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BOUNDED VECTOR MEASURES ON EFFECT ALGEBRAS

HONG TAEK HWANG, LONGLU LI AND HUNNAM KIM

Let (L, X, ©,0,1) be an effect algebra and X a locally convex space with dual X'. A
function n : L —• X is called a measure if n(a © 6) = fj,{a) + /i(6) whenever a±b in
L and it is bounded if {^(fln)}^-! is bounded for each orthogonal sequence {an} in
L. We establish five useful conditions that are equivalent to boundedness for vector
measures on effect algebras.

1. INTRODUCTION

Following Gudder ([1]), quantum mechanics is a probabilistic theory, and a complete
description of a quantum mechanical system is given by a probabilistic measure on its set
events. This set of events fails to form a cr-field (or a a-complete Boolean algebra) ([2]).

Motivated by the mathematical foundations of a quantum mechanics, so-called non-
commutative measure theory has seen important developments. This theory replaces
Boolean algebras by other structures (sometimes called quantum logics) such as orthoal-
gebras, effect algebras or Z?-posets. Note that effect algebra is a natural generalisation
of Boolean algebras and orthoalgebras ([6]).

Recently, a series of basic principles of the usual measure theory, such as the Brooks-
Jeweet theorem, Nikodym convergence theorem and Vitali-Hahn-Saks theorem, were also
established for topological group valued measures defined on quantum logics ([2, 6]).
However, the usual theory of locally convex space valued measures is quite plentiful so it
is necessary to consider vector measure defined on quantum logics.

In this paper we establish boundedness results for locally convex space valued mea-
sures on effect algebras. For a usual vector measure, these boundedness results were
established by Li Ronglu and Shin Min Kang ([4]) in 2000. Note that a recent result
in locally convex space theory ([3, 7]) gives a new strong property of bounded vector
measures (see Corollary 4 below).
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2. PRELIMINARY

Let (£, ± , ©,0,1) be a given effect algebra (see [6]) and X be a locally convex space
with the dual X'. A function n : L —> X is a measure if fx(a © b) = /z(a) + n(b) whenever
a,b € L and o ! 6 . Let a(L, X) be the family of X-valued measures on L. ( j£ a(L, X)
is s-bounded if /x(an) —> 0 whenever (aj)jgN is orthogonal sequence in L, and sa(L, X)
is the family of s-bounded measures. We say that /j. € a(L, X) is cr-additive if for every

oo

orthogonal sequence (an)nem in L such that o = ©n € N an exists in L, the series 5I/i(an)
converges to /x(a), and ca(L, X) is the family of cr-additive measures. n=1

Each \i 6 sa(L, X) is strongly additive, that is, for every orthogonal sequence
( n I

(a,)jgN in L, < X)M(ai) f is Cauchy ([6, Corollary 3.4]) and, in general, both inclusions
U=i J

ca(L, A") C 5a(L,AT) and sa(L, A") C ca(L,X) are not true ([6, 4]).
D E F I N I T I O N 1: n € a(L, X) is said to be bounded if for every orthogonal sequence

(oj);eN in L, the sequence {M(aj)}'^1 is bounded in X.

Let ba(L, X) = {n E a(L, X) : n is bounded}.
PROPOSITION 1. sa(L,X) c ba(L,X).

This is an immediate consequence of the definition. We show that the converse is
false.

E X A M P L E . Let L = {A C N : A is finite or N \A is finite}. For A,B e L, we say that
A±B if Ar\B = ® and let A © B = ,4 U B whenever ALB. Then (L, _L, ffi, 0, N)
is an effect algebra. Define p : L -> Co by /Z(J4) = Xyi if A is finite and - X N \ / I if N \ J4

is finite, where XB is the characteristic function of B C N. Then /z e a(L, Co). Since
IM^I loo = 0 or 1 for each A € L,n €. ba(L,X). However, ({n})ngN is orthogonal in
L but /x({n}) = X{n} = en does not converge in CQ. This shows that /x £ sa(L,X),

, X ) ^ s a ( L , X ) .

LEMMA 1 . For n 6 a(L, X) the following are equivalent.

(i) peba(L,X).

(ii) For every orthogonal Ac L, {n(a) : a € A} is bounded.

(iii) For every orthogonal A C L and F(A) the family of finite subsets of A,

{ . A»(a) = -F € .F(.A) J is bounded.
F J

P R O O F : (iii) => (ii) ^> (i) is obvious. Suppose that n e ba(L,X) but

is not bounded. By the Mackey theorem ([8, p. 114]), there is an / e X' such that

sup / ( > /i(a) ) |= +00.
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ieF2

Then there is an Fx e F{A) for which

/

and there is an F2 € F{A) such that

/

Hence

There is an F3 € T{A) such that

/

and so

>eFi

- E
»€F2

so€F3\(F,UF2)

Continuing this construction inductively gives a sequence {Fj} C T{A) such that

(1) E > n + 1,

n = 1,2,3,... .

Let F / = Fi, Fn' = Fn f |J Fj) for n ^ 2. Then { F ^ } ^ is a pairwise disjoint

/n-l \
sequence in !F(A). In fact, if n > m and a e Fn', then a G Fn \ ( |J Fj I so a 0 Fm and
a € Fm'. Since 4̂ is orthogonal and {Fn'} is a pairwise disjoint sequence of finite subset
of A, it is easy to see that ( © a) is an orthogonal sequence in L and so

{'('L.^uJL-K'te'))}:
is bounded because \x € ba(L,X) and / € A"'. This is a contradiction to (1) and, hence,

Dis bounded. That is, (i) =• (iii) holds.
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3. MAIN RESULTS

Now we can state the main result as follows.

THEOREM 1. Let (L, ±, ©, 0,1) be a given effect algebra and X be a locally con-

vex space. Then for a (finitely additive) measure (i : L -* X, that is n G a(L, X), the

following conditions are equivalent.

1. neba{L,X).

( " 1°°
2. For every orthogonal sequence (aj),6N in L and(tj) G Co, < £ tjn{dj) >

is a Cauchy sequence in X. j~l n = 1
oo( n 1°°

3. For every orthogonal sequence (aj),6N in L, the series < ^Z ^(aj) r
is weaiciy conditionally Cauchy. That is,

cv /a'.

4. For every orthogonal sequence (aj),-6N in L , n(aj) -* 0

5. For every orthogonal A C L and every increasing sequence Fi C F2 C F3

C • • • 0/finite subsets of A,

- YJ tQ/*(a) ^ > 0 for every choice of \ta\ < 1 (a e A)
a6Ft

6. For every orthogonal A C. L and every increasing sequence F\ C F2 C F3

C • • • of finite subsets of A,

lim - V^ *oM(a) = 0 for every choice of \tQ\ ^ 1 (a € A)

PROOF: (1) =*• (2). Let (a_j) -eN be orthogonal sequence in L and

5 = 1 ^tj-/z(aj) : A C N is finite, sup \tj\ ^ 1 i .

Let feX' and

{ ( ) }, and

iV4 = {j G N : Im/^^)) < O}.
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Then for every finite A c N and \tj\ < 1, V; G N,

- Re/

( E

E E
^ 4 s u p i / f ^ ^ ( a ; ) J \ : F C N is finite 1

= 4M/.

Since (a,)j6N is orthogonal in L and n 6 6a(L, X), it follows from Lemma 2 that

{ 53 M(ai) : -F C N is finite > is bounded and so M/ < +oo for each / G X'.This shows

that B is weakly bounded and hence, B is bounded by the Mackey theorem.
Now let (tj) € co and 8k = supj>fc |^|, Vfc € N. Then 6k ->• 0. Without loss of

generality, we assume that tj ^ 0 for infinitely many j . Then 8k > 0 for all k € N.
Let {/ e M{X), the family of neighbourhoods of 0 € X. Since B is bounded, there

is an £ > 0 such that
a E e- E sjA»(aj)

Then there is a A;o G N for which 0 < 5k < e, Vk > k0, and

V m ^ *

that is, < 5Z ̂ ^(aj) f is Cauchy.

(2) =» (3): Let (a,).eN be orthogonal in L and / G X'. By (2),
OO 11

/Maj)) < +°°-converges for each (tj) G co and, hence,

(3) => (4): Obvious.

(4) => (1): For every orthogonal (aj)jeN C L, //(a7) ^ 0 so

bounded and, hence, {/^(flj)}0!, is bounded by the Mackey theorem.
" ! is weakly
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(1) ^ (6): Let A C L be orthogonal. It is similar to the proof of the implication

(1) => (2).

Lemma 2 implies that

B = |^r , t a f i (a ) :FcAis finite, |ta| ^ 1 (a e A) \

is bounded for \i 6 ba(L,X). Hence, (1) implies (6).

(6) =» (5): Obvious.
weak

(5) =>• (1): Suppose that (o7-) .gN is orthogonal sequence in L but n(dj) •/—* 0. Then

there exist e > 0, / 6 X' and ji < j 2 < J3 < • • • in N such that

| / ( / i ( a j , ) ) | > £ , ! / = 1 , 2 , 3 , . . . .

Let

^i = {oil}, Ft = {OJI . o»}» ^3 = {aji, aj3, ah } , . . . ,

and pick a sequence {*„ C C} for which \U\ = 1 and

| K ) ) | , v = 1,2,3, . . . •

Then

e for all k.

This contradicts (5) and so /i(a,-) -> 0 weakly. Thus (5) => (4) => (1) holds. D

For a locally convex space X and its dual X', the strongest admissible topology

/3(X, X') is just the topology of uniform convergence on each weak * bounded subset of

X'.

COROLLARY 1 . Let (L, ±, ©, 0,1) be an effect algebra and X a sequentially com-

plete locally convex space. Then a measure fx: L —» X is bounded (that is, fj, € ba(L, X))
oo

if and only if for every orthogonal (<ij)jen C L and (tj) G CQ, the series 5Z ' i^( a i ) JS

j3(X,X')-convergent. J = 1

00

P R O O F : Let (aj)j€y be orthogonal sequence in L. By Theorem 1, J2 tiil{aj) con-

verges for each (tj) e CQ since X is sequentially complete. Since the co-multiplier con-
oo

vergence is an invariant on all admissible topologies ([3, 7]), Yl^i^i0-]) ^ P{X,X')-

convergent. For each (tj) 6 CQ. J~ U
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Reflexive locally convex spaces are weakly sequentially complete ([8, p. 153]), and
every weakly sequentially complete locally convex space contains no copy of (co, || ||oo)
([5, Theorem 5]). If a locally convex space X contains no copy of (CQ, || ||OO), then X

has a series of nice properties, for example, every continuous linear operator T : CQ -» X

is both compact and sequentially compact. That is, for every bounded B C CQ, T(B) is
both compact and sequentially compact ([5, Theorem 4]).

THEOREM 2 . For a sequentially complete locally convex space X, the following

conditions are equivalent.

(a) X contains no copy of (co, || • ||oo)>
oo

(b) For every effect algebra L and n e ba(L, X), ^Z tjfi(a,j) converges whenever

(aj)jeN is orthogonal sequence in L and (tj) € l°°,

(c) For every effect algebra L, ba(L, X) = sa(L, X).

PROOF: (a) => (b): Let L be an effect algebra and (aj)jeN an orthogonal sequence
oo

in L. By Corollary 1, fj, e ba(L, X) implies that J2 tjKaj) converges for each (tj) 6 CQ.
i=1 oo

But, since X contains no copy of (co, ||• ||oo), it follows from [5, Theorem 1] that YltjV{aj)

converges for each (tj) € l°°. 3~

(b) =• (c): Trivial.

(c) => (a): Example 1. D
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