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THE C'-INVARIANCE OF THE GODBILLON-VEY MAP
IN ANALYTICAL K-THEORY

TOSHIKAZU NATSUME

1. Introduction. An action « of a discrete group I' on the circle S as
orientation preserving C°°-diffeomorphisms gives rise to a foliation on the
homotopy quotient S'T', and its Godbillon-Vey invariant is, by definition,
a cohomology class of S'T( [1]). This cohomology class naturally defines
an additive map from the geometric K-group K%sS', ') into C, through the
Chern character from KO(S', I') to 11*(SlI‘; Q).

Using cyclic cohomology, Connes constructed in [2] an additive map,
GV(a), which we shall call the Godbillon-Vey map, from the K-group of
the reduced crossed product C*-algebra C(S') X L into C. He showed
that GV(a) agrees with the geometric Godbillon-Vey invariant through
the index map p from KO(S', I') to KO(C(S') X ). In order to define
K'sS', T) and u, Connes considered C“-actions in [2]. However, a close
examination of his construction shows that the map GV(«) itself can be
defined for an action a of I' on S' as orientation preserving C>-diffeo-
morphisms.

Raby showed in [5] that, if two codimension one C®°-foliations are
Cl-diffeomorphic, then their geometric Godbillon-Vey invariants co-
incide. By this fact, together with Connes’s description mentioned above,
when an action is of class C*, the C'-invariance of the Godbillon-Vey
map would follow from the Baum-Connes conjecture that the index map p
is always an isomorphism. Unfortunately, so far we do not know whether
this conjecture is true for all actions of discrete groups on S'. Therefore it
is desirable to show the C'-invariance of the Godbillon-Vey map directly
in the analytical framework.

In the present work, we will show that if two C’-actions « and B of a
discrete group I' are conjugate to each other by a C'-diffeomorphism ?,
then the associated maps GV(a) and GV(B) coincide, via the canonical
isomorphism between K()(C(S') x I') and KU(C(S') X gI') derived from ¢
(Theorem 4).

It should be noted that even in the case of C°°-conjugation, and of
C®-actions, the invariance of the Godbillon-Vey map is not obvious. For
one thing, the construction of the Godbillon-Vey map uses a specified
volume form on S', which is not necessarily invariant under even a
C®-diffeomorphism giving a conjugation between two actions. It is as
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a consequence of the theorem that the Godbillon-Vey map is independent
of the choice of volume form on S'.

Parts of this work were carried out at the University of Toronto and at
the University of Copenhagen, with support from the Natural Sciences
and Engineering Research Council of Canada and the Danish Natural
Science Research Council.

2. The Godbillon-Vey map. In this section we give an explicit construc-
tion of the Godbillon-Vey map.

Let a be an action of a group I' on § ! as orientation preserving
dlffeomorphlsms of class C%. For g € I, denote by a, the correspondmg
c? -diffeomorphism. Let dx be the canonical volume form on S'. Define
the Jacobian J(g) of a, by

ag(dx) = J(g)dx,

and put /(g) = log J(g). The function g — [(g) is a group 1-cocycle on I'
with values in the space C‘(Sl) of C'-functions, where we consider the
action of I" on the right defined by /- g = os( /). More precisely, we have
the relation

l(gh) = ofl(g) + I(h).
Put
w8, h) = dl(gh)l(h) — I(gh)dl(h).

LEMMA 1. The function w, is a group 2-cocycle on T with values in the
space Q' of continuous 1-forms on S'. Moreover, w, is normalized in
the sense that if one of g, h, and gh is equal to the neutral element ¢ € T, then
wy(g, h) = 0.

The proof is immediate by a routine computation. Following [1], we
shall call w, the Thurston cocycle of a.
For f°, f] f* e C.(8"'x ), put

T“(fo’ f]’ fz) - 2 .[ 80 go‘l(fél)a()’:ﬁ’ogl) 7l(f§2)w“(gl’ 8)
808182=¢
to get a cyclic 2-cocycle on C, (S1 ). We study the cocycle 1,. For
7O f' e c.(s' = D), put
’Tz(f()a MH= 2 ! fg() ;071(f:;|)dl(g|).
8081 =¢€

Since / is a normalized l-cocycle, 7, is a cyclic l-cocycle. For any
fl S C(,(Sl x I'), there exists a constant C such that

In(/° 1= alfl,
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for all fO S CC(S' x I, where || ||, is the C*-norm on the reduced
crossed product 4 = C(S]) X I'. This enables us to define a densely
defined linear map 8:4 — 4* by

NSO = n(f° .

Since 7, is a cyclic cocycle, 8 is a closable derivation ([2, Lemma 4] ).
Modifying the proof of [2, Lemma 2], we get the following.

LEMMA 2. Let B be a Banach space endowed with an A-bimodule
structure. Let 8:A — B be a densely defined closed derivation. Then the
domain of § is stable under the holomorphic functional calculus.

Now let (o,) be the modular automorphism group of the state on A4
associated to the 1-form dx. Then (o,) preserves 4. Let D, be the generator
of (0,). We have the relations

(@) D(f) =0 for f € C(S"),
(b) Dy(U,) = Ul(g) forg e I.
By a straightforward computation, we get the next lemma.
Lemma 3. For fO, f!, f* e CC(Sl X ), we have
1ol S S = DU S = SO, ).

Let B be the direct sum 4 © A* of Banach spaces with 4-bimodule
structure given by

a(a; © )b = (aa,b) @ (agh).
Define an unbounded operator §:4 — B by
8(a) = (Dy(a), 8(a) )

fora € C,(S' > I'), where 8 is the derivation associated to 7, constructed
above. Then &’ is a closable derivation. Let % be the domain of the closure
& of &, equipped with the graph norm associated to &. Then Zis a Banach
algebra embedded in 4 as a dense subalgebra, stable under the
holomorphic functional calculus by Lemma 2. Lemma 3 says that
the cyclic 2-cocycle 7, is continuous with respect to the graph norm on
C(.(Sl X ') induced from that on %. Therefore 7, extends to a cyclic
2-cocycle on 4. Since Ky(#) = Ky(A), we obtain a map

GV(a):KyA) = C

by [2, Theorem 7). We call GV («) the Godbillon-Vey map associated to the
action a.

For the use in the later sections, let us study the algebra % more
thoroughly.

Let 8” be the restriction of & to C\(S' > ,I). Then 8” is also clos-
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able. Let %’ be the domain of the closure of §”. The algebra &’ is the
completion of C, I(s' o) with respect to the graph norm. Obvious-
ly, & c %, and this inclusion is continuous. Since C (Sl x ') is
dense in C, (S] X ) with respect to the inductive limit topology on
C, (S’ X I‘) actually we have &' = %. Thus, Z is the completion
of C (S! > ) with respect to the graph norm given by §'.

Bes1des our %, there might exist a dense Banach subalgebra %, of 4
Wthh is stable under the holomorphic functional calculus and contains
C (S' > o) as a dense subalgebra, and on which

Ta|q"(s‘>qar)
extends to a cyclic cocycle 7. Then 77 also induces an additive map
Th: Ky(4) — C.

However, we do not know whether 7}, coincides with GV (a), because there
are no relations between % and %,, in general. (Notice that we are dealing
with unbounded operators.) For this reason, when we talk about the
Godbillon-Vey map, we will keep in mind the algebra % constructed above
as the domain.

3. C l-conjugation. Let a, B be actions of a group ["on S !"as orientation
preserving diffeomorphisms of class C*. Assume that «, S are conjugate to
each other by a C |-diffeomorphism ¢ of S'; that is, for any g € T,

¢ "B = a,
The dlffeomorphlsm ¢ ! induces an isomorphism ® of C (S ) > I' onto
c(s' ) X gI" in an obvious way. Consequently we have an 1som0rphlsm
(IJ*.KO(C(S yx< ) — KO(C(S )X pD).
Our main result is the following.
THEOREM 4. In the above situation, we have the relation
GV(B) o @, = GV(a).

Proof. We will prove Theorem 4 in a sequence of lemmata. To begin
with, we study the 2-cocycle 75 o ® which is associated to the group
2-cocycle *wp.

Since ¢ is of class Cl, the pullback ¢*(dx) of dx by ¢ is defined, and
¢*(dx) = kdx for some nowhere-vanishing continuous function k. For
simplicity, assume that ¢ is orientation preserving. Then k is positive.

By easy computations,

o*(I(g)) = log(azk/k) + I(g)
for all g € T', where /, I’ are the logarithms of the Jacobians of «, B,
respectively. The above formula says, in particular, that (agk/k) is a
C'-function. Let
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K(g) = log(agk/k).
We find that
9™ (wp(g, h)) — wu(g h)
= dK(gh)K(h) — K(gh)dK(h) + dl(gh)K(h) — K(gh)dl(h)
+ dK(gh)I(h) — I(gh)dK(h).
For g, h € T, put
pi(g h) = dK(gh)K(h) — K(gh)dK(h),
px(g. h) = dl(gh)K(h) — K(gh)dl(h), and
P38 h) = dK(gh)I(h) — [(gh)dK(h).

Then p,, py, and p; are Q'-valued normalized 2-cocycles on TI'.
For g € T, let

0\(g) = log(kak) dK(g),
ox(g) = log(kak) di(g).

The functions o,, 0, are £'-valued normalized 1-cochains on T'. Let 3* be
the coboundary operator of the cochain complex C*(T'; ') of the group I’
with coefficients in the right I'-module Q'. By straightforward computa-
tions, we get the next lemma.

LEMMA 5. We have the relations 9*o, = p, and 3*0, = p,.

For g € T, let 65(g) be the distribution on S' defined by

(o3(8). /) = fsl log(kak) d(I(g)f)
for £ & C'(S"). Obviously 6,(g) =0if g = e.
Remark. To define 65(g) we used the fact that /(g) is of class c.

Let & denote the dual of C'(S') with respect to the C'-topology. A right
I'-action on &” is defined by

(T-g [y =T az ()

forTed’, fe c'(s"), and g € I'. Let C*(I'; &”) be the cochain complex
of I with coefficients in &”, and let 0* be its coboundary operator. The
canonical inclusion 2' c ¢ induces an inclusion of cochain complexes,

CXT; Q) c cxT, &).

LEMMA 6. In CH(T'; &') we have 0*0y = p3. In particular,
d*e, € CA(T; Q).

Proof. By definition,
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(0%a3)(8. h) = o3(h) — o3(8h) + o5(8)h.
Let /€ C'(S') be fixed. We see that

Costh, 1y = [, 1ogtkery a1

(ox(gh). ) = | log(kagik) d(fi(gh)).

and, furthermore,

(o3(g)h, f> <03(g)»0‘;f—-lf>

= |\ loglagk (k) d(/(U(gh) — I(h))).

From these equations the conclusion follows.

I

By Lemmas 5 and 6, we know that in Cz(F; &") we have the relation
o*wg — w, = 0%(o) + 0y + 03).
Using the cochains o;, we construct cyclic cochains.

LEMMA 7. The &'-valued 1-cochain o,(j = 1. 2.3) enjoys the Sfollowing
relation: ‘

o (g) g ' = —o(g ")

Jor all g € T. In particular, o,(e) = 0.
Proof. We give a proof for o,. Let f € C'(S"). By definition,

(or(2) g ' ) = (oy(8) a}(/))

=)o log(kaik) agi(f) dK(g)

Il

Syt ou @ k) fer k@) )

= — Jo log(kez k) fdK(g "
— —(og . [

Similarly we get relations for o, and o;.

Remark. If p is a normalized 1-cocycle with values in &7, then the
relation stated in Lemma 7 is automatic.

LEMMA 8. Let p € clr; &). Suppose that

p(g) g ' = —pg") forallg eT.

Then the following formula defines a cyclic 1-cochain 7
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(O SN = 2 (ph. [ (D))

e
for [0, f1 e cs' x D).
Proof. By definition,
(f' S0 = Zph). flar (S
= Sph). ot (@ (DS
Spthy - h™ " ek ()
= =/ 1.

Let p be as in Lemma 8. Then C = 0*p i1s a normalized 2-cocycle. In
fact, as

c(8 h) = p(h)y — p(gh) + p(g) - h,
if gh = e, then
cgh)y=pg ) +p@-g ' =0
andif g = eorh = e, ¢(g, h) = 0 is obvious.
For £, f!. f* € c\(S' > ), let

4/(/‘()’ fil’ fz) = 2 <( (gl’ gj) j 80 :)”l(/% I)a:;’()gl) ](/z’z) >

8o8182=¢

Then we have the following.

LEMMA 9. The functional Y/ is a cyclic 2-cocycle, and ' = br, where b is
the Hochschild coboundary.

Proof. The first statement is a modification of Lemma 1 of [2, p. 86]. The
second statement follows from a routine computation.

Let us return to the proof of Theorem 4. By Lemmas 5, 6, 7. and 9, we
know that on C/(S' > ,I') there exists a cyclic cochain ¢ such that
(p*TB T Ty = b(l/

To complete the proof, it remains to prove that ¢*7p, 7,, b, and ¢ extend
to cyclic cochains on a dense subalgebra stable under the holomorphic
functional calculus, on which we have the relation

(p*’T'B - Ta = hll/
For /', f' € C.(S' > ), put

’rl(f(h fl) = 2 1 fg“ zr](f;l)dK(gl).

So&1=¢

Similarly, define 7, by
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(N = 2 ) e (i)

8Bo81=¢

Then 7, 7, are 1-traces in Connes’s terminology [2, Definition 3]. In other
words, 7, and 1, give rise to densely defined closed derivations 8, and 9§,
from A into A*, respectively.

Let ¢|, ¢5, and ¢y be the cyclic 1-cochains associated to oy, 0,, and o,
respectively, by Lemma 8. By brute force we get the next lemma.

LemMa 10. On C,(S' > I') we have the relations
M 0 = mdog b fC 1 + (Y. dog k)f),
@ S = mog bfC £ + my(f°, (log k).
Let D be the inner derivation of A defined by log k € A.
LEmMa 11. On C(S' %1 T), we have
(1) oCy = ipry, and
(2) bC, = ipm.
Proof. By the definition of the contraction iy, ([2, p. 91]),
S S )
= oD S — (DU S (= L.
The relations follow by somewhat tedious computations.

Remark. In [2], to define the contraction ipm, Connes assumed that 7
is invariant under the automorphism group generated by D. What is
precisely needed there is that

(DX, X" + #(x°, DX") = 0.

In our situation, obviously our cocycles 7, 7, have this property with
respect to the derivation D.

LEMMA 12. We have the relation
bCy = ip 1y on C(S' > ).
Proof. Let us first check that
TS 1) + (S0 D)) = 0.
We have

(D). [ =7 (2 flax\(1(g))U, f')

> a0k (g )ag, 1 (f g )dK (g)).

§!
Sog1=¢
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Similarly,
n(f o) = 2 f ek (frak o ((g) K (g,).
Lok =¢
Since a:,“r,(l(go)) = —I(g,), we see that

nD O Y+ n G D) = 0.
Now the relation ij, 7 = bCj follows by straightforward computation.

Let us study the cochain C; more carefully. Let 7 be the transverse
fundamental class for a transformation group (S'. T, «). By definition, for
ot e C(.(?l X ') we have

(SN = D o S el ).

081 =¢
Limma 13. For £, f1 € (8" % ), we have the relation
U SN = U+ D) Tog k. f)
+ 1(Dy(log k- /1. /) = 7(Dlog k- ). /1)
= (D) log k. f1).
Proof. By definition,
O N

= 2 ) d(f et (fylg) )log k + log e (k) )

Zogr=e¢
=2 / {d(f ek, (fe)l(g)
+ fladat ((fe))(g) Yog k(atk))

L0

+ 3 f Soek (f4) di(g) log(k(aXk))

=3 f d(f g )at - (f g et (l(g) log af k)
+ = fd(/ W) (g at(l(g))) log k)
+ 3 ff‘:”(daw (S e))(g)) log k

+ 2 ffg,l(g;) log(at k) d(af (fy))
+ G
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I

m(Dy(f") log k, f°) + 7((log k)D(f"), /)
(log k(D(f*)), 1) — 7(D(f°) log k, f)
+ CZ(fO» f])*

as was to be shown.

|

On CX(S' x ), let us consider unbounded derivations 8, &,
8:A — A* associated to 7|, 7,, 7, respectively. These derivations are
closable, because 7|, 7,, 7 are cyclic. Notice that D, restricted to
C($' % I is also closable. Let 8,, 8,, 8, and D, be the closure of

8,8, 6, and D,

|c('<s‘>«,1‘)’
respectively. Consider the direct sum of Banach spaces B = 4 © A* ©®
A* @ A*, equipped with the 4-bimodule structure

Define a densely defined map §,:4 — B by
8(a) = D (a) © 8(a) © §,(a) @ §,(a).

Then & is a closable derivation, since D, §, §,, and 8, are closed. Let §, be
the closure of

&
Then, by Lemma 2, the domain of §, is a Banach algebra 4 stable under
the holomorphic functional calculus. The algebra # is the completion of
C('.(SI > I') with respect to the graph norm |||-]|| associated to §,,.

Let us check that C; on CX(S' < . I) is continuous. By Lemmas 10 and
13, for x°, x' € C/(S' % ,I') we have

13", x") | = lllog Kl IX 1,118, (x") 1l 40
+ 2lltog kIl 1D 118G 114
+ 2llog kil 41Dy 1l 18¢x") 114
= Slllog KIL Il 111x"ll

cls'sa )’

This says that Cy is continuous as a function of two variables with respect
to [[[-1lI.

Similarly, the cyclic cochains 7,, C,, C,, bC,, bC;, and bC; are
continuous. Consequently, (D*TB i1s also continuous. Therefore all these
cyclic cochains extend to cyclic cochains on %, and satisfy

on #.
It remains to analyze the cocycle ®*74. Since @ is an isomorphism from
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C(S') x I onto C(Sl) > gI', the image D(RB) of & 1s stable under the
holomorphic functional calculus. We have to show that 75 on
C! (S X : pl) extends to a cocycle on ®(%#). Let % be the Banach algebra
constructed in Section 1 for the transformatlon group (S', I, B). We
compare %y with ®(%). Since ¢ is a C'-diffeomorphism, obviously
D(CUS' > I)) = CUS" > gD).
Let §, &8s be the closed derlvatlon associated to the transverse
fundamental classes on C, (S1 x D), C (s! > pl), respectively.
LemMA 14. We have ®(Dom(3,) ) = Dom(dp).

Proof. By a straightforward computation, we see that

Bp(®(a) )(x) = 8,(a) (@ '(x))
foralla € Ci(S' > ') and all x € C.(S' > gI). From this, we find

184(®(a)) 1| = l134(a) Il
since @ is an isometry. The conclusion follows immediately.

Let Dy be the generator of the modular automorphism group for the
state on C(S') > gl associated to the 1-form dx.

LEMMA 15. We have the relation
® 'oDgo® =D, + D,
where D is the inner derivation determined by
log k € C(S")» I
Proof. Since ¢*(dx) = kdx, the conclusion follows (cf. [4]).

Lemma 15, together with 14, says that ®(#) C %, and that this
inclusion is continuous. Therefore the extension 7 of 75 to ®(#) coincides
with the restriction of the extension 7 of 74 to 4. Hence the additive map
defined by the pairing with 73 from Ky(®(#)) to C is just equal to
GV(B).

Let #, be the domain of the Godbillon-Vey map GV(a). Then by the
definition of %, we see that # C %, and that this inclusion is continuous.
Hence the extension of 7, to 4 gives us the same map as GV(«).

Now we know that on the Banach algebra % the two cyclic cocycles
®*75 and 7, are cohomologous. Consequently, they define the same map
from K()(C(S y> I to C.

That is the end of the proof of Theorem 4.

The proof of Theorem 4 given above shows also that the definition of
the Godbillon-Vey map is independent of the choice of a volume form
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of class C> on S', used to get the Jacobians of the diffeomorphisms. This
corresponds to the fact that the Godbillon-Vey class in geometry is
independent of the choices of certain differential forms involved in the
definition.

Finally, let us emphasize that the stability of the Godbillon-Vey map
under C°-conjugation is not quite as simple as one might expect, because
we are dealing with unbounded operators.

4. Example. We consider the following example.
The group SL,(Z) faithfully acts on the space of oriented lines through 0
in R?, which we identify with the circle S', Call this action a.

ProprosiTION 16. The Godbillon-Vey map GV(a) associated to a is the
zero map.

Before giving a proof, let us make an observation. Since the Thurston
cocycle w, is zero in H*(SLy(Z), Q'), one might think that Proposition 16 is
trivial. If a I-cochain p with 0*p = w, satisfies the assumption of Lemma
8, we get a cyclic 1-cochain ¢ such that ) = 7, on CC(S‘ X ). Then
it is really a trouble that we do not know whether the relation by = 7,
holds on a suitable subalgebra which has the same K-theory as
C(S') X ,SL,(Z). As Connes pointed out in [2, p. 26], a cyclic cocycle
associated to a group cocycle does not necessarily give rise to an n-trace.
Thus Proposition 16 is never trivial. Something that goes below the surface
is required.

Proof of Proposition 16. By the six-term exact sequence obtained in [3]
we see that the canonical map
Ky(C(S") > ,Z,) ® Ky(C(S") X Z¢) = Ky(C(S") > SLA(Z))

is surjective. Therefore it suffices to show that GV(«a) is null on both
Ky(C(S"y > ,Z,) and K(C(S") x Z).
Consider
GV():Ky(C(S") > Z,) — C.

It is known that the action a of Z, is smoothly conjugate to rational
rotations. More precisely, there exist an action

o Z, — SO(2)

and ¢ € Diff°(S") such that

r —1
oA, = 9O Q 09

for all g € Z,. Since aj is linear, it is obvious that GV(a’) = 0. Therefore,
by Theorem 4,

GV(a):Ky(C(S") > ,Z,) — C
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is the null map.
Similarly,

GV(a):Ky(C(SHY x Zs) — C
1s also null. Consequently,

GV(a) = 0 on Ky(C(S") > SLy(Z)).
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