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1. Introduction

A contact manifold (M,n) is a smooth manifold M?"*! together with a global 1-form
7 such that n A (dn)™ # 0 everywhere on M. This means that dn has maximal rank
2n on the contact distribution D = kerr. The duality of n defines a unique vector field
&, the Reeb vector field. The Reeb flow is a one-parameter group of diffeomorphisms ¢,
generated by the Reeb vector field €.

A Ricci soliton is a natural generalization of an Einstein metric and is defined on a
Riemannian manifold (M, g) by

1Lyg+ Ric—Ag =0, (1.1)

where V' is a vector field (the potential vector field) and A is a constant on M. Obviously,
a Ricci soliton with V' Killing is an Einstein metric. Compact Ricci solitons are the fixed
points of the Ricci flow,

% g = —2Ric,

projected from the space of metrics onto its quotient modulo diffeomorphisms and scal-
ings, and often arise as blow-up limits for the Ricci flow on compact manifolds. The Ricci
soliton is said to be shrinking, steady or expanding if A > 0, A = 0 or A < 0, respec-
tively. Hamilton [11] and Ivey [12] proved that a Ricci soliton on a compact manifold
has constant curvature in dimensions 2 and 3, respectively. If the vector field V is the
gradient of a potential function, then ¢ is called a gradient Ricci soliton. We refer the
reader to [4,10] for details about Ricci solitons or gradient Ricci solitons.
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Then it is interesting to consider a contact Ricci flow which evolves by the Reeb flow
and a (time-dependent) evolving factor at the same time. We will call a solution of the
evolution equation a contact Ricci soliton. We have the contact Ricci soliton equation:

1Lcg+ Ric—\g = 0. (1.2)

A contact manifold with £ a Killing vector field is called a K -contact manifold.
One of the main purposes of the present paper is to prove the following theorem.

Theorem 1.1. A contact Ricci soliton is shrinking and is Einstein K -contact.
On the other hand, Boyer and Galicki [3] proved the following result.
Theorem 1.2. A compact Einstein K-contact manifold is Sasakian.

Thus, together with Theorem 1.1 we have the following.

Corollary 1.3. A compact contact Ricci soliton is Sasaki—Einstein.

In the second half of §3, we prove a homogeneous contact metric manifold admit-
ting a gradient Ricci soliton is either Einstein or locally isometric to E"*1 x S"(4)
(Theorem 3.6). Moreover, we show that a compact contact homogeneous manifold with
a Ricci soliton is Sasaki-Einstein (Corollary 3.7).

2. Preliminaries

We start by reviewing briefly the fundamental materials about contact Riemannian (CR)
geometry and contact pseudo-Hermitian geometry. We refer the reader to [2,17] for
further details. All manifolds in the present paper are assumed to be connected, oriented
and of class C'*°.

2.1. Contact Riemannian structures

A (2n + 1)-dimensional manifold M is a contact manifold if it is equipped with a
global 1-form 7 such that n A (dn)™ # 0 everywhere. Given a contact form 7, there exists
a unique vector field &, called the Reeb vector field, satisfying n(¢) =1 and dn(¢,X) =0
for any vector field X. It is well known that there also exists a Riemannian metric g and
a (1,1)-tensor field ¢ such that

n(X)=g(X,8), dn(X)Y)=g(X,¢Y), X =-X+nX)§  (21)
where X and Y are vector fields on M. From (2.1), it follows that

=0, nop=0, g(pX,¢Y)=g(X,Y)—-n(X)n(Y). (2.2)
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A Riemannian manifold M equipped with structure tensors (7, g) satisfying (2.1) is
said to be a contact Riemannian manifold or contact metric manifold and it is denoted
by M = (M,n,g). Given a contact Riemannian manifold M, we define a (1, 1)-tensor
field h by h = %Egcp. Then we may observe that h is symmetric and satisfies

hé =0, hp = —ph, (2.3)
Vx{=—pX — phX,

where V is the Levi-Civita connection. From (2.3) and (2.4) we see that each flow of £ is
a geodesic flow.

A contact Riemannian manifold for which £ is Killing is called a K -contact manifold.
It is easy to see that a contact Riemannian manifold is K-contact if and only if A = 0.

2.2. Contact pseudo-Hermitian almost-CR structures

For a contact manifold M, the tangent space T,M of M at each point p € M is
decomposed as T,M = D, & {{}, (direct sum), where we denote D, = {v € T,M |
n(v) = 0}. Then the 2n-dimensional distribution (or sub-bundle) D: p — D, is called
the contact distribution (or contact sub-bundle). Its associated almost-CR structure is
given by the holomorphic sub-bundle

H={X—iJX: X € I'(D)}

of the complexification CT'M of the tangent bundle TM, where J = ¢|p, the restriction
of ¢ to D. Then we see that each fibre H,, p € M, is of complex dimension n and
H NH = {0}. Furthermore, we have CD = H @ H. For the real representation {D, J} of
‘H we define the Levi form by

L: (D) x (D) —» F(M), L(X,Y)=—dn(X,JY),

where F(M) denotes the algebra of differentiable functions on M. Then we see that the
Levi form is Hermitian and positive definite. We call the pair (n, L) (or (1, J)) a contact
strictly pseudo-convex, pseudo-Hermitian structure on M. We say that the almost-CR
structure is integrable if [H,H] C H. Then the pair (1, J) is called a contact strictly
pseudo-convex (integrable) CR structure and (M, n, J) is called a contact strictly pseudo-
conver CR manifold or a contact strictly pseudo-conver integrable pseudo-Hermitian
manifold.

For a given contact strictly pseudo-convex pseudo-Hermitian manifold M, the pseudo-
Hermitian structure is integrable if and only if M satisfies the integrability condition
2 =0, where £2 is a (1,2)-tensor field on M defined by

2(X,Y) = (Vxe)Y —g(X + hX,Y)E+n(Y)(X + hX) (2.5)

for all vector fields X, Y on M [17, Proposition 2.1]. It is well known that for three-
dimensional contact Riemannian manifolds their associated CR structures are always
integrable. In addition, we define the pseudo-Hermitian torsion A = @h (cf. [5]).
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A Sasakian manifold is a contact strictly pseudo-convex CR manifold whose Reeb flow
is isometric (or, equivalently, vanishing pseudo-Hermitian torsion). From (2.5) it follows
at once that a Sasakian manifold is also determined by the condition

(Vxp)Y = g(X,Y)§ —n(Y)X (2.6)
for all vector fields X and Y on the manifold.

3. Proofs of the results
The following lemma has a crucial role in proving Theorem 1.1.
Lemma 3.1. If (g,V) is a Ricci soliton of a Riemannian manifold, then we have
LIy gl® = dr(V) +2div(AV — SV), (3.1)
where r denotes the scalar curvature of g and S denotes the Ricci operator defined by
Ric(X,Y) = g(SX,Y).
Proof. We adapt a local coordinate system (z%). Then (1.1) implies
18yg" + RY — \g¥ = 0. (3.2)
From the above equation (3.2) we compute
1|Lvyl® = —R7Lvaij + A\g” Lv gij
= —Lyr+gi; LvRY + Agi; Lvg". (3.3)
We compute the second term of the last equation:
9i;8vR7 = g;;VyRY — g;;V V'R — g;;V VI R
= 9i;VvRY = 2g;;VV'RY
= 2dr(V) — 2div SV, (3.4)

where we have used dr(V) = 2V5VuRg‘. Since g;; £y ¢ = 2divV, using (3.3) and (3.4)
we obtain (3.1). O

3.4
3.4

Remark 3.2. By using Green’s Theorem it follows from (3.1) that ‘a compact Ricci
soliton (M, g, V') with constant scalar curvature is a trivial Ricci soliton’.

Now we suppose that a contact manifold (M, n) admits a Ricci soliton (g,&). Then
from (1.1) we get

Use (2.4) to obtain Ric(X,Y) — g(¢hX,Y) — Ag(X,Y) =0, or
SX =2X + AX (3.6)

for any vector field X on M. Setting X = ¢ in (3.6), and since h& = 0, we have S = A¢.
From (2.3) we can see that tr A vanishes. Hence, from (3.6) we also find that the scalar
curvature r (= (2n+ 1)) is constant. Now, we assume that V' = ¢ in (3.1); then we have
¢ a Killing vector field. Then (3.6) yields again that M is Einstein. Since Ric(, &) = 2n
for a K-contact manifold [2], we see that A > 0. This completes the proof of Theorem 1.1.
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By (2.5) and (2.6), we have the following corollary.

Corollary 3.3. Let (M, n) be a contact manifold whose associated pseudo-Hermitian
structure (n, J) is CR-integrable. If (M,n) admits a contact Ricci soliton (g,&), then M
is Sasaki—Finstein.

A K-contact manifold of constant curvature has constant sectional curvature +1 [16].
Since the Weyl tensor always vanishes on a three-dimensional Riemannian manifold, we
have the following result.

Corollary 3.4. A complete and simply connected contact 3-manifold (M, n) admitting
a contact Ricci soliton (g,&) is a unit sphere.

It is notable that every closed 3-manifold admits a contact structure [13].

Corollary 3.5. A conformally flat contact Ricci soliton (M,n,g,£) is of constant
curvature +1.

Perelman [14] proved that a Ricci soliton on a compact manifold is a gradient Ricci
soliton and hence the potential vector field V' of a compact Ricci soliton is the sum of the
gradient of a function and a Killing vector field. For details we refer the reader to [10].

Theorem 3.6. Let (M,n,g) be a homogeneous contact metric manifold. If g is a
gradient Ricci soliton, then M is either Einstein or locally isometric to E™1 x S™(4).

Proof. Suppose that M admits a non-trivial Ricci soliton that is non-Einstein. Then
we first recall the recent result of Petersen and Wylie [15] that (M, g) splits as (M7, g1) X
(Ms, g2), where M, is Einstein (Ric; = A1g1) and My is Euclidean E*. If \; = 0, then
we easily see that M is Ricci-flat. So, let A\; be non-zero. We may assume that £ splits
into the factors M7 and My as & + & orthogonally. We divide our arguments into the
following three cases.

(i) Suppose that & # 0 and & # 0. Then, for any tangent vector field Ey on My, we
find SVg,& = 0, and hence Vg,& is tangent to Ms. Since Vg,& = 0, we get Vg, € is
tangent to Ms. Then using (2.4) we have

g((pEz + (PhE27E1) =0 (37)

for any vector field E; tangent to M. In a similar argument as above, we have that Vg, £
is tangent to M7 and using (2.4) we have

g(pEr + phEr, Ey) =0 (3.8)

for any vector field Ey tangent to Ms. Since ph is symmetric, from (3.7) and (3.8) it
follows that pE; (respectively, ¢FEs) is tangent to M; (respectively, Ms). Thus, we have

0 = (& + &) = p& + p&s, which implies &1 = @€ = 0. This yields & = n(&1)€ and
& = n(&2)&, which is impossible.
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(ii) Examine the case {3 = 0. Then S¢ = \§ and ¢ is tangent to M;. Since Vg, & = 0,
we have @Fs 4+ phFs = 0 for any E5 tangent to Ms. Applying ¢, we get hEy = —Fs and
hpEs = @FE5, where we have used hyp = —ph. Hence, we have that pF» is tangent to M;.
Differentiating S = A1 covariantly for ¢ FEs, then using (2.4), we have S(Fy — hEs) =
A1(E2 — hEs). This implies that A; E2 = 0, which is impossible.

(iii) Let us consider the case £&; = 0 and &5 # 0. It follows at once that S¢ = 0, and then
¢ is tangent to Ms. Then we have R(X,Y )¢ = 0 for any vector fields X, Y on M, and
hence locally flat in dimension 3 and isometric to S™(4) x E"*! in higher dimensions [1].
This completes the proof. (Il

Since the homogeneity implies the constancy of its scalar curvature, with the aforemen-
tioned Perelman’s remark and using (3.1) and the Boyer—Galicki result (Theorem 1.2),
we have the following.

Corollary 3.7. A homogeneous compact contact manifold admitting a Ricci soliton
is Sasaki-FEinstein.

We finish the present work by stating the related results recently obtained.

e If a compact real hypersurface M in a complex number space admits a Ricci soliton
whose potential vector field is the Reeb vector field, then M is a sphere [6,7].

e A real hypersurface in a complex projective or hyperbolic space does not admit a
Ricci soliton whose potential vector field is the Reeb vector field [8].

e If a compact real hypersurface M of contact type in a complex number space admits
a gradient Ricci soliton, then M is a sphere [9].

e A Hopf-hypersurface in a complex projective or hyperbolic space, in which the Reeb
vector field is a principal vector field, does not admit a gradient Ricci soliton [9].

Acknowledgements. The author thanks the anonymous referee for reading the
manuscript carefully and giving valuable suggestions on it. This work was supported by
the National Research Foundation of Korea funded by the Korean Government (Grant
2009-0071643).

References

1. D. E. BLAIR, Two remarks on contact metric structures, Tohoku Math. J. 29 (1977),
319-324.

2. D. E. BLAIR, Riemannian geometry of contact and symplectic manifolds, Progress in
Mathematics (Birkhauser, 2002).

3. C. P. BoYER AND K. GALICKI, Einstein manifolds and contact geometry, Proc. Am.
Math. Soc. 129(8) (2001), 2419-2430.

4. H.-D. CA0, Geometry of Ricci solitons, Chin. Annals Math. B 27 (2006), 121-142.

5. S. S. CHERN AND R. S. HAMILTON, On Riemannian metrics adapted to three-dimensional
contact manifolds, Lecture Notes in Mathematics, Volume 1111, pp. 279-305 (Springer,
1985).

https://doi.org/10.1017/50013091509000571 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091509000571

10.

11.

12.

13.

14.

15.

16.

17.

Notes on contact Ricci solitons 53

J. T. CHO, Ricci solitons and odd dimensional spheres, Monatsh. Math. 160 (2010),
347-357.

J. T. CHO, Erratum to ‘Ricci solitons and odd dimensional spheres’, Monatsh. Math. 160
(2010), 359-360.

J. T. Cao AND M. KIMURA, Ricci solitons and real hypersurfaces in a complex space
form, Tohoku Math. J. 61 (2009), 205-212.

J. T. Cuo AND M. KIMURA, Ricci solitons of compact real hypersurfaces in Kéahler
manifolds, Math. Nachr. (in press).

B. CHow AND D. KNOPF, The Ricci flow: an introduction, Mathematical Surveys and
Monographs, Voume 110 (American Mathematical Society, Providence, RI, 2004).

R. S. HAMILTON, The Ricci flow on surfaces, in Mathematics and general relativity, Con-
temporary Mathematics, Volume 71, pp. 237-262 (American Mathematical Society, Prov-
idence, RI, 1988).

T. IVEY, Ricci solitons on compact 3-manifolds, Diff. Geom. Applic. 3 (1993), 301-307.
J. MARTINET, Forms de contact sur les variétiés de dimension 3, Lecture Notes in Math-
ematics, Volume 209, pp. 142-163 (Springer, 1971).

G. PERELMAN, The entropy formula for the Ricci flow and its geometric applications,
eprint (available at http://arXiv.org/abs/math.DG/0211159).

P. PETERSEN AND W. WYLIE, On gradient Ricci solitons with symmetry, Proc. Am.
Math. Soc. 137 (2009), 2085-2092.

S. TANNO, Locally symmetric K-contact Riemannian manifolds, Proc. Jpn Acad. 43
(1967), 581-583.

S. TANNO, Variational problems on contact Riemannian manifolds, Trans. Am. Math.
Soc. 314 (1989), 349-379.

https://doi.org/10.1017/50013091509000571 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091509000571



