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1. Introduction. Marshall Hall [ l ] shows how projective 
planes of very general structure may be constructed and at the 
same time exhibits an extensive class which a re non-Desarguesian. 
Here we shall indicate how his method of free extension can be 
generalized to yield a class of planes which seem to be distinct 
from those which he obtains. 

A part ial plane is a system consisting of two distinct sets 
of elements , a set of "points" P,Q, . . . and a set of " l ines" 

£, m, . . . , and a relation between these two sets , called 
"incidence", such that for any two distinct points, there is at 
most one line incident with both (or, equivalently, for any two 
distinct l ines, there is at most one point incident with both). 
A part ia l plane is complete if every two distinct points a re 
joined by a line and every two distinct lines intersect in a point. 

Given an a rb i t ra ry part ial plane TT , we can define a 

sequence { TT } of part ial planes as follows: let IT be the 

original par t ia l plane and then, assuming IT has already been 

defined, let IT t consist of the points, l ines, and incidence 
r+1 

relation of TT plus (1) new points - all the pai rs of lines of 

TT which do not intersect in TT , and (2) new lines - all the 
r r 

pa i rs of points of IT which are not joined in TT . The new 
r r 

points and lines a re said to be incident with the elements which 
a re used to define them. The above sequence can now be used 
to define a complete plane TT by stipulating that an element 
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b e l o n g s to TT if and only if i t b e l o n g s to s o m e IT. , i = 1, 2 , . . . , 

and P and ^ a r e i nc iden t in IT if and only if they a r e inc iden t 
in some TT,' 4 The p l ane TT SO def ined i s ca l l ed the f r ee 

e x t e n s i o n of TT and we sha l l denote it by F (TT ) . 

M o r e g e n e r a l l y , TT can be ex tended to a c o m p l e t e p lane 

by t ak ing a s new l i n e s s e t s of (two o r m o r e ) po in t s of TT such 

tha t e v e r y p a i r of po in t s of TT not j o ined in TT i s in p r e c i s e l y 

one se t and such tha t no two po in t s in any se t a r e jo ined by a 
l ine of TT , then c a r r y i n g out a s i m i l a r o p e r a t i o n on the l i n e s 

of TT to f o r m new p o i n t s , and so on a d e n u m e r a b l e n u m b e r of 
1 

t i m e s . 

2. The New F r e e Ex tens ion- The m e t h o d of e x t e n s i o n 
now to be c o n s i d e r e d d i f fe r s f r o m M a r s h a l l Ha l l ' s in tha t some 
of the new poin ts and l i n e s a r e to be s e t s c o n s i s t i n g of m e r e l y 
one e l e m e n t . T h u s , if P i s a point of a p a r t i a l p lane TT , 

1 
we can extend TT by t ak ing the s ing le ton { P } (the set con-

1 
s i s t i ng of the s ingle e l e m e n t P) to be a l ine t h r o u g h P and 
t h r o u g h no o t h e r point a l r e a d y p r e s e n t . (In fact , we could 
" d r a w " m o r e than one l ine t h r o u g h P by i n t r o d u c i n g indexed 
s e t s w h e r e b y , for e x a m p l e , the l i n e s { P } and { P } would 

1 2 
be c o n s i d e r e d a s d i s t i n c t . T h i s m o r e g e n e r a l m e t h o d of 
e x t e n s i o n wi l l not be c o n s i d e r e d h e r e . ) 

F o r any p a r t i a l p l ane TT a s e q u e n c e of p a r t i a l p l a n e s 
1 

TT , n = 0, 1, 2, . . . , can be def ined. L»et TT be the nu l l se t , 
n o 

TT the o r i g i n a l s y s t e m , and, a s s u m i n g TT , r > 1 , h a s 
1 r — 

a l r e a d y b e e n def ined, l e t TT be ob ta ined f r o m TT a s fo l lows: 
r+1 r 

(1) F o r any two po in t s P , Q tha t a r e not j o i n e d in TT 

add a l i n e , the p a i r { P , Q} ; 

(2) F o r any two l i n e s Jl, m tha t do not i n t e r s e c t in TT 
r 

add a point , the p a i r {J, m } ; 
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(3) F o r any point P i m r but not in TT add a l i ne , 
r r - 1 

the s ingle ton { P} ; 

(4} F o r any l ine Ji> in TT but not in TT add a point , 
r r - 1 

the s ingle ton {£} » 

As b e f o r e , th i s sequence d e t e r m i n e s a plane which we sha l l 
denote by F * {TT }. 

1 

We sha l l say tha t an e l e m e n t /< (point o r l ine) i s of r a n k r , 
o r r a n k (^} = r ? \i /< i s i n TT but not in IT 

r r - 1 

It should be o b s e r v e d tha t in c o n t r a s t to the me thod of f ree 
ex t ens ion , a s long a s TT i s not the void p l ane , F* {TT } a lways 

con ta in s TT p r o p e r l y (whe the r TT i s comple t e o r not) and i s 
1 1 

nonde gene r a t e , i . e . con ta ins four points no t h r e e c o l l i n e a r . 
M o r e o v e r , F * ("n* ) i s a lways n o n - D e s a r g u e s i a n s ince it 

con ta ins the f ree ex tens ion of a f ree 4 -po in t (the p a r t i a l p lane 
c o n s i s t i n g of two poin ts on a l ine and two points not on it) which , 
a s i s pointed out by M a r s h a l l Hal l , i s i t se l f n o n - D e s a r g u e s i a n . 

A ques t ion which n a t u r a l l y a r i s e s a t th i s point i s w h e t h e r o r not 
the p l a n e s g e n e r a t e d in th i s m a n n e r a r e e s s e n t i a l l y d i s t i nc t 
f r o m those g e n e r a t e d p u r e l y by f ree ex tens ion . T h i s ques t ion 
i s p a r t i a l l y a n s w e r e d in the following t h e o r e m . 

T H E O R E M . If TT and \\i a r e p a r t i a l p l a n e s , w h e r e 
1 1 

IT i s finite but not e m p t y , then F (TT ) and F * [\\> ) a r e not 
1 1 1 

i s o m o r p h i c . 

Proof . A s s u m e F (TT) and F * (\\t ) a r e i s o m o r p h i c . 
1 1 

Then if TT ^ TT T in the i s o m o r p h i s m , s ince TT i s f in i te , TT * 
1 1 1 1 

i s f ini te and h e n c e { r a n k (/<):/<€ TT f } h a s a g r e a t e s t m e m b e r , 
1 

N. Le t \\t be the s y s t e m c o n s i s t i n g of a l l e l e m e n t s of F * (ib ) 

of r a n k r , r < N . Then IT ! C 4̂  . A l s o , t h e r e i s a t l e a s t one 
— I N 

e l e m e n t X1 of TT / of r a n k N . 
1 
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Suppose X! is a point P1 . Then there is a point P iii TT 

such that P ^ P1 . Let ^ be any line on P and let I ^ri!1 . 
U£x is in + N then jp 4 { P ! } since rank ({ P ! } ) = N + 1 . 

If £ is not in i^.- then ^ is not in TT and is therefore 
JN 1 

constructible from TT by free extension. Then, under the 
1 

isomorphism, the construction for M induces a construction 
for j0x where each element obtained is e i ther in ^ or is 

N 
obtainable from 4» by free extension. It follows t h a t ^ ' can 
be constructed from ^ by free extension and hence >£! 4 { P1 } . 

Thus { P ! } is a line on P ! such that if J -^ { P l } , then 
j£ is not on P . This contradicts the existence of an i somorphism. 

Similarly, if \ l is a line a contradiction is obtained. This 
proves the theorem. 

It seems very likely that the above theorem is also t rue when 
TT is infinite and (of course) incomplete. 

1 

The resul ts of this paper a re contained in an M. Se. thesis 
writ ten under the supervision of P ro fessor N. S. Mendelsohn. 
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