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THE SET OF FINITE OPERATORS
IS NOWHERE DENSE

BY
DOMINGO A. HERRERO

ABSTRACT. A bounded linear operator A on a complex, separable, in-
finite dimensional Hilbert space # is called finite if ||[AX —XA—1|| 2 1
for each X € L (). It is shown that the class of all finite operators is a
closed nowhere dense subset of L (H ).

Introduction. In [15], J. P. Williams introduced the notion of finite operator. In
a finite dimensional Hilbert space, the commutator of two linear operators has trace
0, and therefore 0 belongs to the numerical range of every commutator. Let £ (H )
denoted the algebra of all (bounded linear) operators acting on a complex, separable,
infinite dimensional Hilbert space # . We say that A € L (¥ ) is finite if 0 € W(AX —
XA)~ for all X in L(H ), where W(T) denotes the numerical range of the operator
T. In that article, Williams proves that the class F of all finite operators is closed in
L(H ), and that the following three conditions are equivalent for A in L (H ):

(1) Ae F.

(2) |AX —XA —1]] 2 1 for all X € L(#H ) (that is, the identity operator is
“orthogonal” to the range of the inner derivation induced by A).

(3) There exists a state f such that f(AX) = f(XA) for all X € L(H ).

Furthermore, if A € ¥, then the C*-algebra C*(A) (generated by A and 1) is
included in F.

As J. P. Williams explains in his article, the adjective “finite” used to describe the
operators in F is admittedly ad hoc. It comes from the fact that ¥ D X ~, where
R ,»={T € L(): T has a reducing subspace of dimension n} and R = UX R ,.
(The most difficult open problem in this area is the question of whether ¥ = R ~;
see [10],[15].)

The existence of non-finite operators follows immediately from, for instance, the
Brown-Pearcy characterization of commutators [4]. (For more information about the
class ¥, the reader is referred to [2],[5],[7],(9],[10].)

In the Introduction of [11] (joint work with S. J. Szarek), the author claims without
proof that & ~ is nowhere dense in L (% ). The purpose of this note is to provide
such a proof. Indeed, it will be shown that F is nowhere dense in L (# ).
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By William’s results, it is sufficient to show that for each T in a dense subset
of L(#H ') and for each € > 0, there exists T, € L(H ), with ||[T — T|| < ¢, such
that C*(T,) contains some non-finite operator. The proof will be given in Section 3.
Section 2 contains all the necessary auxiliary results, including a very general result on
approximation of operators that has some interest in itself (see Proposition 3 below).

This note was written during the Informal Seminar on Operator Theory (Summer
1987) held at the University of California at San Diego. The author wishes to thank the
Department of Mathematics of UCSD and, very especially, Professors J. Agler, L. C.
Chadwich and J. W. Helton for their hospitality. The author also wants to acknowledge
several useful discussions with Professor Myra Panavale.

Preliminaries on Approximation of Operators. An analytic Cauchy domain Q
is a (not necessarily connected) bounded open subset of the complex plane C whose
boundary consists of finitely many pairwise disjoint Jordan curves. Let M(dQ2) =
“multiplication by \” on L?(dQ2) (linear Lebesgue measure on <), and let H2(9Q)
denote the closure in L?(92) of the rational functions with poles outside Q~; H?(0Q)
is invariant under M (dQ2), and we have the decomposition

M,(0Q) Z(RQ) )Hz(BQ)

Mo = (M M_(9Q)/ L*@Q)OH*@Q)’

where M,(0Q) = M (0Q)|H 2(0Q), o(M.(0Q)) = o(M_(0Q)) = Q~, 0.,(M.(0Q)) =
0.,(M_(0Q)) = o(M(0Q)) = 0,(M(Q)) = 9L, and — ind(A\ — M,(dQ)) = ind(\ —
M_(0Q)) = nul(A — M,(0Q2))* = nul(\ — M,(aQ)) = 1 and nul(\ — M,(0Q)) =
nul(A — M_(0Q))* = 0 for all A € Q (see, e.g., [8, Chapter 3] for details). Here
o(-) and o.(-) denote the spectrum and, respectively, the essential spectrum of an
operator. The reader is referred to [12] for definition and properties of the Fredholm
and semi-Fredholm operators, index, stability, etc.

Given A| € L(#H,) and A, € L (%), A; @ A, will denote the direct sum of A; and
Aj acting in the usual fashion on the orthogonal direct sum % @ 4 of the underlying
spaces. By A{¥ we indicate the direct sum of (0 = o < 00) copies of A; acting on
the orthogonal direct sum #;® of « copies of .

LemMA 1. Suppose A € L(Hy), a(A) C Q (an analytic Cauchy domain) and

S = (0 M+(ag)(a)) Hz(aQ)(") (1 SaZs OO),

then the C*-algebra C*(S) generated by S and 1 contains the orthogonal projection
onto Hy and H*(0Q)®.

Proor. According to [1], there exists a function ¢, analytic on a neighborhood
of Q™ such that ¢(Q~) = D~ and ¢#(dQ2) = dD (D := open unit disk). Clearly,
A(M,(02)), ¢(A) and ¢(S) are well-defined via functional calculus; moreover, -

S(M,(0)¥) = “multiplication by ¢(\)” on H>(9Q)'®
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is an isometry, and o(¢(A)) = ¢(a(A)) C ¢(2) = D.
Therefore, ¢(M,(9Q) @)™ is an isometry for all m = 1,2, ..., and

loa)™|| — 0

exponentially, as m — oo, because the spectral radius of ¢(A) is less than 1.
Observe that a(A) C {\ € C : X\ — M, (0Q)¥ is left invertible}. Thus, according to
[6] (or [8, Chapter 3]), there exists W invertible, W = (}), such that

S=WA®M. QW' = ((1, )1() (/3 M+(aog)<a>) ((1) _1X> '
It follows that
o =(o DY soneme) o 7)

- (¢(A)”' X M0 V)" — (AY"X )
0 P(M(9Q) )"

and

0 0

BT = (o 1+ g, GRim X X604, G

) +0dlg@y ).

Since 1 = 1+ [¢(M.@Q) )" *X*X[¢(M,(0Q)®]™ < 1+ ||X]||?, and ||¢(A)"|
converges exponentially to 0, it is not difficult to conclude that the sequence

{assrreosym v

[e.¢]
m=

converges in the norm to the orthogonal projection onto H2(9€2)® (and therefore this
projection belongs to C*(S).
Since C*(S) contains the identity, the orthogonal projection onto % also belongs
to C*(S). |
REMARK 2. The conclusion is the same if S is replaced by

(A 0 ) H,
Z M_(0Q)® /) [L2(0Q)OH2(0Q)]|®
(A € L(H), 0(A) C Q).

ProposiTioN 3. Let T € L(H ); T can be uniformly approximated by operators of
the form S = R{®R>®R3, where the R;’s (R; € L(R ;) satisfy the following condition:
given any three operators Ri3,Ri3 and Ryz (Rjj : R ; — R ;), the C*-algebra C*(SH

generated by
Ry Riz Ri3\ R,
=10 R Rn| R,
0 0 R3/ R3

and 1 contains the orthogonal projections {P;}?_, onto the subspaces {R ;};_,.
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Proor. Let R ho : C*(T) — L (Hg ho) be a faithful unital *-representation of
the C*-algebra C*(T), generated by T and 1 onto a separable Hilbert space Hg ho,
where T =T+ K(H) e L(H )/ K (H ) (K (H ) denotes the ideal of all compact
operators). By Voiculescu’s theorem [14], given € > 0 there exists T; € L (H ) such
that T — Ty € K(H ), |[T—Ti|| <e,and T, ~ T DA D A, where A = R ho(T)™.

According to [3] (or [8, Chapter 6]), we can find

Si‘] ®S+,l * * R+,l
Ry ~ 0 N, * -'R,O,l 7”T_R1”<€?
0 0 S, &S 1/ R 4

where a(N,), o(S ,’ﬂl), 0(S+,1), o(S—1) and o(S" ) are pairwise disjoint, N} is algebraic
 (and therefore o(N,) is a finite set),

iy~ @ MO )P S~ @ M (9P )9,
Sl = QLML )™, S_ 1~ @ M_(0D 1),

1 = pri,q1x < oo (for all i and all k) and the analytic Cauchy domains {Q’,,i};":'l,, .
{@) Ji_ 1, {Qu}m, and {@,}}_, have pairwise disjoint closures.
Clearly, 0(A) = 0.(A) = 0.(T), R hos_p(A) = R hos;_p(T) and for each A €
-‘R,hox—F(T)v
0, if —oo <ind(T — ) < 00,
ind(A — ) = { 00, if ind(T — A\) = oo,
—00, ifind(T — ) = —o0.

Thus, by proceeding as above, we can find

Sy * * R+,
R; = ( 0 N x ) R, A =Rl <e,
0 0 S/ R_;
where 0(S.. 1), U(Nj-’) and o(S_ ;) are pairwise disjoint, and N; is algebraic (j = 2, 3).
Furthermore, the results of [3] (see, especially, the comments in the first part of [8,
Chapter 6] on this subject) indicate that we have some flexibility on our choice of the
Cauchy domains € ; and @ ;. By using this flexibility, Rj can be replaced by

S+,j * * ‘R.+,j
Rj:( 0 N % ) R, 1A =Rl <,
0o 0 S,/ ®_,

where S, ; ~ @ M.0QQ;)®, S_; ~ &I M_(0D;), ( = 2,3), Qi; C
(Q1))” C Dy C ()~ CQ3; C(Q3)7, (Qa,)" is disjoint from o(S; )Ua(S. HU
oS_HU {Ui,,- o(Nj)}, and (@)~ D Pyx D (Pop)” D Pox D (P34)” D D3y

Let S =R; ® Ry ®R3; then ||T — S|| < 2e.

GivenRj € L(Rj,R) 1 =i <j=3),let

/ Ry Rp Riz\ R,
=10 R Ry | R
0 0 R; R 3
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and let P; denote the orthogonal projection of #{ onto R ; (j = 1,2,3).

Since a C*-algebra of operators is always inverse-closed, C*(S’) contains the or-
thogonal projection onto every Riesz spectral subspace. Thus, in particular, C*(S’)
contains the projections Py ; onto the subspace R o; (j = 1,2,3), as well as the pro-
jections Q' ,, Q' | and Q; onto the Riesz subspaces corresponding to (Ul'.":'1 Q7
(U,'('(:1 @\ ,)” and, respectively, (Q31)".

Observe that

M. (0Q2,1)> * *
S'|R anQ; ~ ( 0 M.(082,1) * )
. 0 0 M+ (aQ3,l )(OO)
_ (Mi(aﬂz.,l) ' * )
0 M+(aQ3,1)(OO) '

where o(M(0€Q3,1)) = (1)~ C Q31 = interior g[M, (923 1)].

By Lemma 1, C*(S’) contains the orthogonal projections Pi | onto the image of
the subspace {0} @ {0} @ H?(3Q3 1) under the unitary equivalence.

By a formal repetition of the same argument, we infer that C*(S’) also contains
P;, and Py, (defined in the obvious way).

By repeating the operations with Q3,,€233,...,Q3,, we deduce that C*(S "y con-
tains the orthogonal projections P, ; onto the subspaces R . ; G = 1,2,3; P, =
Qi,l + 3o Pr,i?Phj = Z,'":n Pj):nj =2,3).

Another repetition of the same argument (with help of Lemma 1 and Remark 2)
shows that C*(S’) contains the orthogonal projections P_ ; onto the subspaces R _ ;
(G = 1,2, 3), whence we conclude that

' Pj:P+’j+P0’j+P,7j€C*(S') (]:17273)

The proof of Proposition 3 is now complete. O

F is nowhere dense in L(#{). According to our observations in the Introduction,
it suffices to show that for each S as in Proposition 3 and each ¢ > 0, there exists
Se € L(H ), with ||S — || < ¢, such that C*(S.) contains a non-finite operator.

Let X be any non-finite operator, and define

R, (6/2)1 (€/2||X||)X R
Ss=| 0 R €/01 | R,:
0 0 R3 R.3
then ||S — S¢|| < 2.(e/2) = ¢, and (by Proposition 3) P; € C*(S.) (j = 1,2,3).
Therefore
2 0 1 X\ R,
AX) := =(PiSP2+ P2SP3 + || X||PiSP) =10 0 1| R, €CXS).
€ 0 0 0/ R,

But, according to [15, Theorem 8], A(X) € ¥ if and only if X € . Hence, S. &€ F .
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We conclude that ¥ is nowhere dense in L (H ). O

A Concluding Remark. Theorem 8 of [15] admits many variations (see, e.g., [7, p.
605]).

(i) For instance, if X ¢ F () and Q = (Q;)}' -, € L(H ™) (n 2 3) is a nilpotent
operator of the form

Q“:{l, ifj=i+1,i=1,2,...,n—1,
Yl if1Si<jsn,

and Q;; = X for some (i,j) with j —i = 2, then Williams’s argument shows that

Q¢ F.
(i) If F: H — Hy (1 < dim Hy < 00) is onto, then

0 = (8 )[;) ﬁ) is not finite.

Indeed, if f = (f;j)/ o is a state such that f(Q_Y) = f(YQ_) forall Y = (¥;)} ;_y €
L(Hy® #H ), then

FYyo =FY11—Y01X) Ho
XYio XYy —YuX/) H

and f(Q_Y — YQ_) = 0, whence we obtain foo(FY19) = O for all Yig € L(H , Hy)
and f1;(XY1; — Y11X) = O for all Y;; € L(H ). Since F is onto, it readily follows
that foo = 0, and therefore fy; = fijo = 0 and f = 0 @ f1; (where fi; is a state on
L (H)) because f is a positive map. But f1;(XY;; —Y;X) =0forall Y;; € L(H ) is
impossible because X is not finite, a contradiction.

Hence Q_ & F.

(i) IfFF: Hy— H (1 = dim Hy = 00) is bounded below, then

0¥ -vo = (

is not finite.

o )%

Observe that the class ¥ is self-adjoint. Now the result follows immediately from
(ii) by taking adjoints.

0. = (
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