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Abstract

In ruin theory, the conjecture given in De Vylder and Goovaerts (2000) is an open problem
about the comparison of the finite time ruin probability in a homogeneous risk model and
the corresponding ruin probability evaluated in the associated model with equalized claim
amounts. In this paper we consider a weaker version of the conjecture and show that the
integrals of the ruin probabilities with respect to the initial risk reserve are uniformly
comparable.
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1. Introduction

In[1] De Vylder and Goovaerts considered a homogeneous risk model on a fixed time interval
[0, ¢]. They proposed a conjecture about the uniform comparison of the ruin probability in the
homogeneous risk model and the corresponding ruin probability evaluated in the associated
model with equalized claim amounts. In this paper we consider a weaker version of the
conjecture and show that the integrals of the ruin probabilities with respect to the initial risk
reserve are uniformly comparable.

More formally, De Vylder and Goovaerts made the following assumptions.

(i) The point process is homogeneous.

Let N; denote the number of claims in the interval [0, ¢], and let 77, 7>, ..., T, be the arrival
times of the claims. For all n > 0 and fixed N; = n > 0, the points 71, ..., T, are uniformly
distributed over (0, t], i.e. the conditional vector (71, ..., T,) | N; = n has a constant density
equal to t" /n! on the subset W; , = {(t1,.... 1) e R": 0 <ty < --- <1, <t}. We denote
the interarrival times of the claims by E; = T; — T,y fori = 1,...,n, with Tp = 0, and
let E,,+1 =t — T,,. The homogeneous point process is an extension of the classical Poisson
process (see [3]).

(i1) The claim amounts X1, X5, ... are independent and identically distributed, and they are
independent from the arrival times of the claims.

The risk reserve process is denoted by R; = u +ct — S; (0 < v < t), where u > 0 is

the initial risk reserve, ¢ > 0 is the premium income rate, and S; is the total claim amount in
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[0, T],ie. S; = Zfﬁ | Xi. We denote by v (¢, u) the ruin probability before ¢ for the initial risk
reserve u , and by ¥, (¢, u) the corresponding conditional probability of ruin for fixed N; = n.
Then

Vit u) = P(ngg R, < o) = ;P(N, — )Y (7, 1)

with
Yn(t, 1) = IP( inf R, <0|N, = n) =P(Z, > u),
O<t<t
where Z, = maxlgksn(Zi-;] YNt withY; = X; —cE; fori=1,...,n.
The associated model is the model where each claim amount is replaced by the average
amount X,: = ZlN:‘] Xi/N; = X ~,. The arrival times of the claims are the same as those in
the first model. The ruin probability is then given by

Y () =Y PNy = )y, (1, u)

n=1

with
Y, (tu) =P(Z, > u),

where Z," = maxlskf,,(Zle Yt with Y™ = X —cE;fori =1,...,n.
The conjecture proposed by De Vylder and Goovaerts in [1] is as follows.

Conjecture 1. ([1].) In any homogeneous risk model with time interval [0, t] and its associated
model with equalized claim amounts,

Yt u) < Yt u), u>0.

As explained by De Vylder and Goovaerts, the conjecture is equivalent to the proposition
that ¥ (t, u) < ¥, (¢, u) foralln = 1,2, .... They proved that ¥;"(¢, u) = v (¢, u) and that
Yy (t,u) < ¥(t, u), but the general case has still to be established. Moreover, note that, by
Theorem 2 of [1], ¥~ (¢, 0) = ¥ (¢, 0).

2. Main result

The conjecture is equivalent to the proposition that, for all n = 1,2, ..., Z;" is smaller
than Z, in stochastic dominance (see Definition 3.3.1 and Equation (3.7) of [2]), or to the
proposition that, foralln =1, 2, ..., E[h(Z,)] < E[h(Z,)] for all nondecreasing functions &
such that the expectations exist (see Theorem 3.3.14 of [2]). In the next theorem we prove that
E[h(Z,)] < E[h(Z,)] for the subset of nondecreasing convex functions 4, which is equivalent

to saying that Z;" is smaller than Z,, in the stop-loss order (see Theorem 3.4.6 of [2]).

Theorem 1. Foralln = 1,2, ..., Z; is smaller than Z,, in the stop-loss order. Therefore, for
all u > 0,

o o
/ Yo, v)dv 5/ Y(r,v)dv. (1)
u u
Proof. First, note that the statement Z,” is smaller than Z,, in the stop-loss order is equivalent

to
wzy (W) < 7z, (), u>0,
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where w7~ (u) = E[(Z; —u)T]1 = [[*P(Zy > v)dv = [ ¥, (¢, v) dv (see Definition 3.4.2
of [2]). Hence, to prove (1), it is sufficient to show that Z " precedes Z, in the stop-loss order
foralln=1,2,....

Second, (E;)i=1...n+1 are exchangeable random variables, that is, the distribution of

.....

(Ei)i=1,....n+11s the same as that of (E4(;))i=1,....n+1 for every permutationo of {1, ..., n+1},
since there exist independent standard exponential random variables I'; fori = 1,...,n + 1
such that
Iy Cnt1
(El,...,EnH)%t( ;
Z?:ll I Z?;rll [

see, e.g. Theorem 1.6.7 of [5]. Moreover, the vectors of the random variables (X;, E;)i=1...,
are also exchangeable random vectors, as are those of (X}, E;)i=1 . Then we derive that

.....

1 +
E(h(zn»:;ZE[ (gg]ggn(z Yn@) )]

1 +
E(h(z,T)):;ZE[ (gggﬂ(Z n@) )]

where 7 denotes a permutation of {1, ..., n}.
Using Theorem 2.2 and Equation (1.1) of [6], we have

n (s (5 ) )]

= Z(H Ve (ks !)) [h (2”: i(i Yl”1+(i”_l)v+j”>+>}

v=1i,=1 “j,=1

and

(Mt A E D (5 ) )]

v=11i,=1 “j,=1

where the summation Z* extends over all n -tuples k = (kyi, k2, ..., k,) of non-negative
integers with the property that ky + 2ky + --- +nk, = n,l; = ky + 2ko +--- + jk; for
j=1,...,n,andly = 0.

Let X = (Xy,....,Xp), E=(Ey,....Ep), X" =X],.... X)) = Xn, ..., Xn),

n ku % +
p(x. ek, i) = h(z ) (z<xzv_.+<l-vm+,~v - ce,,,_mnm,,)) ),

v=1i,=1 ‘j,=I

and
Ox(e;k,h) =E(p(X, e; k, h)).
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Since X and E are independent, we deduce that

n ky v +
EMZ > (Z Y1v1+uv—1>u+jv) )} — B[Oy (E: k. h)].

v=1i,=1 Vj,=1

and since X~ and E are independent,

n  ky ) +
]E[h(z Z(Z Ylu_1+(iv1)v+ju> )] =E[®x~(E; k, h)].

v=1i,=1 Vj,=1

Let us now show that, for all e and k with the property that ) 7_, ik; = n, and all nonde-
creasing convex functions #,

Ox~(e;k,h) < Ox(e;k, h).

If this is true, we obtain E[A(Z,)] < E[h(Z,)] for all nondecreasing convex functions 4.
First, note that X~ is smaller than X in the multivariate convex order because E[X | X™] =
X~ (see Definition 3.4.58 and Proposition 3.4.66 of [2]).
Second, let us show that g: (RT)" — R, defined by g(x) = p(x, e; k, h), is convex on
(RY)*. For A € [0,1], x € RT)", y € (RT)", since x — (x — ce)™ is a convex function for
alle > 0,

n ky v

+
> (Z Xty Gy =Dty T (L= L)Y, = Dvtjy — C€1v_1+<iu1>v+jv)>

v=1i,=1 Vj,=I

n  ky v +
<2y ) (Z O R A I Cezv_1+<iv1>v+jv)>

v=1i,=1 Vj,=1
n k]) v +
A=) > (Z (Vly 1y —Dvtjy — C€1U_1+(iv1)v+jv)) -
v=1i,=1 Vj,=I
Since & is a nondecreasing function,

ghx + (1 —=21)y)
=pAx+{A—=MNy,e; k, h)

n ky v
= h(Z > (Z X114y =Dy

v=1i,=1 “j,=1

+
+ (I =)y +Gy—Dv+jy — Celv_1+(i\,l)v+jv)> >

n  ky v +
=< h(/\ Z Z <Z Xty 4Gy Dv+jy — Celu—1+(iv1)v+fu))

v=li,=1 Yj,=I

n ky v +
+A=-0)Y > (Z O e Cel,)1+(i.,—1)v+j,,)) )

v=1i,=1 “j,=1
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and since £ is a convex function,
gx + (L =21)y) <Ap(x,e;k,h) + (1 —2)p(y,e; k, h)
=2rg(x) + (1 —=2)gy).

We deduce by the multivariate convex order property that

E[g(X™)] = E[g(X)],

which is equivalent to
Ox~(e;k, h) < Ox(e;k, h)

and the result follows.

Remark 1. Another way to prove Theorem 1 is to use the property of Schur convexity.
A function ¢ is said to be Schur convex on A CR" if ¢ (x) < ¢ (y) foreveryx = (x1,...,x,) €
Aand y = (y1,...,¥n) € s such that x < y, that is, such that Zle X < Zle i for
l<k<n-—1land) ! ,x; =Y/, yi, where x[;] denotes the ith largest component in x (see,
e.g. Sections 1 and 3 of [4]).

By Theorem 2.2 of [6],
1 1 n(t) +
n (e () )] - 2SS ) )
where T = (a1(7))(02(7)) - - - (oty(r) (7)) is a permutation of {1,...,n} decomposed into

disjoint cycles.
Let6: (RT)" — R be defined by

n(t)

0(x) = %;E[h(;:( Z

kEO{,‘ (‘L’)

(5 — cEk>)+)]

Itis a symmetric function (with respect to any permutation). If / is also a nondecreasing convex
function then 6 is convex and, therefore, Schur convex (see, e.g. Section 3.G of [4]). Since
(x,...,x) < (x1,...,x,), where x = n-l Z?:l x;, it follows that

0((x,...,x)) <0((x1,.-.,Xn)),
and then
1 n(t) +
suzon =L 2p(E( 5 ) )
T i=1 “keaw;(1)
=E[0((Xn, ... Xn))]
<EB((X1,..., Xp))]

(& )]

i=1 “kea;(1)
= E[h(Z))].

Remark 2. The assumption that / is convex is crucial here and it seems difficult to weaken
this assumption with this method.

https://doi.org/10.1239/jap/1409932679 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1409932679

On the De Vylder and Goovaerts conjecture 879

Acknowledgements

I'would like to thank Stéphane Loisel for fruitful discussions and Claude Lefevre for a careful
reading of the manuscript. I also wish to thank the anonymous referee for detailed comments.

References

[1] DE VYLDER, F. AND GOOVAERTS, M. (2000). Homogeneous risk models with equalized claim amounts. Insurance
Math. Econom. 26, 223-238.

[2] DENult, M., DHAENE, J., GOOVAERTS, M. AND Kaas, R. (2005). Actuarial Theory for Dependent Risks:
Measures, Orders and Models. John Wiley, New York.

[3] LEFEVRE, C. AND PICARD, P. (2011). A new look at the homogeneous risk model. Insurance Math. Econom. 49,
512-519.

[4] MARSHALL, A. W., OLKIN, I. AND ARNOLD, B. C. (2011). Inequalities: Theory of Majorization and Its
Applications. Springer, New York.

[5] REsss, R.-D. (1989). Approximate Distributions of Order Statistics. With Applications to Nonparamentric
Statistics. Springer, New York.

[6] SpITZER, F. (1956). A combinatorial lemma and its application to probability theory. Trans. Amer. Math. Soc.
82, 323-339.

https://doi.org/10.1239/jap/1409932679 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1409932679

	1 Introduction
	2 Main result
	Acknowledgements
	References

