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Abstract

The Doss—Sussmann (DS) approach is used for uniform simulation of the Cox—Ingersoll—
Ross (CIR) process. The DS formalism allows us to express trajectories of the CIR process
through solutions of some ordinary differential equation (ODE) depending on realizations
of a Wiener process involved. By simulating the first-passage times of the increments of
the Wiener process to the boundary of an interval and solving the ODE, we uniformly
approximate the trajectories of the CIR process. In this respect special attention is payed
to simulation of trajectories near 0. From a conceptual point of view the proposed method
gives a better quality of approximation (from a pathwise point of view) than standard,
even exact, simulation of the stochastic differential equation at some deterministic time
grid.
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1. Introduction

The Cox-Ingersoll-Ross (CIR) process V(¢) is determined by the following stochastic
differential equation (SDE):

dV() = k(L = V(@)dt + o/ V(Odw, V(i) = Vo, (1)

where k, A, and ¢ are positive constants, and w is a scalar Brownian motion. Due to [6] this
process has become very popular in financial mathematical applications. The CIR process is
used in particular as volatility process in the Heston model [12]. It is known (see [15] and [16])
that for Vjy > 0 there exists a unique strong solution V;, v, (¢) of (1) forallz > #p > 0. The CIR
process V() = Vy,, Vo(t) is positive in the 2kA > o2 case and nonnegative in the 2kA < o2
case. Moreover, in the latter case the origin is a reflecting boundary.

As a matter of fact, (1) does not satisfy the global Lipschitz assumption. The difficul-
ties arising in a simulation method for (1) are connected with this fact and with the natural
requirement of preserving nonnegative approximations. Numerous approximation methods for
the CIR processes have been proposed. For an extensive list of articles on this subject, see [3]
and [7]. In addition, see also [1], [2], [13], and [14], where a number of discretization schemes
for the CIR process can be found. Furthermore, we note that in [19] a weakly convergent fully
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Uniform approximation of the Cox—Ingersoll-Ross process 1133

implicit method is implemented for the Heston model. Exact simulation of (1) is considered in
[5] and [9] (see also [3]).

In this paper we consider the uniform pathwise approximation of V (¢) on an interval [#o, o+
T'] using the Doss—Sussmann (DS) transformation ([8], [22], [21]) which allows for expressing
any trajectory of V (¢) by the solution of some ordinary differential equation (ODE) that depends
on the realization of w(¢). The approximation V (¢) will be uniform in the sense that the pathwise
error will be uniformly bounded, i.e.

sup |V(t) = V()| <r almostsurely, (2)

to<t=<to+T

where r > 0is fixed in advance. In fact, by simulating the first-passage times of the increments
of the Wiener process to the boundary of an interval and solving this ODE, we construct
an approximate generic trajectory of V(¢). This kind of simulation is simpler than the one
proposed in [5] and, moreover, has the advantage of being uniform in nature. Let us consider
the simulation of a standard Brownian motion W on a fixed time grid

0, tiy ..., tg=T.

Although W may be exactly simulated at the grid points, the usual piecewise linear interpolation

— —t t—1t
W)= —W@) + ﬁw(ti—i-l)

lit1 — 1 i+l — i
is not uniform in the sense of (2). Put differently, for any (large) positive number A, there is
always a positive probability (though possibly small) that

sup  [W(r) — W()| > A.

to<t<to+T

Therefore, for path-dependent applications, for instance, such a standard, even exact, simulation
method may be not desirable and a uniform method preserving (2) may be preferred. Apart
from applications, however, uniform simulation of trajectories of an SDE in the sense of (2)
may be considered as an interesting mathematical problem in its own right.

We note that the original DS results rely on a global Lipschitz assumption that is not fulfilled
for (1). Therefore, we have introduced the DS formalism that yields a corresponding ODE
whose solutions are defined on random time intervals. If V gets close to 0, however, the ODE
becomes intractable for numerical integration and so, for the parts of a trajectory V (¢) that are
close to 0, we are forced to use some other (non-DS) approach. For such parts, we here propose
a different uniform simulation method. Another restriction is connected with the condition

_4kA—02
B 8

o > 0. 3)
We underline that the @ > 0 case is more general than the 2kA > o2 case that ensures positivity
of V(¢) and stress that in the literature many convergence proofs for numerical integration
schemes for (1) are based on the assumption that 2kA > o2, However, for example, in [1] and
[13] convergence without this assumption is obtained with a strong error inverse proportional
to the logarithm of the number of time steps (loosely speaking). We expect that the results here
obtained for ¢ > 0 can be extended to the case where « < 0, however in a highly nontrivial
way. This is considered in a subsequent work; see [17].
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The paper is organized as follows. The next two sections are devoted to DS formalism in
connection with (1) and to some auxiliary propositions. In Section 4 we deal with the one-step
approximation and in Section 5 with the convergence of the proposed method. A first simulation
algorithm is described in Section 5. Section 6 is dedicated to the uniform construction of
trajectories close to 0, resulting in a main simulation algorithm and a corresponding convergence
theorem. In Section 7 we present a numerical experiment and discuss some beneficial issues
of the main algorithm in certain applications. The more technical parts are deferred to the
appendices.

2. The DS transformation

Due to the DS approach [8], [15], [21], [22], the solution of (1) may be expressed in the
form
V() = F(X(1), w(?)), 4)

where F = F(x,y) is some deterministic function and X (¢) is the solution of some ODE
depending on the part w(s), 0 < s < ¢, of the realization w(-) of the Wiener process w(t).

Let us recall the DS formalism according to [21, Section V.28]. In [21], the authors’
considered the Stratonovich SDE:

dV (1) = b(V)dt + (V) o dw(r). (5)

The function F = F(x, y) is found from

oF
8_=)/(F), F(x70)=x9 (6)
y
and X (¢) is found from the ODE:
dx 1
= b(F(X (1), w(r))), X(0) = V(). (7)

dt ~ AF/ax(X (1), w(t))

It turns out that application of the DS formalism after the Lamperti transformation U (1) =
V'V (t) (see [7]) leads to simpler equations. The Lamperti transformation yields the following
SDE with additive noise:

dU:<%_§0m+%mm U©) = V) >0, (8)

where « is given in (3). Let us seek the solution of (8) in the form
U) =G @), wt)) ©)
in accordance with (4)—(7). Because the Itd and Stratonovich forms of (8) coincide, we have

by =2 -ty ) =2
“u 20 YWES

The function G = G(y, z) is found from

aG_U

~N. — A G 30= )
. =2 0=y
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ie. o
Gy, 2)=y+ 7% (10)
and Y (¢) is found from the ODE,
dy o k o

From (9), (10), and the solution of (11), we formally obtain the solution U (¢) of (8):
U@ =Y(@) + %w(t). (12)
Hence,
- 2
V() =U%@) = <Y(t) + Ew(t)) . (13)

Since the DS results rely on a global Lipschitz assumption that is not fulfilled for (1), solution
(13) has to be considered only formally. In this section we therefore provide a direct proof of
the following more precise result.

Proposition 1. Ler Y (0) = U(0) = /V(0) > 0. Let T be the following stopping time:
T :=inf{¢t: V(¢) = 0}

Then (11) has a unique solution Y (t) on the interval [0, T), the solution U(t) of (8) is expressed
by (12) on this interval, and V (t) is expressed by (13).

Proof. Let (w(t), V(t)) be the solution of the SDE system
dw = dw(t), dV =k —V)dt + o/ V() dw(),

which satisfies the initial conditions w(0) = 0, V(0) > 0.Then U (¢) = +/V (t) > Oisasolution
of (8) on the interval [0, 7). Consider the function Y () = U(t) — (6/2)w(t), 0 <t < 7.
Clearly, Y (t) + (6/2)w(t) > O on [0, 7). Due to Itd’s formula, we obtain

@) = dv@) — Zdwy = — 29 Ky %) ar,
2 Y+ (00w 2 2

i.e. the function U (¢) — (o/2)w(¢) is a solution of (11). The uniqueness of Y (¢) follows from
the uniqueness of V (r).

So far we started at the moment # = 0. It is useful to consider the DS transformation with
an arbitrary initial time 79 > 0 (which may even be a stopping time, for example, 0 < 7y < 7).
In this case, we obtain instead of (11) for

Y =Y(t:1) =U() — %(w(r) —w(te) = V(D) — %(w(r) —w(t), fo<t<fo+t,

the equation
o

k o
dt Y+ o/ D) —wo) E(Y O - W<fo))>, (14)

Y(to;10) = /V(t0), to=<t<1ty+r,
with « given by (3). Clearly,

2
Vi) = (Y(t; f0) + %(w(t) - w(to))) ; fIo <t <fo+T. 15)
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3. Auxiliary propositions

Let us consider in view of (14) solutions of the ODEs

dy0 o k 0
o=y y(to) =y0 >0, 1>1>0, (16)

which are given by

o 2a o 1/2
yO(t) = yl%’y()([) = |:y(%e k(t—1tp) + 7(1 —e k(t IO))] , > 1. (17)

In the & > O case, i.e. is by (3) 4kA > o2, we have the following: if yo > +/2a/k then

y%’yo(t) J V2a/kast — ooand if 0 < yp < /2a/k then y,%’yo(t) P V2a/k ast — oo.
Furthermore, y°(r) = /2« /k is a solution of (16).

Our next goal is to obtain estimates for solutions of

d_y_é—é( +Z(,)) (to) = fh<t<th+0 (18)
&t~ vyt @em 20T 2%0) Y= ==l

(cf. (14)) for a given continuous function ¢(¢).

Lemma 1. Leta > 0.Let y' (1), i = 1,2, betwo solutions of (18) such that y' (t)+(c /2)¢(t) >
0 on [tg, to + 0] for some 0 with0 <6 < T. Then

1Y2(0) — y ()] < 12 () — y' (1), to <t <19 +86. (19)
Proof. We have

o

200 T2 2y ol _5(2 o )
d(y“(1) —y ()" =2(y"(1) — y (t))<y2(t)+(o/2)(p(t) 7\ 1+ 2<p(t)

ad k o+ Zow ) ) dr
YO+ @200 §<y O+ 70 )>> '

(20)
From here
) =y () = (P (t0) — y' ()
/f[ (% (s) — y'(s)?
+2 —a
o (y1(s) 4 (0/2)9() (y*(s) + (0/2)¢(s))
_ ’f( 2(s) — y' ()2 | d
7O §)—y ()7 |ds
< 0% (t0) — ¥y (10)*,
whence (19) follows.
Proposition 2. For any o > 0 it holds that
‘ \/Vloyvoz(t) —\/VtO’VO. @) ‘5‘ \/\702—\/\701 L fp<tf<oo @1)
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Proof. In the 2kA > o2 case, we have
: o
VVirg @0 =Y 10) + S (w(®) = wto)) > 0,
Yi(to;00) =/ Vg,  i=1,2,1<1 <00,
where the Y (¢; 1p) satisfy (14). So, by Lemma 1 with ¢(¢) = w(t) — w(?p),

1Y2(t; 10) — Y (23 10)] 5‘ NN ( th <t < o0,

and (21) follows since Y2(¢; 1) =Y 1 (¢; 1p) = \/VfO»VOZ (1) — \/VIO’VOI (t). The general case o > 0
is proved in Appendix A.

Now consider (18) for a continuous function ¢ satisfying

lp@®)] <, fh<t=<to+60=<to+T, (22)
for some r > 0and 0 < 6 < T. Along with (16) and (18) with (22), we further consider the
equations

dy o k n o (t0) 23)
. = T A~ T 3 =r, = ’

i y+@/2r 2072 yiio) = yo

dy o k o

—=———|y—=r, ) = yo. 24
Y= (o/2r 2()’ 2r) y(t0) = yo 24)

Let us assume that yo > or > 0, and consider an n > 0, to be specified below, that satisfies
Yo=n=>or>0. (25)

The solutions of (16) and (18) with (22), (23), and (24) are denoted by YO, y(t), y~ (), and
yT(t), respectively, where y°(¢) is given by (17). By using (17) we derive straightforwardly
that

2 12
2
y (1) = |:(y0 + %r) g ~k(—10) + —: (11— e_k(I_ZO))i| — zr, o<t <ty+86,

2
2 12
2
yr) = |:<y0 - %r) e k=10 4 Ta(l - e"(’“’))} + %r, fo<t<ty+0.

Note that y=(t) + or/2 > 0 and yT(¢) > or/2, tg <t < to + 6. Due to the comparison
theorem for ODEs (see, for example, [11, Chapter 3]), the inequality

o k o o k o o k o
v+ @/ 2 (y +5r> = Y+ @/e0 §<y +5‘0(”> = y—(/or 2 (y ) 7)’
which is fulfilled in view of (22) for y > or/2, then implies that
YO =y =y,  wnst<t+6.
The same inequality holds for y(¢) replaced by y°(¢). Thus, we obtain

@) =y <yt —y (1), t<t<to+6. (26)
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Proposition 3. Let o > 0, the inequalities (22) and (25) be fulfilled for a fixed n > 0, and let
0 < T. We then have

k4
(1) = YOO < Cr(t —1) < Cr, 1o <1t <to+6 with C = "7 + %ewm. 27)

In particular, C is independent of ty, yo, and r (provided (25) holds).
Proof. We estimate the difference y™ () — y~ (¢). It holds that

yr) =z + %r, y (@) =z"() — %r,
O -y =or =0 - W), (8)
where
2 2a 12
Zi(l‘) = [(yo :l: gr) e-k(l—to) + _(1 - e_k(t_t()))} .
2 k
Furthermore,

@ (1)? — (27 (1))? B 2ypore k=10

- = (29)

Using the inequality (a> + b)'/> < a + b/2a for any a > 0 and b > 0, we obtain

- ~ (1 _ e—k(t—to))
i < o */2—10) 4 & :
D=yt re T\ Go £ @/ne ®DGw

—k(t—tg)
- O \a—k/20—10) | & (1—e )
1) < - = — ;
2 () < <YO 27’)6 + k\ (yo — (O-/Z)r)e—(k/Z)(t—to)

whence

- /- (1 — e~k 2y0
(1) 4 2= (1) < 2ype— K/ zo>+ﬁ< _
2 () +z (1) =2y \ i 0L = @2/

Therefore,
1 1 o k
> 1— e(’_"))—l).
2H () + 27 (1) ~ 2yge~k/2—10) < k(¢ — (02/4)r2)( )

From (29), we have

+0py —(k/2)(t—t0) [ 1 _ o k(t—to) _
277 (t)—2z (t) > ore <1 k(yg—(02/4)r2)(e 1))

and so due to (28), we obtain

aor
0<yt(t)—y (1) <or(l —e *K/DU—n0)y 4 (ek/D—10) _ o= k/D(t—t0)y
k(yg — (02/4)r?)

Since 1 —e~ 97 < qv forany g > 0, ¢ > 0, and yg — (c72/4)r2 > %nz due to (25), we obtain

k 4
0 <y () =y () < Z5( — 1) + ot ®IDC0 e — 1),
2 3kn?

From this and (26), (27) follows with C = (ck/2) + (4ao /3n?)e®/DT
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Corollary 1. Under the assumptions of Proposition 3, by taking n = yg, we obtain

ok 4dao D
|y(l) — yo(t)| < (7 + Fe(k/z)T>r9 = (Dl + y—;)rG, th<t<ty+89,
0 0

where D1 := ok/2 and D> = 4ace*/2T /3 depend only on the parameters of the CIR process
under consideration and the time horizon T.

4. One-step approximation

Let us suppose that for t,,,, 1o < t,, < to + T, V(¢,) is known exactly. In fact, #,, may be
considered as a realization of a certain stopping time. Consider Y = Y (¢; t,,,) on some interval
[tns tm + O] With yy, := Y (5 1) = /' V (1), given by the ODE (cf. (14)),

dY _ o k v o , ; 30
AU Y 1 0/ — witw) 5( R w(’”)))’ G0

Y(m: tm) = V'V (m), tn <t <ty + Op.

Assume that
Ym = V(ty) = or.

Due to (15), the solution V (¢) of (1) on [t,,, t,, + 6,,] is obtained via
o
VV(@) =Y tm)+§(w(t)—w(tm)), tm <t =<ty + Op.

Though (30) is (just) an ODE, it is not easy to solve it numerically in a straightforward way
because of the nonsmoothness of w(¢). Here we are going to construct an approximation y" (¢)
of Y (¢; t,,,) via Proposition 3. To this end we simulate the point (t,,, + 6,,, w(ty, + 61) — w(ty))
by simulating 6,, as being the first-passage (stopping) time of the Wiener process w(t) —w(ty,),
t > t, to the boundary of the interval [—r, 7]. So, |w(#) — w(t,)| <rforty, <t <t, + O
and, moreover, the random variable w(t,, + 6,,) — w(t,), which equals either —r or 4+r with
probability %, is independent of the stopping time 6,,. A method for simulating the stopping
time 6,, is given in Appendix B. Proposition 3 and Corollary 1 then yield

D,
1Y (t; t) — y" ()] < (D1 + y—z)”(tm-H — tm), tm <t <tmyl, (31

m

with t,, 1 := min(¢, + 6,,, to + T), where y™(¢) is the solution of the problem
dy™ o k
=D Y ) = Yl t) = vV )
t y 2
that is given by (17) with (ty,, ym) = (tm, +/V (t)). So, we have
o m o m
VV(@E) =Y tn) + E(w(t) —w(tm)) = y" (@) + E(w(t) —w(tm)) + p" (1),

where, due to (31),

m D>
lp" (O] = Dler—2 r(tmt1 — tm), fm <1< Iyl

m
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We next introduce the one-step approximation v/ V (t) of A/V(t) on [t,, tu+1] by

V@) = y" (1) + %(w(r) —wtn)s e <1< b (32)

Since |w(ty+1) — w(ty)| = rif tyy1 =ty + 60 < to+ T, and |[w(ty41) — w(ty)| < rif
tm+1 = to + T, the one-step approximation (32) for t = t,,41 is given by

V1) 1= Y™ (i) + %(w(rmm — w(tm))

%rgm with P(&, = 1) = 1,
=" (tws1) + W imi1 =tm+ 0 <to+ T, (33)

(e} .
E{m if tmt1 =00+ T,
with &, = w(tg + T) — w(t,) being drawn from the distribution of

Wiy+T1 -1, conditional on max |We| <, (34)
0<s<to+T—ty,

where W is an independent standard Brownian motion. For details see Appendix B. So, we
have the following theorem.

Theorem 1. For the one-step approximation V(th) due to the exact starting value Vty) =
V(ty) = y,zn, we have the one-step error

| V) =y Vi) | (Dl+ Vo ))ramﬂ — ). (35)

5. The first convergence theorem
In this section we develop a scheme that generates approximations v/ V (fo) = +/V (1),
v/ V(t1 RO V(tn+1), wheren =0,1,2,...,and#, ..., t,+ are realizations of a sequence

of stopping times, and show that the global error in approximation \/V (f,,41) is in fact an
aggregated sum of local errors, i.e.

o oo zr(ore ),

with y,, = VV (), provided that y,, > or form =0, ..., n, and 50 1, := Ming<m<n Ym >
or.

Let us now describe an algorithm for the solution of (1) on the interval [7g, o + T] in the
o > 0 case. Suppose we are given V (fp) and r such that

VV(tg) =or.

For the initial step we use the one-step approximation according to the previous section and
thus obtain (see (33) and (35))

V@) =) + %(wm) —w(), V) = V) + e ),
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where

10°(t1)] < (D1 + ﬂ)r(n — 19) =: Cor(t1 — to).
Vt)

\/V(tl) >or.

We then go to the next step and consider the expression

Suppose that

o
VV(@) =Y n) + E(w([) —w(n)), (36)
where Y (¢; #1) is the solution of the problem (see (30))

v _ « Ky £ T —wa 37)
dt Y+ (0/2)(w(r) — w(t) E( 7w w(l)))’ (

Y(t1;1) =/ V(t), 1 <t<t+0.

Now, in contrast to the initial step, the value +/V (#1) is unknown and we are forced to use v/ V()
ingead. Therefore, we introduce Y (¢; t1) as the solution gf (37) with initial value Y (1 ) =
v V(t1). From the previous step, we have |Y(#1;t1) — Y(#1;t1)| = |V/V(©) —v V()| =

1p%(t1)| < Cor(t1 — to). Hence, due to Lemma 1,

Y1) = Y101 < p%(t) < Cor(tn —to), 11 <t <1146 (38)
Let 61 be the first-passage time of the Wiener process w(¢; + -) — w(#1) to the boundary of the

interval [—r,r_]. Ifty + 01 <19+ T thenset rp := t; + 01, else set 1, := t9 + T. In order to
approximate Y (¢; t1) for t; <t < t let us consider along with (37) the equation

dy!  a &k — —
=S Y =Yain =V

Due to Proposition 3 and Corollary 1 it holds that

Y1) —y'@0) < <D1 + —D2 )r(tz —1n) =:Cir(ta — t1), h<t<t, (39)
V(t)

and so by (38), we have
Y (t; 1) — y' ()| < r(Colts —t0) + C1(1a —11)), 11 <t<n. (40)

We also have (see (36))
JVO =Y(n) + %(w(f) —w(m) = y' ) + %(w(f) —wm) +R'(), @1

where
IRY(1)| < r(Co(t —10) + Ci(ta —11)), 11 <t <t. (42)

We so define the approximation

VV@) =y + %(w(t) —w(n)) (43)
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that satisfies
V) = V@O + R\ (1), n<t<n, (44)
and then set
Vi) = ¥ () + 2 (w(e2) = wien)

Zrer withPE =) =1, ifn =146 <to+T,
=yl )+ 17 (45)

Eé'l iftp =10+ T,

(cf. (33) and (34)). We thus end up with a next approximation +/ V(1) such that

| VV(@) = V() |= IR )] < r(Cottr = 10) + €102 = 1), (46)

From the above description it is obvious how to proceed analogously given a generic
approximation sequence of approximations v/ V (t,,),m =0, 1,2, ..., n, with V(t9) = V (%),

that satisfies by assumption
VVtw) = or form=0,...,n, 47)

V@) =V | <7 i (D1 T )(zm+1 — tn)
m=0

V(tm)
n—1

=7 ) Conllms1 = t)- (48)
m=0

Indeed, consider the expression
o
VV @) =Y 6) + E(w(t) —w(ty)),

where Y (¢; ;) is the solution of the problem

ar _ « _k
dr Y+ (0/2)(w() —w(t,)) 2
Yty 1) = V Vtn), t <t <t,+ 06y,

fora 6, > 0 to be determined. Since /V (#,) is unknown we consider Y (t; t,) as the solution
of (49) with initial value Y (#,; t,) = v/ V(#;). Due to (48) and Lemma 1 again, we have

(Y + T - w(m)), 49)

n—1

Y5 0) =Y @ ) <7 Y Coltmgr —tw), by <1<ty 46,

m=0

In order to approximate 7(1; ty) fort, <t <t,+6,, we consider

dy” o k _ —
dyt = ) =T = VV (). (50)
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By repeating the procedure (39)—(46), we arrive at

VYV @) =" + %(w(r) —w(ty), << teyr,

satisfying
— - D
[ VWVO -V = 1R 0] < Z(Dl + ﬁ)(w —h)e tw <1< by, 5D)

m=0

with R"(t) :=Y (t;t,) — y"(t), t, <t < t,+1, and, in particular,

‘ VVtny1) — Y, V(tn—H) ‘5 r Z (Dl + L)(tm—&—l — tm). (52)
m=0

V(tm)

Proposition 4. Let the initial value /'V (ty) be known with accuracy ¢, i.e. the known +/ V(to)

is such that
|V =V | e (53)

and let \/V(tm) >n>o0r, m=0,1,...,n.Then
= " D
|V D) = V) |56 47 Z(Dl - n—j)(tm+1 — ), (54)
m=0

where V (tn11) = Vi, v 1p) Gn+1)-

Proof. Inequality (54) follows from (52) with V (t,4+1) = Vo7 (1) (1), (53), and (see
Proposition 2)

| Vv D) = Vi g trrt) |2 VVE0) = V0 |

Remark 1. In principle it is possible to use the distribution function @ (see (73)) for
constructing / V(¢) for t, <t < t,41. However, we would rather consider for ¢, <t < t,,41
the approximation

~ [
VV@) =y"(t)+ Ewn(t), th <t < tyy1,
where

(a) for f,41 < fo + T, W is an arbitrary continuous function satisfying

w(ty) =0, W(tht1) = Wtpt1) — w(ty) = r&y, max |, (1) <r;
th <t=<tp41

(b) for 41 = fo + T, one may take w(r) = 0. As a result we have, similar to (74), an
insignificant increase of the error

= - D>
‘ YV = V@) ‘5 PY DI+ =—— |1 —tw) O, ty <1 <tyy.
m=0

V(tm)
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Let us consolidate the above procedure in a concise way.
Algorithm 1. (The first simulation algorithm.)
o Titialize 7 1= 0 1, == t0: V'V (tz) = VV(@0); A := o7
(*) While VV(t,) > Aandt, <o+ T do
1

e simulate an independent random variable §, with P(§, = +1) = 5, and 6, as
described in Appendix B. If ¢, + 6, < 190 + T, set t,41 = t, + 6,, else set
i1 =10+ T,

e solve (50) on the interval [t,, f,+] with solution y" and set

\/_7 o |r& iftyr <to+T,
V(tas1) = y" (tar1) +
(tnt1) = ¥ (tnt1) ) {0 iftyr =to+T;

o 1V i=1ty41; \/V(t}llew) = \/V(tn+1);nnew =n+1

So, under assumption (47) we obtain estimate (51) (possibly enlarged with a term o'r). The
next theorem shows that if a trajectory of V (¢) under consideration is positive on [tg, ty + 7]
then the algorithm is convergent on this trajectory. We recall that in the 2kA > o2 case almost
all trajectories are positive; hence, in this case the proposed method is almost surely convergent.

Theorem 2. Letdk) > o2 (i.e.a > 0). Then for any positive trajectory V (t) > Qon[tg, to+T]
the proposed method is convergent on this trajectory. In particular, there exist n > 0 depending
on the trajectory V (-) only, and ro > 0 depending on n such that

VVm)=n=ro, m=0,1,2,..., foranyr < ro.

So, in particular (47) is fulfilled for allm = 0, 1, ..., and the estimate (51) implies that, for

anyr <ro,
— D
’vV(t)—\/V(f)‘SF(D1+—22>T, fp<t=<to+T,
n

and (see Remark 1)

~ D
‘\/V(l‘)—\/V(I))§r<D1+—22>T+ar, fh=<t=<t+T.
n
Proof. Let us define n := %mintoStS,OJrT«/V(t) and

—min( X T
rg = mln(o, DT Dg/nz)T>’ (55)

and let r < ro. We then claim that for all m,

VVitw) =1 >ro. (56)

For m = 0, we trivially have

V V(o) =+/Vito) =20 >n>ryo >ro.
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Now suppose by induction that / V(¢ j) =nfor j =0,...,m. Then due to (52), we have

— D> Dy
| VVn) = Vs = (D14 22 )T < m0(D1 43T <

because of (55). Thus, since /V (f,,11) > 2, it follows that \/ V (t,,41) > n > ro. This proves
(56) and the convergence for r | 0.

Remark 2. In the case where 4kA > o2 > 2k trajectories will reach 0 with positive

probability, i.e. convergence on such trajectories is not guaranteed by Theorem 2. So it
is important to develop some method for continuing the simulations in cases of very small
V(ty). One can propose different procedures, for instance, one can proceed with standard
SDE approximation methods relying on some known scheme suitable for small V (see, for
example, [3]). However, the uniformity of the simulation would be destroyed in this way. We
therefore propose in the next section a uniform simulation method that may be started in a value
V() > 0 close to 0.

6. Simulation of trajectories close to 0 and the main algorithm

The simulation algorithm in Section 5 has a drawback. Even in the 2kA > o2 case, where

all the trajectories V (¢) are positive, we cannot ensure that after a choice of r the requirement

V(tm) > or will be fulfilled for all m. Of course, in principle it is possible to decrease r
when the trajectory approaches 0 (i.e. using an adaptive algorithm with variable expected time
step). However, such an algorithm can be very expensive on the parts of the trajectories that
get close to 0. This is because the smaller r, the smaller the expected passage time E(6,) = r?
(see Remark 3) and so such parts may require a large number of steps. We therefore propose
an alternative procedure if we enter at some random step m a band (0, A) of width A > 0 (to
be specified later), i.e.

V@) = A, k=0,1,...,m—1, VV(tm) < A. (57)

Starting from (fm, V (fm)) We now make a time step ¥ = ¥, (that may be comparatively
large), such that

Vo @ <28, St <tm+9 Vg (mt+9) =24, (58)

That s, tm + 0y, is the first-passage time of the trajectory  /V, v, (1) to the upper bound
of the band (0, 2A). One may think of A being large enough compared to r, but at the same
time small enough in order to reach a certain accuracy. For example, A = Ar¢, 0 < a < %,
where A is a positive constant. Although we do not know the trajectory Vi Vit () N the
interval t, <t <ty + ¥, we do know that it satisfies (58), and we know its values v/ V (t)

and \/ Vzm,V(zm) (tm + ) = 2A at the ends of the interval. So, we take, for example, a straight
line L(t) that connects the points (fy, v/ V(tw)) and (tm + 0, 2A), ie.

t— t O —t /=
L(t) := 0"“2A+‘“+l9 VV(tm), fm <1 <tm+7, (59)

as an approximation to the unknown /Vtm V(rm)(t) on the interval (ty, tm + ), and set
VV(@) := L), tm <1 < tm + 0. For this approximation, we have the error estimate

| N O — <28 fors, <t <ty +0, (60)
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while at times #,, and t,, 4+ 9 this error is O due to

VVitm+9) = [V, p)tm +9) =24, 61)

By Proposition 2 (we assume that & > 0) on the other hand, we have

‘ V Ve Tt @ = v View, Vit (0 H YV (tm) =V (tm)

Combining (60) and (62) yields

| SV — Vv @ =28+ |y Vm) = Vo)

while at time ty,, + ¢+ by (61) and (62), we have

|Vt +9) = Vi v o + ) | <]y Vltm) = VY ) |

In other words, the error of ﬁ at the time 7y + ¥ of passing the band is not larger than the
error at t,,, when \/V entered the band. That is, the error does not accumulate when \/V passes
through the band (0, 2A). This property is a key feature in our construction.

, tm <t <tm+1v. (62)

s tm <1t <tm—+1,

6.1. The main simulation algorithm and the main convergence theorem

Algorithm 2. The arguments above result in the following (pseudo) algorithm.
Let r and A be numbers such that A > or.

e Initialize n := 0; t,, := to; \/m = /V(tp); choose A > or properly (see below).
(x*) Run the first simulation algorithm of Section 5 from (x);

o setm = n"V; 1ty = 1°V;

e if t, = 1o + T then finish the simulation;

o if ty < 1o + T simulate Jy;, , according to Appendix C;

o if ty + 0V(zm) > 1o+ T set \/m = \/Wm) on [tm, o + T'] and finish;

o if tn + Oy, ) <fo+ T sety/V(t) = L(t) (see (59)) on [fm, tm + Dy, 5 set 7" :=
tm + 9y, )iy V (EEY) = 2A; Go to (+%);

Let us now consider the convergence properties of the main algorithm. Suppose that for a
generic point £, at (x), we have |V V(ty) — vV (tw)| < €n (obviously we may take g9 = 0).
Then the aggregated error of v/ V (#,,) is estimated by (see Proposition 4)

m—1
— D
‘ V(tm) — vV (tm) ‘S En+r1 E <D1 + T;))(Ik-i-l — 1) =:&,°".
k=n k

Assuming that #, + ﬂV(zm) < 19 + T (the other case is similar), the error of vV (z) on (¢,
tm + ﬁV(tm))’ before executing () the next time, is thus estimated by

28+ ( VVtw) =V (tm) ‘5 2A 4 £V,

while the error at £V is estimated by £)°V. The following theorem is now obvious from the
above constructions.
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Theorem 3. Let« > 0. The above algorithm constructs +/ V() onlty, to+T]. Itis completed
in a finite number of steps with probability 1. The error on [ty, to + T] is estimated by

)\/%—\/W‘g 2A+r(D1+%>T. (63)

Moreover, the errorin [to, to + T1\ Uy, (fm, fm + 0V(tm)) is estimated by

‘\/%—W)SF<D1 +%)T.

By the (in a sense) optimal choice A = Ar'/3 error (63) is of 0(r1/3) and the algorithm
converges forr |, 0.

7. Numerical implementation and some applications

In this section we discuss the numerical implementation of the main algorithm and its merits
in some possible applications (for example, in finance where +/V may be interpreted as the
volatility of a Heston asset price model). However, we underline that an in-depth numerical
treatment is beyond the scope of this paper. Let us assume that we need to evaluate the
expectation functional

E(f (Vi vy ()i to <t <tog+T)), (64)

where f is a function that depends on the whole trajectory of Vj, v, .
Now, for instance, suppose that f in (64) does not depend on the parts of the trajectory that
are below a certain level [, [ > 0. A simple example is

: <r< =
f(vto,Vo (t) fo <t =<1+ T) l()SI;nSE}())(*FT Vto,Vo (t)

with [ = V,. We may then choose A = /V/2 in Algorithm 2; thus, yielding a uniform
convergence rate O () in any case of « > 0 (cf. Theorem 3) for those parts of the trajectories
where the function f is sensitive to. Put differently, the particular (uniform) accuracy of the
parts of Vj, v, below Vj is irrelevant for the functional f.

Another (financial) example is a call option with strike K on realized volatility upon a certain

levell,l > 0,
to+T +
Cy = E(/ Vio,vo () 1{y >y ds — K) ,
t

0

where 1 is the indicator function (for simplicity the interest rate is assumed to be 0). Note that
in a Heston model the integrated volatility process fr; V (s) ds being the quadratic variation of
the log-asset price process is indeed observable, and so is V (at least in principle). For this
example we may fix A = +/I/2 in Algorithm 2 and then a similar remark as in the previous
example regarding accuracy applies.

In the general case, for example in the case of the general f above, it is advantageous to
choose A in Algorithm 2 according to Theorem 3 for a given choice of r in an optimal way.
That is, with A = Ar!/3 we have to minimize the global error

D DT
241+ ’(Dl * ﬁ)T B (“ * %)’m i
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4.0- 1.4- 1.4-
3.57 1.2 1.2
3.09 1.0 1.0
231 0.8- 0.8
207 0.6 0.6
1.5 7 7
Lo- 0.4 0.4-
0.5- 0.2 0.2+

0.0 T T T T 1 0.0 T T T T 1 0.0 T T T T 1
00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 0.8 1.0
(a) (b) (©

FIGURE 1: Three sample trajectories (a), (b), and (c) that enter the band (0, A%y = (0,0.0283) and
continue linearly until the level 4A2 = 0.11318, zero, one, and three times, respectively.

Thus, A = (D>T)'/3? = (dace®/PT /3)1/3 (see Corollary 1) is a suitable choice since r < r!/3
when r is small.

Some illustrative examples. We have implemented Algorithm 2 for the following CIR para-
meters:

k=ir=T=1, to =0, o =+/3;

hence, 2kA < o2 < 4k), and @ = %. In the algorithm we choose » = 0.01 and A = 0.168 21
determined in the above way. In Figure 1 we illustrate some typical trajectories of V. Figure 1(a)
depicts a trajectory of V that does not enter the band (0, A?) = (0, 0.028 3); hence, it follows
Algorithm 1 until 7. In Figure 1(b) the trajectory enters the band once, continues linearly until
the level 4A% = 0.113 18, and then follows Algorithm 1 until 7' In Figure 1(c), the trajectory
enters the band three times.

Appendix A. Addendum to the proof of Proposition 2

It is known that for § > 1, the Bessel process BES? is the unique process that satisfies the
integral representation

1
Z(s)

_ t
Z(t):Z(O)+¥/ ds + W(t), 0<t < o0, (65)
0

where W is a standard Brownian motion, Z(0) > 0, Z(¢) > 0 almost surely, and that, in
particular, E(fé(l/Z(s)) ds) < oo; see [10, Appendix Al] and [20, Exercise 1.26, Chapter
XI]. (For 8§ < 1 the representation of BES? is less simple and involves the concept of local
time.) From this fact we will show that for « > 0 the solution of (8) may be represented as

: k
Ut = Ulto) +/to <% —_ 5U(s)) ds + %(w(t) —wty).  Ulty) > 0. fg <t < 00.
(66)

Let us consider

2
U(t) = e—k“—’o)/zz(j—k(ek(’—m) - 1)), o <t < oo, (67)
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where Z is the solution of (65) with § = 4kk/02 > 1, and Z(0) = U (t9) > 0 (cf. [10] and the
references therein). Note that the function 4: t — oz(ek(’ —0) _ 1) /(4k) satisfies h(tg) = O,
and that it is smooth and strictly increasing since k > 0. Let us further introduce

t
W (1) — W(to) := ée_k(’_m)/ZW(h(t)) + ff / e KO=2W (h(s)) ds. (68)

fo

Obviously, VT/(Z), t > tg, 1S a zero mean Gaussign process and moreover by a straightforward
computation it can be shown that E(W (¢) — W(t0))> = t — 1y for all t+ > 1. Indeed, by
straightforward algebra and using the definition of 4, we obtain

~ -~ 2 4 —k(t—19) 4k —k(t—19)/2 ! —k(s—10)/2 .
EW(@¢) — W(t)) = —e Yh(t) + —e 0 e 07 min(h(t), h(s)) ds
o o

4]

k2 t t -
+— / / e k6=10)/26=kG=10)/2 tmin (b (s), h(5)) ds d5
o o J1p

1 —k(t—tg) 4k —k(t—19)/2 ! —k(s—t9)/2
=%(1—e 0)—I——ze 0 e TS h(s) ds
o

fo

2k2 t 5
+ = [ e*C0gy / e K602 () ds
fo

o= Jy

=1 — 1.

That is, W is a Brownian motion adapted to its own filtration. Then using the fact that

§—1 [ §—1 (5 1 s
/ du = f 1 (r)dr =/ 2 ektr—)/2 g,
2 Jo Zw 2 Jiy Z(h(r) 0w U)

from (65) and (67), we obtain

U(s) = e KO702W (h(s)) + e K020 (1) 4 e~ FE—10/2 / ) —U‘Z )e’“’—m)/2 dr.  (69)
o r

Thus, by (68) and (69), it holds that

t

U(t) = e =012 (1) _i_efk(tfzo)/z/ @ k—10)/2 g
o U(r)

9 W o~ k(" k=2
+ E(W(t) — Wi(tpy)) — E/ e KWTIEW (h(s)) ds

fo

k (1 o~ ~
=Ul(n) — 5/ Us)ds + 5 (W(1) — W(t))
1

0

t
4 o—k—10)2 / o« ke-w/2 g, K /
o 2

t S
o—k(s=10)/2 ds/g & kr=10)/2 4,
U(r) 10 I7

o U)
(70)

In particular, the Lebesgue integral ft; (a/U (r))ekr=10/2 dr is almost surely an absolutely
continuous function in ¢ on [#g, tp + T']. Hence, it is everywhere differentiable except for a set
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of Lebesgue measure 0, and its derivative is equal to aek?=%0)/2 /U (¢). From this, it follows
that the sum of the two last terms in (70) can be expressed as ft; (/U (r)) dr. So, we arrive at

o« k o~ ~
U) = Ulto) +/t0 (U(r) 2U(r))dr + 2(W(t) W(to)>- (71)
From (71), the representation (66) follows for w = W.In particular, the pair (U, VT/) in (71)
may be considered as a strong SDE solution on the probability space that W is living on. We
now argue that such a solution is unique. If there would exist two different strong solutions
(U1, W) and (Uy, W) with coinciding initial values U (#p) = Uz (tg) =: U(tp) > 0, then the
reverse procedure

Zi(s) 1= k0T 002y, (7 (5)),  0<s<oo,i=1,2, (72)

would similarly yield two strong solutions (Z1, W) and (Z2, W) of (65) with Z(0) = Z,(0) =

U (tp) with respect to some (though from different W) Brownian motion W. However, by the

uniqueness of the solution to (65), it will follow that Z| = Z», and then from (72) that U1 = U,.
Finally, with Y (t) = U (t) — (6/2)(w(t) — w(tp)), it holds that

d o k o
o =T / (Y(s) /D) —wi) E(Y“) T e- w“"”)) @

for Y(0) = U0) > 0, 0 <t < oo, and that, in particular, Y is an absolutely continuous
function. From this, it follows that (20) holds for 9 <t < #9p + T when o > 0 and ¢(t) =
w(t) — w(tp) is a Brownian trajectory, and then (19) in Lemma 1 goes through for 6 = T.

Appendix B. Simulation of 6,, and ¢,
In simulating 6,, we utilize the distribution function
P@) =P(t <1t),
where 7 is the first-passage time of the Wiener process W (¢) to the boundary of the interval

[—1, 1]. A very accurate approximation Js(t) of P (t) is as follows:

t
f(t)::ﬁ(z)=f P'(s)ds
0

with ’
(e M2 — 3¢/ £ 5¢7B/2) 0 <t <2/m,
{/5/([) — A/ 27Tt3

%(efnzt/S _ 3e=97%/8 4 Sefzsnzr/s), t =2/,
and it holds that

sup | P/ (1) — P'(1)] <2.13 x 10719, sup | P (1) — P ()] < 7.04 x 10713
t>0 =0

(for details, see [18, Chapter 5, Section 3 and Appendix A3]). Now simulate a random variable
U uniformly distributed on [0, 1]. Then compute 7 = £~ (U), which is distributed according
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to . That is, we have to solve 15(1) = U, for instance, by Newton’s method or any other
efficient solving routine. Next set 6, = r’t,,.
For simulating ¢, in (33), we observe that (34) is equivalent with

rW,-2(4y 47—, conditional on max [Wy| < 1.
0 m 0=<u<r=2(to+T—tm)

We next sample ¥ from the distribution function @ (x; r=2(to+ T — t,)), where @(x; t) is the
known conditional distribution function (see [18, Chapter 5, Section 3])

Qi) =PW(@) < x | maxoes<|W(s)| <1), —l1<x<I, (73)

and set ¢, = r?¥. The simulation of the last step looks rather complicated and may be
computationally expensive. However, it is possible to take, for w(tg + T) — w(t,), simply
any value between —r and r, for example 0. This may enlarge the one-step error on the last
step but does not influence the convergence order of the elaborated method. Indeed, if we set
w(to + T) — w(t,) to be 0, for instance on the last step, we obtain v/ V (to + T) = y"(to + T)
instead of (33), and

v—1
WV +T) =V + DI <r ) (Dl + %)(zmﬂ —tw) +oT. (74)
m=0 m

Remark 3. We have in any step E(6,) = r2, the random number of steps before reaching
to+ T, say v, is finite with probability 1, and E(v) = 0(1/r2). For details see [18, Chapter 5].
In a heuristic sense this means that if we have convergence of order O (r), we obtain accuracy
0(\/5) for an (expected) number of steps O (1/h) similar to the standard Euler scheme.

Appendix C. Simulation of ¥,

In order to implement the simulation method for trajectories near 0 we have to find the
distribution function of ¥y = ¥, ;, where ¥ ; is the first-passage time of the trajectory Xo x (s)
to the level /. For this it is more convenient to change notation and to write (1) in the form

dX(s) = k(A — X(s))ds + o/ X dw(s), X(0) = x, (75)
where without loss of generality, we take the initial time to be s = 0. The function
u(t,x) =P <1t)

is the solution of the first boundary value problem of parabolic type ([18, Chapter 5, Section 3])

du 1 5 d3%u du
EZEU xm—i—k(k—x)a, t>0,0<x<l, (76)
with initial data
u(0,x) =0, (77)
and boundary conditions
u(t, 0) is bounded, u(,l) =1. (78)
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To obtain homogeneous boundary conditions, we introduce v = u — 1. The function v then

satisfies
v 1, 3% dv
EZEG XW—Fk()\—x)a, t>00<x<l, (79)
v(0, x) = —1, v(t, 0) is bounded, v(t, 1) =0. (80)

The problem in (79) and (80) can be solved by the method of separation of variables. In this
way the Sturm—Liouville problem for the confluent hypergeometric equation (the Kummer
equation) arises. This problem is rather complicated however. Below we are going to solve an
easier problem as a good approximation to (79) and (80). Along with (75), let us consider the
equations

dXT(s) = krds + oV Xt dw(s), Xt 0) = x,
dX~(s) = k(h — ) ds + ovVX—dw(s), X~ (0)=x,

with 0 <[ < A. Itis not difficult to prove the following inequalities:
X7(s) < X(s) < XT(9). (81)

According to (81), we consider three boundary value problems. First, (76)—(78) and then similar
ones for the equations

ut 1, 3ut dut
= _o°x + kA ——, t>0,0<x <,
ot 2 ax2 ax

Ju— I, 0%u~ du—

ar 27 T ax2

From (81), it follows that

—l—k()»—l)a—, t>0,0<x<l. (82)
X

u”(t,x) <ut,x) <ut (1, x);
hence,
vt x) St x) S vt ),
where v - =u——1, vT =ut — 1.
Astheband 0 < x <[ = A%r24 for a certain a > 0, is narrow due to small enough r, the

difference v — v~ will be small and so we can consider the following problem:
wt 1, 3%t vt
szaxaxz +k)»¥, t>0,0<x <, (83)
v(0,x) = —1; vT(z,0) is bounded, v*(¢,1) =0 (84)
as good approximations of (79) and (80). Henceforth, we write v := v". By separation of

variables we obtain as elementary independent solutions to (83), 7 () X (x), where

T'O+uT @) =0, ie T@) =Te ™, u>0, (85)
102x X" + kA X+ puX =0, X (0+) is bounded, X() = 0. (86)

It can be verified straightforwardly that the solution of (86) can be obtained in terms of Bessel
functions of the first kind (see, for example, [4]),

X(x) = X35 (x) = x" Jagy (07 '\/Bux) =xV O(x*)  ifx | 0O

https://doi.org/10.1239/aap/1449859803 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1449859803

Uniform approximation of the Cox—Ingersoll-Ross process

with
1 kA

2 o2
Since X (x) has to be bounded for x | 0, we may take (regardless of the sign of y)

y =

X(x) = X;(x) =: Xy (x) = xVJ_zy(071,/8/Lx).

. . 1
In our setting, we have @ > 0, i.e. y < 1

1153

(87)

(88)

The following derivation of a Fourier—Bessel series for v is standard but included for

convenience of the reader. Denote the positive zeros of J, by 7, ,,, for example,

/2
Jipkx) = Esinx, Tipm=mr, m=12,....

Then the (homogeneous) boundary condition X, (/) = 0 yields

2.2
0T, m

—1 .
o Sul = m_ , l.e. =
1% 2y.m Mm 8l

and we have

X
xy,m(x) = xy-]—Zy(U_l\/ Bumx) = xy-]—2y (77—2y,m 7)

By the well-known orthogonality relation

1
Sk k!
/ ZJ—2y (77—2y,kZ)J—2y (77—2y,k/Z) dz = TJEZJ/+1(]T—2VJ‘)’
0

we obtain, by setting z = /x/I,

!
X X
/(; J_2y (77—2y,m 7) J_2y (n—Zy,m’ 7) dx = l§m,m’-132y+1 (T—2y,m);

hence,
i
f %y () Xy (X2 Ao = Ly T2, 41 (T2 ).
0
Now set
0
0 X) = ) Bue T Xy (), 0=x <L
m=1
For t = 0 due to the initial condition v(0, x) = —1, we have

-1 = Z lgmxy,m(x)-
m=1

Soforany p=1,2,...,

!
_/ xy,p(x)x—Zy dx = ﬂle32V+1(7T_27K»1’)’
0
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that is,
I _
_ Jo Xy p(x)x 2 dx

lJEZerl (7T-2y.p) '

IBP = (92)

Furthermore, it holds that

I I
/ X, p(0)x~% dx = / x VI gy, (ﬂ_zy,p\/?) dx
0 0

1
=2l_y+l/ T o (10y p2) dz
0

+1 J oy 1(m-2y.p)
T2y,p

=277

by well-known identities for Bessel functions (see, for example, [4]), and (92), thus, can be

written as )
ﬂ = — s p=1,2, (93)
P lVT[—Zy,pJ—Zy-i-l(ﬂ'—Zy,p)

So, from v = u — 1, (85), (88), (90), (91), and (93), we finally obtain

2.2

i J—2y(77—2y,m\/x/l) |: O™ T 2y.m
exp| ————

u(t,x)=1-=2x"177
P T-2y.m ]—2y+l(”—2y,m) 8l

ti|, O0<x<l
=1

(94)
It should be noted that, in fact, u from (94) differs from u satisfying (76)—(78). However, this
should not lead to any confusion.

Example 1. For y = _41'1 we obtain from (94) by (89) straightforwardly,

2 [1 & (=™ X o2m2m?
Lo =1+=/-5 i /= -1
u(t, x) + Vx 2 s1n<71m l> exp|: <l i|

In order to solve (82) we set A~ := A — [ and then apply the Fourier—Bessel series (94) with
y replaced by

_ 1 kT kl

y =gy =vt o (95)
Example 2. We now consider some numerical examples concerning u™ = u in (94) and u~
given by (94) due to (95). Note that in (94) the function u depends only on o, [, and y. That
is, u depends on o, [, and the product kX. Let us consider a CIR process witho = 1, A = 1,
k = 0.75, and let us take [ = 0.1. We then compare u™, which is given by (94) for y = —0.25
due to (87) (see Example 1), with u~ given by (94) for y ~ = —0.175 due to (95). The results
are depicted in Figure 2. The sums corresponding to (94) are computed with five terms (more
terms did not yield any improvement).

Normalization of u(t, x). For practical applications it is useful to normalize (94) in the
following way. Letus treat y as an essential but fixed parameter and introduce as new parameters

X~ ~ ot ~ o~
-=x, 0<x<l, — =1, t>0,
l 81
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1.0 0.06-
0.9 0.05-
0.8 0.04-
0.7- 0.03 4
0.6- 0.02
0.5 0.01 -
04 . . 0.00 . . . . .

000 002 004 006 008 0.10 0.00 002 004 006 008 0.10

FIGURE 2: The plot of u™ (0.1, x) (left), and the plot of u* (0.1, x) — u~ (0.1, x) for 0 < x < 0.1 (right).
1.0+
0.8-
0.6-
0.4-

0.2 1

0.0 T T T T 1
0.0 0.1 0.2 0.3 0.4 0.5

FIGURE 3: Normalized distribution function #(7, 0.5) for y = —%.

and consider the function

~ o~ — J—2y(n—2y,m\/§) 2 ~ ~ ~
HEX) =1-2% ) exp[-72y, 1, 0<¥=<1,7>0,
=l 7T—2y,mJ—2y+1(7T—2y,m) ’

that is connected to (94) via

PED =1 ot x 8IT .
D=u|l—,=)=ul—.,Ix).
i "Nor7) 7"\ 52

For the simulation of ¥, we need to solve the equation
u(vy, x) = U, where U ~ uniform[O0, 1].

For this we set ¥ = x /[ and solve the normalized equation 7 (J%, ¥) = U, and then take

8l ~
l?x = o'_2 X-
Note that
~ ot ot x
P, <t) =Py < — | =u| —, = ).
! 81 8l 1
In Figure 3 we have plotted the normalized function # (7, X) for y = —}—1 and X = %
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