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A classification of groups with a

centralizer condition II:

Corrigendum and addendum

Zvi Arad and Marcel Herzog

The aim of th i s note i s to prove a theorem which extends the

resul ts of the authors' ea r l i e r paper, Bull. Austral. Math. Soa.

16 (1977), 55-60. As one of the corol lar ies we prove Theorem 2

of that paper, the proof of which was incomplete.

We prove the following theorem.

THEOREM 1. Let G be a finite group and let M be a CC-subgroup of

G . Denote the set of primes dividing \M\ by TT . Then, either

0 (G) / I and

(1) G is a Frobenius group with M as the Frobenius kernel,

or 0 (G) = 1 and one of the following holds:

(2) G is a Frobenius group with M as a Frobenius complement;

(3) G = 0 ,(G)NG(M) , a solvable group;

[h) there exists H < G satisfying

(a) H n M + 1 , and

(b) H/0^,(H) is simple.

Proof. If G is simple, then clearly (li) holds. Thus assume that

N # 1 is a minimal normal subgroup of G and Theorem 1 is true for groups
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of order less than \G\ .

Case 1. N is a ir-group. Then N <=_M and consequently

V = n{A^ | j U ) 3 1 . If V = M then M < G and (l) holds. So assume

that 1 c V c M . As V isa normal CC-subgroup of M and of G , both

M and G are Frobenius groups with the kernel V . Let C be a comple-

ment of V in M . Then C is a CC-subgroup of G and by [Z, Lemma 1],

CV/V is a CC-subgrouT) cf G/7 . However, by 14, Theorem V. 8.18] . G/V

has a nontrivial center, a contradiction.

Thus we may assume that 0 (G) = 1 .

Case 2. N is a ir'-group. In view of Lemma 1 in [2], G/N

satisfies the assumptions r.i' Theorem 1 with respect to MN/N . By the

inductive hypotehsis G/N satisfies one of (l)-(l*). Since if is a non-

trivial normal ir'-subgroup of G , Nj^M) is solvable (see Theorem 2.3-h

in [3]). Thus if G/N satisfies (l), then by [Z, Lemma 2] G satisfies (3).

If G/N satisfies (2), then also G satisfies (2) and if G/N satisfies

(3) then by [Z, Lemma 2] so does G . Finally, if G/N satisfies (h), then it

is easy to see that so does G . Thus, in Case 2, the theorem holds.

Consequently we may assume that 0 (G) = 0 , (G) = 1 . As M is a

Hall subgroup of G , it follows that M n N + 1 and since M n N is a

CC-subgroup of N , N is simple. Thus (k) holds with H = N , and the

proof of Theorem 1 is complete.

The theorem immediately yields

COROLLARY 1. If G is solvable, then G = O^,(G)NG(M) .

We also have

COROLLARY 2. If NQ{M) = M , then 0^{G) = 1 and either (2) holds

or 0 ,(G) = 1 and {h) holds with a simple H .

Proof. Suppose that (2) doesn't hold. It suffices to show that

L = 0 ,(G) = 1 . Otherwise, ML is a Frobenius group with a complement

M . Thus Z(M) t 1 14, Theorem V, 8.18] and M is a TJ-group [3,

Theorem 2.1]. As NJM) = M , it follows that G satisfies (2), a

contradiction.
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As a final corollary we prove Theorem 2 of [2] :

THEOREM 2. If in Theorem 1, NQ(M) =M and 3

holds or G ̂  PSL(2, q) for some q > k .

\M\ , -then either (2)

Proof. If 2 |Af| , then by [5], either (2) holds or

G = PSL(2, 2 ) . Thus assume that 2Y\M\ and by Corollary 2 we may

assume that (U) holds, with a simple H . In addition, we shall assume

that Theorem 2 holds for groups of order less than \G\ .

Case 1. He G . If 3/|fl| , then H S Sz{q) by Thompson 's

classification of simple 3'-groups, and if 3 \H\ , then H '̂  PSL(2, q)

for some q or H 3* PSL(3, U) by [J , Theorem B] . In all cases H has

one class of involutions and all involutions of MH belong to H . As M

is a CC-subgroup of MH and 2/ |A/1 , counting of involutions forces

Me H . By induction H 3 PSL(2, q) and as NU(M) = M , M is the

ti

normalizer of a Sylow group in H . Thus G-conjugates of M are already

conjugate in H and counting conjugates of M yields H = G , a

contradiction.

Case 2. H = G • Thus G is simple and M satisfies 3 , . .

2l\M\ , and N (M) =M . By [/, Theorem B] , GS^PSL(2, q) , q odd.

M\ ,

The

proof of Theorem 2 is complete.
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