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Spectral Asymptotics of Laplacians
Associated with One-dimensional Iterated
Function Systems with Overlaps

Sze-Man Ngai

Abstract. 'We set up a framework for computing the spectral dimension of a class of one-dimensional
self-similar measures that are defined by iterated function systems with overlaps and satisfy a family
of second-order self-similar identities. As applications of our result we obtain the spectral dimension
of important measures such as the infinite Bernoulli convolution associated with the golden ratio and
convolutions of Cantor-type measures. The main novelty of our result is that the iterated function
systems we consider are not post-critically finite and do not satisfy the well-known open set condition.

1 Introduction

Let u be a continuous, positive, finite Borel measure on R with support
supp(p) C [a, b]. Define the standard Dirichlet form on L?((a, b), p),

b
E(u,v) :=/ u’ (x)v' (x) dx,

with domain Dom(€) equal to the Sobolev space
Hy(a,b) :={u € L*((a,b),dx) : u' € L*((a,b), dx), u(a) = u(b) = 0}
(Dirichlet boundary condition) or
H'(a,b) := {u € I*((a,b),dx) : u' € L*((a,]),dx)}
(Neumann boundary condition). It is well known that in either case Dom(€) is dense
in L2((a, b), i), and the quadratic form & is closed. Hence one can define a Dirichlet

(resp. Neumann) Laplace operator Af (resp. Aﬁ] ) called the Dirichlet (resp. Neu-
mann) Laplacian with respect to i, by

b
(1.1) E(u,v) = / (=Awvdp, forallv € C°(a, b),
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where A, = AE or Aﬁ’, and C2°(a, b) is the space of compactly supported C*>
functions on (a, b).

It is known (see, e.g, [BNT, HLN]) that there exists an orthonormal basis
{u,}22, of L*((a, b), p) consisting of eigenfunctions of —A,,. The eigenvalues ), =
An(=A,), n > 1, are simple and satisfy lim, . A, = oco.

Define the eigenvalue counting function for —A, as

N, —A)) =#{n: X, <A},

where #A denotes the cardinality of a set A, and p|g denotes the restriction of the
measure y to a subset E C R. The lower and upper spectral dimensions of y are
defined, respectively, as

dim (p) := A1%1<> T and  dim,(p) := Ali,rfio T

2InN(A\, —A)) — 2InN(\,—A))
If dim (1) = dim, (1), we call the common value the spectral dimension of ;i and
denote it by dimg(p).

Since dim(H'(a, b)/H}(a,b)) = 2 (see Remark 2.4)), we have (see [K, Theo-
rem 4.1.7 and Corollary 4.1.8]),

)\n(_Afj) é )\n(_AE) é >\n+2(_Aﬁ])a

and thus
N(\, —Af) < N()\,—Aff) < N(A, —Af) +2, A>0.

Consequently, N(A, —A7) and N(X, —AY) behave the same asymptotically as
A — o0; moreover, dim (u), dim;(y1), and dim(p) are the same for fAﬁ and fAf;’.
Therefore, we need only consider the Dirichlet Laplacian.

Throughout the rest of this paper, unless otherwise specified, A, denotes the
Dirichlet Laplacian AE . The Dirichlet eigenvalues A\, = \,(—A,,) satisfy

(1.2) D<A < A< and nlirrolo)\nzoo.

The asymptotic behavior of N(A, —A,,) and the computation of dim;(x) are inter-
esting problems and have been studied extensively. For the case where s is Lebesgue
measure, A, is the standard Laplacian, and (a, b) is replaced by a bounded smooth
or fractal subset in R?, we refer the the reader to [W, L, LP, F2] and the references
therein.

We are mainly interested in the case where p is a self-similar measure. Let {S;}/" |,
m > 2, be an iterated function system (IFS) of contractive similitudes of the form

(1.3) Si(x):r,‘R,‘X-i—bi, izl,...,m,

where 0 < r; < 1, R; is an orthogonal transformation, and b; € IR9. To each such
IES, there corresponds a unique compact set K C R such that

3

K = U Si(K)
i=1

1
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(see [H,F1]). K is called the self-similar set (or attractor) defined by {S;}",. To each
set of probability weights {w;},, i.e., w; > 0and >.!"  w; = 1, there corresponds a
unique probability measure, called a self-similar measure, satistying the identity

(1.4) ﬂ:ZWiﬂOSi_l-
i=1

Moreover, supp(p) = K. Kigami and Lapidus [KL] obtained the spectral dimension
for a fractal Laplacian defined on a post-critically finite (PCF) self-similar structure
with a regular harmonic structure and a Bernoulli measure (see [K]). The reader
is referred to [K, S] for more results in this area. M. Solomyak and Verbitsky [SV],
Naimark and M. Solomyak [NS1, NS2] computed the spectral dimension for self-
similar measures defined by IFS’s satisfying the open set condition (OSC). Recall that
an IFS {S;}1, satisfies the open set condition if there exists a nonempty bounded
open set U such that U;ﬂzl S;(U) CUand S;(U)NS;(U) = @ ifi # j (see [H,F1]).
The OSC is a separation condition; an IFS that does not satisfy the OSC is said to have
overlaps. Tt is still an open question whether the PCF condition implies the OSC; we
refer the reader to [DL] for a partial result.

The PCF condition and the OSC are key conditions in studying the analysis and
geometry of fractals. Since the late 1980s, differential operators on fractals defined by
IFS’s that satisty these conditions, such as the Sierpinski gasket and Sierpinski carpet,
have been constructed and studied extensively using both analytic and probabilistic
approaches (see [K,S] and the references therein). Meanwhile, despite difficulties due
to overlaps, some geometric and measure-theoretic properties of IFS’s that do not
satisfy these conditions have also been obtained (see, e.g., [So, LN2, NW,JY, LN4]).
However, not much is known concerning the analytic aspect of such fractals, and this
has motivated the present work.

There are many interesting IFS’s that do not satisfy the PCF condition and the
OSC; some of them have been studied for a long time. In fact, the family of IFS’s

S1(x) = px, S:(x) = px+ (1 — p), 1/2<p<l,

has been studied very extensively. Since S; [0, 1] N S,[0,1] = [1 — p, p], the [ES’s are
not PCF and do not satisfy the OSC. The self-similar measures p, defined by the IFS
with 1/2 < p < 1, together with equal probability weights w, = w, = 1/2, have
been studied since the 1930’s and are still not completely understood (see [PSS]). In
particular, the characterization of p for which 1, is absolutely continuous or singular
is still an open problem. Erdés [E] showed in the 1930’s that if p~! is a Pisot number
(i.e., an algebraic integer > 1 whose algebraic conjugates all lie inside the unit circle),
then 11, is singular. On the other hand, B. Solomyak [So, PS1] used a transversality
condition to show that for Lebesgue almost all p € (1/2, 1), 1, is absolutely continu-
ous. Lau and the author [LN2] introduced the weak separation property, a separation
condition weaker than the OSC, to study the multifractal decomposition of the class
of measures with p~! being a Pisot number. The most well-known Pisot number is
the golden ratio (v/5 + 1)/2. In this paper we will compute the spectral dimension
for 11, where p is the reciprocal of the golden ratio.
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In this paper we will formulate a set of conditions under which the spectral di-
mension of certain self-similar measures on R can be computed. Second-order self-
similar identities play a crucial role in these conditions. The notion of second-order
self-similar identities was first introduced by Strichartz et al. [STZ] to study the den-
sity of self-similar measures. Let {S;}/, and p be given by and respec-
tively. Define

T;(x) =r"x+d;, i=0,1,...,L,

where #; is a positive integer and d; € R?. We say that y satisfies a family of second-
order self-similar identities (or simply second-order identities) with respect to {T; }-_,
if

(i) supp(u) € UL, Ti(supp(u)), and
(ii) foreach A C supp(p)and0 < i, j < L, u(T; 0 T;A) can be expressed as a linear
combination of {u(TxA) : k=0,1,...,L} as

L
WTy 0 TjA) =) au(Tid),
k=0

where ¢, = (i, j) are independent of A.

For our purposes, we assume that { T; }£_ satisfies the OSC. Second-order self-similar
identities were also employed by Lau and the author [LN2, LN3] to obtain the mul-
tifractal L1-spectra and justify the multifractal formalism for measures such as the
infinite Bernoulli convolution associated with the golden ratio and the 3-fold convo-
lution of the Cantor measure.

For an IFS satisfying a family of second-order identities, we formulate a set of con-
ditions under which we can derive a formula that yields the spectral dimension of the
Laplacian defined by an associated self-similar measure (see Theorem[LI). Using this
set-up, we obtain the spectral dimension of the Laplacians defined by the well-known
infinite Bernoulli convolution associated with the golden ratio, and convolutions of
Cantor-type measures (see Theorems [[.2] and [[3). Our results differ from similar
ones in the literature (see e.g., [KL,NS1,NS2]) in that the IFS’s we study are not PCF
and do not satisfy the OSC.

To state our main results, we consider one-dimensional IES’s consisting of equi-
contractive similitudes of the form

(1.5) Si(x) = px + b;, i=1,...,m,

where0 < p < 1land 0 =b; < by < --+ < by,. Note that supp(u) C [0, b], where
b = b,/(1 — p). Let u be the self-similar measure corresponding to probability
weights {w; }/*,. Our approach is to use second-order identities to derive a system
of functional equations for the eigenvalue counting functions on suitable subsets of
[a, b], and then apply the vector-valued renewal theorem proved by Lau et al. [LWC].
Define

(1.6) Ti(x):p,-x+d,~ =: p”"x+di, i=0,1,...,L,
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where #; is a positive integer and d; € R. We will assume that {T;}-_; is a nonover-
lapping (i.e., satisfying the OSC) family with respect to which p satisfies a family of
second-order identities. We will also assume that {T; }~_; can be partitioned into two
subfamilies { T; };cq, and {T;};cg,; each is equicontractive, with contraction ratios p"
and p", respectively. For convenience, we assume, by rearranging indices if neces-
sary, that J; = {1,...,K}. Under additional conditions on the similitudes and the
second-order identities (see conditions (Cl1), (C2), and (C3) in Section [3)), we can
derive a vector renewal equation of the form

(1.7) f=1fxM,+z,
where o > 0,
f=f0) = [f70),..., 0], teR,
[0 =N (¢ =By ) i= 1o,
M, = [Mg‘i’)] isa p x p matrix of Radon measures on R, and
z=729() = [zia)(t), e ,zéa)(t)] is some error function

(see derivation of Theorem[3.3]). Besides second-order identities, a key ingredient in

deriving (7)) involves the unitary equivalence of operators on Hilbert spaces; we use

some ideas of M. Solomyak and Verbitsky [SV].
Let

(18) M (o) = [ ]’
. a : i i

Foreachi =1,...,pand a > 0, define

4
(1.9) Fi(a) = ZMS.?)(]R{), D;:={a>0:Fj(a) < o}, &; := inf D;.
i=1

By using a slightly modified vector-valued renewal theorem in [LWC], we obtain
the following main theorem.

Theorem 1.1 Let i be a self-similar measure defined by an IFS as in (L3), and let
A, denote A or AlY. Assume that yu satisfies a family of second-order identities with
respect to an IFS of the form (L) so that conditions (C1), (C2), and (C3) in Section[3]
hold. Let M, (00), F;(«v), and &; be defined as in (L8) and (L.9). Assume that for each
i=1,...,p limaﬁa; Fi(a) > 1.
(a) There exists a unique o > 0 such that the spectral radius of M, (00) is equal to 1.
(b) If we assume, in addition, that for the unique o in (a), there exists c > 0 such
that foralli = 1,...,p, zl@(t) = o(e7 ") ast — oo. Then dimg(n) = 2a.
Moreover, if M, (00) is irreducible, then there exist constants C1,C, > 0 such that
for A sufficiently large,

CiA" < N()" _A/1|[0.b]) < GA"
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When applying Theorem [[T]it is necessary, and usually difficult, to show that, as
t — 00, the error terms Zf“)(t) have order o(e™?") for some o > 0. We will obtain
such estimates for the infinite Bernoulli convolution associated with the golden ra-
tio and the class of convolutions of Cantor-type measures. We use some techniques
developed by Lau and the author [LN1, LN3] for computing the Li-spectrum and
Hausdorff dimension of the measure. We also obtain some new estimates for these
measures.

The infinite Bernoulli convolution associated with the golden ratio, defined below,
is one of the most fundamental examples of a self-similar measure defined by an IFS
with overlaps:

V5 -1

2 )

(L10)  S1(x) =px, S(x)=px+(1—p), p= W =wy =

1
5
The corresponding self-similar identity is

1 1
(1.11) ,u:E/LOSf1+EMOS;17

with supp(u) = [0, 1]. By a result of Erdés [E], u is singular. The L?-dimension for
1 was first computed by Lau [Lal, La2]. The Li-spectrum for g > 0, the multifractal
formalism in the corresponding region, the L*-dimension, and the Hausdorff di-
mension of u were obtained by Lau and the author [LN1,LN2]. The LI-spectrum for
q < 0 was obtained by Feng [Fe], and the multifractal formalism in the correspond-
ing region was justified by Feng [Fe] and Feng and Olivier [FO].

This paper contributes to the study of this infinite Bernoulli convolution by com-
puting its spectral dimension. It is shown in [STZ] that by defining

To(x) = §;81(x) = sz
(1.12) Ti(x) = 8158 (x) = $,8,5,(x) = p’x + p*
T (x) = $:5(x) = p*x + p,

one can obtain the following second-order identities for p:

w(ToT;A) u(ToA)
w(ThT;A) | =M; |uW(T1A)|, i=0,1,2, AC[0,1],
(T, T;A) W(TA)
where
1 2 0 0 1 0 0 1 0 4 0
My=¢ |1 2 0f, M=_|0 0f, My= 0 21
0 4 0 0 0 0 0 2

For any integer k > 0 and any index ] = (ji, ..., jr) € I& := {0,2}K, let

1

1 1 1
(1.13) = Z[0,1,0]M, } = ST [1,1] P, M )
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where My := M; ---Mj,

1 1 1 0
P0_|:O 1:|7 and P2—|:1 1:|

Then it is shown in [LN1, Proposition 2.1(i)] that forall A C [0, 1],

P]Z:p'

i P

Joo

(1.14) (T Ty TA) = eyu(TiA).

By using Theorem [[.Tland by estimating the error term, we obtain the following.

Theorem 1.2 Let i be the infinite Bernoulli convolution associated with the golden
ratio as defined in (LI0) and (LI1), let c; be defined as in (LI3), and let A, denote

AP or AY. Then there exists a unique positive real number satisfying

Z Z(p2k+3cl)a' -1

k=0 jegg

Moreover, dims(pt) = 2c, and there exist constants Cy,C, > 0 such that for all A
sufficiently large,
CIA" <N (A —A,) <G

Numerical approximations by taking k up to 20 yield dim,(u) ~ 0.998 - - -.
Convolutions of Cantor-type measures provide an interesting family of self-simi-
lar measures that satisfy a family of second-order identities. Let

1 1 —1
(1.15) Sox) = —x,  S(x) = —x+ 2
m m m

where m > 3 is an odd integer. The attractor of this IFS is a Cantor-type set. Let
vy be the self-similar measure defined by the IFS with probability weights
po = p1 = 1/2. The m-fold convolution of v is the self-similar measure defined
by the following IFS with overlaps:

m—1.
1, 1=0,1,...,m,

(1.16) Si(x) = %x+

together with probability weights

That is,

m

1 /m _

(1.17) um_zzm(i)umosil,
i=0
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with supp(p,,) = [0, m]. Define
1
(1.18) Ti(x) = —x+1, i=0,1,...,m—1.
m

It is shown in [LN3, Proposition 2.1] that p,, satisfies a family of second-order iden-
tities with respect to this IFS {T;}7" (see ([€2)).

The main reason to restrict m to an odd integer is that conditions (C2) and (C3)
in SectionBlhold (see [LN3]). These conditions are essential in deriving (L.7)).

The Li-dimensions of the 3-fold convolution for positive integers g were obtained
by Fan, Lau, and the author [FLN]. The Li-spectrum for g > 0, the justification
of the multifractal formalism in the corresponding region, and the Hausdorft di-
mension of the y,, were obtained by Lau and the author [LN3]. For g < 0, the
L1-spectrum for the 3-fold convolution was obtained by Lau and Wang [LW], and a
modified multifractal formalism in the corresponding region was proved by Feng et
al. [FLW]. One of our objectives in this paper is to compute dimg(,,).

Define
w .
(1.19) cij = [Wis1,wi] Py {WO} , i=1,....m—2, JeI={0,m—1}k
m
where Py = P;, --- Pj,,
_ [ Wo 0 _|wm w
(120) P() = |:Wm Wm_1:| 5 and Pm—l = |:O Wm:| .

Theorem 1.3 Let i, be the m-fold convolution of the Cantor-type measure vy, let
Gpi=1,...,m—2, bedefined as in (LI9), and let A, denote AS or Aﬁ]. Then there
exists a unique positive real number « satisfying

1 m—1 [e%s} 1 m—2
D WD e D D =1
i=1 k=0 i=1 Jegk
Moreover, dims(pt,,) = 20, and there exist constants Cy,C, > 0 such that for all A
sufficiently large,
CiA* < N\, =4, ) <CN\

For the 3-fold convolution, numerical approximations by taking k up to 18 in the
above formula yield dimg(u3) ~ 0.997 - - -.

Even though for each of the our examples, numerical result shows that dim,(y) is
close to 1, we can show that it is actually strictly less than 1.

Corollary 1.4 For the measures i in Theorems[1.2land we have dimg(u) < 1.

This paper is organized as follows. In Section 2] we establish some essential prop-
erties concerning the unitary equivalence and the eigenvalue counting functions of
operators. In Section 3] we formulate a set of conditions and under which we derive
the functional equation (I.7). Section[dis devoted to the proof of Theorem In
Section [5] we compute the spectral dimension of the infinite Bernoulli convolution
associated with the golden ratio and prove Theorem Finally, in Section [6] we
compute the spectral dimension of the convolutions of Cantor-type measures and
prove Theorem[I.3]and Corollary[L.4

Hoan
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2 Unitarily Equivalent Operators

Unitary equivalence of operators plays an important role in deriving the renewal
equation (7)) and in estimating the error term z. In this section we establish some
basic properties concerning unitary equivalence of Laplace operators, especially those
defined by self-similar measures.

Let (Hy, ||+ |]1) and (Ha, || - ||2) be Hilbert spaces. Recall that a surjective linear
operator w: Hy — H, is unitary if ||¢x||, = ||x|; for all x € H;. Let Ty, T, be
linear operators on H; and H,, respectively. T; and T are said to be unitarily equiv-
alent, denoted T, =~ T, if there exists a unitary operator ¢: H, — H, such that
@ Dom(T;) = Dom(T3) and ¢ T x = T,px for all x € Dom(T}). The second condi-
tion means that the following diagram commutes:

©
Dom(T;) —— Dom(T>)

nl ¢ sz

H —— > H,.

Note that u is a A-eigenvector of T if and only if pu is a A-eigenvector of T;. In
particular, unitarily equivalent operators have the same set of eigenvalues.

LetS: [a,b] — [c, d] be a contractive similitude with contraction ratio p such that
Sla, b] = [c,d], S(a) = ¢, and S(b) = d. Let v be a continuous positive finite Borel
measure on [a, b] with supp(v) C [a, b]. We will compare the Dirichlet Laplacians
Ayjy and A,os-1) - To simplify notation we let A, := A, and A 51 =

voSTHea
Lemma 2.1 LetS: R — R be a contractive similitude, with contraction ratio p, such
that Sla, b] = [c,d], S(a) = ¢, and S(b) = d. Let v be a continuous positive finite Borel
measure on [a, b] with supp(v) C [a, b]. Define p: L*((c,d),v0S™') — L*((a,b),v)
by o(u) =uoS. Then
(a) @ is unitary;
(b) p(Dom(—A,.s-1)) = Dom(—A,); furthermore, for allu € Dom(—A .5-1),
(2.1) @ (—=Dyos—1 (1)) = 2 (=A,(p(u)) .

P

Proof (a) ¢ is clearly a linear surjection. Moreover, it is unitary because

b
||80(”)||%2((a.b),y) = / |u(Sx)|2 dv = /5( " |u(x)\2 dvoS' = ||u||%2((c,d)7u05_‘)'
(b) It is known (see e.g, [BNT]) that u € Dom(—A,s-1) if and only if u €

L*((c,d),v o S7Y), u(c) = u(d) = 0, and there exists f € Clc,d], satisfying f =
—A,os5-1(u), such that

Y
u’(y)=u’(c)+/ favos™,  c¢<y<d,

c
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ie.,

u’(y):u’(6)+/ foSdv, c¢<y<d
S=He,y)

Let y — S(x). Then the above equation becomes
u'(S(x)) = u'(S(a)) + /xf oSdv, a<x<hb,
ie.,
() () = (ol (@ + [ “pe(fdv,  a<x<b
By part (a), (1) € I2((a, b), ). Also, a

p(u)(a) = u(S(a)) = u(c) = 0, @(u)(b) = u(S(b)) = u(d) =0,

and pp(f) € Cla,b]. Thus, p(u) € Dom(—A,) and hence p(Dom(—A,.5-1)) C
Dom(—A,). The reverse inclusion can be established similarly. Furthermore,

—A,(p(u) = po(f) = pp(—A,o5-1 (1)),
which yields 21)). [ |

Proposition 2.2 Assume the same hypotheses as in Lemma2.1]
o1
(a) Then —Al,os—ll[“ﬂ ~ E(—AV‘[“_H).
(b) If, in addition, v||. 4 = wv o S~" on [c, d] for some constant w > 0, then

~ L pa—
_AV\WJ ~ ow ( Al/lla.h]) :

Proof Part (a) follows directly from Lemma[Z.I]and the definition of unitary equiv-
alence. To prove (b), we first show that

(22) _Aél/h[.d](u) = W(—A,,hc‘d](u))

forallu € Dom(fALVh””) = Dom(—A,s-1). In fact, for all v € L*((c, d), %l/) =
L*((¢,d),v),

d | d
/(—A%V“M](u))vd(;u):/ u' (x)v' (x) dx,

which implies that

d d
/ (_Ail’\[c.d] (u)) vdy = W/ (—Ayh“ﬂ(u)) vdv.
Thus, follows. Now, by part (a),

1 ~ _ —- —
;(_AVl[a.bJ) ~ AVOS’lhad] =-Ay

wVlea

= W(_Al’hc,dJ )

Thus, part (b) follows. [ |
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For two continuous positive finite Borel measures ;1 and v on [a, b], we say that
@ < wvon[a,b]if u(E) < v(E) for any Borel measurable subset E C [a, b].

Proposition 2.3 Let u, v be continuous positive finite Borel measures on [a, b] and
assume that there exists some constant w > 0 such that n < wv on [a, b]. Then for any
n>1,

)\n(*A/I) Z l)\n(*Al/)-
w
Proof Let L be any finite-dimensional subspace of
Hy(a,b) = Dom((—=A,,,)"?) = Dom((-A,,,)"?).

Then

b b
)\A,L(L):zsup{/(u')zdx// |u|2du:ueL,u7éO}
1 b b
_Wsup{/u(u’)zdx//a u|2du:u€L,u7é0}

1
= 7)\_Au (L)
w

\%

By the variational formula,

An(=A,) =inf{A_x (L) : Lis a subspace of Hy(a,b), dim(L) = n}

v

1 inf{)\,Ay (L) : Lis a subspace ofHé(a, b), dim(L) = n}
w

1
= —A(—A)). |
w

Leta < b, and let P = {a;}!*} be a partition of [a, b] satisfying
a=ag<a; <--<da,<day =Db

Let
T =3F(P):={ucHa,b):ula)=0foralli=0,1,...,n+1}.

Then F is a closed subspace of H}(a, b). Define a relation ~ on H}(a, b), induced by
F,byu ~ vifand only if u — v € F. Then ~ is an equivalence relation on H}(a, b).
Define the quotient space

Hi(a,b)/F = {[u] 1 u € Hi(a,b)},

where [u] is the equivalence class of H} (a, b) defined by ~. Define addition and scalar
multiplication on Hj(a, b)/F as usual. For eachi = 1,...,n, let f; be a function in
H}(a, b) that satisfies

ﬁ(a]):6117 i,jil,...,l’l,
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where ¢;; is the Kronecker delta. Such an f; clearly exists. It is straightforward to
prove the following:

Hy(a,b)/F =span{[f;] :i=1,...,n}, dim (H;(a,b)/F) =n.
Remark 2.4 A similar argument shows that dim(H'(a, b)/H} (a, b)) = 2.

Let —Ag ; be the Laplacian defined as in (LI]) with Dom(€) = &, and let

| [a,

N(A, —Ail[u b]) = #{n: /\”(_A;:f\[u.m) < A} denote the associated eigenvalue count-

ing function. If ¥ = Hj(a,b), N(\, fAil[a_H) reduces to N(A, —A ). It follows
from above that

(23) N(A7 _Ag‘[u.b]> = ZN()\7 _A/J"[fli-ﬂi+]]) :
i=0

Moreover, it follows from the variational formula (see, e.g., [K, Theorem 4.1.7 and
Corollary 4.18] or [D]) that

(2.4) N()\7 _Al:fhm) < N(/\’ _A/"‘[ﬂ-bl) = N()\’ _Air\[a.b]) tn

=N(\-A ) +#P—2.

()

Now let {S;} | be an IFS of contractive similitudes on R, and let 1 be an as-

sociated self-similar measure. Fix 1 < i < m and suppose S;[a,b] = [c, d] with
Si(a) = cand S;(b) = d. We will compare the eigenvalues of —A |, _A#OS_—I lea?
and —A -

Proposition 2.5 Let {S;} |, m > 2, be an IFS of contractive similitudes on R, and let
w be the self-similar measure associated with positive probability weights {w;}!" |. Fix
1 <1 < mand suppose S;[a, b] = [c,d], Si(a) = ¢, Si(b) = d, and pla,b] > 0. Then
(a) foranyn > 1, \y(=A,.,) < W%A,,(—A
(b) N(>\a _A/1r|[c;d|) > N(Wi/\7 _Allosi_lhadl
(C) N(Aa 7Alt‘[c,d]) > N(piWiAa -A
(d) ifa<c<d<b,then

1087 jca );
)— L
i) = 15

1

PiWi

N(/\’ _A#hmu) < N(/\’ _AM[u.m) < N( A _Aﬂl[adl> +1.

Proof (a) Since u = > w0 S;l on [¢,d], o Sfl < %u on [c, d]. The stated
inequality follows from Proposition[2.3] l

(b) Let Ay := Au(—Ay),,)> and let N(A, —A
Then by part (a), wid,+1 < Apr1(—A

#‘[c‘d]) = n so that )\n S A< )‘n+1-

1105 e ). Hence,

N()\, _A#hc.dl) +1> N(Wi>\n+1, _A/L‘?Srlhc.d]) > N(Wi)\, _AﬂoSfl\[f_d]) y

which yields the desired inequality.

https://doi.org/10.4153/CJM-2011-011-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-011-3

S.-M. Ngai
(c) Note that by Proposition[2.2] we have
N( W,‘)\, —A

#osi“h[,d]) = N(Wi>" %(7Aﬂl[a.b])) = N(PiWi)v *Aulmbl) :

The assertion follows by combining this with part (b).
(d) Let F := F(a, c,d, b). Then by and (2.4),

N( A, *AM\[M]) + N( A, 7Auhc.,dj) + N()‘v *A/thd.m) =
F
N()\’ 7A,““[a.b]) < N(A’ 7Aﬂ||u.b]) .
The first inequality follows; the second one follows directly from part (c). ]

3 Derivation of the Functional Equation

In this section we formulate a set of conditions under which we can derive the renewal
equation (L7). Let {S;}/,, m > 2, and {T;}}_, be defined as in (L3) and (L),
respectively. Fix a set of positive probability weights {w;}" |, and let i be the corre-
sponding self-similar measure. Then supp(u) C [0, b], where b = b,,,/(1 — p). We
assume that {T;}L_ is a non-overlapping family, supp(u) C UiL:o T;[0,b] C [0, b],
and y satisfies the following family of second-order identities. For A C [0, b],

w(ToT;A) p(ToA)
: =M, : , i=0,1,...,L,
(T T;A) u(TLA)
where M; is an L X L constant matrix.

For a finite sequence of indices I = (i, ...,i,) we let |I[| = n denote the length
of I, and for 1 < k < n, we let Iy := (iy,..., i) denote the initial segment of I
consisting of the first k indices. If ] = (ji,..., j¢) is another index, we let I] :=
(i1,...,1n J1,- ., je) denote the concatenation of I and J.

ForI = (i,...,i,) € {1,...,m}", we use the standard notation

Si=8i,---8,=8;,0---08;, wri=w---w, etc

Also, for I € {0,1,..., L}, welet p; := p;, -+~ p;, = p™ i,
We assume that {T;}}_, can be partitioned into two subcollections, {T;};c3, and
{T;}ie9,, each being equicontractive, with

{H if i €9,
n; =

n if i €J;.

LetJ :=JyUJ; ={0,1,...,L} and assume for convenience thatJ; = {1,...,K}.
For k > 0, we denote by J¥ the k-fold Cartesian product Jg x - - - x Jo (3} := @); I
is similarly defined. Moreover, we assume that the following conditions (C1), (C2),
and (C3) are satisfied.
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(C1) Fori € Jy, T;[0,b] contains an interval of the form S;, ---§;,[0,b],1 < j; <
m.
Furthermore, there exists a positive integer w (chosen to be the smallest) and a subset
IC {(iy,...,i,) :ij € Jy for I < j < w} such that for A C [0, b], conditions (C2)
and (C3) below are satisfied.
(C2) Suppose w > 2 and assume that for some k € {2,...,w}, the set 12 defined
below is nonempty:

.= {I = (i1,...,1x) : i1 € J; and k is the smallest integer such that

I is not an initial segment of any member of I} .

Then for each I € 12 there exists an index j = j(I) € J;, and a constant ¢(I, j),
depending only on I and j, such that

(C3) Suppose I = (iy,...,i,) € I. Then for each ] = (j1,..., jx) € 3]5, k > 0and
for each £ € J;, there exists an index j = j(I, ], £) € J; and a constant c(I, ], ¢, j),
depending only on I, ], ¢, and j, such that

1(TryeA) = ¢, J, ¢, i(TjA), A< [0,b].

These conditions are similar to those in [LN3], which are formulated to compute
the Li-spectrum 7(q) of a self-similar measure. Condition (C1) is slightly more re-
strictive, and (C2) and (C3) are less restrictive. (C1) ensures that u(T;[0, b]) > 0 for
alli € J;.

The infinite Bernoulli convolution associated with the golden ratio, defined in
(LI1), together with {T;}?_, defined in (I.I2)), provides a basic example of an IFS
that satisfies (C1), (C2), and (C3) (see [LN1]). Another family of examples can be
obtained by taking convolutions of the Cantor-type measures, as defined in (L.I7)),
together with the {Ti}f”gol defined in (I.18)). Details for the threefold convolution are
given in [LN3]; we will not repeat them here.

Proposition 3.1 Let] € IY, j = j(I) and c(I, j) be as in condition (C2). Suppose
(C2) holds. Then
1

prp; (L, j)

mlrpop =

(_Au\rjlom) :

Proof Let B C T;[0,b], and let A C [0, b] such that B = T;A. Then by condition
(C2),

u(B) = pu(TiA) = oI, Pu(T;A) = (I, Hu(T; Ty 'B).
Thus, p = ¢, jlu o (TIT]-_I)*1 on T7[0, b]. Now the assertion follows by applying
Proposition2.2Ib) with S := TITj_l: T;[0,b] — T;[0, b]. [ |
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Proposition 3.2 Letl € I, J €I k> 0,0 ¢ Iy, andlet j = j,J,¢) € I, and
c(I, ], £, j) be as in condition (C3). Suppose condition (C3) holds. Then

1
_A/lr‘TIT]T/:[O.b] ~ piyeI, T2, 7) (_A/t\rjlo.b]) :

Proof Let B C Tyy[0,b], and let A C [0, b] such that B = TjjA. It follows from
condition (C3) that

w(B) = w(TipeA) = (I, J, €, ) i(TiA) = ¢, ], £, j)u(T;Ty;, B).

Thatis, u = ¢(I, ], ¢, j)uo(TmTj_l)_l on Ty [0, b]. The assertion now follows from
Proposition 2Z.2(b) by letting S := TU@T;I: T;[0,b] — Tyy[0,b]. [ ]

It follows from Proposition 25(c)(d) that the asymptotic behavior of
N(A, —Ay),,) is controlled by that of N(A, —Ay0y) foranyi € Jy; more precisely,

forI = (iy,...,ix) € {1,..., m}k such that S;[0, b] C T;[0, b],
N(pkWI)\, 7Alt\[n,b1) —1= N(/\’ 7Alt\3,[n.,b]) s N()" 7Au\'r,v[o.b])

< N()‘7 _All\[o.b]) ’
where wy := Y {w; : §; = Sy, |J| = k}. Thus it suffices to study N(\, —A

i€
Fixi € J; and let

) for

100

RGi):={Ic:I,=i} and I():={I€l:1|, =i}.

We will derive a functional equation for N(A, —A |,
define a partition P, = P, (i) of T;[0, b] as follows:

]). For each integer n > 1, we

Py = {Ti(0), Ti(b)} P:=P,U{Ty,(x):x=0o0rb, i, € J}.
For 2 < n < w, define
Py =Py U{ Tii, i, (x) : x =001 b, (i,iz,...,0x) ¢ Js for2 <k <n—1,i, €I}.
For n > w, write n = w + k + 1, where k > 0, and define
Pyi=Pu 1 U{Tyji,(x) :x=00rb,I €1(i), ] € Ig,i, € I}.

Then P, n > 2, are end-points of the subintervals generated by the following proce-
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dure. First, replace T; by subintervals of the form Tj;,[0,b], i, € J. If (i,1,) € I9(i),
keep Tj;, [0, b]; otherwise, replace it by subintervals of the form Tj;,;, [0, b]. Repeat
the procedure until the length of an index is w. For each I € I(i), replace T7[0, b] by
subintervals of the form Ty, ,, [0, b]. If i, € J;, keep the corresponding subinterval;
otherwise, replace it by subintervals of the form Ty;_,,;_, [0, b]. Continue.

Let F, := F(P,), n > 1. Then, if12 # @ forsome k € {2,...,w}, we have

N(, _AZ“’T,.W,M)
= Z (>‘ —A 1,,an1) + Z ()‘ Ay ,,Z,S[nb]) T
(i,i2)€D(i) (i,i2,3) €1 (3)
ot Z N()\’ _A“|Tu2...m10-hl) + Z N(/\’ _AMT,,Z i [Ohl)
(i,i25.500) €10, (7) [ERTIE IS (6))
w
:Z N()" A/"Tlob) + Z N()"_AMT,,Z i [017])'
k=2 IeI‘;(i) (iyig,.eniy) EI(D)

By Proposition[3.} for k = 2,... ,wand I € I)(i),

1
N()" A#lr Ob]) :N()" —17( A“‘ 017))

pfpj(I)C(I, i)

= N proihell N =By )

Also, for each I € I(i), we can subdivide T7[0, b], in the way described above, into
subintervals of the forms T7,(0, b] or T;;[0, b], where ] € 1115 and ¢ € J;. Hence, for
n>w,

1 .
N()\’ #\T[ob Z Z pij(I)C(I’ JIA, _AH‘T]‘(I)[O;H)

k=2 Ien(i)

n—w—1

+ Z ZZZN >\ AMT,,[ob)

k=0 I€l 1)]€jkf€31
+ Z Z #\Tmo.bJ)'

I€1(i) ]ej” w

Consequently, by applying Proposition[B.2]to the second summation above and then
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using (2.4)), we get

(3.1) N(A’ _A,“"T,»[ob Z Z pIPR})C(I, J)HA, _A/t\rj(,)[o,b])

k=2 I€n)(i)

+Z SN N (e, 14 DA =Dy )

k=0 I€I(i) ]ejk led,

— Z Z ZZN pryc, J, £, X, — N|T1m0b)

k=n—w I€1(i) ]ej" led,

+ Z Z N(A’iAﬂ\Tmo,m) + eq(i),

IE1(i) jegi—>

where 0 < g,(1) < #P,, — 2 < #P,.
For each i € Jy, define f;(¢) = fi(a)(t) = e YN(¢, _AN|T,-[O.hI)' Note that if we let
A = ¢, then for any 8 > 0,

(3.2) e—a'tN(g)\, _A#ITX_M) — g oltHn ) jaln /3N( ot [}7 _AulT,-m.m)
=Bt +1Inpg).
Multiplying both sides of (31]) by e~* and using (3.2), we get, for all n > m,
(3.3)
fitt) = Z > (ppjaye, i) fi (¢ +Inprpy g e, §(1)))

k=2 I€1(i)

+Z DN (e 1,4 9) fiago (¢ +1In(pred, 1,6, 1))

k=0 I€1(i) jegk (€T,

- Z Y>> (e, 1.4, 1) fiaga (¢ + In(pryed, 1,4, )

k=n—w I€1(i) ]GJWGJ]

+ Z Z e_“’N(et,—AMTU[U_H)+e_‘“5n(i).

I€1() jegn—v

Since A\ (—A ) > 0foralli € J; (see (I.2)), there exists t, € R such that

17, 10.0)

(3.4) fi(t) =0 forallt <t,andalli €7J;.

Now for each ¢t € R, let n, = n,(7) be the smallest integer such that

(35) i+ max{ In(pryel, J,6, ) 1€ 1(), J € T, 0 € Jl} <t
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Then the third summation in (3.3)) vanishes and thus we get

£O =3 (ppjhe, i) " fi (t +nlprpied, j(1))))

k=2 1en(i)

(3.6) DD (el ., 1) g (t+ nlpyed, 1, £, )

k=0 I€1() jegk (€T,

+ Z Z efatN(e’, _Au\r,,[o,m) +e Mg, (i),

I€1(i) ]Ejgr*w

where 0 < ¢, (i) < #P,,,.

Ifw<2orl) = @forall 2 < k < w, the first summation in vanishes. This
is the case for the infinite Bernoulli convolution associated with the golden ratio (see
Section[3)).

Let #J; = p. Fori € Jy, let ,u;?), j € 71, be the discrete measure such that

#57) (= oy 5DN) = (projpedt, J0)”
if I € (i), 2 < k <w, and j(I) = j,and
1 (= In(orye(L, 1, 4, ) = (puye(d, 1,6, )

if1 € 1(i), €Ik, £ €3, k>0,and j(I, ], £) = j.
Let

(3.7) fi= [f0, ..., 0] and M, := [M;’)r

We have just finished proving the following.

Theorem 3.3 Let i be a self-similar measure defined by an IFS as in ([L5). Assume
that (i satisfies a family of second-order identities with respect to an IFS of the form
(T8 so that conditions (C1), (C2), and (C3) in SectionBl hold. Let f,M,, be defined
as in (B2, and let n, be defined as in (B5)). Then f satisfies the vector-valued renewal
equation f = f* M,, +z, wherez = z(*)(t) = [zia)(t), .. ,z;a)(t)],

z,(“)(t) = Z Z e “N(¢, —A/,,|T”[U_b]) +e Y, (i) for1 <i<p,

I€1(i) ]ngt —w

and 0 < g, (i) < #P,,.
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4 Proof of Theorem

We need a vector-valued renewal theorem in Lau et al. [LIWC]. We introduce some
terminology and refer the reader to [LWC] for any unexplained terms. Let F be a
matrix-valued Radon measure that vanishes on (—o0, 0), i.e.,

Fll e Fln
F=1: e
F,. ... F,
where F;j(x) = p;j(—o00,x] and each p;; is a Radon measure (i.e., positive Borel
regular measure) on R that vanishes on (—00,0). Let F(co) := [F;j(cc)], and let
m = [m;;] = [fooo x dF;;] be the moment matrix. We say that each column of F is

nondegenerate at 0 if
n n
ZFU(O) < ZFij(OO) forl1 <j<n.
i=1 i=1

In this case, there exists some ¢ > 0 such that the vector

n n

D (Fi(00) = Fia(8)) .-, Y (Fin(00) = Fiu(6))

i=1 i=1

is coordinatewise positive. For any path v = (iy, ..., i) withi; € {1,...,n}, we use
the notation

Hoy t= Hiyiy * iyis * =0k fli i -
Such a vy is a called a cycle if i} = i) and a simple cycle if it is a cycle and iy, . .., ik
are distinct. We denote by Rg the closed subgroup of (R, +) generated by

U {supp(p,) : visasimple cycleon {1,...,n}}.

The following theorem has been modified from [LWC, Theorem 4.3] to suit our pur-
poses. The proof is similar. First, the original condition that each entry of F is non-
degenerate at 0 is replaced by the slightly weaker condition that each column of F is
nondegenerate at 0. Second, the condition that z vanishes on (—o0, 0) is replaced by
the condition that z vanishes on (—o0, x,) for some x, € R. Last, the continuity of f
is replaced by Borel measurability (see [LWC, Remark 3.2]).

Theorem 4.1 (Lauetal [IWC]) Let F be an n x n matrix-valued Radon measure de-
fined on R that vanishes on (—o0, 0) and assume that each column of F is nondegenerate
at 0. Suppose F(co) is irreducible and has maximal eigenvalue 1. Let U = Y7 F*
and let z be a directly Riemann integrable function on R that vanishes on (—oo, x,) for
some x, € R. Then f = z % U is a bounded Borel measurable solution of

f(x) = (f*x F)(x) + z(x), x € R,

and it is unique in the class of Borel measurable solutions that vanish on (—00,x,).
Furthermore, the following hold:
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xlirgo f(x) = </OO z(t)dt) A

(a) IfRg = R, then

where

u e Ui1vy miq PPN mMyy up
A=— , Y=V, V]

UgV]  ov. UpVy My .. M| | Uy
andu = [uy,...,u,],v = [v1,...,v,] are the unique, normalized, positive right

and left 1-eigenvectors of F(00), respectively. (A = 0 if one of the m;; is 00.)
(b) IfRg = () for some A > 0, then for each x > 0,

o0

Jim [fiGe+an+kN),.. fule+ a + k)] = ( > z(x+k)\))A

k=—o00

where a,; € supp(py1,j)) and y(1, j) is any path from 1 to j such that i j) # 0.

Proof of Theorem[L.1] (a) First, we observe the fact that each F;(«) is a strictly de-
creasing, continuous, positive function of «, which tends to 0 as &« — oo and exceeds
1 when a \, &;; moreover, F;(0) = oco. Thus there exists a unique « such that the
spectral radius of M, (00) is 1 (see [Mi, Theorem 2.1]). This proves part (a).
(b) For the rest of the proof we let & be the unique number obtained in the proof
of (a) above. We first show that the moments satisfy 0 < mgf) < ooforalli,j =
.,Kand

K
(4.1) 0< > m
=1

Since m'® i ) > 0, it suffices to prove (4.1)). In fact, the assumption hmu_)w Fi(a) > 1
implies that there exists € > 0 such that F;(a — €) < oco. Thus,

In(prpye(l, j(1))))

K
0<m =30 3 (et i)
j=1

k=2 1€1(i)

PSS (et 14 0) " ol 16, ).

k=0 I€l(i) jegk (e

By using the fact that lim, ¢+ t“Int = 0, we have

K
0< Z mi?) < CFi(a — €) < 0o for some constant C > 0,
=1
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proving (4.1).
It follows from the derivation of the renewal equation (3.6]) that the columns of
M,, are nondegenerate at 0. Also, notice that z)(t) > 0 for all ¢ sufficiently large.
From Theorem[3.3]we have f = f+M,, +z, where, by assumption, z is directly Rie-
mann integrable on R. We now divide the proof of dims(xt) = 2« into the following
two cases.

Case 1. M, (00) is irreducible.
Using the above observations and Theorem [4.]] we obtain constants C;,C; > 0
such that

0<C1§li7mf,~(t)§tmﬁ(t)§€2<oo, i=1,...,p,

t—00

which implies that dim,(x) = 2, and, moreover, for A = ¢' sufficiently large,

CA" S N(A =By, ) <0

Case 2. M, (00) is reducible.

First, we notice that if § < «, then each nonzero entry of Mz(c0) is strictly less
than the corresponding entry of M, (c0). It follows that the maximal eigenvalue
of M(0c0) is less than 1 (see [Mi, Corollary 11.2.2] for the irreducible case; the re-
ducible case follows by considering the irreducible blocks in the normal form [Mi,
Lemma VI.1.1] of these matrices). Hence by [LWC, Remark 4.4 and Theorem 4.5],
limy oo 7)) =0  fori=1,...,p. Thus, dim,(p) < 2a.

On the other hand, since the maximal eigenvalue of M, (c0) is 1, by [LWC, Theo-
rem 4.5], there exists some i € {1,..., p} such that

lim £\ (1) > 0.

t—o00

Consequently, dim (1) > 2c. This completes the proof. [ |

5 Infinite Bernoulli Convolution Associated with the Golden Ratio

In this section we compute the spectral dimension of the infinite Bernoulli convolu-
tion associated with the golden ratio.

Let {S1,S,} and p be defined as in (TI0) and (II1)), respectively. The IFS is not
PCF and does not satisfy the OSC, because the intersection S;[0, 1] N S;[0, 1] is the
interval [p?, p].

Let {T;};_, be defined as in (LI2), and let p; = p; := p%, p, := p°. It is known
(see [LN1]) that conditions (C1), (C2), and (C3) are satisfied by letting J := {0, 2},
Jy:= {1}, I ={(1)} and thus w = 1. We also note that P; = {T(0), T;(1)} and for
alln > 2,

Py=P, 1 U{Tip(x): € 38_2, x=0or1}.

https://doi.org/10.4153/CJM-2011-011-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-011-3

Spectral Asymptotics of Laplacians 669

Hence, #P, = 2 + Z;:] 20 = 2", Since p = #J; = 1, the vector-valued renewal
equation (L7) reduces to the following scalar-valued one:

f(l’) _ Z Z(kaJrSCI)af(t + ln(p2k+3cj)) + Z(a)(t),

k=0 jedk

where ¢; is defined in (T.13),

(5.1) 29() = Z e “N(¢, —AMT”[O_”) +e Ye,,
Jegy !

and #¢,, < #P,, =2™.

We need to show that there exists some o > 0 such that z(®(t) = o(e~%) as
t — o00. To this end we will develop several lemmas; the final estimate will be given
in Lemmal[5.8]

To estimate 2]633,71 e “N(e,—A
namely,

MTIT/[O”), we divide the sum into two parts,

N0y ={Jedr " j, 1 =0} and Ip'Q):={Jec T, =2}

Since the two parts are symmetric, it suffices to consider the case J € Jg'_l (0). Our

Dy ;o .
main idea is to express N(¢e', Aulrl TI[U_”) in terms of

N(Cl(])et7 _AN|T2010.1J) ) N(CZ(])et’ _AMT] [o,u) and N(C3(])et’ A

H‘ng[ﬂvll) )

where C(]), C5(J), and C5(J) depend on J and thus on ¢. Each of these terms can be
shown to be bounded by some constant independent of t.

For | € 33’71(0), write J = (ji,..., ju—1) = (J',0), where J' € 38’72. We divide
T1[0, 1] into the following three nonoverlapping subintervals:

T1y10,1], Tinl0, 11, T1210,1],
and study the corresponding Laplacian on them. We begin with the easiest case.
Case 1. T1 1[0, 1].
Lemma 5.1 Let ] = (J',0) € 33'(0). Then

1

- ( _A#\mn.,u) :

—A ~
alry 0.
”1 19819}

Proof Let A C T1;(0,1], and let B C T;[0, 1] such that A = Ty;B. Since Tl_lB C
[0, 1], by (LT4),

1(A) = p(Tin Ty 'B) = ¢ju(B) = cppu(Ty;'A),

ie, L = Cjp 0 Tl_]1 on T151[0,1]. The result now follows by applying Proposi-
tioan) with § := T1]: Tl[O,l] — lel[o,l]. |
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Case 2. T1]2 [0, 1]
We first prove the following.

Lemma 5.2 For any u-measurable subset A C Ty5,[0, 1],
cppo Tip(A) < u(A) < 2¢p o Tr 1 (A).

Proof Let A = Ty;/¢;B, where B C [0,1]. Then u(A) = H(le/lTl_]TOZB)- Note
that Ty, (B) C [p?, p?], and therefore

Ty 'TeB C Ty ' [p’, '] = [—p,0].
Hence by [LN1, Proposition 2.1(ii)],
ey pu(ToaB) < p(A) < 2¢pr (T2 B),

and the asserted inequalities follow. ]

Lemma 5.3 Let]=(]',0) € Jgf_l(O). Then

~ 1 (_ .
(a) AHOTJHTU/OZ[O-H ~ /’11’( Aul'roz[o.l]):
_ > 1 _ _ .
() Au( Au\rl,/ozm,u) = 2 An( AIIOT”/]|T”,O2[U.1]

Proof (a) follows by using Proposition[2.2(b) with
S = T1]/2 Toz[o, 1] — T1]/02[0, 1]
(b) follows by combining Proposition 23] with Lemma[5.2] [ |

Finally, we consider the following.

Case 3. T1j0[0, 1].
We need the following estimate for the measure (.

Lemma 5.4 For any pu-measurable subset A C Ty [0, 1],
(A) < dcppo (Tyy Ty )7 HA).

Proof Let A C Tip[0,1]. Then there exists B C Ty[0, 1] such that A = T,;B =
T1yT; ' T,B. Thus, by applying the second-order identities (see [LN1]), we have

/,L(TO()B) ,U/(TOB)
(52)  w(A) = p(Tiy0B) = [0,1,0]M) | u(T1oB) | = [0,1,0]M; | u(T1B)
(T2 B) u(T2B)

We compare the values of 1(TyB), p1(T1B), and (T, B). It follows by applying the
self-similar identity (LTI that

(ToB) = 1p(B),  p(T\B) = 3uu(B+ p) + u(B), pu(T2B) = +pu(B+ p) + 3 1u(B).
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Hence,
(5.3) u(T2B) > p(T1B) > p(ToB).
Putting (53)) into (5.2)), we have

w(T2B)
1(A) < [0,1,01M; | u(T2B) | = 4cjp(ToB) = 4epu((Ty; T, ) 'A),
u(T,B)
which completes the proof. ]

Lemma 5.5 Let] € Jg[_l.
T (

~ 1 _ .
(@) 7A#0(T1/ 271)71|T1/001] ~ pl]p A“|'I‘zol°-l])’
(b) Au(=A

Al ot 011) = 4g oA n(= o(TyT; ! l|T1/olo.u)'

Proof (a) follows by applying Proposition Z2Ib) with S := Ty;T; " : Ty[0,1] —
T150[0, 1]. (b) follows by combining Proposition 23] with Lemma[5.4] [ |

Equipped with the above lemmas, we are now ready to estimate z'® (t). We will
use frequently the simple fact that if A, := A\,(—A,) and X} := A5 (—A,«) and there
exists a constant ¢ > 0 such that A, > (1/¢)Af for all n > 1, then N(\, —A,) <
N(cA,—A,«) forall A > 0. In fact, for any A > 0, let n € N be the unique integer
such that A\, < A < A,41. Then

Ay < cdy < e < s
Hence, N(\, —A,) = n < N(cA, —A, ).

Lemma 5.6 There exists a constant C > 0 such that

t —at
Z e aN /L|T1101]) < Ce 2™,
NS

Proof For J € 38'71 (0), by using (2.3), (24)), and the lemmas above, we have

¢
N(e7 ,ulruou ZN /‘|T1/1<01]) +2

2
< N(4cpe v—Auo(rl,T;lrl\Tl,[,[m]) (Lemma53(b))

+N(p1]c]et, _Aulnm.u) (Lemma[5.1)

+N(2¢y/¢, =Bt ) (LemmaBE3(b))

+ 2.
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We now use Lemma [5.5(a), Lemma 5.3(a), and that py = p, = p* and p; = p’ to
conclude that

N(et7 _AIL|T11[0.1J) < N(4p2nrilclet’ _A/‘l'l‘zol"-ll) (Lemmama))

2n+1
(5.4) + N(P ", _Au\rl[oﬂ)

+N(2p" lepe, = Ay, L) (LemmaB3(a))
+ 2.
For each t € R, the n, defined in (B.5) is the smallest positive integer such that
t+1n(4p™*c;) <t, forall J€ Iy,
where t, is defined in (3.4). Equivalently,

4p* cret < e forall J € Jg‘_l.

It follows that each term on the right-hand side of (5.4)) is bounded by some constant
independent of J and ¢. Hence, there exists a constant C > 0 such that

N(e',=Ap, o) <C forallt € Rand J € I5~'(0).
By symmetry, the same holds for all J € (]8’_1 (2), and the lemma follows. [ ]
For the infinite Bernoulli convolution we consider in this section, equation
becomes
(5.5)
F)=Y Y (")", D={a€eR:Fa)<c}, a=infD.

k=0 jek

Clearly, F(«) is a strictly decreasing continuous function of o on D. Moreover,
[1,00) € D C (0,00). The first inclusion follows from [LN1, Proposition 2.4(i)];
the second inclusion is obvious. Thus 0 < & < 1. The following lemma shows that
the hypothesis lim,_,5+ F(«) > 1 in Theorem [[Tlis satisfied.

Lemma 5.7 Let F(a) and & be defined as in (5.5). Then F(a) — oo as « \, @
Moreover, F(&) = oc.

Proof First, we need to strengthen [LN1, Proposition 2.5] slightly by proving the
following claim. Let {a;} be a submultiplicative sequence of nonnegative numbers,
i.e, Amik < amay for all m, k. Suppose there exists some k, such that a;, < 1. Then
there exists some r € [0, 1) and a constant C > 0 such that a; < Cr* for all k. In fact,
forall k > k,,

k/k
ar < ak,ag—k, < aiaak—zkn <--- < Cakf " =Crt,
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where r = a;(a/k” ifag, # 0. If a, = 0, then a; = 0 for all k > ko, and the result is
obvious.
Next, by using the definition of ¢; in (ILI3)), we have

2k+3) 1 «a
Fla) = Z 2. 4k+1)a Z <[1’ I]P] [1:|) :

Jedk

Let

w@) =3 ([1, 1P, ED .

Jedk

It is proved in [LN1, Proposition 2.5] that the sequence {si(c)}« is submultiplica-
tive, and thus R(a) := limy_ o v/sk(e) exists in R. Moreover, if we let sp(a) =
ar(a)R()¥, then {ar(a)}y is also submultiplicative and limy o, War(a) = 1. By
using the claim above, we have a(«) > 1 for all k. Thus,

304 30/ o 200 k
F(a) = Z (@) (p R“”) _SQZ(’ iffo‘)) |
k=0 k=0

We note that R(«) is continuous. In fact, it is proved in [LN1, Proposition 2.4]
that for all J € (]0, 5 < 1/(4(4p) ), and thus [1,1]P;[1,1] < 2p~ k. Hence, for any
€e>0,

‘R(a +e€)— R(a)| < klggo /' se(@) ¥ sup ([1, 1]Py [ﬂ) —V/sk(@)

JeTk
=R(a)|p™¢ —1].

Next, let g(a) := (p**R())/4®. Then g is a continuous function of . The fol-
lowing identity shows that g(«) is decreasing:

3a
(5.6) ( P ak(a)g( )) Z(pzmq)a’ k>0
JeTk
Moreover, (5.6) shows that
Llyig%)g(oz) =2 and aan;og(a) =0.

Now it is easy to see that F(cv) converges if and only if p?*R(«) /4% < 1. Further-
more, & satisfies

3a X
2ap( A\ 40 N _ P ~\
P R(&)/4° =1, F(&a) = o Zak(a) = 00,
k=0
and F(a) — coas o\ @. [ |
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For the rest of this section we let o be the unique positive number satisfying

(5.7) Z Z (p2k+3c1)a =1.

k=0 jegg

Such an « exists by Lemma[5.7]
Before proving the next lemma, we recall that the lower L*>°-dimension of a com-
pactly supported finite Borel measure v on R is defined as

dim_ () = lim SUP:V(B5())

5—0t lIl (5 ’

where Bjs(x) is the d-ball with center x, and the supremum is taken over all
x € supp(v).

Lemma 5.8 Let o be defined as in (5.7), and let z*)(t) be defined as in (5.1)). Then
there exists some o > 0 such thate~*2" = o(e~?") ast — o0o. Consequently, 2 (t) =
o(e™) ast — oo.

Proof We first obtain a lower estimate for o by using some known results in [LN1].
Note that « is the unique g coordinate of the intersection of the curve y = 7(q) and
the line y = —q in the (q, y)-plane, where 7(q) is defined by (see [LN1])

oo
Z(p2k+3)—7—(q) Z C’} - 1.
k=0

Jedk

Also, note that by the strict concavity of 7(g) for g > 0, the line in the (g, y)-plane
with slope dimy(u) = 7/(1) and passing through (1, 0) is strictly above the curve of
7(g) (except at the point (1,0)). Let o be the g value at the intersection of the lines

y = dimg(u)(g—1) and y=—q.

Then )
dimy ()

“Z N () + 1

Moreover, by using the strict concavity of 7(q) for g > 0, we have

dimy (1) > dim ().
Using the fact that the function f(x) = x/(x + 1) is strictly increasing for x > 0,
together with the explicit formula dim__ (1) = —1In(4p)/(21np) in [LN1, Theo-

rem 4.4], we have

_ dimy(p) dim(p)  In(4p)
(58) @ GG 1 dim () + 1 In(/p)
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Next, we will obtain an upper estimate for 2. Since #, is the smallest positive
integer such that ¢ + In(p*"*¢c;) < t, forall J € 3™, there exists J, € Jy'~* such
that
2n,—1

P e > e

Also, by [LN1, Proposition 2.4], ¢;, < 1/(4(4p)"~2). Hence,

In(4p) — ¢, +t
™S T In(/p)

Thus,
" (In(4p) — t,)In2 In2 In2

. < _— _ =: _ .
(5.9) 2" <exp < In(4/p) exp ln(4/p)t Cexp ln(4/p)t

Combining (5.8)) and (5.9)), we get

_ —1In(2p) )
e 2" < Cex (t )
=P n(a/p)

The first part of the lemma follows by noting that In(2p)/In(4/p) =~ 0.1134 > 0.
Combining this with Lemma[5.6lyields the second part. ]

Proof of Theorem[1.2] Combine Lemmas[5.71and[5.8] and Theorem .11

6 Convolutions of Cantor-type Measures

In this section we compute the spectral dimension of convolutions of Cantor-type
measures. The attractor of the IFS in (I.I9) is a Cantor-type set. We will assume that
m is odd. Let v, be the corresponding self-similar measure with probability weights
po = p1 = 1/2. We first show that the m-fold convolution of v, is the self-similar
measure defined by the IFS in (II7).

Proposition 6.1 Let m > 3 be an odd integer. Then (i, := v)" is the self-similar
measure defined by the IFS (L.16) together with probability weights

1 (m .
wii=—|.], 1=0,1,...,m.
2m\ 1

That is, fiy, = > o Wikim © S; .

Proof We prove by induction the more general result that v/*¥ is the self-similar mea-
sure defined by the IFS

m—1

1
Si(x) = —x+ i, i=0,1,...,k,
m
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with probability weights (’f) /2% i =0,1,... k. Thisis clearly true if k = 1. Assume

that it is true for some k > 1. Then for any Borel subset A C R, by using the self-
similar identity for v,, and induction hypothesis, we have

vk (A) = / vK(A = x) dv,,
R

1 1
5 / V;k(A — Sox) vy, + = / V:;k(A — S1x) dvy,
2 Jr 2 Jr

k

> zklﬂ < > / vk (S71(A = Sox)) vy

j=0

k

Z 2k+1 ( > / *k(sj_l(A - 51X)) dl/m.

Rewrite the first and second summations above, respectively, as

k

1 (k+1 ks o1 1 k ol
2k+1< 0 )/RVM(SO A—x)dum+2k+12<j>A(Vm(Sj A — x) dv,,

=1
k

1 k P 1 (k+1 "
26T E (]'—1>A%Vm (Sj A—x)dl/m+2k+1<k+l)/ (Sk+1 —x) dv,,,
j=1

and using the identity (’;) + (j k )= (kjl) we get

k+1
pAkD(4) = Z 1 (k+1 LD (§-14)
m 2k+1 ] m J :

j=0
This completes the induction, and the proposition follows. ]

Note that supp(i,,) = [0,m] and that the IFS (I.I6]) is not PCF and does not
satisfy the open set condition, since

-1 —1)i —1)i
Si[0,m]NS;41[0,m] = e + (m )1, 1+ (m — 1)i for i=0,1,...,m.
m m m

For the rest of this section we will fix an odd integer m > 3, and let u = p,, for
convenience.

For the IFS in (LI4)), it is shown in [LN3] that y satisfies a family of second-order
identities with respect to the IFS

1 . .
Ti(x):%x-f—z, i=0,1,...,m—1.
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In fact, for i, j, k € {0,1,...,m

(i) Wy,
m., =

k

Js {0’

and let M; be the matrix
(6.1)

Then p satisfies

p(ToiA)

(6.2) :
p(Tim—1)iA)

677
— 1}, define

ifo<l{<mandi+mj— (m—1){=k,

otherwise,
N O T
M; = [m]lﬂ,kﬂ k=0
(ToA) ]
=M; : , i=0,1,...,m— 1.
N(Tm—lA)_

For the IES’s {S;}", and {T;}",' we consider here, L = m — 1,71 = 7 = L.
Moreover, it is shown in [LN3] that conditions (C1), (C2), and (C3) hold with w = 2,

30—{0m—1} j]—{l

m—2},andI = {(i,i’) :i =1,...,m — 2}, where

i"=m-—1-i. Furthermore, we have
D={Gk:i=1,....m—2k#i},
DG) ={G,k) :k#i'}, i=1,...,m—2,
1) = {G,i")}, i=1,...,m—2.

Leti=1,...,m—2,1=(i,i’),and n, > w = 2. The renewal equation (3.4)) can be

written as

i =3 (C(L,il(]))) fin <t+ln(c(]’m](]))>>

Jen(i)

YT (L

k=0 ]ejk (=1
where

(6.3)

o ) fasn (1410 (g2 ) 200

Z e*‘"N(et, _Au\r,,[o_m]) +e e, (i)

Jegy—?

and 0 < g, (i) < #P,,(i).

Proposition 6.2 The spectral radius of M, (00) is

+Z k+2)azzcll’

i=1 11]€jk

where ¢; j is defined as in (L19) and (L20)).
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Proof It follows from the renewal equations above that the (j,7)-entry of M, (o),
ie., /,Lg?)(oo), is equal to

c(J, jUN\"
> (5)

JeBG), j()=j
[ee] m—2 . a
(I7 ]7 EV ) . . .
DI (ka]> #{J, 1.0 (01,0 = j},

where I = (i,1).
We will show that the row sums of M, (co) are all equal. In fact, it follows from
[LN3, Propositions 4.3(a)] that for each J = (i, k) € I9(i),

C(] ]) _ Wi(sj.kﬂ, if 0 < k< i/,
’ Wi+15jﬁk—i’, ifi’ <k<m-—1.
Hence,
e _ ) i<t
(F2L22)" = Lo vwp)fme, i j =i,
Jeny, j(=j Wi /m®, ifj > i,
and therefore , 1
S c(J,jNe 1= .,
Z Z m = e 2 Wi
i=1 Jel(i), j(H=j i=1

Also, it follows from [LN3, Propositions 4.4] that c(I, J, £, j) = c; j0¢,;. Thus,

m—2 oo m—2 .
c(1, I, 57]) « ] ' '
2 (W) #{ i, 1,0 j(I,],0) =j} =

i=1 k=0 jegk (=1
e 1 m—2
Z mk2)a Z Z G
k=0 i=1 Jes

which completes the proof. .

We now turn to estimating the error term z*)(¢). For each t > 0, n, is the smallest
integer such that

Ci . _
t+max{ln( 1’]) vi=1,...,m—2,J€Jy 2} < to,

m

where ¢, is defined as in (B.5). We need to show that for eachi = 1, ..., m — 2, there
exists some o > 0 such that zfa)(t) is of order o(e™ ") ast — oo (Lemmal6.14).
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We first compute the lower L>°-dimension of y. It is proved in [LN3, Theorem
1.2] that for the self-similar measure in (LI7), the L1-spectrum 7(q), g > 0, is the
unique real number « satisfying

m—1 o) m—2
64 e Yol Y omt (o) -
i=1 k=0 i=1 jegk

Let

Then for J € 3'5,

63 =55 (2 12 |y] = g 120 1B [}

Proposition 6.3 Letk > 1. Then

~ 1 0 -~ Kk om=1
a) Pk = and Pk = |™ m—1 |
(a) Py |f:f_f mk‘| m—1 [0 1
(b) (m—1,...,m—1),(0,...,0) € Ik maximize, respectively, the first and second
column sums over all P, | € U’g.

Proof Part (a) follows directly by induction.
(b) We use induction again. The assertion clearly holds for k = 1. Assume that it
holds for some k > 1. Write Py, ] € J’g, as

(6.6) P, = [” Z] .

c

Then
a+b mb ma a+b]

PiPo = [c+ d md] and - PyPy-—1 = {mc c+d
By induction hypothesis, a + ¢ < m* and b+ d < mk. Thus,
a+b+c+d<2m <", m@a+c) <m*!, and mb+d) < m

By using (a), we see that the assertion holds for J € J&*!, ]

Since m is odd, the maximum of the binomial coefficients (T), 0<i<mis
attained when i = [(m — 1)/2] ori = (m+1)/2. Let

= ((m - 1)/2> B (<m i 2>'

Proposition 6.4 Letk > 1. Then

Cm [ MmN\ K L k 2¢, / m\ Kk
47(27’”) Smax{ci,].l—1,...,m—2,]€30}§47<2—m) .
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Proof Let ] € 315 and write ﬁ, asin (6.6). Thenfori=1,...,m — 2,

6= g () OB ] oy @D

1 a bl |1
< e ool 2] [}

cnla+b+c+d)

22m+mk
2cmmk N
= SZmtmk” (Proposition[6.3)

On the other hand,

. 1 1
max{c,-,]:z:1,...,m—2,]63’(§}2W[cm,cm}ﬁg{]

1
1 1 01
= 22m+mk [Cm’ Cm} 7:1:__11 mk 1
S Cm mk
— D2m+mk”
This completes the proof. ]

Theorem 6.5 Let 1 = i, be the self-similar measure in (L17)). Then

In(2"/c,,)

dim__(u) = o

Proof The proof is obtained by modifying that of [LN3, Theorem 6.2]; we include it
for completeness.
For g > 0, (&4) implies that m™?(c,,/2")1 < 1. Thus,

lim 7(4) < In(2"/cn) =:{.

q—o00 g Inm
Suppose limy_. 7(q)/q < ¢ — € for some € > 0. We first notice that this would
imply

-1

(6.7) lim m™@ wl =0.

3

1

In fact, for all g > 0 sufficiently large, we would get

@ ( Lm) 1_ (mﬂq)/qcﬂ) 1< (mlnu"l/cm)/lnm—e Lm) 1_ (L) ‘
om om — om me ’
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which implies (6.7).
Next, by putting g = 1 into (&4) and using the fact that 7(1) = 0, we get

Sue(Exw) -

=0 *i=l jeJt

Thus,

m—2

i ZCZ]—I—ZW,—W0+Wm>O

k=0 i=1 jegk
Now let gy be sufficiently large so that for all g > q,,

m—1

m’@ Z wf <1—(wy+wp).
i=1

Then for all ¢ > gq,,

oS (554

i=1 jegk

m(k+2)7’(q)(max{ci’]:l.:1,. _2 ]Ej <ZZC1]>

i=1 Jegk

M

x-
Il
S

<)) (S5 )

i=1 Jedg

c g—1 k+2
< (wo + wy,) sup m”@ ( —m) ,
k>0 2m

where in the last inequality we have used the fact that 2¢,,m* < ¢k, Tt follows that
m™@(c,,/2m)1"1 > 1 forall ¢ > g, and thus limy_. 7(q)/(q — 1) > £. This
contradiction completes the proof. ]

We now find an upper estimate for
—at
Z € N(e .“lTU[Om )
Jegp—?

where I = (i,i’). Again, we need a few lemmas; the estimate is given in Lemma 5.6

By symmetry it suffices to consider those | = (ji,..., jn—2) € 36"_2 with
jun—2=0.Let J = (J',0), where J' € 38’_2. We divide T7;[0, m] into the following
m subintervals:

TI]O[Ovm]v TI]][Oam]v j:17"‘7m_27 and TI](mfl)[Ovm]'
We consider the Laplacian defined by the restriction of p to these subintervals.

Case 1. Tyji[0,m], j=1,...,m — 2.
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Lemma 6.6 Forl=(i,i’),] € 38‘_2 andj=1,...,m—2,

1
P1JCi,J

( _Aulrj mml) :

~
Hlrygom ™

Proof Let A C Tjj;[0,m]. Then there exists B C [0, m] such that A = Tj;;B. Hence
by [LN3, Proposition 4.4(c)(i)],

1(A) = ju(Try;B) = ¢ ju(T;B) = ¢y o Ty (A).

The lemma now follows from Proposition 221 [ |
We now consider the following.
Case 2. T[](mfl) [0, m] = T[]/()(mfl) [O7 m]

Lemma 6.7 Letl = (i,i')and J' € 38’_3. There exists a constant C > 0 such that
forall A C Tiyogm—1[0, m],

ciyr o Tppt(A) < p(A) < Ceijrppo Tppl (A).
Proof Let A C Tyj/o(m—1)[0, m]. Then there exists D C [0, m] such that
A = Tiprom-1yD = Trp Ty Ty Togm—1)D-
Note that To(,,—1)[0, m] C [(m — 1)/m, 1]. Thus

_ arm—1
T Togm1y[0,m] C T ‘[7, 1] c =101

We now apply [LN3, Proposition A.2] with B := T; ' Ty(,,_1)D to obtain a constant
C > 0such that

ci.ju(ThB) < u(A) = u(TrynB) < Ce p p(T1B),

from which the asserted inequalities follow. ]
Lemma 6.8 Letl = (i,i’) € Tand ] = (J',0) € I3 2.
(a) _ANOT;/I |TI[/0(W171)IO."1J ~ m(_A:“"TO(m—I)[O-m] )

(b) There exists a constant C > 0 such that

1
CC,‘J!

) > ).

>\” ( _A/lOT

Mn( =4, .
" I 1T 10—y O]

m—1) [0,m]

Proof (a) follows from Proposition 2.2
(b) follows from Proposition2.3land Lemmal[6.71 [ |
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Case 3. TI]Q[O,m] = TI]Tn:lle—lTO[Oam] = T”T%il[m - 17m -1+ i]

We recall a result and some notation from [LN3] before proving the next lemma.
For eachi = 1,...,m — 2, let M; be the matrix formed from the M; in by
keeping its (m — i)-th row and assigning 0 to all other entries. Fori = 0 or m — 1,
let M; be the matrix formed from M; by keeping its first and last rows and assigning

0 to all other entries. Then fori =1,...,m — 2,
ci,j = [Wir1,0,w;]M; | O and  [wii1,0,w;] = e;M; = e;M;r,
Wmn

where e; denotes the unit vector in R™ whose (i + 1)-st coordinate is 1.

Lemma 6.9 Letl = (i,i')and J € 38’72. Then for all u-measurable subsets A C
Tiy010, m],
Ci,J —1 \—1
pA) < S o (T, L) ).
0

Proof Let A C Tijy[0, m]. Then there exists B C Ty[0, m] such that A = T;;B. Thus
by the proofs of [LN3, Proposition 4.4(c)(ii)] and [LN3, Proposition 4.4(a)],
p(A) = u(Ty;B) = p(Try0B)

o m(ToToB)
=e;M;Mj 0 (proof of [LN3, Proposition 4.4(c)(ii)])
p(Tm—1ToB)

| MT1oB)
=e;M; M; M, 0 (proof of [LN3, Proposition 4.4(a)])
,UJ(Tm—lB)

_ | w(ToB)
= [WiJrlaOaWi]M] 0
,U/(Tmle)
By using the self-similar identity (LI7) we get
((ToB) = wou(B) and  p(Tp—1B) = wy—14(S;, 1 Tru—1B) + Wy pu(B).

Since wy = w,,, = 1/2™, we have u(ToB) < u(T,,—1B). Consequently,

wWo
1 v i, -
pA) < — [, 0.wiIM; | 0 | w(T,umiB) = —2pu((TyT,1)7'4).
0 Wi 0

Lemma 6.10 Letl = (i,i’)and ] € 56“_2.

~

1 (_
(a) A/"O(T’/Tr;—ll)71|T1]o[0~rn] ~ /)I//J;;il A“I”'m—l'folo-”'J)'
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(b) /\”(_AMTHO[U,M) > %A”(_A;LO(T,;T;il)*l|T1/o[0,m])'

Proof (a) follows from Proposition (b) follows from Proposition 23] and
Lemmal6.9l ]

Lemma 6.11 Let1 = (i,i’). Then there exists some C, > 0 such that for allt € R,

—at 3 —atAn,
Z e N(e , *Au\r,,[o.m]) < Cye~ M2,
Jegp—?

Proof For I = (i,i’), ] = (j1,---,ju,0) = (J',0) € 38’72, and C as in
Lemma[6.8[(b), by using the lemmas above, we have

m—1

N(et’ _A:“'lTI][U.m]) < Z N(et’ _All/lTI/j[O,nll) +m—1 (m and (]HD)

GiJ ¢
< N( —¢, _AMO(T:/Tmll)‘Ir,,o[o.m]> (Lemmal6.10I(b))

Wo
m—2
+ N(pUc,;,]et7 —AMT}_[OM) (Lemma[6.6])
j=1

+N(Cc,~,]/e’,—A ) (Lemmal6.8(b))

—1
.“'OT”/ ‘TI]’O(m—l) [0,m]

+m—1

By applying Lemmal6.10(a) and Lemma[6.8((a) to the first and third terms in the last

expression, respectively, and using the fact that p; = 1/mfori =0,1,...,m — 1, we
get
p1jC m—2
t 1JC,] ¢ t
N(e ) _Alt\ru[o,m]) < N( pm—IWOe 7_AH|TM71TO[0,W1]> + ZN(pIICi=]e 7_A,U'|Tj[0<m])
=1

+N(Cpyyrciye,—A ) +m—1

BTy T, 10.m]

c =2 c

. i,] t iJ t

- N( mn,flwoe ) A/t|rm_lro[o‘m1) t E :N( o €, A/llr,-[o,ml)
=1

CCi ’
) e —A
mnt—l

+N( >+m—L

oy 10,m)
Now, it follows from the choice of 1, that there exists a constant C; > 0 such that
N ( et, —-A S C 1-

alrys10m) )

By symmetry, the same bound holds if J = (ji,..., js,_2) € T > and j, _, =
m — 1. Hence, the lemma follows. [ ]
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Since all column sums of M, (c0) are equal, (L9) becomes

1 m—1 00 1 m—2
(6.8) F)= 2> Wit w22
i=1 k=0

=1 Jeg
D={aeR:Fla) < o}, & = infD.

Lemma 6.12 Let F(«) and & be defined as in ([6.8). Then lim,_,4+ F(at) = o0 and

F(&) = oo.
Proof Define dy := min{wy, w,,} and d; := min{w;,wi,} fori = 1,...,m — 2.
Then
= 0o = o T\
Flo) = — STwr+ ) — e > dgdr ([wm,wi]P] M]) :
i=1 k=0 i=1

Jedk

where w; := w; /d;, Wix1 =: wiy1/d;, and Wy, Wy, are similarly defined. Let

sik(a) == Z ([Wi+1,Wi]P] [?D .

Jedk "
Sincew; > 1fori =0,...,m,itisstraightforward to check that {s; x () }« is submul-
tiplicative. Moreover, it is shown in [LN3, Proposition A.1] thatfori = 1,...,m—2,
1/k
(a3
i (Ze)
Jedk

is independent of i. It follows that R(a) := limg_, o (s; k(@) V* is also independent of

i. The result now follows by using a similar argument as in the proof of Lemma[5.7]
|

Before proving the final error estimate, we first prove the following.

Lemma 6.13 Leti=1,...,m— 1. Then for each integer n > 2,
#P, = #P,(i) =2+ (m —1)2" "

Proof Clearly, #P; = #{T;(0), T;(m)} = 2. P, contains the end-points of the inter-
vals T;T;[0,m], j = 0,1,...,m — 1. Thus, #P, = #P, + (m — 1). P3 contains P,
together with all end-points of the intervals Tj;+;[0,m], j = 0,1,...,m — 1. Thus
#P3 = #P, + (m — 1). P4 contains P5 together with the end-points of the intervals
Tiiryjs J € Jo, j = 0,1,...,m — 1. Thus #P; = #P3 + 2(m — 1). Inductively, for

n>2,
n—3
#P, = #P, 1 +2" (m—1) =24 (m— 1)+ (m— 1)Zz’< =2+(m—1)2"2% m
k=0
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Lemma 6.14 Let o be the unique number satisfying F(aw) = 1. Then there exists
o > 0 such that e~ 2" = o(e™ ") ast — oo. Consequently, for alli € Ty, 25“)(t) =
o(e7 ") ast — oo.

Proof We first get an upper bound for 7, in terms of ¢. Fix . Since #, is the smallest
integer such that £ + max{In(¢; ;/m"™) : i =1,...,m—2, ] € I *} < t,, there exist
J, € 36"_3 and 1 < i, < m — 2 such that

Thus, by Proposition[6.4] we have

2¢ m\m—3
m" <mc; e <m| =2 ) (— e,
— 1oyJo — 4m om

From this we get

K, +t
mln2’

(6.9) ny <

where K, := In(2"*'¢,,/m?) — t, is a constant independent of ¢.
Next, it follows from the same argument as in Section 5 that

dim  (p)

By combining (6.9), (6.10)), and Theorem[6.5] we have

e~ MM < o _@w(ﬂ)t e K, +t
X -, < < X
=P\ dim_(w+1) P\

K (m — l)ln(Z’”/cm)—lnmt
=exp| — |exp | — )
KPN\ T )P m(In(2" /¢,,) + Inm)
Thus, it suffices to show that (m—1) In(2" /¢,,) —Inm > 0. It is clear that 2 /¢, > 2.
Therefore we need only show that (m — 1)In2 — Inm > 0 for all m > 3. But this is
clear by using calculus. Thus the first part of the lemma holds. Using the definition of

zl@(t) in (&3), Lemmal[6. 11} and Lemma[6.13] we have zlga)(t) < Ce™ 2™ for some
constant C. Hence the second part of the lemma also follows. u

We can now complete the proofs of the remaining main results.

Proof of Theorem[I.3] Combine Proposition[6.2] Lemmas[6.12]and [6.74] and Theo-
rem ([ [ |

Proof of Corollary[T.4] Recall that dimg(1)/2 is the unique g coordinate of the inter-
section of the curve y = 7(g) and the line y = —¢q in the (g, y)-plane. Since 7(q) is
strictly concave with 7(0) = —1 and 7(1) = 0, we have dimy(x)/2 < 1/2, and the
result follows. ]
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