e (X, + ul?X%)] =0, (K23)

where L; = L(kyps, ki ps). The special functions W(x, y) and Y(x, y), defined in (G97),
appear due to their relationship to the matrix (M'") (derived in Appendix G.1.2)

Wk, ki) = —2(MD),, (K24a)
Y(kHlasa kLﬁx) = _%(MEI)))’}*» (K24b)

combined with the identity

M + M) k2[4 4 1
(Mil) + Mfl))ll - W = _k_ﬁ gWe + §Wl + 1 (L. +Li)2 , (K25)

proven in Appendix G.1.7.

The dispersion relation (K23) recovers all the roots of interest because it captures
approximate values for all of the roots of the dispersion relations (K7) and (K22) in
their respective wavenumber regions of validity. We note that, in situations when there
are fewer than four physical modes (e.g. in the k;p, 2 1 regime), solving (K23) will also
return non-physical modes that are the result of the addition of higher-order terms in
a regime where such terms are illegitimate. However, by construction, such modes can
be distinguished by their large magnitude (@, ~ 1) as compared with the others. We
acknowledge that our approach does not maintain consistent orderings: indeed, depending
on the scale of a particular instability, there may be terms retained that are, in fact, smaller
than other terms we have neglected when carrying out the ®;; < 1 expansion. However,
unlike the quadratic dispersion relation (K7), the quartic dispersion relation (K23) always
captures the leading-order terms for arbitrary wavevectors, and so provides reasonable
approximations to the complex frequency of all possible CES microinstabilities.
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K.3.2. Derivation of frequency and growth rate of the CES mirror instability
To derive the CES mirror instability’s growth rate when it is close to marginality, we
consider the dispersion relation (K23) under the orderings (4.6a,b), viz.
2 2 ~ ~1)2 ~ I;
kjpi ~kipi ~ I <1, o = p, "o ~ E, (K26a,b)
where I; = AB; — 1, and A = A; + A, = 3(€; + €,) /2. Using the asymptotic identities
(G37) for the special functions Fy, Gy, H,, L, and N and (G101) for W, X, and Y;, (K23)
becomes, after dropping terms that are asymptotically small under the ordering (K26a,b),

~ 2 2~ 2o Ly 3, kp}
ik play + A (kLpi - Ek”pi - Zkﬂoi) e =0, (K27)
which in turn can be rearranged to give (4.7) in §4.3.1 and the subsequent results. We
note that, save for the term « G,, which cancels to leading order with its ion equivalent,
and the term o Y,, which we retain in order to capture correctly the mirror instability’s
exact stability threshold, the electron terms in (K23) are negligibly small under the
ordering (K26a,b). We also observe that by assuming frequency ordering (K26a,b), we
have removed the shear-Alfvén wave from the dispersion relation. As we demonstrate
when characterising the growth rate of firehose-unstable shear-Alfvén waves (see § 4.4.3
and Appendix K.3.7), a different ordering is required to extract this mode (which is, in any
case, stable for A; > 0).
To derive the growth rate of long-wavelength (k;p; ~ k; p; < 1) mirror modes away
from marginality, when I 2 1, we adopt the alternative ordering (4.9a,b), which is
equivalent to

- 1

Again using the identities (G37) and (G101) to evaludate the special functions, the
dispersion relation (K23) is then

T o2+ (92— o) = L g K29
I/ TR p; @iy + 1P — ) 10— g ( )
which, after some algebraic manipulation, gives (4.11) in §4.3.1 and the subsequent

results.
Finally, the expression (4.16) for the growth rate of sub-ion-Larmor scale mirror modes
is derived by adopting the orderings (4.14a,b):
1/2
172 ~ A;
kypi ~kipi ~ (AB) "~ > 1, )~ W, (K30a,b)
and then using the asymptotic identities (G35) for evaluating F;, G;, H;, L; and N;, (G37)
for F,, G,, H,, L, and N,, (G99) for W;, X; and Y; and (G101) for W,, X, and Y,. Once

again neglecting small terms under the assumed ordering, the dispersion relation (K23)
simplifies to a quadratic of the form (K6):

202 (k2 — K2 k2 p? K 252
[_ﬂ i (K] ¢)+ P1}<_A._”+_kpf)_5,

212 2
B i B, ER) ke =0, (K31)

from which follow (4.16) and the subsequent results in § 4.3.1.
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K.3.3. Derivation of frequency and growth rate of the parallel CES whistler instability
We derive the expressions (4.21) for the real frequency and growth rate of the parallel
CES whistler instability by adopting the ordering (4.20a,b)

1
W ~ Ae ™~ R kyjpe ~ 1, (K32a,b)

e

and evaluating F;, G, H,, L, and N; via (G34), and W, X, and Y| via (G98). The special
functions with s = i are simplified further by assuming additionally that kjp; > 1. Under
these assumptions and simplifications, the dispersion relation (K23) becomes

2
; ! 1 ! kip:
i@/ | exp | = | +ul +Ae[1+ Rez( )Wﬂ_ |
{ [ ( kﬁpf) kype kype Be

2
1 A 1
+ 1io, ReZ( ) — | Vrmexp| ——— | + e =0, (K33)
{ : Ky pe ky pe |: kﬁpf

where we have substituted p, = —p,, and the only ion terms that we retain — the terms
proportional to w!/* or wu, — are those that we find to affect the dispersion relation
qualitatively (as explained in the main text, these terms are formally small under the
assumed ordering, but cannot be neglected in certain subsidiary limits, e.g. kjp, < 1,
which we will subsequently wish to explore). (K33) can then be factorised to give
two complex roots, the real and imaginary parts of which become (4.21a) and (4.210),
respectively.

K.3.4. Derivation of frequency and growth rate of the CES transverse instability
To obtain the growth rate (4.290) of the two CES transverse modes, we take directly the
unmagnetised limit of the full CES dispersion relation (K23) under the orderings

kipe ~kipe ~ (AB)> > 1, @g ~ A <K 1, (K34a,b)

and then employ asymptotic identities (G35) for F, Gy, H, L, and Ny, and (G99) for W,
X, and Y;. We then obtain a dispersion relation similar to (K6), but with two separable
roots:

Kk -k ko2
K .

o k kZ 12 02
} (m)eﬁ; + A - ﬂ—p> 0. (K35

3
 ~ I
|:1a)e||ﬁ k_3 + Ae
When rearranged, the first bracket gives expression (4.29a), and the second bracket
gives (4.29b).

K.3.5. Derivation of frequency and growth rate of the CES electron mirror instability

When its marginality parameter I, = A.B. — 1 is small, the growth rate (4.35) (and zero
real frequency) of the CES electron mirror instability’s can be derived from the dispersion
relation (K23) by adopting the ordering (4.34), viz.

K p2 ~ kype ~ o e ~ T K 1, (K36)

and assuming that I, > u!/?. This latter inequality implies that 1 < k;p; < ko p;, SO we
use the asymptotic identities (G35) to simplify F;, G;, H;, L; and N;, (G99) to simplify W,,
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X; and Y;, (G37) for F,, G, H,, L, and N,, and (G101) for W,, X, and Y,. Collecting terms,
using the identity A, = (1 4 I,)/B., and keeping only leading-order ones, the dispersion
relation simplifies to

3 I, 3 3 . - ~
502 (<R 4 kol VAR Al ) Gkt = 0. (K3

Because the discriminant of the quadratic (K37) is negative, it follows that its solution
satisfies w = iy, with y being given by (4.35).

To derive the expression (4.39) for the complex frequency of long-wavelength electron
mirror modes, we adopt the ordering (4.38),

Pe

By ~ 2~ Akp, (K38)

and then consider the subsidiary limit k;p, ~ ky p, ~ n!/* < 1 of the dispersion relation
(K23). Using the asymptotic identities (G35) for F;, G;, H;, L; and N;, (G37) for F,, G,,
H,, L, and N,, (G99) for W;, X; and Y; and (G101) for W,, X, and Y., we find that

2 (1.2 2 2.2
A, KBp? — 12 2k} (ki — &%) n kip:
2 [[~e e k4 ,Be
A, 2\ | K2 | .
x [7 (kﬁpf — 2k p; — uiﬂk—z”) + } — @y kipl =0, (K39

where both the CE ion- and electron-shear terms are kept on account of their equal size
under the assumed ordering. Solving for w gives (4.39).

K.3.6. Derivation of frequency and growth rate of the parallel CES firehose instability

The relevant orderings of parameters to adopt in order to derive the complex frequency
(4.47) of the parallel CES firehose instability is (4.45), viz.

@~L~A-1/2~k ! K40
1| 1/2 | l| | pl << 9 ( )
B
with an additional small wavenumber-angle condition k, p; K /35_3/ 4 (which we shall
justity a posteriori). Under this ordering, the special functions F, Gy, Hy, L; and N, can
be simplified using (G37), and W, X, and Y, using (G101), and so the dispersion relation
(K23) reduces to

A 1\ @
(cb? - - —) —L2p? =0, (K41)
l 2 ﬁl 4 l

where the only non-negligible electron term is the one o @,G,. Similarly to the CES
mirror instability (see Appendix K.3.2), this term cancels to leading order with its ion
equivalent, and the next-order electron term is much smaller than the equivalent ion term.
This dispersion relation can be rearranged to give (4.47).

We also note that, in deriving (K41) from (K23), we have assumed that the linear term
X @, 1}/?H; is much smaller than the quadratic term o< @? Y;; their relative magnitude is

ell
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given by
wqp*Hi - Kp? B3 p? (K42)
[ 1M

1

‘T’Zn Y; w;| kﬁpiz
Thus, this assumption (which it is necessary to make in order for there to be both
left-handed and right-handed Alfvén modes in high-8 plasma) is only justified if the

small-angle condition k; p; < B; 3% &« 1 holds true.

K.3.7. Derivation of frequency and growth rate of the oblique CES firehose instability
To derive the oblique firehose’s growth rate (4.52), we use the ordering (4.51), viz.
~ 1 12
Wi~ 57 ~ A kip; ~kipf <1 (K43)
Simplifying the special functions F;, Gy, H,, L and N via (G37), and W, X; and Y, via
(G101), the dispersion relation (K23) becomes

A 1N, o, @) 3 ’
1\/_ < l” 7 — E) kLIOi wj| — (k,Ol — —kl,Ol ) = 0, (K44)
where, in contrast to the quasi-parallel firehose, the linear term o @, u!/*H; in (K23)
is larger than the quadratic term o c?)gu Y:. (K44) can be solved to give two roots: w ~
0, corresponding to the stable slow mode (whose damping rate is asymptotically small
under the assumed ordering), and the expression (4.52) for the complex frequency of the
(sometimes firehose-unstable) shear-Alfvén mode.

K.3.8. Derivation of frequency and growth rate of the critical-line CES firehose
instability
To characterise the growth of the critical-line firchose when B; > 10°, we set k; =
2k /3, and order
1/2

a)tH ~ :3 3/5 kal 'At + (K45)

Bi
The dispersion relation (K23) transforms similarly to (K44) in this case, with two
important exceptions: first, the term in (K23) o @¢G. + w,/*@, G; is O(kjp;) on the
critical line, rather than O(k” p;); secondly, our choice of ordering requires that we retain
O(k|| o). This gives

1oo1s, 6889
1\/_( A= =2 k“pl) @1~ 1384 @y kyp; = 0. (K46)

To obtain the expression (4.57) for the critical-line firehose’s growth rate in the limit
B; > 10° that is valid under the ordering (4.56), we consider the subsidiary limit

2 ~6/5.
A+ — 5 > B; (K47)
in which case (K46) becomes
A; 1Y\ . 6889 e
— — oy — kSp® = 0. K48
1\/_< Wi — D I31> I~ 13824 Wi\ \pl ( )

The expression (4.57) follows from solving (K48) for w (and once again neglecting the
w ~ 0 solution).
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The expression (4.61) for the growth of critical-line firehose modes when B; >~
—2/A; > 10°, can be deduced by considering the opposite subsidiary limit to (K47), viz.

2 ~6/5
A+ — 5, < B (K49)
In this limit, (K46) simplifies to
5 6889
. ~2 K202 >
iv/m (wil +z 5 ki p; ) D1~ 302 opkjpf = (K50)

Noting that the quadratic (K50) has a negative discriminant, we deduce that @ = iy; then
solving (K50) for y gives (4.61).

When f; < 10%, the appropriate ordering to adopt in order to simplify the dispersion
relation of critical-line is no longer (K51a,b), but instead
12

- 1 1
Wi ™~ —— | - ke~ ——.
+/Bilog B Bi Vl1og B;

Under this ordering, the term o p1)/2@, F; in (K23) is retained, while the term & @, G, +
2@, G, is neglected. This gives

T 1 \. 1 1 5 ~
|: 1H+1\/_ exp( )a) ——Ai———gA k”,oli|a)i =0. (K52)

[eye K202 27 B

~ ‘Ai + (K51a,b)

To obtain the expression (4.65) for the critical-line firechose instability’s growth rate in
the case when ordering (4.64a,b) holds — that is, when A;8; + 2| ~ 1, we consider the
appropriate subsidiary limit of (K52)

2
A+ = K53
‘ 5|~ Blogh 3

In this case, the last term in the square brackets on the left-hand side of (K52) can be
neglected, leaving the only non-trivial roots to satisfy

1 A1
ﬁ eXp ( —)CZ)Z‘ - -5 =0, (K54)

whence (4.65) follows immediately. The case of growth when A; >~ —2/8; can be
recovered from the opposite subsidiary limit

~2
Oy +i5—

2
A+ — (K55)
‘ ﬁl log ;"
In this case, the dispersion relation of the critical-line firechose modes is
L,y 1) s

which, when solved for the growth rate y = —iw, gives (4.68).
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K.3.9. Derivation of frequency and growth rate of the CES parallel electron firehose
instability
This derivation is identical to that given in Appendix K.3.3 for the frequency and growth
rate of the parallel CES whistler instability, and the same expressions (4.21) are used in
§4.4.7.

K.3.10. Derivation of frequency and growth rate of the CES oblique electron firehose
instability
The complex frequency (4.86) of the electron-firehose modes with u!/? « kjp, <«
k1 p. ~ 1is derived by applying the ordering

B 1
W, ~ |Ag| ~ ’3— (K57)

to (K23) and using the asymptotic identities (G35) for F;, G;, H;, L; and N;, (G36) for F,,
G,, H,, L, and N,, (G99) for W;, X; and Y; and (G100) for W,, X, and Y,. We obtain the
simplified dispersion relation

KT e (2R (K] Kl
‘K2 2 )\ 2 B.
o k2 p? k3 p; k3 p? k*p?
X {(lﬁwa +A) K p] eXP( > ) [10( LZ ) -1 (—lz )] 5 }
K p; Ko\ T
— ki p2dsg exp (— klpe)[ ( - ) —11(% =0. (K58)

Introducing the special functions F(k,p.) and H(k, p.) given by (4.89), and then
rearranging (K58), leads to (4.86).

K.3.11. Derivation of frequency and growth rate of the CES EST instability
To derive the expression (4.97) for the growth rate of the EST instability in the limits
W < kype < 1 < kipe < B, and A, B, > 1, we apply the orderings (4.96a—c), viz.

1
klpe ~ (Aeﬁe)l/zv 5)6 ~ Az/zﬂg/za k Pe ™~ —F/———— < 1 (K59Cl—C)
“ e VlogIAB.

to (K23). We then use the asymptotic identities (G35) for F;, G;, H;, L; and N;, (G38) for
F., G, H,, L, and N,, (G99) for W;, X; and Y; and (G102) for W,, X, and Y, to give

~ 2.2 2 .2~2
. Do ). @ 1 12 kjee kae kijp: @y
Ll 4 n k A, - — 0,
lkJ_,Oe { kipe |: ex P( 2 2) fﬂe ||:0ei| kipz B, nkﬁ_piﬁ

|| e e
(K60)
where the only ion contribution that is not always small, and thus cannot be neglected,
is the term proportional to u!/%. Solving for the frequency gives w ~ 0 — corresponding
to a damped mode whose frequency is asymptotically small under the assumed ordering
(K59a—c) — and the EST mode, whose growth rate is given by (4.97).
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K.3.12. Derivation of frequency and growth rate of the CES whisper instability
In the limits ©!/? < kjp, < 1> ki p, and A,B, > 1 under the orderings

1 1 1 !
Dol ~ ~ ~ s kpe Y/ K
R ke T Ass T Jogiad.

the dispersion relation (K23) becomes

. @ {kﬁpf 4i;, Ay ( 1 ) kip: kpe} kipiag,
1 X —_—— — =

+1
kj_pe kipez ﬁkl_pe kips kﬁpf kipe :Be T[kipg

1, (K6la,b)

k)

(K62)
where we have once again evaluated F;, G;, H;, L; and N; using (G35), F,, G, H,, L, and
N, using (G38), W;, X; and Y; using (G99) and W,, X, and Y, using (G102), and neglected
all terms that are small under the ordering (K6la,b). Solving for the non-trivial root of
(K62) gives the expression (4.105) for the complex frequency of whisper waves.

K.3.13. Derivation of frequency and growth rate of the CES ordinary-mode instability

Because the low-frequency assumption @, < 1 is broken in the regime of relevance
to the CES ordinary-mode instability, the dispersion relation (K23) is not valid; to
characterise these modes, we must instead return to considering the full hot-plasma
dispersion relation.

We choose to categorise the ordinary-mode instability for modes with k; = 0. In this
special case, the plasma dielectric tensor simplifies considerably, and has the convenient
property that

2-€=(2-€.2)2 (K63)

if the particle distribution functions have even parity with respect to the parallel velocity
v, (Davidson 1983) — a condition satisfied by the CE dlstrlbutlon functions (4.1). Thus,
perturbations whose associated eigenmode satisfies SE = 6E,z decouple from other
modes in the plasma. The dispersion relation for such modes follows from (2.4.1):

272
k|

w?

ezz -

=0. (K64)
In terms of matrices M, and P, defined by (2.97), this can be written

> M)+ > (P —Kid2 =0. (K65)

For k; = 0, the matrix components (M;)_. and (P;),. are given by (see (G177) and (G93i))

= ) Kp K2 p?
M,).. = — _ L5 2=, K66
(M,).. ﬂ=§mw_ngsexp( 5 ) ( ; (K66a)
2 52
Z Py K p;
(Ps)zz = - —~ ( - )In( L2 > = —A,. (K66b)
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Therefore, the dispersion relation (K65) becomes

m S w k2,52 k2p~2
k2d2=_ e As _ _ M Ps In 1M
m o0 2> kzl52 k2/32
=YY"= A, —exp( -2 )L =2 ). K67
— my +;w2—n293 Xp( 2 ) ( 2 > (Ken

Since the left-hand side of (K67) is real, and the imaginary part of the right-hand side is
non-zero if and only if the complex frequency w has non-zero real and imaginary parts, we
conclude that all solutions must be either purely propagating, or purely growing modes.
Looking for purely growing roots, we substitute @ = iy into (K67), and deduce that

. 0 2 2 k2 ~2 k2 ~2
Zﬂ 3 VT exp (=P g (LA
B my =1 )/2—0-112[23 2 2

m, kZ ~2 k2 ~2
= K=Y = [AS + exp (—%) ,0<¢Tps)] . (K68)

s
s

Neglecting the ion contributions (which are smaller than the electron ones by a (m, /m;)'/?
factor) and considering A, < 0, we arrive at (4.113).
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