On the absolute summability of series by Rieszian means
By J. M. Hysrop, University of Glasgow.
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§1. Definitions and general remarks.
I begin by recalling the well known definitions for summability
by the methods of Cesaro and Riesz.
The series X a,, is said to be summable (C, k), k > — 1, to the sum

sif, as n-—> w0,
AW

(B — 7 _
“TERT

S,

where

n
k k
Af;) = EOEl(’ ) Ay

and E¥ is defined formally by the relation

w
SE® g = (1 — )k,
0

If Ag, Ay -2 ous Ay oo .., w are positive numbers such that
0§A0<A1<)\2<....<An.-.., /\_v<w§A_v+1,
the series T a,, is said to be summable (R, A, k), £ = 0, to the sum s
if, as w tends to infinity continuously,

. A& (w)

CW (w) .

-8,
[}

where, for k> — 1, AW (w) is defined to be
N
Z(w - An)k A pe
0

Kogbetliantz! and Obreschkoff> have given the following defini-
tions for the absolute summability of £ a, by these methods:

1 Kogbetliantz, 7. For theorems on summability | C, k| see also Fekete 2, 3, 4,
and Winn 11.
2 Obreschkoff, 8, 9.
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If a®=c® — ¢ and if Zal® is absolutely convergent, then
Y a, is said to be summable |C, k.
If k>0, a = 0, and if the integral

converges, then Za, is said to be summable 'B, A,, ¥|. Summability
| R, A, k| is therefore equivalent to the bounded variation of the
function C® (w) in the range (¢, »). :

It is at once obvious that summability |R, A, k| implies
summability (R, A,, k), that a similar result is true for summability
|C, k , and that summability | R, A,,0 't and C, 0| are each equivalent
to the absolute convergence of X¢a,. Also it has been proved? that
summability | R, A,, k| implies summability | R, A,, k| for &' >k =0,
and there is a corresponding theorem? for the Cesaro method.

J. M. Whittakert has also defined absolute summability for the
Abel or Poisson method, but this will not be required here.

When discussing the summability (C, k) of special series such as
Fourier series or Dirichlet series it has often been found convenient
to deal with the Rieszian mean rather than with the Cesaro mean.
It is permissible to do so in virtue of the well-known equivalence
theorem® between the methods (C, k) and (R, n, k). The object of
the present papert is to show that the method | R, n, k| is equivalent
to the method |C, k|. It seems reasonable to expect that this result
will be of some use in dealing with the summability | C, k| of certain
particular seriesS.

d—cfu CH (w) \ dw

§2. The equivalence theorems.

It will be proved first of all that summability |C, k| implies
summability | R, n, k|. Several lemmas will be required in the
course of the proof.

Lemma 1. If7k> —1,8> 0, we have

1 This really constitutes the definition of summability | R, A,, 0| .
2 Obreschkoff 9. 3 Kogbetliantz 7. 4 Whittaker 10. 5 Hobson 6, 90-93.

¢ Some results have been obtained recently concerning the summability | C, k| of
Fourier series ; see Bosanquet 1.

7 Hardy and Riesz 5, 27.
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This result is proved by Hardy and Riesz for the case k> 0. To
prove it for k> — 1, substitute for 4% (%) in terms of a, and inter-
change the order of summation and integration.

It follows from the lemma that, for &£ > 0,
A® () = IcrA("-U (%) du,
0

8o that A® (w) may be differentiated as though % were an index.

Lemma 2. If B® (w) is the Rieszian sum of order k for the series
2 b, = X na,, then, for k>0,

wk+1 i C& (w) = kB¥-1) (w) = iB(k) (w).
dw dw
We have, by Lemma 1,
wk+1 iC'(") (w)=w 4 AP (w) — k& AP (w)
dw dw
= ko A% (o) — k A® (w)
N
=k Z(w — n)f1na,
0

= k B&-D (1),

The proof of this lemma is valid as it stands for the more general
case of summability | R, A,, k| if b, = A, a,.

Lemma 3. We have, for k> — 1, the formal identities

@0 0
(i) ZA4Pz"=(1—2)"*1Zaq,a,
0 0

a0 20
(ii) ZnE®al® 27 = (1 — z)~* X na, 2"
0 -0

The first of these follows at once from the definition of A®. The
second has been proved by Kogbetliantz.

LemMa 42, If k is any real number except a mnegalive integer, and if

1 Kogbetliantz 7.

2] am greatly indebted to Mr A. E. Ingham for permission to reproduce the proofs
of Lemmas 4 and 5 which have been taken from notes of lectures delivered by him in
1930-31. 1In that course of lectures he gave a proof of the equivalence theorem for
summability (0, k) and (R, #, k) which has not been published. The proof of Theorem I
of this paper has been influenced to some extent by his proof for the corresponding case
of ordinary summability. I have also to thank Mr Ingham for important criticisms on
this and the earlier part of the paper.
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q is any positive integer, then there exists a sequence of polynomials
Po(8), ..., D, (), such that, for n = 1,

(n+ 0= 3 p, () B¢ 4 O (nt-1-1)
r=0

uniformly in 0 = 6 < 1.
Suppose that %k is not an integer. By Taylor’s Theorem it is
clear that

(n 4 ) = é]l(—l)*r E(-k=0gept—s 4 O (nk~1-1),
=0

uniformly in 0 < § < 1.
Employing Stirling’s Theorem we have

&—_—~r+n)(k—_z_+n—‘_1)....(k—r+1)

(k—7) — R —
B, nin—1)....3.2.1

q
= X §, ,nfF~* 4+ O (nF-7-1),
8=r
where r =10, 1, 2, ...., g, 8, ;is a constant and
§,,=—— 1 40
’ Pk—r+1)

since k is not an integer.
It follows that

M=

q
Z P8, ,n% 4+ O (nk~1-1)

0 s=7r

n¥=¢ T 9,8, .+ O (nF-1-1),
=0

§=0 r

q
X P ng_r) =

r=0 T

M

Obviously we can now determine the polynomials p, from the
equations
z prsr,s = ("" ]_)eEg“k—l)gs’ (8:0: l: 2)- ) q)
=0

T

If k is zero or a positive integer the same argument gives an
exact formula without the O term if we take ¢ =% If ¢> & the
lemma is still true provided p, = 0 for r > k.

Lemma 5. If0< 8 =1, k>0, q is any positive integer, or zero, and

(n+ 0 — p)b=1 BSED),
0

I M=

Yn (0) =
then

n—1
Ya(0) =8 (O ET* VL 0{Z (v+ 1) %1 (n — p)k—1-g,
v=0

https://doi.org/10.1017/50013091500008270 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500008270

50 J. M. Hvsr.opr

where
S(0) =14 % e 0,
and e, is a constant. =0
It is clear that

§ yn (0) 2" = (1 — z)* 2? (n + 6)F~1zn,
0 0

Now, by Lemma 4,
q
(n+ 60¥—1= X p, () BF 177+ B,(6)

r=0
where, for n = 1,

Bn (9) =0 (nk—2—q)'
Let ¢, be defined by the relation

7 q
z €r r=— X Dy (0),
=0

r=0 r

and let By(6) =68 (0). Then
e bl q o
oy ()2t = (1 — ) {2 I p, BE 172" 4 T B, 2"
0

0 r=0 0
q 4
=X pr(l - x)r+(1 —x)k z ﬁnxn’
r=0 0

and therefore, for » > g,
Yn (0) = ?0 Ei_k—l),sn—u-

Since E{*~D = O (n=%-1) the result follows. If = is less than ¢
the lemma is obviously true.

This lemma is slightly more general than that given by Ingham,
who only required %> 1, but the proofs in the two cases are almost
identical. When 4> 1 the 8(8) term can be incorporated in the
summation term giving

¥a (8) = O{ % (v + 1)~ =1(n — p 4 1)k-2-2},
v=0

This result will be required in the proof of Theorem II.

TeEOREM 1. If k= 0 and if the series ¥ a, is summable |C, k|, then it
18 also summable | R, n, k|.

It will sometimes be found conwvenient to use, in the proofs of

X
the theorems which follow, symbols such as £ where X is a continuous
0
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variable. This is to be taken to mean ¥ where a = X — 1 or [X]
0
according as X is a positive integer or not. A similar meaning is to

be attached to §
X

The theorem is true when % = 0 since summability | R, n, 0] and
| C, 0| are each equivalent to the absolute convergence of £a,. We
shall therefore assume that k is positive.

By Lemmas 2 and 3,
L 0 (w) = kot B (w)

w

w
=kw *1% (w — n)~1lna,
1

w n
= ko~F1 T (w—n)—! B BED LD o®,
n=1 ve=1

Let w=N+46,0<0<1andlet n—v=py. Then,interchanging
the orders of summation, we obtain

d w i N—v
d:C’(")(w) =kw*1 T yEPa® I (N + 6 — v — p)r—1 BF-D,
v=] n=0
and, using the notation of Lemma 5,
jx
1
where

f X
Il=0 l“‘ w""_ldw
1

d
[aiys (]
dwc (w)

X w
do=0{ [ wt-1d0 5 B0 115, 0)
1 v=1
=1, + I,

w N—v
B VB[ Xt 1y e,
=1 =1

X "
I,=0 {J w b 1dw X vEP|a®| |5 (9) | BGEY }
1 v=1

Rearranging the orders of summation and integration, and
putting p — v+ 1 =pu, we obtain
X

X X
h=0 { 2 vEP 0P| (p—v+ l)""_lj w k=1 (N — p)"‘“‘zdw}
1 p=v p+1

v=

X . X ] p+o+1
- 0{ Z vEP 0] T (p—v 4 1)7k1p=i1 X J (N—p)"‘”“zdw}
1

v oc=1%p+o

v=

p:
X X ©
=0{Z vEP[a?| Z p~*-1(p — v+ 1)75"1 T ok2-2},
v=1 p=v =1
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Choose g greater than k¥ — 1. Then
I,=0{ glvEf,k)[aS,k)l é p 1 (p—v+ 1)-F 1}
y= p=v
= 04 §1v—kmyk>la§k)| 5 (p — v+ 1)-%-1}
ve= p=v

—0( 3 ]}
v=1

X X
I, = 0{ b VEyc>|a5k>;j w=E=1(N — v+ 1)=#-1] § (0) |dw}

v=1

p. ¢ X
= 0{ X Ia(") Ij (w — NPF-1(N —vp+ 1)7F1 dw}

X w r+p+l
=0{ = o] £ | <w—N)'~'-1<N—»+1)—'~'—1dw}
v=1 p=0Jr+p
X 0 v+p+1 ]
=O{Z|a£k)lz(p+1)—k—1j (w_,,_P)I;-qde
v=1 p=0 v+p
=0{ X [a®] I (p+ 1)+
v=1 p=0
=0 (1).

The theorem is therefore proved.
We require another lemmat in order to prove the converse:

LeMMA 6. If k is a posilive integer or zero, A can be expressed in the
form

d, A© (0 + plk)

‘liMr

where d, is a constant.

TreoreEM II. If k=0 and if = G is summable | R, n, k|, then it is also
summable | C, k| .

As in Theorem I we take k to be positive. Using Lemmas 3, 6, 1
and 2 we have

n
nBP aff) = T ByTND,

v=0
n v

= IS X BT B

= zodp = B¢V 2 B BO (u + ¢)
p=0 " u=0

~,

n .
=D, d, X Eﬁ{*‘:}’ 5 BZi-® j i{B(k)(u)},(” t-d—u)i-kdu,
P = 0 o du

=0 v=0 n=

1 Hobson 6, 93.
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where ¢ is some integer greater than k, ¢ = ¢ (p) = p/t, and

D, — F(G+1)
FTTRF DT (A +i—Fk)

Employing Lemma 2 and interchanging the order of the summa-
tions and integration we obtain

nE“‘) (lc) Dk 2 d”j yk+1 __{O(k) (u)} du 2 (“ + ¢ — w)i—k 2 E(L 1) E( 1—2)
But

a=u—¢

s‘ E',({” l’1) E( z 2) Z E(k_:)_ E;—i—-2)’

v=p p=0

which is the coefficient of 2*~* in the expansion of
(1 — )75 (1 — x)i+L,

This coefficient, by definition, is E%—i—2)

Hence

nE® o = D, z d, j uLHi{ow widu T (it g — Wi BEE
p=u—¢
Divide by nEf{‘), take absolute values, sum from 0 to N and
apply Lemma 5. Then, since 4 > k,

Zlai,"’|=0{ 2 |d, ]Z (n 4+ 1)—%= 1juk+1
0

11

d . !
Tu — O® (u) !du

S n—p+ )k—i—Z(“L+¢+ ]__u)i—-k q 1}
p=u=¢

Taking ¢ =4 and interchanging the order of the summations
and integration we obtain
5%
Zlaﬁ{"|=0{ (l|_‘.c"+1‘—0(")(u):
0 =0

ok ¢ 1=t E (e 1) (g 147

du

n=p

u"“ —C(")(u) du Z b+ é+1—u)y*F"YHu 4 1)75= -1

p=u—¢
= kL & o () 1 — )-E-1¢
0 { z id,] J-ou T 0 (u) (2 + é) a u}

_ f"_‘i v
_OIL 2= OW () cluf
—0().

The theorem is therefore proved
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