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Abstract

In this article we study the parabolic system of equations which is closely related to
a multitype branching Brownian motion. Particular attention is paid to the monotone
traveling wave solutions of this system. Provided with some moment conditions, we
show the existence, uniqueness, and asymptotic behaviors of such waves with speed
greater than or equal to a critical value ¢ and nonexistence of such waves with speed
smaller than c.
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1. Introduction and main results

We consider a branching particle system in which there are d (2 < d < +o0) different types
of particles. Let S = {1,2,...,d} be the set of types. A type i particle splits into offspring
particles of all possible types accordmg to a distribution {px(i): k € Z4 %} after a lifetime
which is exponentially distributed with parameter a; > 0. All particles engender independent
lines of descent. In addition, each particle, when it is alive, diffuses in space R independently
according to a Brownian motion starting from its point of creation. This system is called a
multitype branching Brownian motion (MBBM). For more precise configuration of MBBM,
see Section 2.

In this article, we assume that each particle reproduces at least one child, which guarantees
that the process survives forever with probability one. Suppose that m;; := ezd Pk (Dk; <
+00, and that the mean matrix M = (m;;);, jes is irreducible, i.e. there exists no permutatlon
matrix S such that S~'M S is block triangular. We study the following parabolic system of
equations which is strongly related to MBBM:

du 1 0%u

at—282+1\(¢(u)—u) )
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Here, u(t, x) = (u1(t, %), ua(t, x), ..., ug(t, x))7, A is adiagonal matrix with diagonal entries

{a;:i=1,...,d},and ¥ (u) = (Y1 (u), Y2(u), ..., Ya(u)) " with

d
Yi(zl, ..., 2d) = Z pr(i) Hzl;j
j=1

d
keZ?

being the generating function of offspring split by a type i particle. Our primary concern in
this article is the solutions satisfying u(¢, x) = w(x — ct) where w is a monotone function
connecting 0 at —oo to 1 at 4+-0o. Such solutions are called traveling waves. The analogous
object to (1) for a single-type branching Brownian motion is called the Fisher—Kolmogorov—
Petrovski—Piscounov (FKPP) equation. FKPP equation has been studied extensively using
both analytic and probabilistic methods (see, for example, [3], [4], [8], [11], and [14]). Among
these works, [8] and [11] give proofs for the existence, uniqueness, and asymptotic of trav-
eling wave solutions to the FKPP equation through purely probabilistic arguments. Recently,
Kyprianou et al. [12] extended the probabilistic arguments to the traveling wave equations
associated to super-Brownian motions with a general branching mechanism.

In this article we outline a probabilistic study on traveling waves of system (1). Our work
is strongly guided by the probabilistic arguments in [11] with respect to single-type branching
Brownian motions. An important tool of our probabilistic arguments is a representation of
the family tree in terms of a suitable size-biased tree with spine. This representation is the
continuous-time analogue of the size-biased tree representation introduced by [10]. This
continuous-time version is also used in [6] to investigate the evolution of the ancestral types of
typical particles for multitype Markov branching processes.

We call u a traveling wave solution with speed c if u(z, x) satisfies (1) and u can be written
asu(f,x) = w(x —ct) = (wi(x —ct), ..., wg(x —ct)) | where w; () is a twice continuously
differentiable, strictly monotone function increasing from 0 at —oo to 1 at +-00. For simplicity,
w is also called a traveling wave with speed c¢. Obviously, w provides a traveling wave solution
to (1) if and only if

19?0 dw A 0 )
EW—'—CE_’_ (Y (w) —w) =0. (2
Sometimes, we write u; (t, x) and w; (x) as u(¢, x, i) and w(x, i), respectively.

Let N(7) := (Ni(r), Na(t), ..., Ny(0))T be the vector denoting the population sizes of
different types at time . Suppose that m;;(¢) := E;(N;(t)) < +oo for every i, j € S. Itis
known that the mean matrix M (¢) = (m;;(t));, jes can be written as

+MJAn
M(t) = exp(At) = Y —t" where A = (ay)i jes, @i = ai(mij — b).
n=0 "

It follows from the irreducibility of M that M (¢) has positive entries for some ¢ > O (this
property is also called ‘positive regularity’ by [2]). According to the Perron—Frobenius theorem
(see [16, Theorem 2.5]), A admits a real eigenvalue A* > 0 larger than the real part of any other
eigenvalue. The so-called Perron’s root A* is simple, with a one-dimensional eigenspace,
and there are corresponding left and right eigenvectors with positive coordinates. In the
following we denote by 7 (respectively /) the associated left (respectively right) eigenvector
with normalization (7, h) = (m, 1) = 1 (here, (-, -) denotes the Euclidean inner product).

For A # 0, define

s
==+ —,
T T
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which will serve as the speeds of traveling waves. In the following, we deal only with the case
¢, > 0. Traveling waves with negative speeds can be analyzed by simple considerations of
symmetry. Let A := +/21%. It is easy to see that c; attains a local minimum ¢ = c). = V21F
at A. We call (2) subcritical, critical, or supercritical according to whether c is less than, equal
to, or greater than c.

Let the configuration of this MBBM at time ¢ be given by the R x S-valued point process
{(Xy(2), Yy): v € Z(t)}, where Z(¢) is the set of particles alive at time ¢, X, (¢) is the spatial
location of v, and Y, is its type. Forany x € Rand y € S, let Py, be the law of the process
starting from a single particle of type y at spatial position x. Let E,y, be the expectation
corresponding to Pyy. To state our main results, we introduce two types of additive martingales
which will play an important role in this paper. For any A # 0, define

Wi(t) = Y hye MXOFan,
veZ(t)

From the many-to-one formula (see Proposition 1, below), it is easy to see that {W, (¢), t > 0}
is a positive martingale under Py, and, consequently, the almost sure limit of W;,(¢) exists. Set
W) := lim;— 400 Wi (t). Now we define another type of additive martingale:

M(t) == Y hy, (Xy(t) + atye HXeOFaD, 3)
veZ(r)

Here, {M,. (), t > 0} is a martingale which may take both positive and negative values. We
will prove that M () := lim;_, 4 oo M, (¢) exists for every A > A (see Lemma 10, below).

For every i € S, suppose that (§;q, ..., é,-d)T is a random vector with the law {p;(i): k €
Z‘fr}. Now we are ready to state the main results of this paper.

Theorem 1. Suppose that E (§1log™ &;) < +oo foralli, j € S.
(a) When c > c, there is a unique traveling wave at speed c given by
w(x, y) = Exylexp{=WW)}] = Eoylexp{—e W@}, forall (x,y) € R x S,
where 0 < A < Aisthe root of the equation c, = c. Further, foreveryy € S, l —w(x, y)
~ hye_)”c as x — 4o0.
(b) When ¢ < ¢, there is no nontrivial traveling wave solution to (1) with speed c.

Theorem 2. When ¢ = ¢ and E§;(log™ é’;,-j)2 < 4ooforalli, j € S, there is a unique traveling
wave at speed c given by

w(x,y) = Eylexp{—MMW)}] = Eoylexp{—e ** MM}, forall (x,y) € R x .

Further, for everyy € S, 1 —w(x, y) ~ xhyefix as x — +oo.

Comparing the above theorems with the corresponding results for the FKPP equation (see,
for example, [8] and [11]), we see that A* plays the role of S(m — 1) in the case of a single-
type branching Brownian motion, where f is the branching rate and m is the mean number of
particles split by one particle.

The remainder of this article is structured as follows. In Section 2, we recall the basic
setting of family trees and the size-biased trees with spine. We also introduce some known
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results for MBBM, including the so-called many-to-one formula, and McKean representation
of traveling wave solutions, which are necessary in the arguments afterwards. In the remaining
two sections we concentrate on proofs of Theorem 1 and Theorem 2. To prove that, under some
moment conditions, the traveling wave solution can be given in terms of the martingale limit
W (A) or M (}), we first answer when W ()) (in supercritical case) and M (A) (in critical case)
are nondegenerate (see Theorems 3 and 5, respectively).

2. MBBM and basic facts

Itis known that the family structure of the individuals in a branching process is well expressed
by Galton—Watson trees (see, for example, [7]). Each Galton—Watson tree has a single initial
ancestor & and contains all ancestors as well as children of any of its individuals. In order to
give other features of our MBBM, we need to introduce the concept of marked Galton—Watson
trees. Let T be the collection of Galton—Watson trees. For eachi € N where N = {1, 2, ...},
we write ui for the ith child of u. We use the notation v < u to mean that v is an ancestor of u
and u € Z(t) when u is alive at time ¢. For every t € T, we assume that each particle u € ©
has a mark (X,, Y, 0y, A,), where

1. oy, is the life time of u, which determines the fission time or the death time of particle u
as {y = Y -, Ov +0u ({g = 0p) and the birth time of u as b, = ), _, 0, (bg = 0),

v<u

2. Y, gives the type of u, while X,,: [b,, ¢,) — R gives the spatial location of u at time
t € [by, ¢y); we also interpret the notation X, (#) as the spatial location of the unique
ancestor of u that was alive at time ¢ < ¢,,,

3. A, = (4,(), A, (2), ..., A (@) T gives the vector of offspring size split by # when it
dies.

We use (7, X, Y, 0, A) or simply (tr, M) to denote a marked Galton—Watson tree. Let T :=
{(z, M): T € T}. Define

Foi=o{lu, Yy, 0u, Ay, (Xy(s),s € [by, &) u € T € T with§, <t]and
[u, Yy, (X,(s),s € by, 1)):ueteTwitht € [b,, )]}

Set # = |J,~o ¥+ There is a unique probability measure P on (77, ¥) such that the system is
initiated by a single ancestor and evolves as a MBBM defined in Section 1.

Now we extend the probability space (7, ¥, P)to (7, ¥, P) defined below. Forany r € T,
we can select an infinite line of descent ¢ = {¢g = O, &1, &2, ...}, where ¢,4+1 € T is a child
of &, € Tforn € {0,1,2,...}. Such a genealogical line is called a spine. We write u € ¢ to
mean that u = ¢ for some k € Z;. Weuse T = {(t, M, ¢): ¢ C © € T} to denote the set of
all marked trees with distinguished spines. ~ ~

We use Y = (¥;, t > 0) to denote the type process of the spine, X = (X;, ¢ > 0) to denote
the spatial movement of the spine, andn = (n;, ¢t > 0) to denote the counting process of fission
times along the spine. Let node;(¢) := u if u € ¢ is the node in the spine that is alive at time 7.
Note that, foru € ¢, Y, =Y, =Y, —.

If u € g, then at the fission time ¢, it gives birth to (A,, 1) offspring, one of which
continuing the spine (we write this node simply as u# 4 1) while the others going on to create
independent subtrees. Let O, be the set of u’s children except the one in the spine. For any
jef{l,2,...,(Ay, 1)} such that uj € O,, we use (t, M)? to denote the marked tree rooted
atuj.
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Now we introduce some filtrations on 7 that we shall use later. First note that {F, t =0}
is also a filtration on 7. Define

F:=0(F,, (nodes(e), s < 1)},

9, =0V, X,:0<s<rt, ¢ =oF:0=<s<1), gFf=0(F:0<s<1),
§, == 0{(g,. (node (), s < 1), (¢, u < node; (e))},
G = 0{%;, (A, u < node;(¢))}.
Set ¥ = Utzo Fi, §= Utz() 99 = Utzo $s and § = szo G- ~
_Now we shall extend the probability measure P on (T, F) to a probability measure P on
(T, ) such that the spine is a single genealogical line of descent chosen from the underlying
tree. Enlightened by [13], when a spine node u of type i dies, we pick one of its children at

random to be the successor on the spine. Specifically, children are picked with probabilities
proportional to 4 ; when their type is j. This means, when u € t, we have

hy,
Probu e ¢ | F,) = | | —ut
ooy (Av, h)

To define P we recall the following representation from [13].
Lemma 1. Every J":‘}-measurable function f can be written as
f=Y fulues “4)
ueZ(t)
where f, is F;-measurable.
Definition 1. We define the probability measure P on (fI: F ) by

/ b = / S AT A:,;) ap,

uezZ) — v=<u
for each f € 77} with representation (4).

Intuitively, following the above method of choosing spine nodes, the type process of the
spine Y is a continuous-time Markov process valued in S, which stays at any state i € S for
an exponential time with parameter a;, and then transits to state j with probability P (i, j) :=
Dok ezt Pk (@) kjh;/{k, h). Given 9t, the trajectory of Y, the node of the spine and the birth

time of each spine node before time ¢ are determined. Then we have

P, (Yy) kv(Yv+1)th+1
P(va Yv+l) (kvv h) '

P(Ay =k, forallv <e, | §) = []
V<&,
where k, = (ky(1), ky(2), ..., ky(d) " € Zi. Now we construct a probability measure P on

Fi by
pa, Yy) Av(Yv+l)th+1

dP(zr, M, ¢)|7 = dPT)dBX) [] P(Yy, Yor1)  (Ay,h)

V=<&p,;

—&y
* H[A vy L1 apgs @ anj )} ©)

v<ep, Jj:vje0y
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Here, IB%()N( ) is the law of a standard Brownian motion and ]P’(?) is the law of the type process Y.
The decomposition of P suggests the following intuitive description of the system under the
measure P.

1. The spine’s type process Y moves as a continuous-time Markov process taking values
in § according to the measure . The generator G = (gjj)i,jes of Y is given by g;; =
a; (P (i, j) — &;). The spine’s spatial movement X is a standard Brownian motion.

2. The fission time ¢, of node v in the spine is exactly the jumping time of the spine’s
type process Y, i.e. the life time o7, of v is exponentially distributed with parameter ay, .
(Here, Y may jump from i to itself at jumping time according to generator G.)

3. Atthe fission time of node v in the spine, the single spine particle is replaced by a random
vector A, of offspring with A, being distributed according to the law (p(Y;,—)), ezt
and a type j child is picked to be the next spine node with probability /;/{A,, h).

4. Theremaining (A,, 1)—1 nonspine children of v give rise to independent subtrees (t, M )‘J’.
for vj € O,, each evolving as an independent subtree determined by the probability

P3 v shifted to the time of creation.
[ORL))

Note that {N(¢), ¢t > 0} is a multitype branching process, where N (¢) denotes the population
size vector at time . We have the following lemma.

Lemma 2. (Athreya [1, Proposition 2].) The martingale

e V(N @), h) . 0}

{w(’) ONS

is a nonnegative martingale with respect to {F;: t > 0}.

In order to make the principles of the measure change method clear, we introduce a technical
lemma which follows from an elementary argument.

Lemma 3. Suppose that 1 and 11y are two probability measures defined on the same space
(2, F) with Radon—Nikodym derivative g such that djiy = g dpiy. If F is a sub-o-field of F,
then the two measures () := ji|5 and o = 2| on (R, F) are related by the conditional
expectation operation duy = ji1(g | F)dug.

Noting that w(#) is a nonnegative mean-one martingale, we can define a probability mea-
sure Q on (7, F) by
d0|7 = w®)dP|z. (6)

Lemma 3 implies that, if we want to extend Q defined by (6) to a probability measure é
on (7, F), we need to construct a nonnegative martingale w(¢) with respect to {F;: ¢ > 0}

satisfying N N

d0lz =w()dP|g (7)
and

P@ | 7 = w. ®)
According to Lemma 1, w(t) can be written as w(t) = ZUGZ(,) wyl{yee), where w, is

Fi-measurable. Immediately we have P(w(1) | F1) = 3 ez Wo [ [y Avysi /(Aus B) by
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Definition 1. Since w(t) = Zvez(t) e_mhyu/(N(O), h), (8) implies that

_ hyv hYu-H ! =A%t <Au7h>
N ON: (U o) =< 11 ’

u<v hY“

and, consequently,

B =e " J] M.

V=<&pn; Y,

Next we will prove that {w(¢): ¢ > 0} is indeed a martingale with respect to {3% : t > 0}. First
of all, for each type i € S, we introduce the size-biased distribution

A Pr(D)(k, h)
i) = ©)
(1 +A*/ai)h;
It is a probability distribution since Zkezd pr(i)k, h)y = Z(/j (mghi = (14 A*/a;)h; for
every i € S (the last equality follows from the fact that / is the right eigenvector of A with
respect to A*). For any i, j € S, define

=y m() it
o h T A+ aph;

It is easy to see that {F (i, j): i, j € S}is a family of transition probabilities.
Lemma 4. Suppose that (? , P) is defined as before. Define

. A*\ P(Y,, Y,
my=e " H<1+—>—(” ) s,
ay, P(YU? YU+1)

v<ep,

Then {m;, t > 0}isa nonnegqtive mean-one martingale with respect to {gt, t > 0}. We define
another probability measure P by

d]f”|§t = m; dPg, . (10)
Then, under P, Y moves as a continuous-time Markov process with generator g;; = (a; +
)»*)(P(l J) =& fori, j €S.

Proof. Suppose that f: S — R is a bounded measurable function. For every i € S, define
u(t,i) :=E[f (Yt)m,] where P/ (-) := P(- | Yo = i) with associated expectation operator .
We use t to denote the first jumping time of Y. Then, by the strong Markov property, u(¢, i)
can be written as

u(t, i) = B[ fFX)mlyeny] +ELfYm 1]

t
= f(i)e @t +/0 e (g +2%) Y PG, jult —s. j)ds

jes

t
— f(l')e_(ai"r)n*)f +/ e—(ai+)»*)(t—s)(ai —i—)\*)ZP(i,j)u(S,j) ds.
0

jes
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Therefore, u(z, i) satisfies

= (@ + 1) Y (PG )~ Spuc, ), (11)

jes

with u(0,i) = f(@). In particular if we pick f = 1, from the uniqueness of the bounded
solution to (11), we obtain that E/m; = 1, which together with the Markov property of Y under
[P implies that m;, is a martingale. Thus, the measure PP is well defined. From (11) we see that,
under [P, Y is a Markov process with generator g;;. In other words, under probability measure P,
Y canbe interpreted as a Markov process which stays at each state i € S for an exponential time
with parameter a; + A*, and then transits to state j with probability P (i, j). This completes
the proof.

Just as we did before, we can construct a probability measure é on (‘J:, F ) by

PA (Yy) Av(Yerl)hYU_H
P(sz YU+1) <AU1 h)

d0(t. M. e)|z = dPT)dB(X) [] =

v<&n

1 - zv
X ]_[ [A T ]_[ dP ((r M)Y )} (12)

V<&, JivjEO,
under which the system can be described as follows.

1. The spine’s type process Y moves as a continuous-time Markov process valued on §
according to the measure P. The e generator of Y is givenby g gij = (a; +1%) (P i, j)—38i).
The spine’s spatial movement X is a standard Brownian motion.

2. The fission time ¢, of node v in the spine is exactly the jumping time of the spine’s type
process Y, i.e. oy, has an exponential distribution with parameter ay, + X,

3. Atthe fission time of node v in the spine, the single spine particle is replaced by a random
vector A, of offspring with A, being distributed according to the law (pr(¥;,-)) kezd >

and a type j particle from the offspring of v will be picked to be the next spine node with
probability i /(Ay, h).

4. Theremaining (A,, 1)—1 nonspine children of v give rise to independent subtrees (z, M){
for vj € O,, each evolving as an independent subtree determined by the probability
Pg. v, shifted to the time of creation.

Applying (9), (10), and (5) to (12), we can easily get (7). Therefore, {w): t > 0}is a
nonnegative martingale with respect to {#;: ¢+ > 0}. The following result is a byproduct of
the above spine construction. The proof is much the same as [6, Theorem 4.1] in the case of
multitype Markov branching processes. We omit the details here.

Proposition 1. (Many-to-one formula for MBBM.) For any measurable function f: Rx S —

R, we have
m( Y FXu), Y)) (f(x,,m h “)

ueZ() Yr
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Here, E\ denotes the law of one particle motion where the type process Y moves as a Markov
process starting from y with generator

i == (ai + 2P, j) — &),

fori, j € S, while the spatial location process X moves as a Brownian motion starting from x
and is independent of Y.

Lemma 5. (McKean representation.) If u(t, x, y) € [0, 1] is twice continuously differentiable
in x and satisfies the parabolic system of equations (1) with initial condition u(0,x,y) =
f(x,y), then u has a McKean representation

u(t, x, y) = Exy( [1 f(xum,Yu)).

ueZ(t)
The proof is similar to that of [3, Theorem 1.36]. We omit the details here.

Lemma 6. Suppose that c € R and w(x, y) is a bounded function satisfying 0 < w(x,y) <1
forany (x,y) e R x S. Let u(t, x, y) := w(x — ct, y). Then u satisfies (1) if and only if

w(x,y) = Exy|: [T wXu@ +ct. Yu)}.
ueZ(t)

Proof. By Lemma 5, we only need to show the sufficiency. Let T; denote the semi-group
of one-dimensional Brownian motion and 7 the split time of the root. We have

u(t,x,y) = E(x—ct)y( 1_[ w (X, (@) + ct, Yu))

ueZ(t)

= Exy< [1 w(xum,n))

ueZ(t)

= Exy( 1_[ w(X, @), Yy,) 1{‘E<l}> + Exy( l_[ w(X, ), Y,) 1{‘[>t}>

ueZ(t) ueZz(t)

t
= [ @ T )0 ds 7 T o),
0

where, for each s > 0, u, is a function from R to RY defined by us(x) = u(s,x) =
(u(s,x, 1), ...,u(s,x, d))T. Therefore, u(z, x, y) solves (1).

3. Proof of Theorem 1
Recall that, for any A # 0,

W},([) = Z hYue*)‘(Xu(t)'f'C)Ll).
ueZ(t)

It follows from Proposition 1 that { W, (¢), ¢ > 0} is a positive martingale and thus has an almost
sure limit denoted by W(X). The following theorem answers when W ()) is nondegenerate,
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which will be used to give explicit expressions of traveling wave solutions in the supercritical
case.

Theorem 3. (a) If |A| > A, then W (L) = 0 Pyy-almost surely.

(b) Suppose that 0 < |A| < A. If E(§; log™ &ij) < +oo foralli, j € S, then W, (t) converges
to W) in Ll(ny), and Pyy(W(L) = 0) = 0. Otherwise, if E(§;; log™ §ij) = +oo for some
i,j €S, then W(X) = 0 Pyy-almost surely.

Remark 1. It suffices to prove the claims for Pyy. In this article, we only deal with the case
A > 0. The case A < 0 can be analyzed by simple considerations of symmetry.

Forany A > 0, through similar techniques as used in Section 2, we can construct a probability
measure Qo on (7, F) such that

W)

dQg,lz = 70

dPOylf,,

where Q= ééy| #. In fact, ééy has the following decomposition:

PA (Yy) Av(Yv+l)th+1
P(Yva YU+1) (Alh h)

A0}, (t. M. &)z = dBy(V)dB*(X) [] =

v=<ép,

1 — cv
x ]‘[ [A T ]‘[ dP ((r M)Y )]

v=<ép; Jj:ivjeOy

Here, ()N( B~*) is a standard Brownian motion with drift — A, and (Y IPV) is a continuous-time
Markov chain starting from y with generator g;; = (a; + A*)(P(z J) —&;). Foreachvj € Oy,
(.M )3 evolves as an independent subtree determined by the probability P;Qv Yo shifted to the
time of creation.

Lemma 7. We have the following spine decomposition for the martingale W, (t):

O, (Wi () | §) = hye EXOFAD LN N (A (j) — 8y, )hje HE@Tam) - (13)

JES v=<én,
Proof. Here, W, (t) can be written as

Wi (1) = h;te_k(x(’)“”) + Z hyue—)»(Xu(t)-i-CAl‘)
ueZ(t), uge

:hie—)\(X(t)—&-cxt) + Z Z Z hyue_’\(X”(l)““).

v<en, j:vjeOy ueZ(t), ue(r,M)}

The first equality is clearly true since one of the particles # € Z(¢) must stay in the spine. The
second follows from partitioning the particles into distinct subtrees that were born by the spine
nodes before time . Recall that § contains all information about the spine nodes; by taking
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the égy conditional expectation of W) (¢), we have
Oy Wo() | §)
= h;refx(x(t)Jrcu) + ééy( Z Z Z hy, e+ Xu i)

V<€, j:ujEOy ueZ(t),ue(r,M);f

= hy e+ XOFan 4 D hy e X@ten)
vj

t

v<en, j:uvje0,

5 hy, _ 5 o -
X Qéy( Z o= A (X (=X ) Her(t=50)) ‘ 9>

hy. .
ueZ (), ue(w M)y "

From the decomposition of dééy, we observe that, under ééy, the subtrees coming off the
spine evolves as if under the measure Pyy. Therefore,

~ hy > ~

A u —AMX, () =X (&y)+en(t—2¢y

Q()y( § hY‘e (Xu ()= X (L) +eal {))‘9) 1.
ueZ(t),uE(r,M)}f vl

This equality is true because the additive expression being evaluated on the subtrees is just a
shifted form of the martingale W, (¢). We complete the proof.

Lemma 8. (Durret [5, p. 241].) Suppose that u and v are two probability measures on a
measurable space (2, ) with filtration (¥;)s>0, such that dp|g, = M(t) dv|g, forallt > 0.
Let Mo := limsup, , , , M(t). Then v(Ms = 0) = 1 if and only if u(Ms = +00) = 1,
and [o Moo dv = 1 if and only if p(Ms < +00) = 1.

Proof of Theorem 3. (a) If A > A > 0, then A > c¢;,. Obviously we have

Wi(t) > h?e—,\i(z)—uz/zﬂ*)t - Coe—)\t()?(t)/t-i-cx)
p— t pu— 9

for some constant Co > 0. Note that lim;—, f(t)/t = —X\ and liNm inf;, o f(t) +
At = —o00, since X moves as a Brownian motion with drift —A under Qéy. Thus, we have

éév (limsup,_, , o, Wa(t) = +00) = 1. In view of Lemma 8, we have Py,(W(A) =0) = 1.

() If 0 < A < A, then A < c;. Suppose that E(§;logt &) = +oo for some i, j €
S. First note that at each fission time of the spine, we have the lower bound W; (¢,) >

(Ag,, hye X Ee)tertan) thus, by Lemma 8, it suffices to show

ééy (lim sup(As, , h) e—A()N(({sn)+C~ACen) = +OO> =1. (14)
n—-+00
Obviously we have
(Ag,, hye Xl eiten) — exp{n[log(f\s,,, no_ éﬂ(X(an) N q)} }
n

n Cep

Note that éé‘y (ims— 400 )?(t)/t +c) =cp—A > 0) =1,since X moves as a Brownian motion

with drift —A under QS) In addition, by the strong law of large numbers we have

é())‘y (lim supgﬂ < Z(ak + 1% < —i—oo) =1.

n
n—-+00 kes
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Therefore, to prove (14), we only need to prove

QOy (hm sup log(4e,. h) = —I—oo) =1. (15)
n—+00 n

Let N;(n) denote the total number of jumps of Y before it hits state i for the nth time.
Since ¥ moves as an irreducible Markov chain under QO}, n/N;(n) converges to a posi-
tive constant with probability one. Note that {A, N 0} is a sequence of independent
random vectors w1th the same distribution law { pk(l) ke zd %}. The moment condition
on é,] implies that Q log(Ae Ny h) = 4o00. It follows from the Borel-Cantelli lemma that
QO (lim sup,,_, , log(AgN[(n), h)/n = +00) = 1 and, consequently,

log(Aey. > 1)
QO (hm supL = +oo> =1,
Y\ +oo Ni(n)

which implies (15).
Now we suppose that E(&;; log™ &ij) < +ooforalli, j € S. Then, for every i € S we have
QO (limsup,,_, , 10g(A8N > 1)/ Ni(n) =0) = 1 and, consequently,

+00 _
Qéy(Z(Asn,h)eA(x(g“gn)Jm;gn) <+Oo>

n=1

- +o0 %
= Qéy Z Z<A5N,-(n)7h>e_ ( ({sNi("))+C)‘CENi(n)) < +OO>

ieS n=1

~ +00 102(Acy oo h)  Cenon (X Cenon)

= Q3~< exp{N(n)( ) L) ( o) —i—cx))} - ~|—oo>
' ; rg l Ni(n) Ni(m) \ Ley, )

=1,

where in the last equality we used the fact that X (&e,)/Ce, = —A > —c) asn — +o0.
Therefore, the second term in (13) is bounded from above for all 7 > 0. In addition, under
Qo , —A(X(t) + ) = —At(X(t)/t + ck) — —ooast — 400. Thus, the first term in (13)
is also bounded from above. So we have Q0 (limsup,_, , Qoy(W;L(t) | 9) < +00) =1, and
then Q0 (lim sup,_, | o, WA (1) < +00) =1 by Fatou’s lemma. Therefore, by Lemma 8, W, (¢)
converges to W(A) in L! (Poy) which implies that W (1) is nondegenerate.

Let gy := Pyy(W(A) =0) < 1. Forany r > s > 0, we have

Wiy = Y e HEOFDIW ¢ —s,v),
veZ(s)

where {W, (t — s,v), v € Z(s)} are independent copies of W, (¢ — s) initiated by v € Z(s).
We use A to denote the cardinal of a finite set A. It follows that

8Z(s)
gy = Eoy H gy, | = E0y<(ma§<61j) )
veZ(s) /€

The Kesten—Stigum theorem for multitype Markov branching processes (see, for example, [1])
confirms that the total population size Z (s) goes to infinity almost surely on the nonextinction
set; thus, we have g, = 0 by the dominated convergence theorem. Hence, we complete the
proof.
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Define L(t) := inf{X, (t): u € Z(¢)}, i.e. L(¢) denotes the position of the leftmost particle
at time . Then we have the following result.

Theorem 4. For any (x,y) € R x S, Pyy(lim; 1o L(t) + ct = +00) = 1. Moreover, if
E(&jlogh &j) < 4oo foralli, j € S, then Pyy(lim;_, 400 L(1)/t = —¢) = L.

Proof. Itis sufficient to prove the conclusion under measure Py,. Note that
W}\ (t) > Cle—)u(L(l)-FC)J) — Cle—)ut(L(l)/l+Ck) , (16)

for some constant C; > 0. Since lim;— 1o Wy (¢) = 0, it follows from (16) that

L(t
Poy( lim L(t) +ct = +oo) =1 and Py, (hm inf L) > —c) =1.
t——+00

t—+00 t

Recall that the spine moves as a Brownian motion with drift —A under the measure QS , SO we
have QOv (im;— 400 X(t)/t —A) = 1. The proof of Theorem 3 shows thatif £'(§;; log™ &j) <
+ooforalli, j € S, then dQ0 =WQ)/hy dPOy and Pyy (W(X) > 0) = 1 forany A € (0, _)
This implies that QO (W) > 0) =1 and Py, is absolutely continuous with respect to Qo‘
Hence, for any 0 < A <A,

: L(1) X(1)
Poy|limsup — < -4 | > Pyy| lim —=-1 ) =1
t—>+o00 I i—>too

Thus, Poy(limsup,_, o, L(¢)/t < —A = —c) = 1. We complete the proof.

Proof of Theorem 1(a). It follows from Theorem 3 that w(x, y) is nontrivial and lim,_, _~
w(x, y) = 0since Py, (W (1) = 0) = 0. By definition, it is clear that lim, , ;oo w(x, y) =1,
and that x — w(x, y) is monotone for every y € S. In addition,

w(x,y) = Exy exp{_ Z t—1>ir-|{1<>o Z hyue—/\(xu(z>+cz)H

veZ(s) ueZ(t)
v<u
_ —AcCs : —M( Xy (t—s)+c(t—:
- E)Cy 1_[ EXU(S)YU (exp{_e CY t—1>1I-POO Z hYue Kult=s)ret=9)) })}
—veZ(s) ueZ(t—s)

:Exy_ ]’[ w(X,(s) + cs, YU)].

~veZ(s)

Thus, it follows from Lemma 6 that u(z, x, y) := w(x — ct, y) is a traveling wave solution to
(1) with wave speed c. Since limy_, ;o0 w(x,y) = 1 and Eo, W(A) = Eoy,W;.(0) = hy,

I —w(x,y) 1— Egylexp{—e *W()}]
hye=x Egyle=** W (1)]

— 1 asx — +o0.

The rest of this proof is dedicated to the uniqueness. We consider the space—time barrier
e .= {(y,1) € R x Rt: y 4+ ¢yt = x} for x > 0. By arresting lines of descendants
the first time they hit this barrier, we produce a random collection of particles C(x, cy) =
Uies Ci(x, c3), where C; (x, c;) denotes the subset of type i particles. Here, {C(x, ¢3): x > 0}
is afamily of stopping lines. We say that {C (x, c)) : x > 0} is dissecting in the sense that all lines
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of descendants will hit [+ with probability one for all x > 0 because lim;_, y L(¢) +ct =
o0 for ¢ > ¢. Wealso observe that {C(x, ¢;): x > 0} is tending to infinity in the sense that, for
each n € N, we can choose x sufficiently large such that particles in C(x, c,) are descendants
of the nth generation. (For more information on general stopping lines and properties of them,
we refer to [4] and [9].) Let Fpv.c;) be the natural filtration generated by ancestral type and
spatial paths receding from particles at the moment they hit ¢ Let ®., be an arbitrary
traveling wave at speed c,. Then

Mz )= [ @erla+ Xu() +ert. V)

ueC(x,cy)

- exp{ZﬁCi (x, c3) log @, (z + x, i)}

ieS

is a Pyy-martingale with respect to {Fpc.c,) : x > 0}. It converges to @, (z, A) almost surely
and in L' (Pyy) (by boundedness), and then it follows that

XEIEOO—ZﬁCi(x,cA)IogCDQ(z+x,i) (17)
ieS

exists and is positive with positive probability.

Obviously, for any x > x; > 0 and any v € C(x2,c,), there exists a unique
u € C(xy,cp) such that u < v. In fact, {(HCi(x,cp), ..., 8Ca(x, ) : x > 0} forms
a continuous-time multitype Markov branching process (x plays the role of time). This
follows from the strong Markov branching property (see, for example, [9]). Moreover, it
follows from the fact Poy(lim, o0 X(f) + cat = +00) and the irreducibility of Y that

{(HC1(x, ¢2), ..., 8Ca(x, ;)T x > 0} is nonextinct and positive regular. Let M., (x) =
(mfjA (x))i, jes Where mfj(x) = EpfiCj(x, cy), and let A, be the matrix such that M., (x) =
edax. By the Perron-Frobenius theorem, we can find a simple positive eigenvalue A7, of
A, and corresponding positive left and right eigenvectors ., = (]TCI)\, cee, ni)T and h, =
(hl .....nd )7 suchthat (m, ., he,) = (7, 1) = 1. Immediately,
Y m@hl,e ™0 = hl,, foralli € S. (18)
jes

For x > 0, define

Wr(x,c,\) ) = Z hYMe—)L(Xu(t)-i-C)\t) — Z 1#C; (x, c;\)hie_)"‘.

ueC(x,cy) ieS

Then {Wr(y ¢,)(A): x > 0} is a Py,-martingale with respect to {F.c;) : X > 0} and, conse-
quently,

ngj‘.*(x)h,e—“ =h;, forallieS; (19)
jes

in other words, e** is an eigenvalue of M., (x) with corresponding right eigenvector 4. Using

similar arguments as in [11, Theorem 8], we can show that

lim Z 8C; (x, c))hie ™ = W(L), Pyy-almost surely and in Ll(P()y). (20)
x——+00 i3
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On the other hand, by the Kensten—Stigum theorem (see, for example, [6, Theorem 2.1]) we
have, forany i € S,

. arx i
XETOO 8Ci(x, cp)e” "ot =m. W,,, Poy-almost surely, (1)

where W, = lim,_ 400 D ;g 8Ci(x, ck)nél\e_)‘ax < +00. Combining (20) and (21), we
conclude that )»; = A and Pyy(W,, = aW (1)) = 1 for some constant & > 0. Using (18) and
(19), we get h., = ah. Thus, by (21) we have, for any i € S,

hm 1C; (x, cx)e_Ax = om W(A) Pyy-almost surely. (22)
X—>

It follows from (17) and (22) that B := lim, 400 —¢ Yo 7., €** log D, (x, i) exists and is
positive. Uniqueness (up to a multiplicative constant) is now immediate since

D, (2,y) = Eoy ( lim M. (2. c2))

0y <eXp{x£rfoo Z gCi(x, ¢3) log @, (z + x, i)})

ieS
— : ) ;
= Eoy <eXp{x£Tooa Z m., e W) log @, (z + x, z)})
ie§
= Eoy(exp(—f W(L)e ™).
Hence, we complete the proof.

Proof of Theorem 1(b). We assume that w(x, y) provides a monotone traveling wave solu-
tion to (1) with speed ¢ < ¢. Then, by Lemma 6, HueZ(t) u)(X (t) + x +ct, Y,) is a bounded
martingale under Py, . It converges almost surely and in L (Poy) to some random variable. On
the other hand, since 0 < w(x, y) < I and lim;_,, L(?) 4+ ¢t = —00, we have

[T wXu@® +x+ct. ¥u) < wL(t) +ct. YL(1)) — 0,
ueZ(t)

where Y7, (¢) denotes the type of leftmost particle at time ¢. Thus, w(x, y) = 0 which contradicts
the assumption.

4. Proof of Theorem 2

Note that M, (A) defined in (3) is a signed martingale and therefore it does not necessarily
converge almost surely. A technique used by Kyprianou [11] to get round this problem in the
case of a single-type branching Brownian motion is to consider a truncated form of the derivative
martingale which turns out to be a positive martingale. In order to describe the aforementioned
martingale for MBBM we need more notation and lemmas.

Lemma 9. (Kyprianou [11, Section 5].) Suppose that B = {B;: t > 0} is a standard Brownian
motion on R with law B and natural filtration {L;, t > 0}. For any z > 0, define 1) := inf{t >
0: z4+ By + At <0}, then

2+ B+ At _
my(t) = —le MBrtrt/2) 1{z<r
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is a positive mean-one martingale. Define another probability measure B)‘ by dB)‘| L, =
m; (t)dB|¢,. Then, under measure B)‘ {z4+ B; + At: t > 0} is a standard Besvel 3 process
starting from z.

Define the space-time barrier I'"#*) := {(y,7) € R x RT: y + At = —z} for z > 0.
Here, Z(¢) denotes the subset of Z(¢) consisting of all particles which are alive at ¢ and have
ancestry (including themselves) whose spatial paths have not met I'"%») by time 7. From the
many-to-one formula, we see that

Vi) i= Y hy, (2 + Xy () + dpye HXuO+an
ueZ(l)

isa nonnegatlve martingale. We want to define a new probability measure R0 such that, if
R* = RO} |#, then
_ W)

A
== |z, foralltr > 0.
0y|~¢t V)L(O) 0)|‘Tt

To this end, Ré‘y should have the following decomposition:

pa, (Yy) Ay (Yo+Dhy,
P(Yv, Yot1) (Ay, h)

dRO)(t M. )|z = dP,(Y) dB(X) 1_[

v<&n

1 t_{u v
* 1_[ |:AU(YU+1) 1_[ dp)?“y”j ( M)/):|

v<&n; Jjrvje0y

Remark 2. Under RS , the spine’s spatial process X satisfies that {z+ X(t) +At:t>0}isa
Bessel-3 process starting from z. Therefore, it never meets the barrier I'=%).

Put
My(6) =Y hy, (24 X, (t) + Ap)e HXeOFen,
ueZ(t)
If we can prove that M, (t) converges to a nondegenerate limit, similar analysis as in the
supercritical case can be carried out to obtain traveling wave solutions of (1). For this purpose,
we need the following lemma.

Lemma 10. Let V(L) = lim;_ ;oo V. (t). For any A > A, limy_ oo M, (t) exists and is
equivalent to V(1) almost surely under Pyy. In addition, M ()) := lim;_, 1o M, (t) does not
depend on z.

Proof. Recall that V) (¢) is a nonnegative martingale, its limit V (1) exists almost surely. Let
y =% denote the event that the MBBM remains entirely to the right of I'=%*), then

lim M, (1) = lim Vy(r), ony %M, Pyy-almost surely.
t— 400 t——+00

Since Poy(lim; 100 L(t) + ct = +00) = 1, we have Py, (inf;>o{L(¢) + At} > —00) = 1 for
all A > A. Thus, Poy(y(_z’}‘)) = Poy(infy>o{L(¢) + At} > —z) 1 1 as z 1 +oo. Therefore,
we have Pyy(lim;_ 100 M (1) = lim,_ y Vi (t)) = 1, which implies that, for every A > A,
lim;_, ; oo M, () exists and is equal to V() Ppy-almost surely. Note that

My(t) = ) hy, (X (t) + ar)ye 2 XeOTaD 42w, (1),
ueZ(r)
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By Theorem 3, the second term of the right-hand side converges to O for A > A; hence, the limit
M (A) does not depend on z. Hence, we complete the proof.

~ANext’,Vwe focus on the limit theorem for the martingale V) (t). Hereafter, we simply write
Ry, as Roy.

Theorem 5. Suppose that . = A.
L. If E§;(log™ E,-j)2 = +o0 for some i, j € S, then V(L) = 0 Pyy-almost surely.

2. IfES,'j(log+ é,-j)2 < +oo foralli, j € S, then V) (t) converges to V(1) in Ll(ny) and
Poy(V(2) = 0) = 0.

To prove Theorem 5, we first prove some lemmas.

Lemma 11. We have the following spine decomposition for V (t):

Roy(Va(1) | §) = hy (z + X (1) + e X O+eD
+ )Y (M) = By DR+ X (L) + Arye EX @),
JES v=<épn,

Lemma 12. (a) If E§;(log" &) = oo for some i, j € S, then

lim sup(A,,, h)(z + 32({8”) + A{Sn)e_l&(gg")ﬂ{s") = +00, I?Oy-almost surely.

n—-+00

(b) If E&;(log™ &) < 400 foralli, j € S, then

+00 -
Z<A8n’ h)(z + )?(;En) + 1ge, e 2E G FTelen) < 40, Roy-almost surely.
n=0

Proof. (a) We want to show that, for any M € (0, 4+-00),

+o00
Z 1{(As,1,h>(z+)?(§gn)+ﬂgn)e’i&(“n”ﬁ“ﬂzM} = +00, Roy-almost surely. (23)
n=0

For any set B € B[0, 00) x B(Z ), define ¢(B) = #{n > 0: (¢&,, As,) € B}. Then,
conditioned on 9Y ¢ is a Poisson random measure on [0, c0) X Zd with intensity (ay + A%)de
szezd DPi(Yy)8x(dy) (here, § denotes the delta functlon) Thus for any T € (0, 00), given
¥ #n>0:¢, <T, (A, h >(Z+X(§sn)+)»§s )e_MX@S"H‘;En) > M} is a Poisson random
variable with parameter

/ (ag, +27) Z pk(Yf)l (ko) 4+ X (1) 4anye—2Fareen = pyy AF-
kezd
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Hence, to prove (23), we only need to show that
+00 - N

/0 (ay[ + 1% Z Pr(Ys) 1{<k,h)(z+)~((z)+y)e-&<’7<f>+£f>ZM} dt = +00, Roy-almost surely.

keZd+
Since minf{a; : [ € S} > 0, it is sufficient to prove that

+00
ROy (/ Z pk(Yl) 1 k h (z+X(t)+At)e_"(X(’)+”)>M} dt < +OO) 0
kezd

For any constant ¢ € (0, +00), put

+o0 -
Ec:= {/0 Z PO L iy 4 R0y ane-2Frwen = pyy A < C}'
kezd

It suffices to show that ﬁoy(Ec) = 0. In fact, we have

+00
c= ROy (IE(-/ Z pk(Yl) 1 {(k,h (Z+X(t)+)nt)e_}‘(x(’)+f1)>M} dt)
kezd

+00
f By ¥i=0 Y pr®)Roy(E, Lipesye-besors pr sy -te—icy) df
leS keZd

oo ~
> fo Py(¥i =1) Y (@) Roy(LE, Lpeg(ye—sBestos p gy -1e-2c)) A1
keZi

where Bes(t) := z + )~((t) + At. It is known that, under ]f”y, Y moves as a Q-process with the
invariant distribution 77; = A7 for every [ € S. Consequently, there exists some 7" > 0 such
that, forany r > T, P (Y, =1i)> 2771 > 0. We continue the above domination:

c = %ﬁ Z pk(l)/ R()y(lEc 1{Bes(l)e‘)‘Be‘(’)>M(kh —lg—2z }) dt
keZd

%ﬁ' <Z pk (l)/ R()y(lEL, l{Bes(t)e’&Bes(’)ZM(k,h)fleflz}) dr — T) (24)

kezd

v

We consider a process ((Q;, W), P) such that {Q;, t > 0} and {W;, t > 0} are independent,
(Qy, P) is identically distributed as (Y,, Roy) and (W;, P) is a standard Brownian motlon on
R3 starting from 0. Suppose that Z is a point in R? with norm z. It is known that (Bes(?), Ro))
is a Bessel-3 process starting from z, which is identically distributed as (|W; + z|, P), here | - |
denotes the Euclidean norm. We still use E, to denote the counterpart set of E. with respect to
(Q¢, Wy), P). Immediately, we have

ROy (IEC 1{]335(;)6—&305(0ZM(]CJ,)fle—LZ}) = P(IEC 1{|W[+2\e7AIWr+2\ZM(k,m—lefﬁz})
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and ﬁoy(Ec) = P(E.). We claim that there exists K* > 0 such that, when |k| > K*,

log™ (k, h)
2\

{y S R?’: I+z<|yl < } Cc{yve R3: |y+2|e—i\y+2l > M(k7h>—le—AZ},

which can be proved using basic analysis. Now we continue the estimation of (24) as follows:

+oo
c= %ﬁi ( Z ﬁk(l)/(; IP)(IEC 1{‘Wt+£|e*MWt+2|EM(k’]/w—le*AZ})dt - T>

d
keZ

+00
ﬁi( Z pAk(l)\/(; ]P)(IEC 1{1+Z§‘Wt|§10g+<k,/’l)/2&})dt - T)

k: |k|=K*

+o0
= %ﬁl( Z ﬁk(i)P<1Ec/ Lo <yw, <log* (ki) /22 df) - T>~ (25)
K k=K 0

%
B|—

Note that (|W;|, P) is a Bessel-3 process starting from 0. Let [¢, a > 0, be the family of its

local times, then the process {I%, a > 0} is a BESQ?(0) process which implies that /%, = all,

and ]P)(léO = 0) = 0 (see [15, Exercise 2.5]). Then we have the following calculations:

+00
IP’(IEC/O L1 o<Wy <log* (k.h) /22) df)

log* (k.h) /24
= P<1EC / lgo da>
I+z

log* (k,h) /22 a= g,
:IP’(IEL,/ ada/ du)
14z 0

log™ (k,h) /2% +0o0
/ ada/ P(IEC 1{u<a—llgo})d1/t
14z 0 -

log® (k,h)/2) +o0
> / a da/ (P(E;) —Pa 1%, < u))" du
14z 0

_ L (log" (k. h) e Lt
_ E(T 9 —z) /0 (P(E.) — P, < u))* du. (26)

In view of (25) and (26), we obtain

+ 2 poo
Z ﬁk(i)<M —1- z) / (P(E.) — Pl <)t du < 4o0. (27)
k: kI=K* 2 0

Given that
E(&;(log™ &)%) = +o0,

we have
> pr(i)og* (k, h))? = +oo.

d
keZi
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It follows from (27) that
+00
/ (P(Ec) —P(lY, <u)t du=0.
0

Zhus, by the fact that IP’(I;O = 0) = 0, we have P(E.) = 0 for arbitrary ¢ > 0; consequently,
Roy(E.) = 0 for arbitrary ¢ > 0. Thus, we complete the proof of part (a).

(b) Choose A € (0, A). We have

+o00 -
Z(Z + i({s,,) + ALe,)(Ag, , h)e 2K Cen)+cte)
n=0
+oo
=2 ) L h e e seseny T D¢ Ly h e Faenreecon
n=0 n=0
20+A.

We only need to prove that both ® and A are finite almost surely under ﬁoy.

Hereafter, we write ‘A < B’ to mean that there exists some constant ¢ > 0 such that
A < cB. Recall that, conditioned on Y, the split times of the spine is a Poisson point process
with characteristic measure (ag;’ + A*) dt. Therefore,

- - +00
Roy(®) = Roy </O @@y, + A (@ + X(5) + A5)(Ag,, , h)

(X (s)+c:
x e~ 2(X(9)+es) 1{(A8n. hy<erEo)ten) ds)

/ > (@i + 2Py (Y, _Z)Z Pri) BE(Bes(s)e EH Bes®)=2)

ieS

X LBes(s)=1—1 log* (k,h)+2)) 48

—(A—1)| W
<ZZpk<l>f P(W; +2le™ ALy oo (k) O
ieS k

=53 Zpk(l)/ ly 4 3le @M+ gy

ies {ly+2|=2"1log™ (k,h)+z)

+00 ) 25
x/ s 32 F/2ms g
0

|y+z| _
WY Gnlil gy

ieS k |y+Z|>)L IIOg (k,h)+z} |y|

YI+z2 _o_mly
§ZZpk(z)/ T2 =G=mlyl gy,

e (Iy[=r—tlogt (k,h)) Y]

<22 hl) / (r2 + zr)e” B gy

1
ieS k log™/(
< +00.

Thus, Roy(® < 400) = 1.
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On the other hand, we have

+o00
Roy <Z 1{(A€n ,h)>ex(}?<cn>+¢-:sn>})
n=0

/ Z(a, + 2Py (Y, _I)Zpk(l)B (Bes(s) < A~ ogt(k, h) + 2) ds,

ieS

here we have used the fact that the split times of the spine is a Poisson point process with
characteristic measure (ay + A*)dt. Then

+o00
Roy <Z 1{<AS'1 Yh)>e)»()?({n)+f(€n)}>
n=0

<y Zpko)f B(W, +21 < 2~ log* (k. h) +2)ds

ieS
+oo 3/2 7|v| /2ms
< ZZpk(l)/ dy/ s~/ ds
ies & {ly+2l<r~log* (k,h)+z)} 0
< Pk(l)/ lyI~" dy.
; Z {lyl<r~1log™ (k,h)+2z}

Consequently, we get

400
Roy (Z 1{%,,,bm(;n)mgn)}) <SS h) (T logt (k. h) + 22)2
n=0

ieS k
< o0, (28)

where in the last inequality we used the condition that E'(§; (log™ S,-j)z) < +4o00. Therefore, by
(28) we have

+00
Roy (Z 1{<A€,,,h)>ex<>?<¢n>+g:s,l>} < +oo> =1,
n=0

which means that A is a finite sum. Hence, Eoy (A < +00) = 1. Thus, we complete the proof
of part (b).

Proof of Theorem 5. Suppose that E(éij(log+ é,-j)z) = +o0 for some i, j € S. Since

VA(&‘H) > (Aa,,v b)(z + i(fsn) + &g-gn)efl()?(§sn)+£§m)’

using Lemma 12(a), we have ﬁoy (limsup, _, , o, Va(t) = +00) = 1. Thus, Poy(V(A) =0) =1
by Lemma 8.

On the other hand, suppose that E (Sl](log é,]) ) < 4ooforalli,j € §. Recall that,
under Roy, {z+ X(t) + At: t > 0} is a Bessel-3 process which is transient, i.e. Roy(hm,_woo
x(z+X (t) +At) = +00) = 1, then from the spine decomposition for V (t) and Lemma 12(b),
we have Roy (limsup, _, | o, ROV(VA ) | 9) < 4o00) = 1. By Fatou’s lemma, we get
RO} (limsup,_, , o, Va(t) < +00) = 1, which implies that V), (¢) converges to V (1) in L! (Poy).
Thus, Py, (V (L) = 0) < 1. Similar analysis as in the proof of Theorem 3 can be applied here
to show that Py, (V (1) = 0) = 0. Hence, we complete the proof.
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Proof of Theorem 2. Using the same techniques as in the supercritical case, we can prove
that w(x, y) satisfies

wx,y) = EOy[ [] wex+Xuls) +cs, m],
ueZ(s)

for any x € Rand y € S. Obviously, limy_, ;oo w(x, y) = 1 and limy_, _oo w(x,y) = 0.
Thus, w(x, y) provides a nontrivial traveling wave solution to (1). Note that EgyM(A) =
lim; , 100 Eoy Vi (t) = Eoy V3 (0) = xhy, and that lim, , 1 oo w(x, y) = 1; thus,

1—wx,y) |- Egylexpl—e MM}
xhye B Egle B MM

— 1 asx 1 +oo.

Next we prove the uniqueness. Consider the space—time barrier I'@% for z > 0. By
arresting lines of descendants the first time they hit this barrier we again produce a sequence
of stopping lines {C(z, A): z > 0} which are dissecting and tending to infinity. Recall that
C(z, M) = Uies Ci(z, c;) (see the proof of Theorem 1(a)). Suppose that ®, is any traveling
wave with speed c, then

M(x,0) = [ ®clx+Xu@®) +ct.¥,) = exp{ZﬁCi(Z, M log dp(x + z, i)}
ueC(z,A) ieS

is a Ppy-martingale which converges to ®.(x, y) almost surely and in Ll(Poy).

We turn our attention to the MBBM with a killing barrier at I'(=%% where x > 0. Define
C(z, M) to be the random set of particles for the killed process that are stopped at the barrier
@4 More precisely, C (z, M) = s Ci (z, A) consists of particles whose lines of descen-
dants (including themselves) have spatial paths that have met the barrier I'>%) before meeting
%2 where C;(z, 1) denotes the subset of type i particles. Recall that y ~*%) denotes the
event that the MBBM remains entirely to the right of I'"*'%) and Py, (y “*%)) 4 1asx 1 +o0.
On the event yﬁf’x’ﬁ) the MBBM and the MBBM with killing barrier I'(=*'%) are the same, i.e.
#Ci(z, 1) = £Ci(z, A) on y(~%)  Therefore,

lim — Z £Ci(z, 1) log d.(z, i) (29)

z—>+00 4
ieS

exists almost surely and is nonnegative on y ~*#), Furthermore, since the function x
®.(x, y) is nontrivial, an elementary argument shows that, for x > O sufficiently large,
lim; s 400 — Y ey #Ci(z, 1) log ®.(z, i) is positive with positive probability on y (%2 Con-
sider the sequence

Vi = (hy x)~! Z hy, (x 4+ X (1) 4+ At)e 2Xu®Fe)
ueC(z.2)

= (hy) ' +2) Y hi Gz, We
ieS

Let fr(:,ck ) be the natural filtration generated by ancestral type and spatial paths receding from
particles at the moment they hit I'©-¢*) before meeting I'*%) By the property of dissecting
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stopping lines, {Vlf@, 5 1 2 > 0} is a mean-one Pyy-martingale with respect to {fru.q) 1z >0},
and

lim (x+2)e ™Y 4Ci(z. hi = M(2),  Poy-almost surely. (30)

z—>+00 ics
The arguments on Wr« 1 (A) in the proof of Theorem 1 still work when A = A; thus, we have

. ~ -1
zLHEoo Z 8Ci(z, Mhje™* =0, Pyy-almost surely. 31
ieS

Combining (30) and (31), we obtain

lim ze™2 > " #Ci(z, Whi = M%),  Poy-almost surely. (32)

Z—+00
ieS

Applying similar arguments as in the supercritical case, we know that {(#C;(z, A), ...,
#C4(z, A))T' z > 0} forms a nonextinct, positive regular continuous time multitype Markov
branching process (z plays the role of time). By the Kesten—Stlgum theorem (see, for exam-
ple, [6, Theorem 2.1]), there is a nonnegative vector 7, = (ﬂw .. ) such that (), 1) =1
and, foralli € S, Poy(hmz_>+oo 8Ci(z, M /C(z, M) =m;) =1 and consequently, lim,_, 4 oo
1Ci (z, A)/ttC(z A) = 71/\ almost surely on y 5 Letx 400, we have

#Ci(z. 1) i
im ————— =m,, Pyy-almost surely. (33)
>+ #C(z, ) &

Let m = m,/(h, m). Using (32), (33), and the fact that i; > O for every i € S, we get that, for
alli € S, _
lim ze_AZﬁC,- (z, ) =7 M), Poy-almost surely. (34)

z—>+00

From (29) and (34), we conclude that 8 := lim,_, ;o —z " 'e%? Y ies i log @ (z, i) exists and
is positive. Uniqueness (up to a multiplicative constant) is now immediate. In fact,

De(x, y) = Eoy(_lim_M.(x.2))

= Eoy eXpLjToo Z #8Ci(z, 1) log @ (x + z, i) }

ieS

Since limy 1 100 Poy (y("2)) = 1, using (34) we obtain

Do (x,y) = hm Eoy [exp{ Ln}goo Z 1Ci(z, 1) log d¢(x + z, i)}; y(n,k)i|

n+ ieS
= lim Eov[exp{ lim Zn,M(A)e)‘Z _110g®c(x+z ,)} n,k)i|
e ieS

= Eo, exp{—M(&)eM

x lim —
z—>+00 z

z - _ .
Z 7i(x + 7) "2t log ®.(x + z, 1)}
ieS

= Eoy exp{—f M(Me ).

Hence, we complete the proof.
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