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ENUMERATING BRANCHED SURFACE COVERINGS
FROM UNBRANCHED ONES

JIN HO KWAK, JAEUN LEE aAND ALEXANDER MEDNYKH

Abstract

The number of non-isomorphic n-fold branched coverings of a given
closed surface can be determined by the number of nonisomorphic
n-fold unbranched coverings of the surface and the number of non-
isomorphic connected n-fold graph coverings of a suitable bouquet of
circles. A similar enumeration can also be done for regular branched
coverings. Some explicit enumerations are also possible.

1. Introduction

Throughout this paper, a surface S means a compact connected 2-manifold without bound-
ary. By the classification theorem of surfaces, a surface S is homeomorphic to one of the
following:

_ the orientable surface with £ handles, ifk >0,
k= the nonorientable surface with — k crosscaps, ifk <O.

A continuous function p : S — S from a surface S onto another surface S is called
a branched covering if there exists a finite set B in S such that the restriction of p to
S—p~l(B), Pl p1(s) : S — p~'(B) — S — B, is a covering projection in the usual
sense. The smallest subset B of S that has this property is called the branch set.

A branched covering p : S — S is regular if there exists a (finite) group + that acts
on S with at most finitely many fixed points, so that the surface S is homeomorphic to the
quotient space S/ A, say by h, and the quotient map S - §/ A is the composition 4 o p
of p and h. We call it simply a branched A-covering. In this case, the group 4 becomes
the covering transformation group of the branched covering p : S — S. Two branched
coverings p : S — Sandg : § — S are isomorphic if there exists a homeomorphism
h:S— § suchthat p =g o h.

Recently, Kwak et al. [12, 14] examined the conditions under which a surface can be a
branched A-covering of a given surface with a given branch set, when 4 is the cyclic group
Z,, or the dihedral group D, of order 2 p, for p a prime.

In this paper, we derive an enumeration formula for the total number of non-isomorphic
(regular) branched coverings of any given surface S with branch set B, in terms of the non-
isomorphic unbranched coverings and some non-isomorphic graph coverings of a suitable
bouquet of circles.
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Enumerating branched surface coverings

2. A classification of branched coverings

Let G be a finite connected graph with vertex set V (G) and edge set E(G). We allow loops
and multiple edges. Notice that G can be identified with a one-dimensional CW complex
in the Euclidean 3-space R3, so that every graph map is continuous. Every covering of a
graph G can be constructed as follows (see [3]).

Every edge of a graph G gives rise to a pair of oppositely directed edges. By e ™! = vu,
we mean the reverse edge to a directed edge e = uv. We denote the set of directed edges of
G by D(G). Each directed edge e has an initial vertex i, and a terminal vertex #,. Following
[3]1, a permutation voltage assignment ¢ on a graph G is a map ¢ : D(G) — S, with
the property that ¢(e~') = ¢(e)~! for each e € D(G), where S, is the symmetric group
on n elements {1,2,...,n}. The permutation derived graph G? is defined as follows:
V(G?) = V(G)x{l1,2,...,n},and foreachedge e € D(G)and j € (1,2, ..., n} thereis
anedge (e, j)in D(G?%) withi( jy = (ie, j) and t j) = (., ¢ (e)j). The natural projection
Do - G? — G is a covering. In the derived graph G?, a vertex (u, i) is denoted by u;, and
an edge (e, j) is denoted by by e;. Let + be a finite group. An ordinary voltage assignment
(or, A-voltage assignment) of G is a function ¢ : D(G) — A with the property that
d(e 1) = ¢p(e)~! for each e € D(G). The values of ¢ are called voltages, and A is called
the voltage group. The ordinary derived graph G x 4 + has as its vertex set V(G) x + and
asits edge set E(G) x 4, so that an edge (e, g) of G x4 +A joins a vertex (u, g) to (v, ¢ (e)g)
fore = uv € D(G) and g € . In the ordinary derived graph G x A, a vertex (u, g)
and an edge (e, g) are denoted by ug and e, respectively. The first coordinate projection
Py : G X A — G, called the natural projection, commutes with the left multiplication
action of the ¢ (e) and the right action of 4 on the fibers, which is free and transitive, so
that p is a regular |4|-fold covering, called simply an A-covering.

A (branched) surface covering is closely related to a graph covering that is embeddable
into it. To see such a relation, we first review a graph embedding into a surface.

An embedding of a graph G into a surface S is a continuous one-to-one function 7 :
G — S. If every component of S — 1(G), called a region, is homeomorphic to an open
disk, then 1 : G — S is called a 2-cell embedding. Such an embedding can be described
by a combinatorial method as follows. An embedding scheme (p, A) for a graph G consists
of a rotation scheme p, which assigns a cyclic permutation p, on N(v) = {e € D(G) :
the initial vertex of e is v} to each v € V(G), and a voltage assignment A, which assigns a
value A(e) in Zy = {—1, 1} toeach e € E(G).

It is well known that every embedding scheme determines a 2-cell embedding of G into
an orientable or non-orientable surface S; also, every 2-cell embedding of G into a surface
S is determined by such a scheme (see [19] or [20]).

Let: : G — S be a 2-cell embedding with embedding scheme (p, 1), and let ¢ be a
permutation voltage assignment. The derived graph G has the derived embedding scheme
(p, X), which is defined by f, (e;) = (py(e)); and A(e;) = A(e) for each ¢; € D(G?).
Then it induces a 2-cell embedding of G? into a surface, say 7 : G® — S?, such that the
following diagram commutes.

G? S
Po l l p~¢
G d S
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a B7—>S,—B (b) Bg—>S_3—B
Figure 1: Two examples of standard embeddings

Moreover, if G? is connected, then S? is connected and py : S? — S is a covering,
possibly having branch points. Conversely, let p : S — S be a branched n-fold covering
of a surface S. Then there exists a 2-cell embedding : : G — S of a graph G such that
each face of the embedding has at most one branch point interior to it, and a permutation
voltage assignment ¢ : D(G) — S, such that the branched n-fold covering py : S* — S
is isomorphic to the given branched covering p : S — S; see [4].

A surface Si can be represented by: (i) a4k-gon with identification data ]_[f=1 asbsag ! b;l
on its boundary if k > 0; (ii) a —2k-gon with identification data ]_[A;k1 agsag on its boundary
if k < 0; and (iii) a bigon with identification data aa™! on its boundary if k = 0.

Let B be a finite set of points in Sg. Note that the fundamental group 71 (Sy — B, *) of
the punctured surface Sy — B with the base point * € Sy — B can be represented by

k |B]
<a1,...,ak,bl,...,bk,cl,...,c|3| s [ Jasbear b7 [ [ e = 1>, ifk > 0;
s=1 t=1

—k |B|
al,...,a_k,cl,...,c‘m;Haxaxl_[ctzl , if k <O0;
s=1

t=1
|B|
<cl,...,cB|;Hct=1>, if k=0.
t=1

We call this the standard presentation of the fundamental group 7 (S — B, *). For each
t =1,2,...,|B|, we take a simple closed curve based at * lying in the face determined
by the polygonal representation of the surface Sy so that it represents the homotopy class
of the generator ¢;. Then it induces a 2-cell embedding of a bouquet of m circles, say
B,,, into the surface Sy such that the embedding has: (i) |B| 1-sided regions and one
(|B| + 4k)-sided region if k > 0; (ii) | B| 1-sided regions and one (|B| — 2k)-sided region
if k < 0; and (iii) | B| 1-sided regions and one | B|-sided region if k = 0, where m is the
number of the generators of the standard presentation of the corresponding fundamental
group. This embedding 1 : *B,, — S is called the standard embedding, simply denoted by
B,, — Sy — B. For example, Figure 1 illustrates the standard embeddings of bouquets with
|B| = 3. Figure 1(a) represents the standard embedding 87 — S, — B, and Figure 1(b)
shows the standard embedding Bg— S_3 — B.

https://doi.org/10.1112/51461157000000395 Published online by Caghbridge University Press


https://doi.org/10.1112/S1461157000000395

Enumerating branched surface coverings

For a natural number n, let C1(B,,; n) denote the set of all permutation voltage assign-
ments ¢ : D(®B,,) — S, on the bouquet of m circles B,,. Notice that CY(®B,,; n) can be
identified with the cartesian product (S,)™ of m copies of the symmetric group S,; that
is, each element ¢ in C'(%B,,; n) can be identified with an m-tuple (¢ (£1),...,0Lw)),
where ¢; is a positively oriented loop in D(®8,,). For convenience, let ay = 2k if k > 0,
and let ay = —k if k < 0. Let C' (B, 18/ Sk — B; n) and C' (B, 415 Sk — B; A)
respectively denote the subset of (S,)%F1Bl and the subset of (A)%TI5 consisting of all
(ax + |B])-tuples (o1, ..., 04+ |B|) that satisfy the following three conditions.

(C1) The subgroup (01,...,oak+‘3|> generated by {o1,...,044|B|} IS transitive on
{1,2, ..., n}, orelse is the full group A.

(C2) (i) Ifk > 0, then
k |B|
Haiak+i6i_10k_4rli Hoak+i =1
i=1 i=1
(i) ifk < 0, then
|B|

—k
l_[(fi(fi H Og+i = L.
i=1 i

i=1
(C3) o; #1foreachi =ay+1,...,ar + |B|.

Note that condition (C1) guarantees that the surface S? is connected, and conditions
(C2) and (C3) ensure that the set B is the same as the branch set of the branched covering
Do : S® — S.By using a method similar to that given in [14], one can obtain the following
theorem.

THEOREM 1 (EXISTENCE AND CLASSIFICATION OF BRANCHED COVERINGS). Every permuta-
tion voltage assignment in C' (Byy+|B| <> Sk — B; n) induces a connected branched n-fold
covering of Sy with branch set B. Conversely, every connected branched n-fold covering of
Sk with branch set B can be derived from a voltage assignment in C! (Bay+1B| = Sk—B; n).
Moreover, for any two permutation voltage assignments ¢, ¥ € C! (By,+B|— S—B;n),
two branched n-fold surface coverings pg : S? — Sand Dy : SY — S are isomorphic if
and only if two graph coverings py : %ukJrlB\ — B+ 1B and py : %:fk+|3| — By, 4B
are isomorphic. Equivalently, there exists a permutation o € S, such that

V() =o¢ti)o !
forallt; € D(B, 4 B|), where ay =2k ifk > 0, and a, = —k ifk < 0. O

For a finite group 4, let S denote the symmetric group on the group elements of A.
It gives the (left) regular representation A — $,4 of A via g — L(g), the left translation
by g on #. Clearly, this representation is faithful and the group 4 can be identified with
the group of left translations L(g): A = {L(g) | g € A} (Cayley theorem). Notice that a
permutation voltage assignment ¢ : D(G) — S4 having its images in «# can be considered
as an A-voltage assignment of G, and for such a voltage assignment ¢, the permutation
derived graph G? is nothing but the ordinary derived graph G X ¢ . By using this fact,
Corollary 1 was shown in [14].
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COROLLARY | (EXISTENCE & CLASSIFICATION OF REGULAR BRANCHED COVERINGS). Every
ordinary voltage assignment in c! (Byy+B| <> Sk — B; A) induces a connected branched
A-covering of Sy with branch set B.

Conversely, every connected branched A-covering of Sy with branch set B can be
derived from a voltage assignment in Cl(‘Baka — Sx — B; A). Moreover, for any
two voltage assignments ¢, € Cl(‘Bak_Hm < S — B; #A), two branched A-coverings
Do : S? — S and Dy : SY — S are isomorphic if and only if two graph coverings
Do - Ba+ 1Bl X¢ A —> By gl and py : By 1B Xy A —> B,y are isomorphic. It is
also equivalent to say that there exists a group automorphism o of 4 such that

V() =0 (¢()))
forall £; € D(By +B)), where ap =2k ifk > 0, and a = —k ifk < 0. O

3. Computational formulas

To derive an enumeration formula for the isomorphism classes of branched surface
coverings, we define an S,-action on the set C LB,:n) = (S,)" by a simultaneously
coordinatewise conjugation; that is, for any g € S,, and any (o1, ...,0) € cl (B n),

g-(01,....,om) =(go1g"", ..., gomg ).
It follows from Theorem 1 that two voltage assignments in Cl(%akH Bl <= Sk — B;n)
derive isomorphic branched coverings of Sy if and only if they belong to the same orbit
under the S,,-action. Hence we have the following lemma.

LEMMA 1. Let k be any integer, and let B be a finite subset of the surface Sg. Then the
number of non-isomorphic connected n-fold branched coverings of the surface Sy with
branch set B is

Isoc(Sk, B; n) =: |C'(By, 418> Sk — B;n)/Sy| . 0

Now we aim to express the number Isoc(Sg, B; n) in terms of known parameters.
Let €(*B,,; n) denote the set of all m-tuples (oy, ..., oy,) in (S,)™ such that the group
©1, ..., om generated by {01, ..., 0,} is transitive on {1, 2, ..., n}; that is,

CB,;n) ={(01,02,...,0m) € (Sy)":01, 0, ...,0n is transitive on {1, 2, ..., n}}.

Then €(®8,,; n) contains all the representatives of the connected n-fold coverings of the
bouquet of m-circles B,,, and the number Isoc(*8,,; n) of non-isomorphic connected n-
fold coverings of B,, is equal to |€(*B,,; n)/Sy|, where the §,-action on €(*8,,; n) is also
defined by the simultaneously coordinatewise conjugation (see [10, 11]).

LEMMA 2. Let k be an integer, and let b be a nonnegative integer. For each 0 < t < b, let
Sk, b, t)
= {¢ € (Sn)“"+b : ¢ satisfies (C1) and (C2), ando; = 1,Vi =ar+1,...,ar + t},

where ¢ = (01,02,...,0q4.4p). If t = b, then the set S(k,b,b) is equal to the set
c! (By, — Sk; n), andift # b, then there is a one-to-one correspondence between the sets
S(k, b, t) and €(By+p—i—1; n). Moreover, the correspondence preserves the Sy-action on
both the sets, which are defined by simultaneously coordinatewise conjugacy.
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Proof. The case where t = b is clear. Assume that ¢ # b. Then every element in S(k, b, t)
is of the form (o1, ..., 04, 1,..., 1, 044111, ..., 0g+p). It follows from conditions (C1)
and (C2) that the function f : S(k, b, t) = €(B4, +b—r—1; n) defined by

flor,...,oq, 1, ., L 0gqiq1s ooy Oqpih) = (O1, - oo, Oaps Oqpttd1s -+ - » Oaptb—1)

is well-defined and bijective. (Note that the function f is defined by deleting 1’s and the
last coordinate.) This completes the proof. O

The following is one of the main theorems in this paper.

THEOREM 2. Let k be any integer, and let B be a b-subset of the surface Si. Then the number
of connected n-fold branched coverings of the surface Sy with branch set B is

b—1
Isoc(Sg, B;n) = (— l)b Isoc(Sg, ¥; n) + Z( 1) Isoc(%aﬁb (—1; 1),
t=0

where B, is a bouquet of m circles, ay = 2k ifk > 0, and ay = —k ifk < O.

Proof. Foreachi =ay +1,...,ax + b, let P; be the property that the ith coordinate of
an element of (S,,)%1? is the identlty. For each subset Sof{ar+1,...,ar+b},let N(Ps)
be the number of elements in the product (S,)%*? that satisfy conditions (C1) and (C2)
and the properties #; for all i € §. Notice that N (£y) is the number of all elements in the
product (S,,)% +0 that satisfy not only conditions (C1) and (C2), but also the requirement
that the set C! (By+» — Sk — B; n) be equal to the set of elements of (.S,,)% +0 that satisfy
conditions (C1) and (C2), but not any other property #; fori = ax + 1,...,ax + b. It
follows from the inclusion-exclusion principle that

b
|C'(Bapp—> Sk — Bim)| =) (—1) Y. N@®s

t=0 Sclag+1,....ap+b}

Since N(Ps) = N(Ps ) for any two subsets S and S’ of {ay + 1, ..., ar + b} with the same
cardinality, we have

N (Ps)
Sc{ag+1,...,ap+b}, |S|=t
= (O)[{¢ € (S)™*" : ¢ satisfies (C1) and (C2), and 0; = 1, Vi = ar+1, ..., ax+1}].

Now, from Lemma 2, we have

|Cl(%ak+b<—>Sk—B'n)|
—Z( D' (*)|€(Bagtp-r—1: W] + (= 1?|C' (B, = Sesn).

By taking the S,-action on the underlying sets of both sides of this equation, we have

b—1
Isoc(Sy, B: n) = (—1)? Tsoc(Sy, 4 n)+Z( 1)’ (%) Isoc(Buy1p—1-13 1). 0
t=0
https://doi.org/10.1112/51461157000000395 Published online by Ca8ridge University Press
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The number Isoc(G; n) was computed for any graph G and any natural number n by
Liskovets [15] and by the first two authors (see [11]) as a recursive formula, and the number
Isoc(Sk, ¥; n) was computed for any k and n by Mednykh (see [17, 18]). In fact, Mednykh
computed the number of conjugacy classes of subgroups of index n in the fundamental
group 71 (Sg, *) of a surface Sy which is equal to the number Isoc(Sg, ¥; n).

For convenience, let 3(n) denote the set of all partitions of the natural number 7: that is,
the set of ordered sequences (n1, na, ..., ng) withny < ny < --- < nyg of natural numbers
such thatny +ns + - - - +ng = n. For a partition p of n, let ji(p) denote the multiplicity of
k in the partition p, so that ji (p) +2j2(p) + - - - +nj,(p) = n. A partition p of n is denoted
by [[k; n/k]] if every term of p is k. Note that [[k; m]] denotes the partition of the natural
number km, each of whose terms is k.

THEOREM 3 (see [11]). For n > 2, the number of non-isomorphic connected n-fold cover-
ings of By, is

Isoc(%B,,; n) = Z (cer + ™l — 1)
L +28++(n—1)l—1=n—1
x (612285! -+ (n — 1)1, 1)

-1
+ > (2926513531 - ntrg, )"
20r+303+~+nl,=n

1 Je(P)—1

_ > I1 ('(p)' I1 (Isoc(%m;k)—i—f)),

pe B — (i k@0 P =0
1) =0

where the summation over the empty index set is defined to be 0.

THEOREM 4 (see [17, 18]). The number of non-isomorphic connected n-fold unbranched
coverings of a smface Sk of genus k is

Z Sim) Y u ( ) d@k=Dm+2, ifk >0,

Isoc(Sk, ¥; n) = mln d|(n/m)
Z Z ( )d( k— 2)m+1[(2 d)5 (m) +d/3+(m)] ifk <0,
mln d|(n/m)

where 8y (m) is the number of subgroups of index m in the fundamental group mw{(Sg, *)
of a surface Sy of genus k,  is the Mobius function, 5,:“ (m) is equal to O if m is odd and
equal to 8 (m/2) if m is even, 8, (m) = & (m) — /S,j' (m), and (2, d) is the greatest common
divisor of 2 and d. In fact, the number 8;.(m) is given as follows:

_1)s+1
&(m)—mz > BuBinBi
iV tip+---+ig=m
01,02, .., is > 1
where .
! 2k -2, ifk =0,
e X (). A
vy N —k—2, ifk<0.

Dy, is the set of all irreducible representations of the symmetric group Sy, and X is the
degree of the representation \.
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As an illustration of Theorem 2, we compute explicitly the number of non-isomorphic
3-fold branched coverings of the orientable surface Sy (k > 0) with branch set B, (|B| = b).

It is already known that Isoc(®B,,;3) = 6" 4 3m=1 — 2m=1 (see [11]) and
Isoc(Sk, #;3) = 2 - 622 4 4. 32k=2 _ 2. 2%=2 (see [17]). Now, by applying Theo-
rem 2, we have

Isoc(Sk, B; 3) = 6% 72(5P + (= 1)?) + 3% 72 (2" + (= 1)?3) — 22 (1 + (= 1)").

4. Regular coverings

In this section, we aim to compute the number Isock (Sk, B; n) of non-isomorphic con-
nected regular n-fold branched coverings of a surface Sy with branch set B. Any two
connected regular branched coverings are not isomorphic if their covering transformation
groups (or voltage groups) are not isomorphic. Hence, the following equation comes from
the fact that every connected regular n-fold branched covering is isomorphic to a connected
branched A-covering for some group 4 of order n:

Isoc®(Sk, B;n) = leoc(Sk, B; A),
A

where + runs over all the representatives of the isomorphism classes of groups of order n.

Now, we need to compute the number Isoc(Sg, B; ) for each finite group 4. Let Aut(A)
denote the group of automorphisms of #, and we define an Aut(A)-action on C!(B,,; #4)
as follows. For any o € Aut(+) and any (g1, ..., &n) € C! (B,,; A), we define

o-(gl,---,8m) = (0(g1),...,0(gm))-

Then it follows from Corollary 1 that two voltage assignments in C'! (B +1B| = Sk—B; A)
derive isomorphic branched coverings of Sy if and only if they belong to the same orbit
under the Aut(+4)-action. Notice that this Aut(+)-action on C? (By,+1B|— Sk — B; A) is
free because {g1, . .., g4, +b} generates . This implies that the number Isoc(Sy, B; #4) of
non-isomorphic connected branched #-coverings of the surface Si with branch set B is

\Cl(%akﬂg“—) Sk — B; :A))|
[Aut(A)|

By using a method similar to the proof of Theorem 2, one can derive the following
theorem.

Isoc(Sy, B; A) =

THEOREM 5. Let k be any integer, and let B be a b-subset of the surface Si. Then, for
any finite group A, the number of connected branched A-coverings of the surface Sy with
branch set B is

b—1
Isoc(Sk, B; A) = (—1)? Isoc(Sk, 0; 4) + Z(—l)’(l;) Is0c(Byy+b—1—1; ),
t=0
where B, is a bouquet of m circles, ax = 2k ifk > 0, and ar = —k if k < 0. O

To calculate the number of coverings in Theorem 5, we follow the method used by
Jones in [7, 8]. Let & = m1(Sk, *) be the fundamental group of the surface S;. Denote
by Hom(¥; 4) and Epi(F; 4A), respectively, the set of homomorphisms and the set of
epimorphisms of the group ¥ into the group .
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Then one can see that |C1(%ak < Sk; A)| = | Epi(F; )|, so that

Epi(F; A

Tsoc(Sp. #: A) = EPIF AN
| Aut(A)|
Also, we have
|Hom(F, A)| = Y |Epi(¥, K|,

K<A
where the sum is taken over all subgroups K of the group +. Now, one can invert this
equation to count epimorphisms in terms of homomorphisms, by introducing the Mobius
function for 4. This assigns an integer 1 (K) to each subgroup K of 4 by the recursive

formula
1, if K = A,

H)=9§ =
2 HH) = k.4 0. ifK < A

H>K
The equation

|Epi(#, A)l = ) w(K)|Hom(F, K)|
K<A

is then easily deduced. As a result we have the following lemma.

LEMMA 3. Let F = 11 (Sk, %) be the fundamental group of a surface Si. Then

Isoc(Sg, ¥; A) = u(K)|Hom(F, K)|.

1
| Aut(A)] 2

K<A

In a similar way, taking into account the fact that the fundamental group of the bouquet
B, of r circles 1 (B,) = F; is the free group of rank r, we obtain the next lemma.

LEMMA 4. Let *B, be a bouquet of r circles. Then

o IBpi(F. A1 _
Isoc(B,; A) = TSRS K}@: w(K)| Hom(F;, K)|
= K)K]|.
|AHM)|K§AM( K|

The number Isoc(®B,,; +) has been explicitly computed for any m and any finite abelian
group 4 or any dihedral group D, of order 2n (see [13]). Notice that the formulae in [13] do
not involve the lattice structure of subgroups of #. When + is abelian the formula depends
only on the decompositions of 4, and when A = D), the formula depends only on the prime
decompositions of n.

Denote by Hs, (A) = |Hom(m (S, *); 4)| the number of homomorphisms of the
fundamental group 77 (Sg, *) into a finite group +. The following result, essentially due to
Frobenius, was given in different cases in [7], [9] and [17].

LEMMA 5. (a) Let Sy be a closed orientable surface of genus k > 0. Then

Hg, (A4) = [AP1Y "y (1),
X

where x ranges over all irreducible characters of A and (1) is degree of x .
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(b) Let Sy be a closed non-orientable surface of genus —k, k < 0. Then

Hg, (A) = [AT1Y " e F (1),

where, with the representation p corresponding the character x,

+1, ifpisreal,
cle—ZX(g ) =1 —1, if x isreal but p is not real,
geA 0, if x is not real,

is the Frobenius—Schur indicator of p and .

By virtue of Lemmas 3 and 4, the statement of Theorem 5 can be rephrased as

b—1
—l a
Isoc(Sk, B; A) = TAGIA)] Z w(K) (( 1)bHSk(K) + Z( 1) |K| +b—t— 1)

K<A =0

Applying Lemma 5, we obtain the following result.

THEOREM 6. Let B be a b-subset of a surface Sy, and let A be a finite group. Then we have

Isoc(Sg, B; A)

2k—1
s LK ((|K|—1)”+(—1)be(1)2‘2">7 ifk >0
X

| Aut(A)]
= k-1

K)|K|™"*
Z %((Ilfl -1+ (—1)bZC;kX(1)2+k)’ ifk <0,
K<A u -

where x ranges over all irreducible characters of K except the principal one and

+1, ifpisreal,
=—Zx(g )=19—1, ifx isreal but p is not real,
ge""' 0, if x is not real,

with the representation p corresponding to x.

Let 4 be a finite abelian group, and let A(#4) denote the number of direct summands
of 4 whose orders are even. Since every character of an abelian group is linear and every
irreducible character of an abelian group can be obtained by the product of irreducible
characters of its direct summands, the number of irreducible real characters of an abelian
group 4 is equal to 2*(*) For example, A(Z¢ ® Zg) = 2, and hence Z¢ @ Zg has four
irreducible real characters. Now we have the following corollary.

COROLLARY 2. Let B be a b-subset of Sk, and let A be a finite abelian group. Then we have

WK KPP b , .
Z— (K| =D+ (=D°(K|-1)), ifk >0
& 1AuA) ( )
Isoc(Sg, B; A) = P
2 % ((|K| — b+ (=P @) 1)), ifk <0,
K< |Aut(Al

where A(K) is the number of direct summands of A whose orders are even.
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We observe that Theorem 6 and Corollary 2 are quite efficient if the lattice structure of
subgroups of +, and their characters, are known. However, even though +4 is abelian, it is
not easy to use Corollary 2 for Isoc(Sg, B; +) if || is so large that the lattice structure of
its subgroups is complicated.

In the next section we shall give another enumeration formula, for use when A is abelian,
which does not involve the lattice structure of subgroups of A.

5. More on abelian branched coverings

In this section, we aim to derive an explicit enumeration formula for Isoc(Sg, B; +#4)
when 4 is abelian. It is possible to obtain this from Theorem 5, by deriving a computational
formula for Isoc(Sy, @; A) that does not involve the lattice structure of subgroups of 4
when 4 is abelian.

Let A = A @ Ay with (|A1], |4A2]) = 1. Then

IC1 (B, — Si; A = [C' By, > Si; AN - ICH (B, — Si; A2
and | Aut(A)| = | Aut(Aq)| - | Aut(+A2)|. Hence we have the following lemma.

LEMMA 6. For any finite groups A and B with (|A|, |B|) = 1, and for any surface S, we
have

Isoc(Sg, 7; A ® B) = Isoc(Sg, ¥B; A) - Isoc(Sg, ¥; B).

Let 4 be an abelian group. If £ > 0 and B = @, then conditions (C2) and (C3) in
the definition of the set C! (By, = Si; A) are clearly satisfied, so that Isoc(Sk; ¥; A) =
Isoc(Byy; +A), as has already been computed in [13]. If k < 0 and B = ¢, then c! By —
Sk; ) is equal to the set of (—k)-tuples (g1, . . . , g—x) with the properties that {g1, ..., g}
generates 4 and (g1)2 S (g_k)2 = 1. For convenience, let

(B —i; A)
= {(gl, 82,---,8-k) € ATK {g1, g2, ..., 8-k} generates A and (g_k)2 = 1}.
Define a function f : Cl(‘Bak — Sg; A) = F(B_k; A) by
J@1 8 = (81s - gk =15 817+ &)

Then f is well defined, because (g1)2 . (g_k)2 = (g1-- ~g_k)2 in the abelian group 4.
Now, it is not hard to see that f is a bijection. Hence we have

IC!' By, = Si: A [F(B_1; A)|
| Aut(4)| — Aut(A)|

By the classification theorem of finite abelian groups, one can express a finite abelian group
A as follows.

A = A, ® A, = <@f=1 Gaj‘i:lmijzpizij) @ (@£=1mkz2fk) ,

Isoc(Sy, ¥; A) =

where p; are odd primes and p; # p;s if i # i’; that is, A, is the subgroup of A consisting
of all elements of order a power of 2. Let 6(+4) denote the number of direct summands of
4 whose orders are multiples of 4, and let @ (+4) denote the number of direct summands
of A whose orders are 2. Notice that A(A) = 0(A) 4+ w(A). For example, Zg @ Zjo =
78 ® 7Ly ® s, 0(Zg @ Zio) = 1 and w(Zg & Z1o) = 1.
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Clearly, (||, |#A¢|) = 1 for any abelian group 4 and, by Lemma 6,
Isoc(Sk, ¥; A) = Isoc(Sk, @; A,) - Isoc(Sy, @; A,).

Note that the order of A, is odd. In an abelian group of odd order, g> = 1 implies that g = 1,
and hence F(B_i; A9) = |€(B_k_1; #A0)|. Now, using Lemma 6 and a computational
method similar to [13, Lemma 3.3], one can obtain

[§(B_k; Al

2—k _ 29(A)
= @k — 1 mD (B _r—15 A E(B—; Ae)l
T -

200A) (K004 _ 1)
=@ raean — 1| B k-1 A, if 0(A) + w(A) < —k,
sz _ 20(:/\7) .
B ADIIEB i AL IEO(A) + () = —k
(278 = D25k TR and 6(A) # —k,
0, otherwise.

We summarize our discussions as follows.

LEMMA 7. Let Sg be a surface of genus k, and let A be any finite abelian group. Then the
following statements hold.

(a) , k >0, then Isoc(Sg, @; A) = Isoc(Boy; A).
() Ifk <0, then
Isoc(Sy, 7; A)

29(0%) (2—]{—9(#&) _ 1)
Y~ k—@A)Fo(A) _ ] Isoc(B_g—1; ) lf@(ey‘\») + w(A) < —k,
= 2k _20(A)
[ Isoc(B_i_1; Ao) Isoc(B_g; A.), ifO(A) +w(A) = —k
2=k — 1)22 k=1 mx(e=1) and 0(A) £ —k
0, otherwise,
where A = A, ® A, = (@le @;izlmijzpﬁj) &b ( @ﬁzl mesz). O

COROLLARY 3. Let Sy be any nonorientable surface, and let A be any finite abelian group.
Then the following statements hold.

(a) If A does not contain Z; as its direct summand, then

20(9‘\7)1 o : _
Isoc(Sk,(Z];A)z{O soc(B-1: A). fO(A) < —k,

otherwise.

In particular, if the order of A is odd, then Isoc(Sg, @; A) = Isoc(B__1; A).
(b) If A is mZy, then 1soc(Sg, 0; mZy) = Isoc(B_i; mZy). O
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6. Explicit enumeration of some regular coverings

Recall that one can explicitly enumerate the total number Isoc(Sg, B; n) of connected
n-fold branched coverings of a surface by Theorem 2, but it is not easy to enumerate
explicitly the number Isoc? (S, B; n) of regular n-fold branched surface coverings of a
given surface Sy with branch set B. In this section, we compute the number Isoc® (Sk, B; p),
Isoc®(Sk, B: 2 p) or Isoc® (S, B; p2) for any prime number p, as possible cases.

First, we compute Isoc® (S, B; p) for any prime p. It is already known [13] that for any
prime p, Isoc(%B,,; Z,) = (p™ — 1)/(p — 1). Since every group of order p is isomorphic
to the cyclic group Zp, it follows that Isoc® (S, B; p) = Isoc(Sk, B; Zp) for any k and
any finite subset B of Si. Now, by applying Theorem 5, Lemma 7 and Corollary 3, one can
obtain the following theorem.

THEOREM 7. Let B be a b-subset of a surface Sy, and let p be a prime. Then the number
Isoc®(Sk, B; p) of non-isomorphic regular connected branched p-fold coverings of S
with branch set B is

ka_l

, ifk >0andb =0,

p—1
P - D+ (=1P), ifk=0andb #0,

27k 1, ifk <0, b=0and p =2,
ISOCR(Sk,B;p) =
2711+ (=1)P), ifk<0,b#0and p =2,
p—k—l —1
) ifk <0, b=0and p # 2,
p—1
p ™ lp -1l ifk <0,b#0and p # 2.

Notice that Isoc® (S, B; p) has already been computed in [7], [14] and [16], but the
computational methods used there are different from that given in this paper.
Next, to compute Isoc® (Sg, B; p?) for any prime p, recall that every finite group of order

p? is abelian and is isomorphic to Ly or Ly X Zp. It is known [13] that for any prime p,
2m—1 _ m—1
Isoc(®B,,; sz) _r7r
p—1

and

2m—1 _ ,,m—1 1 1
Ts0c(B: Zp & Zp) = p P (p+ D+

(P>-Dp-1
By Lemma 7 and Corollary 3, we can have
4k—1 _ . 2k—1
P P~ ifk>o.
p—1
Isoc(Sk, 0: Z,2) = {2722 2751 ifk <0and p =2,
—2k=3 _ —k—2
%, ifk <Oand p #2,
p—
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and
ak—1 _ 2k—1 1 1
p 2p (p+1)+ C itrso,
(p>=D(pp-1
—2k—1 _ 7 . n—k—1
Isoc(Sk, 4 Zp x Zp) = 2 332 +1, ifk <Oand p =2,
—2k-3 _ ,—k-2 1 1
P i PHDH ek < 0and p £2.
(p>=D(p-1

By using these formulas and Theorem 5, we have the following theorem.

THEOREM 8. Let B be a b-subset of a surface Sg. Then the number Isoc®(Sy, B; 4) of
nonisomorphic regular connected branched 4-fold coverings of Sy with branch set B is

Isoc®(Sk, B; 4) =

(1/3) (2%F1 4 1) — 2%, ifk >0andb =0,
221220 (3071 (= 1)P) — (14 (=D?)], ifk >0andb #0,
(1/3) (5-272%FD 1) — 27k, ifk <0andb =0,
2727k (20307 4 (= )P) — (1 + (=DP)],  ifk <0andb # 0.

THEOREM 9. Let B be a b-subset of a surface Sy, and let p be an odd prime. Then the number
IsocR (Sk, B; p?) of non-isomorphic regular connected branched p*-fold coverings of Sk

with branch set B is

IsocR(Sy, B; p?)

(1!’2(";21 - ;))(E?Pi" 1—) D ifk > 0andb =0,
) iZk : (=" (P o+ 107 = 1) + 0" (p* = 1)]. ik > 0andb £,
(P - _)1()12::11)— D ifk <0andb =0,
P = P2 pEp P -1, ifk < 0andb #0.

Finally, we compute Isoc® (Sy, B; 2p) for any odd prime p. Recall that every finite group

of order 2p (where p is an odd prime)

is isomorphic to the cyclic group Z,, = Zy x Zj or

the dihedral group . It is known [13] that for any odd prime p,

Isoc(%B; Zop) =
and

Isoc(%B,,; Dp) =

Q@py" — p™m —2m 41
p—1

2. (2p)m71 _pmfl —om

p—1 '
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By Lemmas 6 and 7, and Corollary 3, one can have

(zp)2k _ p2k _ 22k +1

I , ifk>0
p—
Isoc(Sk, ¥; Zop) =
2.2 —k—1 _ —k—1 _ 2—k 1
@p) P Ttk <o
p—1
The number Isoc(Sy, ¥; D) is already known, as follows (see [12]):
4.2 2k—2 _ 2k—2 __ 4. 22k—2 1
(2p) p : + ’ itk >0,
p—
Isoc(Sg, ¥; D)) =
Gl =1y apt2y ph2p 2k g1
N , ifk <O.
p—

Now, the following theorem follows from these facts and Theorem 5.

THEOREM 10. Let B be a b-subset of a surface Sy and let p be an odd prime. Then the
numberIsocR (Sg, B; 2p) of non-isomorphic regular connected branched 2 p-fold coverings
of Sy with branch set B is

Isoc® (S, B; 2p)
1
F(zzk — 1) ((P*+ Dp*2-2), ifk >0and b =0,

22k—1p2k—2
—— [CP =D+ D+ (1" (2p* = p+1)]

_w P22
1

[2 k ( —k=1 _ 1) 42 (p*H — 1) (2*’“1 - 1)] . ifk<Oandb =0,

2 —k—=2
”1 [(er=1+ 1) p+1)]

2*" (14 (=Db) —
o

(p— D" p+ D+ Dbp], ifk>0andb #0,

"U

(p—D"Np+1)—(=DP], ifk <Oandb #0.
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