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Abstract

Some inequalities for superadditive functionals defined on convex cones in linear spaces are given,
with applications for various mappings associated with the Jensen, Hölder, Minkowski and Schwarz
inequalities.
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Minkowski’s inequality, Schwarz’ inequality.

1. Introduction

Let X be a linear space. A subset C ⊆ X is called a convex cone in X provided the
following conditions hold:

(i) x, y ∈ C imply x + y ∈ C;

(ii) x ∈ C, α ≥ 0 imply αx ∈ C.

A functional ν : C → R is called superadditive on C if

(iii) ν(x + y) ≥ ν(x) + ν(y) for any x, y ∈ C ,

and nonnegative on C if

(iv) ν(x) ≥ 0 for each x ∈ C.

The functional ν is s-positive homogeneous on C, for a given s > 0, if

(v) ν(αx) = αsν(x) for any α ≥ 0 and x ∈ C.

The main aim of the present paper is to provide some fundamental inequalities
for the values ν(x) and ν(y) of a superadditive functional ν defined on a convex
cone C provided that there exist constants M ≥ m > 0 for which My − x and x − my
remain in C. Natural applications in refining some fundamental inequalities such as
the Jensen, Hölder, Minkowski and Schwarz inequalities are also provided.
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2. The results

The following fundamental result holds.

THEOREM 1. Let x, y ∈ C, and let ν : C → R be a nonnegative, superadditive and
s-positive homogeneous functional on C. If M ≥ m ≥ 0 are such that x − my and
My − x ∈ C, then

Msν(y) ≥ ν(x) ≥ msν(y). (1)

PROOF. We have successively

ν(x) = ν(x − my + my) ≥ ν(x − my) + ν(my)

= msν(y) + ν(x − my) ≥ msν(y),

giving the second inequality in (1).
For M = 0, (1) is obviously true. Suppose that M > 0. We have successively

ν(y) = ν

(
1
M

· My

)
=

1
Ms ν(My − x + x)

≥
1

Ms [ν(My − x) + ν(x)] ≥
1

Ms ν(x),

giving the first inequality in (1). 2

Now, let ` : C → R be an additive and strictly positive functional on C that is also
positive homogeneous on C, that is,

(vi) `(αx) = α`(x) for any α > 0 and x ∈ C.

We have the following result concerning other bounds for a composite functional.

THEOREM 2. Let x, y ∈ C, let ν be strictly positive, superadditive and positive
homogeneous on C, and let ` be an additive, strictly positive and positive
homogeneous functional on C. If M ≥ m > 0 are such that x − my and My − x ∈ C,

then [
ν(y)

`(y)

]M`(y)

≥

[
ν(x)

`(x)

]`(x)

≥

[
ν(y)

`(y)

]m`(y)

. (2)

PROOF. Consider the new functional µ : C → R defined by

µ(x) := `(x) ln
[
ν(x)

`(x)

]
.

Observe that, for α > 0 and x ∈ C ,

µ(αx) = `(αx) ln
[
ν(αx)

`(αx)

]
= α`(x) ln

[
ν(x)

`(x)

]
= αµ(x),

showing that µ is positive homogeneous on C.
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Using the arithmetic mean–geometric mean inequality,

αa + βb

α + β
≥ a(α/(α+β))

· b(β/(α+β)),

when a, b > 0, α, β ≥ 0 with α + β > 0,

µ(x + y) = `(x + y) ln
[
ν(x + y)

`(x + y)

]
≥ `(x + y) ln

[
ν(x) + ν(y)

`(x) + `(y)

]
= `(x + y) ln

[
`(x) · (ν(x)/`(x)) + `(y) · (ν(y)/`(y))

`(x) + `(y)

]
≥ [`(x) + `(y)] ln

[(
ν(x)

`(x)

)`(x)/(`(x)+`(y))

·

(
ν(y)

`(y)

)`(y)/(`(x)+`(y))
]

= [`(x) + `(y)]

{
`(x)

`(x) + `(y)
· ln

[
ν(x)

`(x)

]
+

`(y)

`(x) + `(y)
ln

[
ν(y)

`(y)

]}
= µ(x) + µ(y),

showing that µ is superadditive on C.

Now, if we apply Theorem 1 for s = 1 and µ, we get

M`(y) ln
[
ν(y)

`(y)

]
≥ `(x) ln

[
ν(x)

`(x)

]
≥ m`(y) ln

[
ν(y)

`(y)

]
,

which is clearly equivalent to (2). 2

3. Applications for Jensen’s inequality

Let K be a convex subset of the real linear space X and let f : K → R be a convex
mapping. Here we consider the following well-known form of Jensen’s discrete
inequality:

f

(
1
PI

∑
i∈I

pi xi

)
≤

1
PI

∑
i∈I

pi f (xi ), (3)

where I denotes a finite subset of the set N of natural numbers, xi ∈ K , pi ≥ 0 for
i ∈ I and PI :=

∑
i∈I pi > 0.

Let us fix I ∈ Pf(N) (the class of finite parts of N) and xi ∈ K (i ∈ I ). Now consider
the functional J : S+(I ) → R given by

JI (p) :=

∑
i∈I

pi f (xi ) − PI f

(
1
PI

∑
i∈I

pi xi

)
≥ 0, (4)

where S+(I ) := {p = (pi )i∈I | pi ≥ 0, i ∈ I and PI > 0} and f is convex on K .

We observe that S+(I ) is a cone and the functional JI is nonnegative,
superadditive [3] and positive homogeneous on S+(I ).

Using Theorem 1 we can state the following proposition.
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PROPOSITION 3. If p, q ∈ S+(I ) and M ≥ m ≥ 0 are such that Mp ≥ q ≥ mp, then

M

[∑
i∈I

pi f (xi ) − PI f

(
1
PI

∑
i∈I

pi xi

)]

≥

∑
i∈I

qi f (xi ) − Q I f

(
1

Q I

∑
i∈I

qi xi

)

≥ m

[∑
i∈I

pi f (xi ) − PI f

(
1
PI

∑
i∈I

pi xi

)]
(≥ 0). (5)

Now, on choosing ν(p) := JI (p) and `(p) := PI and applying Theorem 2, we can
state the following result as well.

PROPOSITION 4. With the assumptions of Proposition 3,

[
1
PI

∑
i∈I

pi f (xi ) − f

(
1
PI

∑
i∈I

pi xi

)]M PI

≥

[
1

Q I

∑
i∈I

qi f (xi ) − f

(
1

Q I

∑
i∈I

qi xi

)]Q I

≥

[
1
PI

∑
i∈I

pi f (xi ) − f

(
1
PI

∑
i∈I

pi xi

)]m PI

. (6)

The above results can be used to obtain various inequalities generated by the
appropriate choices of the convex function f.

(1) If f : X → R, f (x) = ‖x‖
r , r ≥ 1, where (X, ‖·‖) is a normed linear space,

then

M

[∑
i∈I

pi‖xi‖
r
− P1−r

I

∥∥∥∥∑
i∈I

pi xi

∥∥∥∥r]
≥

∑
i∈I

qi‖xi‖
r
− Q1−r

I

∥∥∥∥∑
i∈I

qi xi

∥∥∥∥r

≥ m

[∑
i∈I

pi‖xi‖
r
− P1−r

I

∥∥∥∥∑
i∈I

pi xi

∥∥∥∥r]
, (7)
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and

Qr Q I
I

Pr M PI
I

[
Pr−1

I

∑
i∈I

pi‖xi‖
r
−

∥∥∥∥∑
i∈I

pi xi

∥∥∥∥r]M PI

≥

[
Qr−1

I

∑
i∈I

qi‖xi‖
r
−

∥∥∥∥∑
i∈I

qi xi

∥∥∥∥r]Q I

≥
Qr Q I

I

Prm PI
I

[
Pr−1

I

∑
i∈I

pi‖xi‖
r
−

∥∥∥∥∑
i∈I

pi xi

∥∥∥∥r]m PI

, (8)

for I ∈ Pf(N) and p, q ∈ S+(I ) with Mp ≥ q ≥ mp and M ≥ m > 0 and for any
vectors xi ∈ X, i ∈ I.

(2) For xi > 0 and pi ≥ 0 (i ∈ N) such that PI > 0, let

A(I, p, x) :=
1
PI

∑
i∈I

pi xi , G(I, p, x) :=

(∏
i∈I

(xi )
pi

)1/PI

denote the weighted arithmetic and geometric means respectively.

Applying the above two propositions for the convex function f (x) = −ln x ,
x ∈ (0, ∞), we can state the following inequalities:[

A(I, p, x)

G(I, p, x)

]M PI

≥

[
A(I, p, x)

G(I, p, x)

]Q I

≥

[
A(I, p, x)

G(I, p, x)

]m PI

(9)

and{
ln

[
A(I, p, x)

G(I, p, x)

]}M PI

≥

{
ln

[
A(I, p, x)

G(I, p, x)

]}Q I

≥

{
ln

[
A(I, p, x)

G(I, p, x)

]}m PI

, (10)

for I ∈ Pf(N) and p, q ∈ S+(I ) with Mp ≥ q ≥ mp and M ≥ m > 0 and for any
xi > 0, i ∈ I.

4. Applications for Hölder’s inequality in normed spaces

Let (X, ‖·‖) be a normed space and I ∈ Pf(N). We define

E(I ) := {x = (x j ) j∈I | x j ∈ X, j ∈ I },

K(I ) := {λ = (λ j ) j∈I | λ j ∈ K, j ∈ I }.

We consider for α, β > 1, (1/α) + (1/β) = 1 the functional

HI (p, λ, x; α, β) :=

(∑
j∈I

p j |λ j |
α

)1/α(∑
j∈I

p j‖x j‖
β

)1/β

−

∥∥∥∥∑
j∈I

p jλ j x j

∥∥∥∥.
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LEMMA 5. For any p, q ∈ S+(I ),

HI (p + q, λ, x; α, β) ≥ HI (p, λ, x; α, β) + HI (q, λ, x; α, β), (11)

where x ∈ E(I ), λ ∈ K(I ) and α, β > 1 with (1/α) + (1/β) = 1.

PROOF. Using the elementary inequality

(aα
+ bα)1/α(cβ

+ dβ)1/β
≥ ac + bd,

with α, β > 1, (1/α) + (1/β) = 1 and a, b, c, d ≥ 0, and the triangle inequality,

HI (p + q, λ, x; α, β)

=

(∑
i∈I

pi |λi |
α

+

∑
i∈I

qi |λi |
α

)1/α(∑
i∈I

pi‖xi‖
β

+

∑
i∈I

qi‖xi‖
β

)1/β

−

∥∥∥∥∑
i∈I

piλi xi +

∑
i∈I

qiλi xi

∥∥∥∥
=

{[(∑
i∈I

pi |λi |
α

)1/α]α

+

[(∑
i∈I

qi |λi |
α

)1/α]α}

×

{[(∑
i∈I

pi‖xi‖
β

)1/β]β

+

[(∑
i∈I

qi‖xi‖
β

)1/β]β}
−

∥∥∥∥∑
i∈I

piλi xi +

∑
i∈I

qiλi xi

∥∥∥∥
≥

(∑
i∈I

pi |λi |
α

)1/α(∑
i∈I

pi‖xi‖
β

)1/β

+

(∑
i∈I

qi |λi |
α

)1/α(∑
i∈I

qi‖xi‖
β

)1/β

−

∥∥∥∥∑
i∈I

piλi xi

∥∥∥∥ −

∥∥∥∥∑
i∈I

qiλi xi

∥∥∥∥
= HI (p, λ, x; α, β) + HI (q, λ, x; α, β),

and the superadditivity of H is proved. 2

REMARK 1. The same result can be stated if (B, ‖·‖) is a normed algebra and the
functional H is defined by

HI (p, λ, x; α, β) :=

( ∑
i∈I

pi‖xi‖
α

)1/α(∑
i∈I

pi‖yi‖
β

)1/β

−

∥∥∥∥∑
i∈I

pi xi yi

∥∥∥∥,

where x = (xi )i∈I , y = (yi )i∈I ⊂ B, p ∈ S+(I ) and α, β > 1 with
(1/α) + (1/β) = 1.
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Since, obviously, H(·, λ, x; α, β) is positive homogeneous, on using Theorems 1
and 2, we can state the following propositions.

PROPOSITION 6. If p, q ∈ S+(I ) and M ≥ m ≥ 0 with Mp ≥ q ≥ mp, then

M

[(∑
i∈I

pi |λi |
α

)1/α(∑
i∈I

pi‖xi‖
β

)1/β

−

∥∥∥∥∑
i∈I

piλi xi

∥∥∥∥
]

≥

(∑
i∈I

qi |λi |
α

)1/α(∑
i∈I

qi‖xi‖
β

)1/β

−

∥∥∥∥∑
i∈I

qiλi xi

∥∥∥∥
≥ m

[(∑
i∈I

pi |λi |
α

)1/α(∑
i∈I

pi‖xi‖
β

)1/β

−

∥∥∥∥∑
i∈I

piλi xi

∥∥∥∥
]

(≥0).

Now, for `(p) := PI and ν(p) = HI (p, λ, x; α, β), on applying Theorem 2, we
have the following.

PROPOSITION 7. With the assumptions in Proposition 6,[(
1
PI

∑
i∈I

pi |λi |
α

)1/α(
1
PI

∑
i∈I

pi‖xi‖
β

)1/β

−

∥∥∥∥ 1
PI

∑
i∈I

piλi xi

∥∥∥∥
]M PI

≥

[(
1

Q I

∑
i∈I

qi |λi |
α

)1/α(
1

Q I

∑
i∈I

qi‖xi‖
β

)1/β

−

∥∥∥∥ 1
Q I

∑
i∈I

qiλi xi

∥∥∥∥
]Q I

≥

[(
1
PI

∑
i∈I

pi |λi |
α

)1/α(
1
PI

∑
i∈I

pi‖xi‖
β

)1/β

−

∥∥∥∥ 1
PI

∑
i∈I

piλi xi

∥∥∥∥
]m PI

,

for x ∈ E(I ), λ ∈ K(I ) and α, β > 1, (1/α) + (1/β) = 1.

Similar results may be stated for normed algebras. However, the details are omitted.

5. Applications for Minkowski’s inequality

Let (X, ‖·‖) be a normed space and I ∈ Pf(N). We define the functional

MI (p, x, y; α) =

[(∑
i∈I

pi‖xi‖
α

)1/α

+

(∑
i∈I

pi‖yi‖
α

)1/α
]α

−

∑
i∈I

pi‖xi + yi‖
α,

(12)

where p ∈ S+(I ), α ≥ 1 and x, y ∈ E(I ).

LEMMA 8. For any p, q ∈ S+(I ),

MI (p + q, x, y; α) ≥ MI (p, x, y; α) + MI (q, x, y; α),

where x, y ∈ E(I ) and α ≥ 1.
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PROOF. Using the elementary inequality

(aα
+ bα)1/α

+ (cα
+ dα)1/α

≥ [(a + c)α + (b + d)α]
1/α,

for a, b, c, d ≥ 0 and α ≥ 1,

MI (p + q, x, y; α) =

{[(∑
i∈I

pi‖xi‖
α

)1/α
]α

+

[(∑
i∈I

qi‖xi‖
α

)1/α
]α}1/α

+

{[(∑
i∈I

pi‖yi‖
α

)1/α
]α

+

[(∑
i∈I

qi‖yi‖
α

)1/α
]α}1/α

α

−

∑
i∈I

pi‖xi + yi‖
α

−

∑
i∈I

qi‖xi + yi‖
α

≥

[(∑
i∈I

pi‖xi‖
α

)1/α

+

(∑
i∈I

pi‖yi‖
α

)1/α
]α

+

[(∑
i∈I

qi‖xi‖
α

)1/α

+

(∑
i∈I

qi‖yi‖
α

)1/α
]α

−

∑
i∈I

pi‖xi + yi‖
α

−

∑
i∈I

qi‖xi + yi‖
α

= MI (p, x, y; α) + MI (q, x, y; α),

which proves the superadditivity property of the functional M. 2

Since the functional MI (·, x, y; α) is positive homogeneous on S+(I ), on using
Theorem 1, we can state the following proposition.

PROPOSITION 9. If p, q ∈ S+(I ) and M ≥ m ≥ 0 with Mp ≥ q ≥ mp, then

M

{[(∑
i∈I

pi‖xi‖
α

)1/α

+

(∑
i∈I

pi‖yi‖
α

)1/α
]α

−

∑
i∈I

pi‖xi + yi‖
α

}

≥

[(∑
i∈I

qi‖xi‖
α

)1/α

+

(∑
i∈I

qi‖yi‖
α

)1/α
]α

−

∑
i∈I

qi‖xi + yi‖
α

≥ m

{[(∑
i∈I

pi‖xi‖
α

)1/α

+

(∑
i∈I

pi‖yi‖
α

)1/α
]α

−

∑
i∈I

pi‖xi + yi‖
α

}
.

Now, since `(p) = PI is additive and positive homogeneous on S+(I ), on using
Theorem 2 we can state the following result as well.
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PROPOSITION 10. With the assumptions in Proposition 9,{[(
1
PI

∑
i∈I

pi‖xi‖
α

)1/α

+

(
1
PI

∑
i∈I

pi‖yi‖
α

)1/α
]α

−
1
PI

∑
i∈I

pi‖xi + yi‖
α

}M PI

≥

{[(
1

Q I

∑
i∈I

qi‖xi‖
α

)1/α

+

(
1

Q I

∑
i∈I

qi‖yi‖
α

)1/α
]α

−
1

Q I

∑
i∈I

qi‖xi + yi‖
α

}Q I

≥

{[(
1
PI

∑
i∈I

pi‖xi‖
α

)1/α

+

(
1
PI

∑
i∈I

pi‖yi‖
α

)1/α
]α

−
1
PI

∑
i∈I

pi‖xi + yi‖
α

}m PI

.

6. Applications for the Schwarz inequality

Let X be a linear space over the real or complex number field K and let us denote by
H(X) the class of all positive-semi-definite Hermitian forms on X, or, for simplicity,
nonnegative forms on X : that is, the mapping 〈·, ·〉 : X × X → K belongs to H(X) if
it satisfies the conditions:

(i) 〈x, x〉 ≥ 0 for all x ∈ X;

(ii) 〈αx + βy, z〉 = α〈x, z〉 + β〈y, z〉 for all x, y ∈ X and α, β ∈ K;
(iii) 〈y, x〉 = 〈x, y〉 for all x, y ∈ X.

If 〈·, ·〉 ∈H(X), then the functional ‖ · ‖ = 〈·, ·〉
1/2 is a semi-norm on X and the

following version of Schwarz’ inequality holds:

‖x‖ ‖y‖ ≥ |〈x, y〉|, (13)

for each x, y ∈ H.

Now, let us observe thatH(X) is a convex cone in the linear space of all mappings
defined on X2 with values in K. Also, we can introduce onH(X) the following binary
relation [2]

〈·, ·〉2 ≥ 〈·, ·〉1 if and only if ‖x‖2 ≥ ‖x‖1 for any x ∈ H. (14)

This is an order relation onH(X).

Consider the functional [2]

σ :H(X) × X2
→ R+, σ (〈·, ·〉; x, y) := ‖x‖‖y‖ − |〈x, y〉|,

which is closely related to the second version of the Schwarz inequality in (13).
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LEMMA 11 (Dragomir–Mond [2]). The functional σ(·; x, y) is nonnegative, superad-
ditive and positive homogeneous onH(X).

PROPOSITION 12. Let M ≥ m > 0, and let 〈·, ·〉1, 〈·, ·〉2 be two nonnegative
Hermitian forms on X such that M‖x‖1 ≥ ‖x‖2 ≥ m‖x‖1 for each x ∈ X. Then

M2(‖x‖1‖y‖1 − |〈x, y〉1|) ≥ ‖x‖2‖y‖2 − |〈x, y〉2| (15)

≥ m2(‖x‖1‖y‖1 − |〈x, y〉1|),

for any x, y ∈ H.

PROOF. From the hypothesis, M2
〈·, ·〉2 − 〈·, ·〉1 and 〈·, ·〉2 − m2

〈·, ·〉1 are nonnega-
tive Hermitian forms. Then applying Theorem 1 for the functional

σ(〈·, ·〉; x, y) := ‖x‖‖y‖ − |〈x, y〉|,

for x, y fixed in X, we deduce the desired result. 2

REMARK 2. If we assume that A : H → H is a self-adjoint linear operator on the
Hilbert space (H, 〈·, ·〉) satisfying the property that there exist P ≥ p > 0 such that
P I ≥ A ≥ pI in the operation order (that is, P‖x‖

2
≥ 〈Ax, x〉 ≥ p‖x‖

2 for any
x ∈ H ), then we have the inequality

P(‖x‖‖y‖ − |〈x, y〉|) ≥ 〈Ax, x〉
1/2

〈Ay, y〉
1/2

− |〈Ax, y〉| (16)

≥ p(‖x‖‖y‖ − |〈x, y〉|),

for any x, y ∈ H.

For e ∈ X, e 6= 0 we can define the functional

`(〈·, ·〉; e) := ‖e‖2
= 〈e, e〉.

For fixed e ∈ H, the functional `(·; e) is additive and positive homogeneous onH(X).

Using Theorem 2, we can state the following result as well.

PROPOSITION 13. Let M ≥ m > 0, and let 〈·, ·〉1, 〈·, ·〉2 be two inner products on X
such that M‖x‖1 ≥ ‖x‖2 ≥ m‖x‖1 for each x ∈ H. Then for any e ∈ X, e 6= 0,

[
‖x‖1‖y‖1 − |〈x, y〉1|

‖e‖2
1

]M‖e‖2
1

≥

[
‖x‖2‖y‖2 − |〈x, y〉2|

‖e‖2
2

]‖e‖2
2

≥

[
‖x‖1‖y‖1 − |〈x, y〉1|

‖e‖2
1

]m‖e‖2
1

.
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REMARK 3. Similar results can be stated if one uses the following nonnegative,
superadditive and s-positive homogeneous functionals onH(X) (see [1, pp. 8–15]):

σr(〈·, ·〉; x, y) := ‖x‖‖y‖ − Re〈x, y〉;

δ(〈·, ·〉; x, y) := ‖x‖
2
‖y‖

2
− |〈x, y〉|

2
;

δr(〈·, ·〉; x, y) := ‖x‖
2
‖y‖

2
− (Re〈x, y〉)2

;

γ (〈·, ·〉; x, y) :=
‖x‖

2
‖y‖

2
− |〈x, y〉|

2

‖y‖2 ;

where in the definition of γ, 〈·, ·〉 is an inner product and y is not zero, and

β(〈·, ·〉; x, y) := (‖x‖
2
‖y‖

2
− |〈x, y〉|

2)1/2,

for each x, y ∈ X.

The details are left to the interested reader.
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