ON A PROBLEM OF CHEVALLEY

KATSUHIKO MASUDA

Recently Prof. Chevalley in Nagoya suggested to the author the following
problem: Let 2 be a field, K; = k(x1, x», x3, x4, ¥5) be a purely transcendental
extension field (of transcendental degree 5) of &, s; be the cyclic permutation
of X! §5X%1= X38;%2 = X385 X3 = X1S3;%4= X;55;%5 = X1, and let L; be the field of in-
variants of s; in Ks. Is L; then purely transcendental over 2 or not? When
the characteristic » of & is not equal to 5, it is answered in the following posi-
tively. When the characteristic p of %k is equal to 5, it is answered also posi-
tively by Mr. Kuniyoshi’s result in [2].

Now let K= k(x1, x2, %3, . . . , X») be a purely transcendental extension
field (of transcendental degree n) of %, s, be the cyclic permutation of x: s,x;
=%3 SuX2=%3...5.%n= %1, and let L, be the field of invariants of s, in K. We
suppose from now on throghout the present article that » is not divisible by
the characteristic  of k. If the ground field %2 involves a primitive »-th root
¢n of 1, we can see easily that L, is purely transcendental over k. From this
fact we obtain in the following that existence of certain sets of primitive
generators of La({,) over k(¢n) (the definition is shown in the following) is a
necessary and sufficient condition for L, to be purely transcendental over &,
and the existence of such sets of primitive generators are shown for every
case of n £ 7 through calculations on factor sets"”. It looks that a more arith-
metical approach will be necessary to solve the problem with reference to

general »n.

1. Let &, = k%), Ky = Ka(¢,) and & be the Galois group of &' over k.
We omit all » as subscripts throughout in the following, unless indispensable.
Let L' denote the field of invariants of s in K'. K and K' are clearly Galois
extension fields over L and L' of the same rank # respectively. Their Galois

groups are generated by the automorphism induced by s. We do not distin-
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1) Cf. [1] and [3]. Hasse factor sets defined in [3] without the supposition that the
absolutely irreducible representations of Galois groups are obtained in the ground field has
close relations to the problem of the pure transcendency of L. over k.
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guish these two Galois groups and the cyclic permutation group of x generated
by s and denote them by same ®&. As K is purely transcendental over %k, K and
k' are linearly disjoint over #” and [K': K]1=[L():L]=[k:%k] The
restrictions of the Galois group of K’ over K into L(£) and k' are the Galois
group of L(¢) over L and the Galois group of k' over k respectively. We do
not distinguish these three Galois groups and denote them by same ®&. Then
we can see easily from the Galois theory that L({) N K =L and [K : L]
=[K': L(¢&)]1=[K': L']. As L(¢) C L', we obtain now the following Lemma.

Lemma 1. L'=L(), L'NK=L and [L': L]1=[# : E].

Let y;= ‘anc""'x,- and ¢j,r = Yiyr/yj+sk for j,k=1, 2, . .. ,n, where we denote
by 7+ % the i;xteger determined uniquely by j+ k2 =j+k modnand1<j+Ek
£ n. cj,r belongs clearly to L. Let M' denote the field generated over %' by
all ¢, for ,6=1,2,...,n From ci,j=c1,jc,j51 « - - C1,77i/C1,1€02. « . C1,i-1 it
follows easily that M' =k'(¢c1,1¢1,2, . . . ,€1,») and y" € M'. As y; gives an iso-
morphic irreducible representation of &, [M'(y) : M1 =n. As ¥, ¥3, ...,
¥» can be written as rational combinations of y; and c¢j,r over M' with coef-
ficients in 2, M'(y1) =M'(y1, 2, . . . , 1) =K'. So[K': M']=n, M'=L' and
L' = ke, €12, €13, - - -5 C1,n). As the transcendental degree of L' is n, we

obtain
THEOREM 1. L' is purely transcendental over k'.

We call a set (a1, a2, . . ., a) of elements in L' a primitive generating set

t
of L' over k(¢),if D\¢(ai) =nand L' =k ay, al, g/, .. .ad" "™, a, a, a¥,. ..,
i=1
[€X -1 ’ " ( -1
a7V o a, a, ats ..., afPY), where we denote by ¢(a;) the number

of (different) conjugate elements of a; over L. So the number ¢ of elements in
such a set is not greater than #, «(@;) = [L(a;) : L] and af’ = a” except only
when i=17, j=j. As @ is an abelian group, L(a;) is a Galois extension field of

L and L(a;, al, a!', . .., ai®™V) = L(a;). Now we prove the following theorem.

THEOREM 2. L is purely transcendental over k, if and only if there exists

a primitive generating set of L(&) over k(%).

Proof. (i) Sufficiency. Let (ai, @2, ..., a:)be a primitive generating set

2 Cf. Chap. L §7 in [4].
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of L' over k. Letki=L(a;)) N¥ for i=1,2,...,t Then L(a;) = Lk} and the
Galois group of L(a;) over L is equal to the Galois group of ki over & Let
i1, Wi,2, . . . , Wi, ay be a normal basis of k' aver k (accordingly also such one

Clag)

of L(a;) over L). a; can be written as @ = >wi,jmj,; with mj,; in L for i=1,
j=1

{@-1 are clearly written as bilinear combinations

2, ...,t aaia,...,a
of wi,1, Wi,2, « -+, Wi,cap AN M i, Masiy o v o, Muan,ic AS @i, aiy aty - o ., @H@O7Y
are algebraically independent over %/, these forms are as linear combinations of
My, iy Maiy « . . 5, Muay,i With coefficients in &' linearly independent. So m,i, m.,:,
. - ., Muay,ican be written as linear combinations of ai, a/, a., . .., a*“ ™" with
coefficients in &} and so k'(a, ai, @i, ..., @OV =k (my,i, Mai, « « . 5 Meiap,i)-
Thus we obtain L' = #'(a,, a1, @', . .., ai"*™, @, ab,al, . .., a0 .,
a, ai, at'y . .., & CV) =B (my1, Mo, ..., Meay,1s My, Mo, « v o 5 Meiag,z, -
“ e, M, Moty o ooy Meap,t). Let M=k(my,1, Mo, « « oy Meay,1, M2, Moz, . -
« s Meay),25 + o 5 Mayty, Moty « o o, Meayt). Then ME L. As ME' = L', L' is algebraic
over M and [L': M1 <[% : k], so M=L. As the transcendental degree of
L(=M) is n, m’s are algebraically independent generators of L and L is purely
transcendental over k.

(ii) Necessity. Suppose that L is purely transcendental over %2 and L = &(a;,

ay ..., an). (ai, a, ..., an)is clearly a primitive generating set of L' over
k(). qed.

2. Now we prove the following theorem.

THEOREM 3. Let n <7 and suppose that the characteristic p of k does not

divide n. Then L is purely transcendental over k.

Proof. (i) When n =1, the theorem is trivial.

(ii) When n=2, it holds [#' : k]1=1 from p + n and the theorem
follows from Theorem 1.

(iii) When n=3, [# : 21=1 or 2. If [¥ : k]1=1, the theorem
follows from Theorem 1. If [#' : k1=2, let ai=c¢1,3=%1+ %2+ %3 and a2 = c1,1
= (L3201 + C3%s + %3)%/C3%1 + C3%2 + 2. Then ¢(a1) +¢(a2) =1+2 =3 and since a:
=Ca2=C1,201,5/¢1,1 it follows k'(ai, @, ab) = k' (ci,1, €12, €1,3) =Li.  So (a1, a2)
is a primitive generating set of L3 over k({;) and the theorem follows from

Theorem 2.
(iv) When n=4, [¥ : 2]1=1or 2. If [¥ : k]1=1, the theorem fol-
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lows from Theorem 1. When [%' : k1=2, let @i =c1,4, G2 =cCy2, G3=Cy2 Then
(@) + (@) + las) =1+ 2+ 1 and since ab = ¢3,2 = ¢1,3¢1,4/¢1,1 it follows &' (a,
a:, a3, @) = k'(c1,1, €1,2, €1,3, ¢1,49) =Li.  So (ai, @, a3) is a primitive generating
set of Li over B(¢,) and the theorem follows from Theorem 2.

(v) When n=5,[F :kl=1or 2 or 4 If [¥ : k]=1, the theorem
follows from Theorem 1. When [ : k1= 4, let a1 =cy5, @:=¢1,2. Then «(ay)
4+ @) =14+4=5 and it follows from @ = cs4=C1,4C1,5/C11, @ =13, @' =¢34
=ci1c15/c,2 that Bay, @, @, @b, @) = B (c1,1, €12, €15, 1,4, €1,5) =Li.  So (a,
a») is a primitive generating set of L; over k(¢;), and the theorem follows from
Theorem 2. If [ : £]1=2 it is easily seen that one of the following three sets
(c1s, €2, C2,1)s (€15, €12, C13), (Cis, €12, C3,4) becomes a primitive generating
set of L(&s) over k(C5).

(vi) When n=6,[k':k]l=1o0r 2. When [# : 2]=1, the theorem
follows from Theorem 1. When [2': 21=2, let a1 = ¢1,5, @: = €1,2, @z = 1,4, Q1= Cy,5,
then ¢(a1) + (@) + (as) + (@) =1+ 2+ 2 +1=6, and it follows from @} = ¢ 4
= c1,5, C1,6/CL3, @h=Cs2=C1s, Cie/ci,1 that E(ai, a:, @, as, @i, a) =K (ci,1, 1,0,
€13, Ci45 Ci,5 C1,6) =Li. So (a1, as, as, @) is a primitive generating set of L§
over k(&) ( = k(%)) and the theorem follows from Theorem 2.

(vii) When n=7, [ ;kl=1o0r2o0r3 or6. If [k:E]l=1, the
theorem follows from Theorem 1. In the case of [% : k1=6, let a1 =cy,7, a>
=c¢13 Then c(a) + (@) =1+6=7, and ar=ca,3, @' =Co6, @' =cCa6, @' =45,
@' =cys It follows from ci,2 = ci6, €1,5/Cas, C1,4=C23, Cs,6/C26, C1,1=C26/Cs,
c1s that Bai, a, a, @, &', @', a'"') = B'(cy1, €12, €13, €14, €5y €16, C1,7)
=L and (a;, a) is a primit{ve generating set of L; over £(&;) and the theorem
follows from Theorem 2. If [ : k1=38 or 2, we can find easily a primitive
generating set in (cy,:, €13, €23, C26, Cis, €4 C1,5) and the theorem follows

from Theorem 2.
In the following we give polynomials of x which are algebraically in-

dependent generators of L, over k for n = 4 obtained easily from the above

primitive generators.
When n=1; 2.

n=2; %X+ %, XX
3 3 3
e o .
n=3; xi+x+x, (%% — xixexs)/ (0% — Dxini),
=1 i=1 i=1

3 3 3
, 2 .
(S xix’in — xix23) | (% — S xixic).
=1 i=1 ic1
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i
n=4; x+2x:+x3+2xy, Siai — 2(x1%: + x2%0)
i1
4 s . 4 " 4 N
Elx‘i = DK%+ 2K X2 XaX s, — D% Kix1 + 2% Kirse
1= ¢e=1 =1

i*J

This shows that L, N kL%, x2, . . ., %, is purely transcendental integral
domain over k2, when n=1, 2, 4.
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