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1. Introduction

For f, n € N, we let o¢(n) denote the sum of the fth powers of the positive divisors of n:
op(n) =Y d.

d|n
If n €N, we set o7(n) = 0. We set 01(n) = o(n).

In 1916 Ramanujan (see [7] and [9, pp. 136-162]) introduced the three functions L(g),
M (q) and N(q) defined for ¢ € C with |¢| < 1 by

Lig)=1- 24ia(n)q”, (1.1)
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M(q) =1+240) " o3(n)q", (1.2)
N(g) =1-504)o5(n)q". (1.3)
n=1

It is known that the series L(q), M (¢) and N (q) are algebraically independent [10, p. 69].
Ramanujan (see [7] and [9, pp. 136-162]) proved (among many others) the two formulae

dL
L*(q) = M(q) + 123 (1.4)
and
dM
L(g)M(q) = N(q) + LT (1.5)
from which follow, by equating the coefficients of g™ on both sides, the arithmetic iden-
tities
> o(m)a(n—m) = Zos(n) + Ho(n) — sno(n) (1.6)
m<n
and
Z o(m)os(n —m) = &os5(n) — tnos(n) + 5703(n) — 550(n). (1.7)
m<n

In all Ramanujan obtained nine identities of the type (1.6) and (1.7). For the history of
such formulae see [4].
In this paper we consider the related series

oo

Lra(g) =Y o(dn+r)g"" ™", r=0,1,2,3, (1.8)

n=0

M,a(g) =Y os(dn+r)g"*", r=0,1,2,3, (1.9)

n=0

o0
N,a(g) = Z os(4n 4+ )", r=0,1,2,3. (1.10)

n=0
In §2 we obtain formulae for L, 4(q), M, 4(q) and N, 4(¢) (r = 0,1,2,3) similar to
those given by Ramanujan (see [7] and [9, pp. 136-162]) for L(q), M(q) and N(q) (see
Theorem 2.1). In §3 we use these formulae to determine which products L, 4(¢)Ls 4(q)
and L, 4(¢)M; 4(q) (0 <7 < s < 3) can be expressed in terms of the functions L, M and
N and their derivatives (see Theorem 3.1). As a consequence of these identities we obtain,
in §4, a number of arithmetic identities analogous to (1.6) and (1.7) (see Theorem 4.1).

In §5 we prove the formulae

L)L) = 10100 + 4001 +3(a 5L + 2, H0) )
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4
L@L(") = % ((0) +3M(P) + 16016 + 3 (30752 + 1275 ) - (1a2)

(see Theorem 5.1), from which we deduce the arithmetic identities
Y o(m)a(n—2m) = 5:{205(n) +803(3n) + o (n) + a(5n)
m<n/2
</ 3no(n) — 6no(ln)} (1.13)
and
Z o(m)o(n—4m) = {os(n) + 303(5n) + 1603(5n) 4 20(n)
m<n/4
</ +20(3n) - 3no(n) — 12n0(3n)}  (1.14)
(see Theorem 5.2), which are due to Melfi [5,6] for odd positive integers n and to Huard
and co-workers [4] for all positive integers n.
2. Formulae for L, 4(q), M, 4(q) and N, 4(q)

Let g be a real number satisfying

0<q<l1. (2.1)
Then
0< —logg < oo. (2.2)
The derivative 3’ of the function
mol(%,1:1:1 -2
= o(o) = LT (2.3
is given by
WL Uik (2.4)

{QFl(%» %; 1;$)}2
(see, for example, Berndt [1, p. 87]). For 0 < z < 1 we have

e 2
oF1 (3,31 Z ( ) z" >0, (2.5)

so that by (2.4) and (2.5) we see that
y <0 for0<ax<1. (2.6)

By (2.6) y is a strictly decreasing function of x for 0 < z < 1. As y(0) = co and y(1) = 0,
the function y decreases from co to 0 as x increases from 0 to 1. Hence there exists a
unique value of x between 0 and 1 such that

= —loggq. (2.7)
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Therefore,
WQFI(%v %a ]-7 1- (E))
q=-exp(—y) =exp| — . 2.8
) ( 2F1(3, 5L 2) (28)
We also set
w=9F(3,%;1;). (2.9)

Ramanujan gave in his notebooks [8] the following formulae for L(q), M(q) and N(q):

dw

L(g) = (1 — 5x)w? + 12x(1 — Dy (2.10)
M(q) = (1 + 14z + 2*)w?, (2.11)
N(q) = (1+z)(1 - 34z + 2*)u’. (2.12)
Formulae (2.10)—(2.12) are proved in [2, pp. 127, 129].
It is shown in Berndt [2, p. 125] that if
2z, q,w) =0 (2.13)

is a relationship between z, ¢ and w—where ¢ satisfies (2.1), z is given in terms of ¢
by (2.7) (or (2.8)) and w is given by (2.9)—then the relationship

Q((ﬂ>2,q27 Tw(l+ \/ﬂ)) =0 (2.14)

also holds. The second formula is said to be obtained from the first formula by duplication
since ¢ is changed to ¢>.
Applying the process of duplication to (2.10)—(2.12), we obtain

L(¢*) = (1 — 22)w? 4 62(1 — x)w%, (2.15)
M(¢®) = (1 -z + 2*)w?, (2.16)
N(*)=1+z)(1-3z)(1-22)0° (2.17)

(see [2, pp. 126, 127]). Applying duplication to (2.15)—(2.17), we obtain

dw

L(g*) = (1 - 22)w® + 3z(1 - as)wg, (2.18)

M(q4) =(1-z+ %ﬁa:Q)ufl, (2.19)

N(q4) =(1- %x)(l —x— B%xQ)wﬁ (2.20)

(see [2, pp. 126, 127]). Again by duplication from (2.18)—(2.20), we have with g =

(1—a)t/*

L 8y _ 1 1 2 11 4 2 3,4 1 4 dw 291
(4°) = 75(=1+ 69" + 11g)w” + 539°(1 — g )w——, (2.21)

M(q®) = 35 (1 +60g% + 134g" + 60¢° + g%)w*, (2.22)

N(q®) = — 355 (1 + 69 + g*)(1 — 132¢% — 250¢" — 132¢° + ¢®)w". (2.23)
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Berndt [2, p. 126] has also described the process of obtaining a new formula from (2.13)
by changing the sign of ¢. If (2.13) holds, then the formula

Q(xxl —q,wV1= :c> —0 (2.24)

also holds. This result is attributed to Jacobi by Berndt [2, p. 126].
Applying Jacobi’s change-of-sign procedure to (2.10)—(2.12), we obtain

dw

L(—q) = (1 — 2z)w? + 12x(1 — Tw—, (2.25)
M(—q) = (1 — 16z + 162%)w?, (2.26)
N(—q) = (1 —22)(1 + 322 — 322%)w®. (2.27)

In Cheng [3, pp. 195-208] the process of obtaining a new formula from (2.13) by
rotation, that is, ¢ — ig, is given and proved. It is shown that if (2.13) holds, then so
does the formula

Q<_8i(11__xi)(11/4_(2)_1/‘f;?) Jig,ilw(l —i(1— $)1/4)2> = 0. (2.28)
Applying this process to (2.10)—(2.12), we obtain with g = (1 — z)'/*
L(iq) = —1(1 + 12ig + 18¢* — 12ig® — 23¢*)w? + 12¢*(1 — g4)w§1—i}, (2.29)
M (ig) = 15(1 — 120ig — 540g° + 840ig® + 1094¢* — 840ig® — 540¢° + 120ig" + ¢*)w?,
(2.30)

N(iq) = & (1 — 12ig — 6¢* + 12ig® + g*)
x (=1 — 264ig — 9969> + 1848ig> 4 1978¢*
— 1848ig° — 99695 + 264ig” — ¢®)wb.  (2.31)
Next, by applying Jacobi’s change-of-sign procedure to (2.29)—(2.31), we deduce

d
L(—iq) = —%(1 — 12ig + 18¢> + 12ig® — 23¢*)w? + 12¢*(1 — g4)wd—w, (2.32)
T

M(—ig) = £ (1 4 120ig — 540¢> — 840ig® + 1094g* + 840ig° — 540¢° — 120ig” + ¢°)w*,
(2.33)

N(—ig) = & (1 + 12ig — 6¢* — 12ig® + g*)
x (=1 + 264ig — 99692 — 1848ig® 4 1978¢*
+ 1848ig° — 996¢° — 264ig” — ¢®)w®. (2.34)
A simple calculation shows that
Loa(q) = 56(4 — L(g) — L(—q) — L(ig) — L(—ig)), (2.35)
Ly.4(q) = 95(—L(q) + L(—q) +iL(ig) — iL(—iq)), (2.36)
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Loa(q) = g5(—L(q) — L(—q) + L(iq) + L(—iq)), (2.37)

L3.4(q) = 56(—L(q) + L(—q) —iL(iq) +iL(—ig)), (2.38)

Mo,4(q) = g5g5(—4+ M(q) +M( q) + M(iq) + M(—iq)), (2.39)

Mi,4(q) = 555 (M (q) — M(—q) — iM (ig) + 1M (—ig)), (2.40)

M3,4(q) = 565(M(q) + M(—q) — ( q) — M(—iq)), (2.41)

M3.4(q) = 555 (M (q) — M(—q) +iM (ig) — iM (~ig)), (2.42)

No.a(q) = 5515 (4 — N(g) — N(—q) — N(iq) — N(~iq)), (2.43)

Nialq) = 6( N(q) + N(—q) +iN(ig) — iN(-ig)), (2.44)

No4(q) = 5955 (—N(q) — N(—q) + (lq) + N(—ig)), (2.45)

N3.4(q) = 5915 (—N(q) + N(—q) — iN(ig) + iN(~ig)). (2.46)

Using (2.10)-(2.12), (2.25)—(2.27), (2.29)—(2.34) in (2.35)—(2.46), we obtain the following
theorem.

Theorem 2.1.

Loa(q) = 1;2 (8 + (11 + 18¢® — 37g")w?* — 96¢* (1 — g4)w(:“:), (2.47)

Lia(g) = 55(1 = ¢)(1 + 9)*w (2.48)

Loa(q) = g(1—¢)*(1 + )2 % (2.49)

Lza(q) = 55(1 = ¢)°(1 + g)w? (2.50)

Mo a(q) = =5 (—32 + (137 — 540g> + 838¢" — 540¢° + 137¢%)w?), (2.51)

M a(q) = 51 (1 = 9)(1 4+ 9)°(1 — 39 + 697 — 3¢> + g*)w* (2.52)

My 4(q) = 535(1 = 9)*(1 + 9)*(1 + 69° + g")w*, (2.53)

M3.4(q) = g1 (1 = 9)*(1+ 9)(1 + 39 + 6% + 3¢° + g*)w* (2.54)

Noa(q) = ez (128 + (14 6g° + g*)(2081 — 8328¢° + 12478¢" — 8328¢° + 2081¢°)w®),

(2.55)

N1,4(Q) = 256(1 - )(1 +g)3
x (8 — 159 + 30g2 — 105¢> + 172¢* — 105¢° 4 30¢° — 1597 + 8¢%)w"
(2.56)

Noa(q) = 1o55(1— 9)*(1+ 9)*(1 + 29 + 29> — 29° + ¢*) (1 — 29 + 2¢° + 2¢° + g*)u®
(2.57)
N3a(q) = 525(1—9)°(1+ g)
x (8 4 159 + 3092 + 105¢° + 172¢* + 105¢° 4 30¢° + 1597 + 8¢%)w®
(2.58)

where g = (1 — x)'/4.
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We conclude this section by noting a few results which will be used in §§3 and 5.
The function w = o F (%, 1;1;2) satisfies the differential equation

2720
2
x(lfx)%+(172x)i—:f%w:0
so that
o _ w  (1-2)de (2.59)
dz?2  4z(1—2) z(1—=2)dx
By (2.4), (2.7) and (2.9), we have
1dg dy 1
qdz T dr z(1 — z)w?
so that
dg 4 (2.60)

dr  z(1—2)w?’
From (2.10), (2.59) and (2.60), we obtain
dL(q)
dq
_dL(g) /dg
dz dx

- % ((1 — 5z)w? + 12z(1 — w)wil;})/mjw

dw dw \ 2w q
_ | _ 2 _ b _ b _ bl S S
= ( 5w + (14 — 34x)w e +12z(1 x)<dx) +122(1 — z)w dx2>/x(1 ~ )
dw dw \ q
= —-20*+(2-1 — +122(1 —2) — —
( W+ Om)wdx + 122 x>(dz) )/:rj(lzr)w2
so that
2
qdﬁé@ = —22(1 — 2)w* +2z(1 —2)(1 - 5x)w3% +122%(1 — 2)*w? (f;;) . (2.61)
Similarly from (2.15), (2.18), (2.21), (2.59) and (2.60), we obtain
dL(g?) 1 4 3dw 2 2, o dw ’
=—sx(1l — 2x(1 — 1-2 —_— 1-— —_— 2.62
a4 5T(1 — 2)w® + 22(1 — z)( x)w i +62°(1 — z)*w o) (2.62)
dL(¢") = 4 4 4\, 4 | 4 a1 5 4y 3dw 8 422dw2
A P Y (I-gHw +9° Q=g )(—5+ 39 )w w Y (1-g")w P
(2.63)
and
dL(q® S dw
qd(q) = —15(1 = 9")B¢” +5g")w" — 39" (1 = g")(1 - 6¢” - 11g")w’

dw Y
+ 3481 — ¢g*)%w? (dx) . (2.64)
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In a similar manner we find

M
d dq(q) =4x(1 —x)(1+ 14z + x2)w5% +22(1 — 2)(7 + 2)w®, (2.65)
dM(¢®) _ 6 2y 5dw
T —z(1—2)(1 —-22)w° +42(1 —2)(1 — 2+ 2°)w P (2.66)
dM(¢Y) _ 6 1 2Y,,,5
1 —sz(l —2)(8 —z)w’ + z2(1 — 2)(16 — 162 + 2°)w P (2.67)
M(aB
d dE}q ) 75 (1= g")(—30g% — 134g* — 90¢° — 2¢°)w"®

=4 d
+ &g' (1 — gM)(1 +60g% + 134" + 604° + gs)uﬂ£. (2.68)

3. Products L, 4(q)Ls,4(q) and L, 4(q)Ms; 4(q)

Using the formulae given in §2, a MAPLE program was run to determine which of the 10
products L, 4(q)Ls.4(q) (0 <r < s < 3) can be expressed as a linear combination of

L(q), L(¢*). L(q"), L(¢%), M(a), M(q*), M(q"), M(q")
and the derivatives of
L(q), L(¢%), L(q4) and L(q®),
and which of the 10 products Ly 4(q)M;s 4(q) (0 < r < s < 3) can be expressed as a linear
combination of

L(q), L(¢®), L(¢g"), L(¢®), M(q), M(¢*), M(q*), M(¢®), N(q), N(¢*), N(¢*), N(¢®)
and the derivatives of

L(g), L(¢*), L(g"), L(¢®), M(q), M(¢*), M(q") and M(g®).
Five formulae were found.

Theorem 3.1.
L(2),4(Q) = ﬁ 288 (7L( ) - 6L(q8))

+ 35 (1610 (¢") — 156M(q)) + — <7qu<¢‘> . 6qu<q8>>’

48 dg dq

(3.1

L3 4(q) = 5 (M(q*) — M(¢%)), (3.2)
Lo,4(q)L24(q) = — 155 (L(q*) — 3L(q") + 2L(q%))

+ 1920(11M( ) - 99M(q4) + 88M(q8))
2 4 8

+ 31<qu(1(§ ) _ 3qu(1(;Z ) 4 2qud<§ )), (3.3)

L1.a(q)Lsa(q) = g5(M(q*) — M(¢®)), 3.4)

L2.a(q)M2,4(q) = —(N(¢*) — N(¢%)). (3.5)
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We just give the proof of (3.1).

Proof of (3.1). By (2.18) and (2.21) we have

d
TL(g") — 6L(q%) = — (11 + 1842 — 37g")w? + 12g*(1 — gﬂwﬁ,

and from (2.19) and (2.22)
161M (¢*) — 156 M (¢°) = £ (605 — 2340g> + 3790¢" — 23409° + 605¢°)w*,

and from (2.63) and (2.64)

7qu(q4) B quL(qS)
dq

~dw

= 5(99% = 13¢")(1 — g")w" — 5g"(1 = g")(22 + 369 — T4g")u’ —
2

81 a2 of dw
+12¢°(1 — ¢*)*w )
Finally,

1 L(q* L(g8
704 (Q)_qu (¢°)
dq dq
1 1
T 576 288

+ 555 () (605 — 2340¢° + 37909 — 23409° + 605¢%)w*
+ 15(3)(99° = 13¢M) (1 — g*)w?

d dw\
— 4%(%)94(1 — g4)(22 + 369> — 7494)w3£ + %1298(1 — g4)2w2 ((;:)

d
( — $(11 4+ 18¢* — 37¢g")w® + 12¢"(1 — g4)w(;:)

1 dw2
= 8 + (11 4+ 18¢% — 37¢Hw? — 964* (1 — g ) w—
s (8 (11 18— 3791)02 - 966°(1 — g}
= Lo .4(q)*

by (2.47).
This completes the proof of (3.1). The remaining formulae can be proved similarly. O

4. Arithmetic identities

Equating the coefficients of ¢™ on both sides of the five formulae in Theorem 3.1, we
obtain the following theorem.
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Theorem 4.1.
> o(dm)o(4n — 4m) = L5{16103(n) — 15603(3n)
" +(1— 24n)(To(n) — 60(n))},  (4.1)
3" o(4m —2)o(4n — (4m — 2)) = 903(n) — 9o3(3n), (4.2)

> o(dm)o(4n — 2 — 4m) = L{1los(2n — 1) + (13 — 24n)o(2n — 1)}, (4.3)

> o(4m = 3)o(4n — (4m — 3)) = 4os(n) — do3(3n), (4.4)
Z o3(4m — 2)o(4n — (4m — 2)) = 2705(n) — 2705(3n). (4.5)

m<n

Let a and b be integers satisfying b > 1 and 0 < a < b — 1. Set
n—1
S(a,b)= > o(m)o(n—m).
'mEam(?nlod b)

Huard and co-workers [4, § 5] have given results for S(a,b) for b =1, 2, 3 and 4.

Formula (4.4) gives the value of S(1,4) for n = 0 (mod 4) [4, Theorem 9]. Formula (4.3)
gives the value of S(0,4) for n = 2 (mod 4) [4, Theorem 9]. Formula (4.2) gives the value
of S(2,4) for n = 0 (mod 4). Formula (4.1) gives the value of S(0,4) for n = 0 (mod 4).
The latter two formulae extend the result given in [4, Theorem 9].

5. Further relations

It is possible to derive many other relations similar to those in Theorems 3.1 and 4.1.
We refer the reader to Cheng [3] for details. We just give two other identities.

Theorem 5.1.

L)L) = H01(0) +401(7) +3(a 5L 12, 2HL) ), 6.)

4
L@ = % ((0) +3M() + 16016 + 3 (30552 + 1205 ) (52

Proof. First we prove (5.1). By (2.11) and (2.16) we have
M(q) +4M(q*) = 5(1 + 2z + 2*)w*
and from (2.61) and (2.62)

dL(q) dL(q?)

dq

q +2q

dw dw Y
- _ _ 4 _ _ 3dw 201 _ 02,2 W
=-3z(1 —z)w" + 62(1 —2)(1 — 3z)w e +24z°(1 — z)*w (dx)
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Hence

(M (q) +4M(q%)) + 3 <qu(q) + 2qu(q2)>

dg dq

571

2
= (1 —22)(1 — 5z)w* + 18z(1 — )(1 — Bx)w?’i—w +7222(1 — 2)2w? <dw>
X

dx

= L(q)L(q%)

by (2.10) and (2.15).
Next we prove (5.2). By (2.11), (2.16) and (2.19) we have

M(q) +3M(q*) +16M(¢") = 5(4 — z + z*)w"
and from (2.61) and (2.63)

dw

&)

3qdiéq) n 12qu(q4)
= —120(1 - z)w’ +302(1 —)(1 - 2x)w3%} + 7222(1 — ) *w? (
Hence
20 (M(a) +3M(q”) + 16M(q")) + ;<3qdz;q) + 12qud<§4)>

= (1-52)(1 - 3z)w* + 15z(1 — 2)(1 — 2x)w3§1—w + 3622 (1 — x)*w? (3‘”
X X

= L(q)L(q")
by (2.10) and (2.18). This completes the proof of Theorem 5.1.

)2

O

Equating the coefficients of ¢™ on both sides of (5.1) and (5.2), we obtain the following

theorem.
Theorem 5.2.
Z o(m)o(n —2m)
m<n/2
= 5:{203(n) 4+ 803(3n) + o(n) + o(3n) — 3no(n) — 6no(3n)},

> o(m)o(n—4m)

m<n/4

(5.3)

= a5 {03(n) + 303(3n) + 1605(3n) + 20(n) + 20(§n) — 3no(n) — 12n0(3n)}.

(5.4)

Formulae (5.3) and (5.4) are due to Melfi [5,6] for n odd and to Huard and co-

workers [4] for all n.
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