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SOME PROPERTIES OF THE LATTICE OF

SUBALGEBRAS OF A BOOLEAN ALGEBRA

Ivo DUNTSCH

We investigate the structure of the lattice of subalgebras of
an infinite Boolean algebra; in particular, we make a
contribution to the guestion as to when such a lattice is

simple.

0. Introduction

For a Boolean algebra (D, +, °, , 0, 1) , the set Sub D of all
subalgebras is an algebraic lattice under set inclusion with least element
2 = {0,1} and greatest element D . If A, B<D, then A AB is just
AnB, and AV B is the subalgebra of D generated by A u B .

One of the earliest results in the study of Sub D is the fact that,
if D is finite, then Sub D is dually isomorphic to a finite partition
lattice, the base set being A¢(D) , the set of all atoms of D , see [1].
Subsequently it was shown by D. Sachs that, for an arbitrary Boolean
algebra D , Sub D is dually isomorphic to a sublattice of a partition
lattice, and that Sub D characterizes D. Birkhoff's result cited above
implies that Sub D is simple, if D is finite.

In this note, the structure of Sub D is investigated further; in

particular we make a contribution to the question when Sub D is simple for
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infinite D .
1. Notation

For any lattice L , we set [x,y) = {2 ¢ L|lx < 2 <y} ,

[x) = {z € L|x < 3} ; other intervals are defined analogously.
Let D be a Boolean algebra; for M c D we define

M = {x e Mlz > 0} , -M = {zlx € M} , and [M] to be the subalgebra of D
generated by M . If M= {x} , we just write [x] instead of [{x}]
For A<D, xe D\A, we call [4 v {x}] a simple extension of A4 , and
denote it by A(x) . Note that every element of A(x) is of the form

Uo X+ Vo x for some u, veAi.

For de DV, Dld={z e Dlr <d} is the relative algebra of d in
D . Note that D|d also is the principal ideal of D generated by d ,
and we sometimes alternatively write (d] for Dld , if we want to
emphasize this fact. It is well known that D is isomorphic to
Dld x DId ; conversely, if D is isomorphic to 4 x B , then there exists
a de D such that 4 =D|d , and B = D|d .

If C 1is a linearly ordered set with least element, the set of all
finite unions of right closed, left open intervals is a Boolean subalgebra
of the power set of ( , and denoted by I(C) ; this algebra is called the
interval algebra of ( . 1In an unpublished paper, S. Todorcevié [6] has
shown that for an interval algebra D , Sub D is sectionally complemented,

that is Sub 4 is complemented for every A4 < D .
For the remaining unexplained notation and terminology the reader is
referred to Gritzer's book [3].
2. General structure of Sub D

A lattice L is called semimodular if, for x , y € L , the fact that
X covers X Ay implies that & Vy covers y . Note that every modular

lattice is semimodular.

PROPOSITION 2.1. If |D| =8, then sub D is modular; <if |D| = 16,
then Sub D 1is not semimodular.

Proof. 1f |D| =8, then Sub D is easily seen to be a diamond, so

it is modular. If |D| 2 16 , then D has a subalgebra with four atoms,
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so, let without loss of generality D be generated by its atoms
{a, b, e, d} , and set A = [a+e] , B = [e+d]l . Then A covers
AnB=2,but AVB=D does not cover B . [

In contrast to this, Sachs [5] has remarked that (Sub D)d , the dual

lattice of Sub D , is semimodular; however, (Sub D)d usually is not

algebraic.

PROPOSITION 2.2. If D is infinite, then (sw D)% is not

algebraic.

Proof. We show that no dual atom of Sub D is dually compact. As
noted by Sachs, the dual atoms of Sub D are of the form I u -1I, where

I is the intersection of two different prime ideals P1 and P2 of D,
so, let A £ D have this form.

Assume that f{a, b, e} < D\A , and a, b, ¢ are pairwise disjoint.
Since a ° b = 0 , we suppose, without loss of generality, that

a € Pl\PZ ; then a ° ¢ =0 implies ¢ ¢ P2\P1 , and from
aeb=cob=0 weget be Pl n P2 < A , a contradiction. Now we
choose an element u from D\ , and a set {uili < »} of pairwise

disjoint elements such that U, =u, and u; € I for 0 <71 <w . For

2 , = - , i , <
each 7 < w , let mz uo + + ut , and, for jJ < w , let. Mb D be
generated by {mi]j < 1 < w} ; then, {Mﬁ]j < w} is a decreasing chain of
subalgebras of D with ﬁ{ME]j <w}=2<4 . Since no m, is in A, ve

have Mj $ A4 for all J < w , which implies that 4 is not dually

compact. [

The next result shows that Sub D is in fact far from being
distributive. Call an element a of a lattice L
(i) distributive, if a VvV (xAy) = (avzx) A (avy) for all =z , y € [
(ii) prime, if x Ay < a implies x s a or y <a
(iii) irreducible, if x Ay = a implies *x=aqor y=a .
If a is prime, it is irreducible, and if [ 1is distributive, the

converse also holds.
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PROPOSITION 2.3.

1. sub D has no proper distributive or prime elements.

2. A <D 4is irreducible if and only if A 1is a dual atom of
Sub D .

Proof.

1. We may suppose that |D| 28 ; let 2<A4A <D, be D\, and
ce AD)\A , e #b . Then A=A4vVv ([blnlel) , but ¢ e Alc) n A(b) ,
2 <4, and

showing that 4 is not distributive. Since [e] n [D]
el , [P]1 +£4, A4 is not prime.

2. The if-part is obvious, so, let 4 < D be irreducible. First,
assume that A is not of the form Iu-~I for some ideal I of D . Then

there exist a € 4 , b b, € D\A , such that bl o g = b2 o g=20.

17 72
Let & € A(bl) n A(bz) ; then there exist sl,sz,tl,tz € 4 , such that
x=sl°bl+32°Fl'=tl°b2+t2°F2_. So, acx=a-ct,ocb,

=qa ° t2 €eAd,and acx=ao 8, ° EI-= a o 8, € 4 , which together imply

that x € 4 ; it follows that 4 = A(b,) n A(b2) , contradicting the fact

1)
that A 1is irreducible. Thus, let 4 = Iu-1I for some ideal I of D,
and assume that I is not the intersection of two prime ideals; then
there exists a B <D such that An B =2 , and B is generated by its
atoms bl'bz’b3 . If x € A(bl) n A(bz) n A(b3) , then there exist

i ti € A, 1 £ 7 £ 2, such that

x=rlobl+r2ob2+r20b3eA(,bl)

=sl°b2+szob3+szobleA(,bz)

tl ° b3 + t2 ° bl + tz ° b2 € A(b3)
Using A =71V -I, it is straightforward, if somewhat cumbersome, to show
that x € A , again contradicting the irreducibility of 4 . ]

The question of the existence of prime ideals in Sub D will be

touched on later.

3. Congruences on Sub D

We start with the following easy observation:
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LEMMA 3.1. Let 6 be a nontrivial congruence on Sub D ; then
A =2 (8) for every finite A< D.

Proof. It is enough to show that [u] = 2 (8) for every u € D .
Since 6 is nontrivial, there exist 4 , B £ D, such that 4 ¢ B ,

A#B , and A =B (8) . Let b e B\A; then
2 =10p1n4a=blnB=1(p].

1f u € D\[P] , let C be generated by {bou,bou} ; then
2=T[ulnCzlulncd =M. O

COROLLARY 3.2. sub D is subdirectly irreducible, weakly modular, and
weakly complemented.

In the sequel, we shall just write 4 = B, if A is congruent to B
modulo the smallest nontrivial congruence on Sub D . Note that 3.2
implies that, if A4 <D and Sub A is simple, then A =2 ; consequently,

if D= Do x Dl X ... X% Dn , and Sub Di is simple for each < < #»n , then

Sub D is simple.
Next, we want to give some simple conditions for Sub D to be simple.

PROPOSITION 3.3, If D=A x4 , then sub D 1is simple.

Proof. rLet E = {(a,a)|la € A}<D, u= (0,1) e D , B=4%x2 ,
C=2x4; then E(u) =D, and BnE=CnE=2, implying B, C =2 .
On the other hand, D=B v C , thus, D=2 . O

In particular, every homogeneous D has Sub D simple.

PROPOSITION 3.4. If Dl = x2w, atd D containg a free subalgebra
with X generators, then Sub D <ig simple.

Proof. Choose some u € D , such that both (x] and (x] contain an

independent set of cardinality A. Let {mi|i< A} be an enumeration of (u]t

{bili < A} an independent set of elements below u , and let F < D be

generated by this set; furthermore, let Bl < D be generated by (u] ,
that is B = (u]J u [u) . For each © < A set e, =m; + bi , and let
C £ D be generated by the e; - The independence of the bi then implies

that B = . .= Q. b. .= e. m.
a L0 c=2 Also, m,=c; o bz and bt e; °m, , so we have
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Bl vV F= Bl vV{=FvVv{_{. Since F 1is free, F = 2 by the preceding

proposition, and therefore ( = F v (C . Hence,

2=BlnC Bln(FVC)=B

1 0 (Bl v ) = Bl . By symmetry, we find that

B2 = (u] v [u) also is congruent to 2 . Since D = Bl v 82 , Sub D is

simple. O

In particular, if D is complete, Sub D is simple by the theorem of
Baldar and Frafiek.

If A<D, uelD, call u independent of 4 , if a o u >0 and
aou>0 for all aq € A+ . Note that this is equivalent to
An (ul=4n @l]={0}.

PROPOSITION 3.5. If D <s the free product of A and B , then
sub D s simple.

Proof. This follows from the simple fact, that C <D, u € D
independent of C , imply C = 2 : Indeed, independence implies that for
El = (ul] v [w , E2 = (u] u [u) , we have C n El =Cn E2 = 2 ; since
C = C(w , this gives us C(u) n E = 2 and C(u) n E, = 2 . on the other
hand, C < (C(u) n El) v (C(u) n E2). If ce C , then ¢ ou € C(u) n El ’
and e ° u e C(u) n E2 . This shows ( = 2. For the rest, observe that
each b € B\2 is independent of A and vice versa. O

Now, let us turn to conditions which ensure us that Sub D is not

simple. Each ideal I of Sub D induces an equivalence relation GI on

Sub D , if we let A B (GI) if there exists a C € I such that

AV (C=BvV (. Clearly, GI is a V-congruence on Sub D . If I is a

distributive element of the lattice of ideals of Sub D , then eI is a

lattice congruence on Sub D , see [3] III.3.4. For each cardinal vy ,

w<y<A=|Dl, let IY = {4<D||4]<y} , ana eY be the relation defined
above. The following lemma simplifies later considerations.
LEMMA 3.6. Let |D| =X ; for w<vy <A, eY 18 a congruence if

and only if the following condition holds:
" If A,B,C<D, ICl <y, and B<AV C, then there exists an
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§eI , 4nB vVS=BVS.
Moreover, 1f vy 1is regular, C can be assumed to have only four elements.

Proof. wWe only show sufficiency, and it is enough to prove that

A

B (SY) and @ <D imply @ nAdA =8 nB (eY) . Let, for some C € IY R
Av (C=BVvY (C, and set Q1=Qn(AVC)=Qn(BVC);then
Ql nd=gn4 , and Q1 nB=@nB , sowe can suppose, without loss of

generality, that @< Av C( = B v C . By the condition, there exist Sl ,

52 € IY , such that (gnd) Vv Sl

hence, (@nd) Vv Sl v 52 = (@nB) Vv Sl v 82 , and Sl \% 52 € IY .

Qv Sl , and (@nB) Vv 52 =Q Vv S2 ;

For the second part, let ( {ci|i<6} , <y ,and @ <Av C . Set

_ _ —u . . imit.
Ao 4, Aa+l Aéca) , and Aa {AB|B<a} , if o is a limit. Then
= U A = . s = U .|z

AV C=U{4 |o<s} . For ¢ <8 ,set @ =@nA;; then, @s=U{Q|i<s}
It suffices to show that for each 7 < § there exists an Si € IY , such

that @, v S; = (nd) V5, . set §= [U{Si|1,<6}] ; then

QVvVS=(@nd4d VvsS,and S ¢ IY by the regularity of y . Let 72 = 0 ;
then @ =@n A, =@n A, and we set 5, = 2 . Suppose that for all

a < B < 8 we have Qa v Sa = (Qn4a) v Sa ’ Sa € IY . If B 1is a limit,
set S, = [U{Sa|a<6}] , and note that @, = U{Qala<8} . So,let B=a +1;
then, QB =@Qn Aa+l =@n Aa(ca); thus, by our hypothesis, there exists a
T e IY which satisfies (Qr\Aa) vIT= (Qr\Aa(cu)) v T . By the induction
hypothesis there exists an Sa € IY satisfying

(Qr)Aa) v Sa = (@nd) v Sa ; now set SB = Sa v T. )

The proof of the following easy lemma is left to the reader.

LEMMA 3.7. Let D be infinite and sub D be sectionally
complemented; if w <y < |p| , then 6, 8 a congruence if and only if
the following condition holds:

If Ce¢ IY > then every Q@ < A v C disjoint from A has cardinality
less than v .
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our next aim is to describe the congruence lattice of Sub D for
D = FC(a) , the finite-cofinite algebra with o atoms. Note that FC(o)
is a subalgebra of an interval algebra, hence its lattice of subalgebras is

sectionally complemented.
PROPOSITION 3.8. Let D = FC(a) , where o = NY . Then the

congruences of Sub D form a chain of type Yy + 3 , if y < uw, and of
type Y + 2 otherwise.

Proof. we first show that for all B8 , w < B < o , the ideal IB has

the property of 3.7; so, together with the two improper congruences, the
68 form a chain of the desired type. Afterwards we proceed to show that

every proper congruence on Sub D 1is of the form 6 for some infinite

B
B <o .

et Ce I and assume the existence of 4 , B < D , such that

8
B<AvVC(C, |Bl=8,ad AnB

2. Let At(B) = {bi|i<3} be the set of

_ 1 7 z i
by =ayeep+ ... vaiyocig

is cofinite, then a o c? ¢ 4 for only

atoms of B , and suppose , where

ai.eA and cL e C . 1f ¢
J J

finitely many atoms of 4 . Since there are only less than B elements

7 . .

cj , we may suppose, without loss of generality, that each bi has the form
7 Z 7 i 7 i .

.= + + ... + . , L .

bi al a2 o 02 as(t) ° cs(z) , where each ct7 is finite
7 7 1 7 .
. = o + ... + . ° . H
Now we set s1 a2 02 ar(z) cr(z) since, for each

<8, bi is not an element of A4 , we must have s; > 0 . On the other

s SO,

Xt e

hand, each ci is finite, and there are only less than B such ¢

we must have 8; = Sj for some < , j < B . This contradicts bi ° bj =0 .
Next, let Y be a nontrivial congruence on Sub D , and consider the

property '

(*) If A<D, |Al=X2w ,and A4 =2 (Y) , then B =2 (P
for all Bs.5+.

We show this by induction. Call an atom m of A proper, if m is

an atom of D ; otherwise call m improper.

(a) Let |A| = w , and suppose that A has infinitely many proper atoms
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{mi|i<w} ; since A4 =2 (y) , we may assume that A is generated by these
atoms. Let [B| = w ; then all atoms of B are finite. Let {ci]i<w}
be the set of atoms of D which are < some atom of B , but not in 4 ,
and let C Dbe generated by the e; - If C is finite, then B = A v @
for some finite @ < D , and thus B = 2 (y) . Thus, let e; # cj for

1 #j . Clearly, AnC=2 and AvB<Av_(C. For each 7 <w , let
qi = mi + ci , and let @ be generated by the qi . Then,

@nAdA=QnC=2,and QvA=QvC=A4AvCC. This implies @ = C (¥

It

and it follows that ¢ = 2 (¥) , observing that @ n C = 2 . Since

B<AVC(C, we have B =2 (¥) .

(b) Let |A| = w , and A be generated by the improper atoms {mi|i<w}
For each 7 < w , let mi = xi + yi , where xi is an atom of D , and
yi = Ei ° mi . Let @ be generated by the xi , and R be generated by

the yi ; then, as before, An@=4AnR=Rn@= 2, and
Av@=AVR=¢gVERE. This implies @ =2 (¥) , and we can proceed as in

(a) with & instead of A , noting that all atoms of § are proper.

Now suppose that (*) holds for all Kk <A £ a , and let 4 , B <D
such that (4] = |B| = A , and 4 22 ()
(c) A is generated by the )\ proper atoms {mi|i<k} . Let {ci|i<6} be
the set of all atoms of D which are below some atom of B , but not in

A, and let C be generated by the ¢, . If § <X, then (= 2 (V) by

2 (¢) , since BsAv (C . 1If

our induction hypothesis, and thus B
§ = A, proceed as in (a).

(d) A has less than A proper atoms. Construct an algebra § with A
proper atoms and @ = 2 (V) similar to (b): then proceed as in (¢).

This proves that (*) holds for all A < a .

Now let A be the smallest cardinal such that |E| = A implies
Ef 2() forall E<D. Let A ,B<D,AcB,and A=B (y1 ; let

C be a complement of A in Sub B ; then 2=AnC=Z, BnC=2C, and

¥
thus, |[C] < A by our definition of A . This implies A = B 8,)

For the converse, let A = B (SA) , Ac B, and C a complement of A4
in Sub B . Since A4 = B CSA) , we have |C| < A, and hence, C = 2(¥) by
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(*) and our choice of X . It follows that A4 Ew Av (C=B8B. ]

Call a Boolean algebra D A-like, if for all d e D , D|d or D|d
has cardinality less than A , that is the set {deDlD|d has cardinality
less than A} is a prime ideal of D . 1If, for example, D is the interval
algebra of an infinite cardinal A , then D is A-like. The only
countable w-like algebra is FC(w) ; more generally, it can be shown that

an infinite Boolean algebra D 1is w-1like if and only if D is a finite-

cofinite algebra.

PROPOSITION 3.9. Let |D| = A2 w, A regular, and D be A-like.
Then Sub D 18 not simple.

Proof. By 3.6, it suffices to show that D has the following
property:

(¥ If A, B<D, ueD such that |[A] = |Bl = X, and B < A(w) ,
then there exists a C <D with 1€l <A, such that (AnBYy vVC =BV (.

So, let A , B, and u be as described above, and suppose, without
loss of generality, that (ul has cardinality less than A . Using this
fact and the regularity of A , we may suppose, after a simple thinning
process, that there exists a ¢q € 4 , and, if B 1is generated by

{bi|i<k} , for each 7 < A there exists an a; e A satisfying

bi =a;°cu+qe u ; furthermore, we may assume that for all ¢ , § < A ,
a; ° u= aj ou . Then, for < , J <A,
bi ° bj= (@a;cutqou) o (aj+u) o (q+u)
=a;ea;°u
=a7:oajeA,smce ai°u=aj°u
This in turn implies that also 5; + bj € A

If (bo] has cardinality less than A , then so has the set
{bo obi|£<x} , and in this case we set M = (bo] . Since
bi=b0°bi+E;obi,and E;Obie/l,wehave (AnB) v[M]1=Bv [M].
If (Z;] has cardinality less than A , then so has [bo) ; in this

case, we set M = [bo) , observing that bi = (bo-kbi) ° (bo'*bi) , and
5; + bietA .0
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As we shall see later, the hypothesis that X is regular, is

essential.
Proposition 3.9 also implies a partial answer to problem 29 of [2]:

Call an algebra D almost Jonsson, if for each B < D with
|B| = [Dl = X , there exists an A < D such that |A| <X and 4 VB=1D.
call D packed, if A4 , B <D, |A| = |B] = |ID| = r» imply lanB| = .
Note that an almost Jonsson or packed Boolean algebra is |D|-like. The
question mentioned above asks if there is an almost Jonsson algebra which

is not packed, and vice versa.

PROPOSITION 3.10. Let D be an infinite Boolean algebra which is
almost Jonsson and has regular cardinality X ; then D is packed.

Proof. Let 4 ,B <D, |A]l = [B| = A ; since D is almost Jonsson,
there exists a C < D with ICI < X which satisfies A v (=D . Since
B<Av<(C, and D is A-like, 3.9 implies the existence of a @ < D ,
such that |Q| <A, and (AnB)Yy v@=BVvVv g . Thus, A n B must have
cardinality A . [

Next we turn our attention to the interval algebras of well-ordered

sets.

If D is the interval algebra of a chain C(C , then each d ¢ D+ has
a unique representation d = [xo,yo) Uu... U [xn,yn) , where
z, < Yo < z, < ... < z, < Yy o and possibly Y, = =« that is
[xn,yn) = [xn) . If d e D has this form, we set
Id = {x;lisn} v {y lisn} .
PROPOSITION 3.11. Let A 2 w be an ordinal and D its interval

algebra. Then sSub D is not simple if and only if X <s a regular
cardinal.

Proof. oOne direction follows immediately from Proposition 3.9, thus,
let us suppose that A 1is not a regular cardinal. In what follows, we shall
use the symbols + and ° both for ordinal addition and multiplication, and

for the operations on D ; the meaning will be clear from the context.

If =8+ vy, with B > y , then
D= 1I(B) x I(y) =1I(y) x I(B) = I(y+B) = I(B}) , so we can assume that in

particular A is a limit ordinal. If A =8 on for some n < u , then D

https://doi.org/10.1017/50004972700009886 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700009886

188 Ivo Dintsch

is isomorphic to the product of 7n copies of I(B) , and it follows from
3.3 that Sub D is simple. Thus, let us suppose that A 1is not of the
form R o n , and that ¢f A = v < ) ; then there exists a y-termed

sequence {a€|g<y} of limit ordinals with supremum X , such that

a, =Y and ap © 3 < Cpyy for all § <y .

Our goal is to construct a finite number of subalgebras of D , each

of which is congruent to 2 , and whose supremum is D .
The crucial observation is the following: Let Al < D be generated

< D Dbe generated by {[g,p)[g<p<y} , A, £ D be

by {[ag,ap)|£<p<v} ) A 3

2

generated by {[£,p) u [ag,ap)]£<p<y} - Then, 4, n Ay =A, n A, = 2 , and

4., A, = A3([0,ao)) ; it follows that Al and A, are congruent to 2 ,

1’ 72 2
and so is A4 = Al v A2 . Next, let B < D be generated by

{[ag,aE °2)|E<Y} , and Bl £ D be generated by

{{g,g+1) v [ag,a °2)|£<Y} . Note that B 1is isomorphic to FC(y) ; as

3
before, B n Bl =2 , and B < Bl(EO,ao)) , hence, B =2 .

Let C £ D be generated by {[a +-£,ai-+p)|i<y,£<p<ai} ,and R £ D be
generated by {[aii-g,ai-+p) U [ui °2+E,0, °2+p)|i<y,E<p<a } . Let

+
ce C such that A ¢ I(e) ; then, for each 2z € I(ec) there exists a

£ < y , such that ag < z< ag ° 2; if re BY such that 2 ¢ I(r) ,

there exists a 2 € I(r) and a £ <y such that ag ° 2 <3< ag °c 3 .

It follows that R n C =2 ; since C <RV B and B = 2, this implies
c= 2.

For each % < y , partition [ 2) into faithfully

. . [+]
%i+1%+1

r
enumerated subsets Ii = {m6|6<a } , and I; = {n6[6<ai } , and set

7+l +1

o
it

’ [{[ai o 2+E,<!i °2+p) U [mg,mp) Ig<p<ai+l}:[

D
It

[E[ai °© 2+E,0; °24p) u [”g’"p)|€<p<ai+1§1 .

Let P be generated by U{Pi|i<y} + @ be generated by U{Qi|i<Y} .
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Similarly as before, it is shown that P n @ =2 . Also,
PVAVBVY(C=QVAVBvVC=D.

This implies P = @ = D, and it follows from Pn § =2 that D=2 . [
Now we can describe the congruences of Sub D if D is countable.
PROPOSITION 3.12. Let D be countable; then Sub D <s not simple

if and only if D 1is isomorphic to FC(w)

Proof. If D = FC(w) , then Sub D is not simple by 3.8. If
D # FC(w) , there are two cases:
(a) D contains an infinite free subalgebra: then Sub D is simple by 3.4.
(b) D does not contain an infinite free subalgebra: then D is super-
atomic, and it is well known that in this case D 1is the interval algebra

of wB on ,where 0 <nm<w, and 0 < B < wy - So, Sub D 1is simple by
the preceding proposition. 0

Thus far, all the proper congruences we have exhibited on Sub D

were of the form eY , and in all cases D was IDI-like. We would like to

conclude this section with an example which shows two things:

1. There exists a Boolean algebra D such that |D| =Wy D is not

wl-like, and Sub D is not simple.

2. 9, is not a congruence on Sub D .

1

EXAMPLE 3.13. Let M be a subset of the real numbers, such that N
has a smallest element and [M| = w, » and let E = I(M x I(M) ; then
|E| = W F is an interval algebra, and Sub E is simple. Now set

D=F x FC(wl) ; then

1. D 1is not ml—like;

2. Sub D is sectionally complemented;

3. 8, is not a congruence on Sub D ;
1
4. FE and FC(wl) have no isomorphic uncountable subalgebras.

For (2), observe that D is a subalgebra of an interval algebra, and
to see (3), note that the canonical copy of E in Sub D is congruent to 2,

since Sub F is simple.
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Let u € D such that Dlu =E and Dlu EF'C(u)l); let P, Q<D

be canonical copies of Dlu and Dlu respectively. Then, P(u) = (ulvulw),
and @ = (uJulw

Let I be the ideal of Sub D which is generated by
{P} v {5 < DI S| < w} . consider the following condition on I :

(*y (43 n (T v (B1) = ((41nI) Vv (4nB]l, for all A ,B<D.

(Here, the appearing intervals and VvV are to be taken in the lattice of

ideals of Sub D .)

If I satisfies (*) , that is if I 1is standard, then it induces a
proper congruence on Sub D , see [3], IIL3.5. Since 2 holds in any
lattice, we only have to show ¢ . So, let 4 , B ,C <D, C <4 , and
C £ Pu) v Tl vV B for some countable Tl < D . We have to show the

existence of an S <D such that S< A4 ,Se¢I , and C< SV (AnB)

If A ,B , or C are countable, there is nothing to show, so let us

suppose that they are all uncountable.
Let C’1 be a complement of ( n B in Sub ¢ ; then
C]'_ =CnB=<AnNB.

Let 02 be a complement of Cl n P(u) in sSub C’l ;  then

2
I

ClnP(,u) e I , and CésA.
Let C3 = @u) n 6'2 and Tz be a complement of 03 in Sub 02 .

Then, T, 0 Dlu = T, n Dlu = {0} , which implies that u is independent of

T2 . Assume that T2 is uncountable; let h: T2 + D|lu be the canonical

projection A(t) = ¢t ¢ u ; it is not hard to see that & is an embedding,

so Dlu has a subalgebra isomorphic to T2 ; likewise, Dju has a

subalgebra isomorphic to T2 ; since T2 is uncountable, this contradicts

(4).
so, 02 = C3 v T2 » where T, eI and T,<A4, 03 < Q(u) . since each
complement of C3 N g in Sub C3 is finite, we may as well suppose that

CBSQ’
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Let us pause for a moment to recapitulate what we have so far:

(a) C = Ci \ 02 v T2 v C3 ;

(b) Ci <A nB;

] < 1 .

(c) 02 v T2 <A, 02 \'4 T2 e I ;

(d) C3 <q , C3 nB=2.

So we are finished, if we can show that C3 is an element of I .

Now let us look at B ; let Bl be a complement of B n P(u) in
Sub B . 1If Bl is countable, then B € I , and we are done, so, let us
suppose that B1 is uncountable.

Let B2 =B, n @(u) and Bé a complement of 32 in Sub Bl . Since

1

Bé n D]u = Bé n DJu = {0} , we conclude as in a previous argument that Bé
is countable. Also as before, we suppose that 32 <Q.
We now have

C3 < P(u) v Tl v Bé v 32 .

Let R = (Tl\/Bé) n @(u) and suppose, without loss of generality,
that # € R . Then,

C3 SPVRYV 32 .

Now it is not hard to show that C3 <RV 32 . We also note that R is
countable as a subalgebra of T1 v Bé

Our final aim is to show that there is a countable U < ¢ such that

<
03 SUv B3 .

+ . . -
Let ¢ € 03 , such that, without loss of generality, ¢ < u# , and let

e = °b + ... 41 o . .
r ” bn for some r; € R, bz € B and

o [ 27

. P4 L < .
r. o bz 0 for 1 <n

Let M be the free prime ideal of D|u4 generated by the atoms of
Dilu; then, @ =M U -M . Since ¢ € M , observe that each r, o bi is an

element of M . Suppose, without loss of generality, that r

o 18 not an
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element of @ ; then either ro f£u , or Po =y + x for some zx < u

with x e M.

(a) r, < u : then u + r, € Q . Assume that bo ¢ M , hence,

b, =u +y for some y 4 M . We now have r o b =1 o (uty)

=r,°Yyc¢c M , which implies r, € M or y €M, a contradiction.

Thus, bo € M , in particular, bo <% ; then, (u+ro) ° bo =r, e bo

and u + r, € Q .

(b) ro=u+x for some x € M ; then clearly bo <u,

r e bo =g o bo , and x € @ .

If we replace each ri if necessary by one of the elements of § as
described above, and then let U £ D be generated by these elements and
R n @, then U is countable, since R is countable, U is a subalgebra

of @ , and C3 SUv 32 . Since C3 n B2 =2 , it follows from 3.7 and

3.8 that C3 is countable, hence, 03 e I . d

4, Concluding remarks

Just looking briefly at prime ideals of Sub D , we state the
following theorem without proof, since it would involve too much new

notation and preliminary results which do not seem to be justified.

PROPOSITION 4.1. If P 4is a prime ideal in Sub D , then A =B and
A eP imply B € P. It follows that sub D 1<s not simple.

If Sub D is not simple, it need not have a prime ideal. Let
D = FC()) , and partition the set of atoms of D into {xi|i<k} , and
{y;li<A} ; then set 4 = [{z;|i<A}], B = [{y;|2<A}] , and

C = [{xi+yi|i<k}] . These algebras generate a 0,l-diamond in Sub D , so
it cannot have a prime ideal. Incidentally, this shows that for no
countable D Sub D has a prime ideal. Indeed, the only algebra D we
know where Sub D has a prime ideal is the packed algebra constructed by

M. Rubin [4] under ¢ .
“
PROBLEM 1. Find an algebra D such that D is not packed, and

Sub D has a prime ideal.

https://doi.org/10.1017/50004972700009886 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700009886

Lattice of subalgebras of a Boolean algebra 193

The results of the preceding chapter seem to suggest that a nice
characterization of those D having Sub D (not) simple is hard to come
by. Aall the congruences that we have been able to exhibit on Sub D arose

from a distributive ideal; this suggests

PROBLEM 2. Find an algebra D and a congruence on Sub D which is

notinduced by a distributive ideal.

Note that such an algebra cannot have Sub D sectionally complemented,
in particular, D is not a subalgebra of an interval algebra. Finally, it
might be worthy of mention, that the facts that D|d has cardinality

A2 wy for all d e D+ and OA is a congruence on Sub D , imply that D

is Bonnet-rigid in the sense of [Z].
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