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CONTRACTIVE PROJECTIONS

ON BANACH SPACE

NARK SPIVACK

In this note we prove the uniqueness of a projection onto a

given subspace with strictly contractive complement. We also

show that, if one completely contractive projection is

invariant under another, then the two commute.

There are many interesting problems concerning the existence and

uniqueness of contractive projections on a Banach space (see [2] for

example). Despite their geometrical importance within a space (for

example [4]) their behaviour is poorly understood. In this note we

prove the uniqueness of a projection, onto a given subspace, whose com-

plement is strictly contractive. We also show that, if one completely

contractive projection is invariant under another, then the two commute.

2
Recall that a projection p is a linear operator such that p = p .

p is contractive if ||p|| = l , and strictly contractive if, in

addition, | |pg| | < | 151 | whenever p£ f1 t, . p denotes the projection

1 - p . We call p completely contractive if both p and p are

strictly contractive.

Note that in a strictly convex Banach space E a contractive pro-

jection p is strictly contractive: Suppose ||p?|| = ||c|| = 1 , where
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p£ ^ £ . Then the line-segment joining £ and p5 l ies on the unit

sphere of E.

LEMMA 1. Let p and q be projections such that p 1 is strictly
contractive and q is contractive. Then for any £ in E , pql, = 0
if and only if qpqK = 0 . In particular, qp = 0 implies thet pq = 0 .

Proof. Let qp = 0 . Suppose pqt, ^ 0 for some 5 . We can assume

that ? = qt . Then p1^ / E. . Therefore | | ? | | > | |pX^| | ^ l|<7pX?||

= | | ? | | , since qp 5 = q'(l-p)? = 5 . This gives a contradiction, and so

In Hilbert space the contractive projections are exactly those which

are self-adjoint. Hilbert space proofs of these results would normally

use the inner product, and those here are of some interest in providing

a geometrical generalisation.

THEOREM 2. Let p and q be projections onto the same subspaoe,

euah that p is contractive and q is strictly contractive. Then

p = q .

Proof, pq = q so that p q = 0 . We can now apply Lemma 1

to show that qp = p q = 0 . Thus p and q commute, and the result
follows.

I t follows, for example, that any L^ projection on an £ (£2)

space i s the only projection onto i ts range having a contractive complement.
(Here l < p < ° ° , ft is a positive measure space, and the Lm functions

are considered as multiplication operators). This holds because L i s
s t r i c t l y convex.

Note that this result no longer holds if we replace ' s t r i c t ly
contractive' by 'contractive ' . As a counter-example consider the real
plane with the unit ball represented by a regular hexagon. Then each of
the three lines through opposite vertices i s parallel to a pair of
opposite sides. Let any two correspond to the null-spaces of p and q
respectively and le t the third be their common range. Then p , q , and
their complements are a l l contractive.
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Now let p and q be completely contractive projections on a

Banach space E . Suppose that q is invariant under p , that is

q pq = 0 . The first lemma can be stated without proof:

LEMMA 3. qxp = qLpqL, pq = qpq , and q*~p , pq , and pqxp are

all strictly contractive projections.

LEMMA 4. qpq p = o 3 and qp is a strictly contractive projection.

Proof. Suppose that qpq p£ ji 0 for some £ . Then, since pq p

is a contractive projection, we can apply Lemma 1 to show that

(pq p)qpq p? ^ 0 . However this contradicts qLpq = 0 , and so

qpq p = 0 as claimed. The second assertion is equivalent, and can be

seen by expanding qpq p

LEMMA 5. q p is a strictly contractive projection.

Proof. This follows easily by expanding (q p ) - q p and

applying the previous results.

THEOREM 6. Let q be invariant under p . Then p and q corrmute.

Proof. We show first that pq p = 0 : Suppose not. Then, by

Lemmas 1 and 5, q p pq p is non-zero, giving a contradiction. Then

qpq = qpq p + qpq p = 0 , by Lemma 4. A routine computation shows

that qp = pq , as required.

REMARKS. This result enables us to consider reflexivity of sets of

projections. A set P of self-adjoint projections on (or subspaces of)

a Hilbert space is reflexive if P = lat(alg(P)) . Arveson [7] and

Davidson [3] showed that complete commutative lattices on Hilbert space

are reflexive. (This can be viewed as a non-self-adjoint analogue of the

Double Conmutant Theorem). If we define completeness for lattices of

projections on Banach space as in [5], and denote by lat(A) those

completely contractive projections which are invariant under an algebra

A i we can conjecture that complete commutative lattices of completely

contractive projections are reflexive in the obvious sense. From Theorem

6, since P is contained in alg(P), we have immediately:
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COROLLARY 7. Complete maximal commutative sets of completely

contractive projections are reflexive.

The equivalent conjecture for subspaces fails. As a counter-

example consider the set 5 of subspaces generated by the natural basis

of lm . The subspace C- is then invariant under all operators in

alg(S) .
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