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Abstract

Some inequalities for superadditive functionals defined on convex cones in linear spaces are given,
with applications for various mappings associated with the Jensen, Holder, Minkowski and Schwarz
inequalities.
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1. Introduction
Let X be a linear space. A subset C € X is called a convex cone in X provided the
following conditions hold:
i x,yeCimplyx+yeC;
(i) xeC,a>0imply ax € C.
A functional v : C — R is called superadditive on C if
(iii)) v(x +y)>v(x)+ v(y) forany x, y € C,
and nonnegative on C if
(iv) v(x) >0 foreachx € C.

The functional v is s-positive homogeneous on C, for a given s > 0, if

(v) v(ax)=ca*v(x) forany @ > 0and x € C.

The main aim of the present paper is to provide some fundamental inequalities
for the values v(x) and v(y) of a superadditive functional v defined on a convex
cone C provided that there exist constants M > m > 0 for which My — x and x — my
remain in C. Natural applications in refining some fundamental inequalities such as
the Jensen, Holder, Minkowski and Schwarz inequalities are also provided.
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2. The results
The following fundamental result holds.

THEOREM 1. Let x, y € C, and let v : C — R be a nonnegative, superadditive and
s-positive homogeneous functional on C. If M > m > 0 are such that x — my and
My — x € C, then

M*v(y) = v(x) =m’v(y). (D

PROOF. We have successively
v(x) = v(x —my+my) =v(x —my) + v(my)
=m'v(y) + v(x —my) >m’v(y),

giving the second inequality in (1).
For M =0, (1) is obviously true. Suppose that M > 0. We have successively

1 1
v(y) = v(ﬁ . My) = VMY = x +x)

= #[v(My —x)+v)]= %V(x),

giving the first inequality in (1). O

Now, let £ : C — R be an additive and strictly positive functional on C that is also
positive homogeneous on C, that is,

(vi) £(ax)=ol(x)forany o > 0and x € C.
We have the following result concerning other bounds for a composite functional.

THEOREM 2. Let x,y € C, let v be strictly positive, superadditive and positive
homogeneous on C, and let ¢ be an additive, strictly positive and positive
homogeneous functional on C. If M > m > 0 are such that x — my and My — x € C,

then ML(y) £(x) L(y)
v(y) Y v(x) ™ v(y) ™"V
[m} z [m] = [m} | @

PROOF. Consider the new functional i : C — R defined by

e m[@)T
n(x) :=4£(x) 1n|:£(x) |

Observe that, for ¢ > 0 and x € C,

v(ax)
L(ax)

v(x)
[ ¢(x)

u(ax) = L(ax) ln|: :| =al(x)In } =au(x),

showing that p is positive homogeneous on C.
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Using the arithmetic mean—geometric mean inequality,

aa+Pb_ @l@rp) | pB/ap)
a+p ~

whena, b >0, a, 8 >0witha + 8 >0,

v(x +y)

ux+y) =Lx+y) ln[g(x )

}M(Hy)ln [M}

£(x) +£(y)

— x4 ) IH[E(X) () X)) +£() - (V(y)/f(y))}
L(x) +£(y)
D () ) ED/EWHON 3\ EDE@D+))
o sconm ()" (1)
£(x) v(x) £(y) [V(y)“
=[l(x)+¢ -1 + 1
) {ﬁ(x)+z<y) n[m)} (o +eo) L
= pu(x) + p(y),
showing that p is superadditive on C.
Now, if we apply Theorem 1 for s = 1 and p, we get
v(y) v(x) v(y)
which is clearly equivalent to (2). U

3. Applications for Jensen’s inequality

Let K be a convex subset of the real linear space X and let f : K — R be a convex
mapping. Here we consider the following well-known form of Jensen’s discrete

inequality:
1 1
f(;l >, pl-xi> =5 > pif), 3)

iel iel
where I denotes a finite subset of the set N of natural numbers, x; € K, p; > 0 for
i€land Pp:=), ., pi>0.
Letus fix I € Pr(N) (the class of finite parts of N) and x; € K (i € I). Now consider
the functional J : S4(I) — R given by

1
Ji(p): ;p,f(x,) P1f<PI lepx> >0, )
where S+ (1) :={p = (pi)ier | pi =0,i € I and P; > 0} and f is convex on K.

We observe that S;(/) is a cone and the functional J; is nonnegative,
superadditive [3] and positive homogeneous on S (7).

Using Theorem 1 we can state the following proposition.
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PROPOSITION 3. If p, q € S+ (I) and M > m > 0 are such that Mp > q > mp, then

M |:Z pif(xi) — PIf(%I > pixi>:|

iel iel
1
> qif(xi) - Q1f<— ZC]:’X;’)
iel Q1 i
1
>m [Z pif(xi) - sz(P—Zpixiﬂ (= 0). (5)
iel el

Now, on choosing v(p) := Jr(p) and £(p) := Py and applying Theorem 2, we can
state the following result as well.

PROPOSITION 4. With the assumptions of Proposition 3,

1 1 e
|:P_1 > pif(xi) — f(E > Pixi):|

iel iel
1 1 (9
> | — . ) — R Ly
_[Qz ;qlf(xl) f(Qz ;qlxl)]
> ! . . ! Sy " 6
> [E;plﬂm—f(;];plxl)] : 6)

The above results can be used to obtain various inequalities generated by the
appropriate choices of the convex function f.

1) If f:X—>R, f(x)=]|x]|", r=1, where (X, ||-]|) is a normed linear space,

then
]

M[z pillsill = P pi

iel iel
.
1,
> gillxill” = Q77| qixi
iel iel
.
zm[Zp,-uxin’—P}" > pixi } (7)
iel iel
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ri|MP1

and

Z DiXi

0,°
oy | P " pillxlr -

I iel iel
| rq0r
Z[QT Yo ailxll =Y qixi ]
iel iel
QrQl 1 mP,
= rmp,|: P Zpl llxi 1" — szxz i| s (8)
P iel iel

for I € P¢(N) and p, g € S+ (I) with Mp > g > mp and M > m > 0 and for any
vectors x; € X, i € 1.
(2) Forx; >0and p; >0 (i € N) such that P; > 0, let

1/P;
AL, p, x) = Zp,x,, G(I,p,x):=(1"[(x,-)f’f)

iel iel
denote the weighted arithmetic and geometric means respectively.

Applying the above two propositions for the convex function f(x)= —Inx,
x € (0, 00), we can state the following inequalities:

[Aa, P, x)}“”' . [Au, P, x)}Q' . [A(l, P, x)]’"”'

G, p,x) G, p,x) G, p,x) ©

and

Al MP; A(] [9); Al mPy
In , p,x) > I, p,x) > i , p,x) . 10)
G, p, x) G, p, x) G, p, x)
for I € Pe(N) and p,q € S+(I) with Mp>¢g>mp and M >m > 0 and for any
Xj > 0,iel.

4. Applications for Holder’s inequality in normed spaces
Let (X, ||]|) be a normed space and I € P¢(N). We define

E() :={x=(xj)jer | xjeX, jell,
K(I) = {)\.=()»j)j51|)»j EK,jEI}.

We consider for o, § > 1, (1/a) + (1/8) = 1 the functional

1/a 1/
Hl(p,x,x;a,ﬂ):z(ijw“) (ijnxjuﬂ) —

jel jel

Z pirjxj|-

Jjel
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LEMMA 5. Forany p, q € S+(I),
Hi(p+q, 2 x;a, B)>Hi(p, A, x;a, B)+ Hi(q, A, x; o, B), (11)

where x € E(I), » e K(I) and a, B > 1 with (1/a) + (1/8) = 1.

PROOF. Using the elementary inequality
@ + b (c? +d*)' > ac + b,
witha, > 1, (1/a) + (1/8) =1 and a, b, ¢, d > 0, and the triangle inequality,

Hi(p+q, X, x;a B)

1/a 1/8
= <Z pilkil® 4+ qimr") (Z pillxill? + ) gillxi ||ﬂ>

iel iel iel iel
- Z pikixi + Z qidiXi
iel iel

([ o) T[(gorr) T}
(g rer) T o[(orer) T

D pikixi+ ) qikixi

iel iel
1/a /8
> (Z mm“) <Z pillx; ||'3)
iel iel
1/a 1/8
+ (Z 4i|)~i|a> (Z ‘Ii”xi”ﬂ) — 1D pirixi | = | gikixi

iel iel iel iel

=Hi(p, 2, x;a, B)+ Hi(g, &, x; a, B),
and the superadditivity of H is proved. U

REMARK 1. The same result can be stated if (B, ||-||) is a normed algebra and the
functional H is defined by

1/a 1/8
H1<p,x,x;a,ﬁ):=(Zp,-ux,-n“) (Zp,-nyinﬂ) -

iel iel

Z DiXiYi

iel

s

where  x = (xj)ier, y=(i)iet CB, peSi(I) and o, B>1  with
(/) +(1/B)=1.
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Since, obviously, H (-, A, x; «, B) is positive homogeneous, on using Theorems 1
and 2, we can state the following propositions.

PROPOSITION 6. If p, g € Sy (I) and M > m > 0 with Mp > q > mp, then

M [(Z pilki |“) - (Z pillxi ||f‘> e Y pikixi ]

iel iel iel
1/a 1/8
> (Z qz'l)»ila) (Z Qi”xi”ﬁ) — 1D airixi
iel iel iel
1/ 1/8
>m (Z Pi|)\i|a> (Z Pi”xi”ﬂ> — 1D pirixi (=0).
iel iel iel

Now, for £(p) := P; and v(p) = H;(p, A, x; «, B), on applying Theorem 2, we
have the following.
}MP[

1 ., Ve /4 5 1/8 1
z{(az%w) (Eanuin) —HEZqimi

PROPOSITION 7. With the assumptions in Proposition 6,

1 e /4 1/8 1
<E > mw) (E > p,-||x,~||ﬁ) - HE D pikix;

iel iel iel

;

iel iel iel
(g zrmr) (5 mmea) "= |5 S| |
> = Pi|)w'|a> (— Pi”xi”ﬂ) — H— Pikixi :| ,
Pr i Pr i P

forx e E(), e K(I)anda, 8> 1, (1/a)+ (1/8) = 1.

Similar results may be stated for normed algebras. However, the details are omitted.

5. Applications for Minkowski’s inequality
Let (X, ||-]|) be a normed space and I € Pr(N). We define the functional

1/a 1/a]%
M,(p,x,y;oo:[(Zp,-nxin“) +(Zpi||yi||“> }—Zpinxwyin“,

iel iel iel
(12)
where p e Sy (I),a>1landx,y e E(I).
LEMMA 8. Forany p, q € S+(I),
Mi(p+q,x, y;0) =M(p,x,y; ) + Mi(q, x, y: @),
where x, y € E(I) and o > 1.
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PROOF. Using the elementary inequality

@ + b9V 4+ (¢ +d)* = (@ + 0" + b+ D1V,
fora,b,c,d >0and o > 1,

1/ o 1/a ay l/a
Mi(p+q.x, yia) = {[(Zpinxin“) } +[(qu-||xin“> “
iel

iel

+ { [(ZI pl-ny,-u“)l/T + [(ZI qi||yi||“>l/a]a}l/a

= pillxi Ayl = gillxi + yill®

iel iel

> [(ZI Pl "y (i) WT

iel

+ [(; qz'llxill")l/a + (Z qillyillo‘)l/a}a

iel

= pillxi + il =) qillxi + yill®
iel iel
= M(p,x,y;0) + Mi(q, x, y; @),
which proves the superadditivity property of the functional M. O

Since the functional M (-, x, y; &) is positive homogeneous on S (/), on using
Theorem 1, we can state the following proposition.

PROPOSITION 9. If p, g € S+(I) and M > m > 0 with Mp > q > mp, then

M : [(Z pi ||xz~||“) "y (Z pi ||yi||“>]/T =D pillxi + i ||“}

iel iel iel
1/a 1/a]%
> (Z gi ||x,~||“) + (Z ql-ny,»n“) =Y gillxi + yill®
iel iel iel
1/a 1/a]¥
>m {[(Z pl-nxl-n“) + (Z pinyl-n“) ] = pillxi + yina} :
iel iel iel

Now, since £(p) = Py is additive and positive homogeneous on S (/), on using
Theorem 2 we can state the following result as well.

https://doi.org/10.1017/5S0004972708000269 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000269

[9] Inequalities for superadditive functionals 409

PROPOSITION 10. With the assumptions in Proposition 9,

| 1/a | e MPy
{[(P—IZp,-nxin“) +(;12pi||yl-||"‘> ]—EZpi||xl-+yi||“}

iel iel iel

1 1/a 1 /a7
> — illxi 1 — illyill®
> (inezlq”x”) +(Q1i621q||y||>

| Or
—EunuiHiu“}

iel
{[(1 Z 1/0{ 1 Z l/a o
> — Pi”xi”a) + (— Pi”yi”a)
Pr i Pr i
1 mPI
. . . a
—F];pz||xl+y,n } :

6. Applications for the Schwarz inequality

Let X be a linear space over the real or complex number field K and let us denote by
H(X) the class of all positive-semi-definite Hermitian forms on X, or, for simplicity,
nonnegative forms on X: that is, the mapping (-, -) : X x X — K belongs to H(X) if
it satisfies the conditions:

i) (x,x)>O0forallx € X;

(i) {ax+ By, z) =alx,z) + B{y,z) forallx, ye X and o, B € K;
(i) (y,x)=(x,y) forallx, y € X.

If (-, -) € H(X), then the functional || - || = (-, -)!/2 is a semi-norm on X and the
following version of Schwarz’ inequality holds:

Il vl = Hx, v, 13)

foreach x, y € H.

Now, let us observe that H(X) is a convex cone in the linear space of all mappings
defined on X? with values in K. Also, we can introduce on H(X) the following binary
relation [2]

(~)2= ()1 ifandonlyif [x|l2>|x|; forany xe H. (14)

This is an order relation on H(X).
Consider the functional [2]

o HX) x X* >Ry, o () x,y) =[xyl =[x, y),

which is closely related to the second version of the Schwarz inequality in (13).

https://doi.org/10.1017/5S0004972708000269 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000269

410 S. S. Dragomir [10]

LEMMA 11 (Dragomir—Mond [2]). The functional o (-; x, y) is nonnegative, superad-
ditive and positive homogeneous on H(X).

PROPOSITION 12. Let M >m >0, and let (-, )1, (-, ‘)2 be two nonnegative
Hermitian forms on X such that M ||x||1 > ||x|l2 = m||x||| for each x € X. Then

MA(lIx 1yl = 1o, y)1) = Ixll2liyllz =[x, y)2l (15)
> m?(Ix iyl — Hx, )10,

forany x,y € H.

PROOF. From the hypothesis, M2(-, Yo — (-, )1 and (-, -} — m?(-, )1 are nonnega-
tive Hermitian forms. Then applying Theorem 1 for the functional

o ({0 x, y) = lxlHliyll = x, v,
for x, y fixed in X, we deduce the desired result. O
REMARK 2. If we assume that A: H — H is a self-adjoint linear operator on the
Hilbert space (H, (-, -)) satisfying the property that there exist P > p > 0 such that

PI1 > A> pl in the operation order (that is, P|x||?> = (Ax, x) > pllx||* for any
x € H), then we have the inequality

P(xIIyI = 1, y)D > (Ax, x)'/2(Ay, )12 — [(Ax, y)| (16)
> p(llxllyll = [x, y)D),

forany x, y € H.

For e € X, e ## 0 we can define the functional
(-, s @) = llell” = (e, e).

For fixed e € H, the functional £(-; ¢) is additive and positive homogeneous on H(X).
Using Theorem 2, we can state the following result as well.

PROPOSITION 13. Let M > m > 0, and let (-, -)1, (-, -)2 be two inner products on X
such that M||x||1 > ||x]l2 = m||x||1 for each x € H. Then for any e € X, e # 0,

2 2
[uxn]nyul ~ I, y>1|]M'e”l _ [Hxllzllyllz ~ I, y>2|}”e”2

2 2
llelly llell2

2
> [||x||1||y||1 —|{x, y)1|:|m”e|1

2
llelly
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REMARK 3. Similar results can be stated if one uses the following nonnegative,
superadditive and s-positive homogeneous functionals on H(X) (see [1, pp. 8-15]):

or(( +); x, ¥) := x|yl — Re(x, y);
8(( s x, y) = I[Pyl =[x, ») 1%
8e((, ) x, ) = I[Py l? — (Refx, y);
1121y 1% = e, y)I?
lyl2 ’

where in the definition of y, (-, -) is an inner product and y is not zero, and

v ) x,y) =

B x, y) = (P I* =[x, y) 52,

foreach x, y € X.
The details are left to the interested reader.
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