
ON A PROBLEM OF CHEVALLEY

KATSUHIKO MASUDA

Recently Prof. Chevalley in Nagoya suggested to the author the following

problem: Let k be a field, K5 = k(xi, x2, Xz, X\, X$) be a purely transcendental

extension field (of transcendental degree 5) of k, s5 be the cyclic permutation

of x: s 5#i = x2s-,x2 = Xzs5xz = XAS'OX4. = XOSΌX5^ XU and let L5 be the field of in-

variants of s5 in Kn. Is L:> then purely transcendental over k or not? When

the characteristic p of k is not equal to δ, it is answered in the following posi-

tively. When the characteristic p of k is equal to 5, it is answered also posi-

tively by Mr. Kuniyoshi's result in [2].

Now let Kn~k(xu x2, Xz, . . . , xn) be a purely transcendental extension

field (of transcendental degree n) of k, sn be the cyclic permutation of x: snXi

= x2 snX2 — Xz. . .snXn = Xi, and let Ln be the field of invariants of sn in Kn. We

suppose from now on throghout the present article that n is not divisible by

the characteristic p of k. If the ground field k involves a primitive n-th root

C» of 1, we can see easily that Zw is purely transcendental over k. From this

fact we obtain in the following that existence of certain sets of primitive

generators of Ln(Zn) over k(ζn) (the definition is shown in the following) is a

necessary and sufficient condition for Ln to be purely transcendental over k,

and the existence of such sets of primitive generators are shown for every

case of n ^ 7 through calculations on factor setsυ. It looks that a more arith-

metical approach will be necessary to solve the problem with reference to

general n.

1. Let kn = k(ζn), K'n = Kn(Cn) and © be the Galois group of kf over k.

We omit all n as subscripts throughout in the following, unless indispensable.

Let 1/ denote the field of invariants of s in K'. K and K! are clearly Galois

extension fields over L and L' of the same rank n respectively. Their Galois

groups are generated by the automorphism induced by s. We do not distin-
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*) Cf. [1] and [3]. Hasse factor sets defined in [3] without the supposition that the

absolutely irreducible representations, of Galois groups are obtained in the ground field has

close relations to the problem of the pure transcendency of Ln over k.
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guish these two Galois groups and the cyclic permutation group of x generated

by s and denote them by same ©. As K is purely transcendental over k, K and

A' are linearly disjoint over k2) and LKf : Kl = Ci(C) : LI = [A' : Al The

restrictions of the Galois group of /f' over K into L(C) and A' are the Galois

group of L(ζ) over L and the Galois group of kf over k respectively. We do

not distinguish these three Galois groups and denote them by same ©. Then

we can see easily from the Galois theory that L(C) Π K = L and LK : L]

= ZK1 : Ir(C)D = IK' : I / I As L(C) C L', we obtain now the following Lemma.

LEMMA 1. L = L(C), L' Γ)K=L and [1/ : £ ] = [A' : Al

n

Let jy = Y^CtJXi and cy,* = yjyk/yj+k for y,A = 1, 2, . . . , w, where we denote

by jΓ+"A the integer determined uniquely by j + A = / -f- A mod 72 and 1 ̂  y + A

^ w. C .fe belongs clearly to L;. Let M' denote the field generated over k' by

all Cj,k for j,k = l9 2, . . . , w. From Cij = cijCi,Jϊl . . . cijϊilci,ιCι,2. . -Ci,ι-i it

follows easily that M' = A'(ci,iCi,2, . . . ,^i,«) and ̂ n e Mr. As JΊ gives an iso-

morphic irreducible representation of ®9 CΛf'( î) ΛfG = n. As ^2? ^3, . . . ,

yn can be written as rational combinations of y\ and Cj,k over Mf with coef-

ficients in k', M'(yi) = Λf'(^, JV2, . . . , yn) = ̂ f . So DT' : MG = Λ, Af' = Z,; and

Lf = k'(ci,i, Cι,2, Cι}z, . . . , Ci,n). As the transcendental degree of L1 is n, we

obtain

THEOREM 1. L1 is purely transcendental over k\

We call a set (βi, 02, , β/) of elements in Z/ a primitive generating set

of L' over A( C), if ΣKβ/) = » and L' = A'(βif αί, β{', . . . a[i{a^ι\ a2, ai, aί',. . . ,

a{2{az)'ι\ . . . ,at, at, at, . . . , a{ti{ctt)~l)), where we denote by t(ad the number

of (different) conjugate elements of aι over L. So the number t of elements in

such a set is not greater than n9 dm) = CL(«, ) : LD and «/7) ^ ^r 0 except only

when i = i', j = f. As © is an abelian group, L(m) is a Galois extension field of

L and L(m, m9 a", . . . , e/iCai)~1}) =L(Λ/) . NOW we prove the following theorem.

THEOREM 2. Z, /s purely transcendental over k, if and only if there exists

a primitive generating set of L{ζ) over A(C).

Proof, (i) Sufficiency. Let (aι, a2, . . . , at) be a. primitive generating set

2) Cf. Chap. I. §7 in [4].
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of I! over ft. Let ft! = Had Π kf for i = 1, 2, . . . , t. Then L(at) = Lft! and the

Galois group of Had over L is equal to the Galois group of ft! over ft. Let

Λ>f,i, (Oi,2, . . . , w,t{ai) be a normal basis of ft' over & (accordingly also such one
t(o i)

of L(cii) over L). «/ can be written as ai = *Σωijτnj,i with my,/ in L for ί = l ,
j = l

2, . . . , £. Λ/, ai, cii, . . . , φ ^ " 1 are clearly written as bilinear combinations

of ω/,i, ω/,2, . . . , ωi.tioi) and rriij, m2,i, . . . , mί{ai),i* As #;, αί, β/', . . . , ^.£ ( β«H 1 )

are algebraically independent over ^'? these forms are as linear combinations of

wίi,/, nh,i9 . . . , maa.i),i with coefficients in &' linearly independent. So mi,, , wa2,ί,

. . . , maai),i can be written as linear combinations of ai, a\, a",.... βj '^""1* with

coefficients in h\ and so k'(a, aU a", . . . , βj ̂ 6 '^"") = k'(mι,i, m2>i, . . . , mί{ai),i).

Thus we obtain 1/ = ^ ( ^ , a[, aϊ, . . . ? ei£ ( e i )" 1 }, «2, β£,αί', . . . , «2ίίC2)"'1), . . . ,

«/, «ί, αί', . . . , att{at)'X)) =k'(mi,ι, m2,i, . . . , mi{aχ),u *»i,2, ^2,2, . . . , wt£(βjl),2, .'

. . , τni,t, ni2,t9 . . , mt[at),t). Let M = £ ( m i , i , ^2,1, . . . , mf(fl l),i, tfίi,2? m2,2, . .

• 9 mC{at),29 - 9 iWι,t, ΪM2J, . . . , mi(at)t). T h e n Λ ί E X . As M&' = L f

9 L f is algebraic

over M and [L' : Ml *= ίk' : kl, so M = L. As the transcendental degree of

L( = M ) is w, w's are algebraically independent generators of L and L is purely

transcendental over k.

(ii) Necessity. Suppose that L is purely transcendental over k and £ = k(al9

a2, . . . , «n). (ΛI, «2? . . , an) is clearly a primitive generating set of L1 over

*(C). q.e d.

2. Now we prove the following theorem.

THEOREM 3. Let n ^7 and suppose that the characteristic p of k does not

divide n. Then L is purely transcendental over k.

Proof, (i) When w = l, the theorem is trivial.

(ii) When n = 2, it holds Ik' : ft] = 1 from p \ n and the theorem

follows from Theorem 1.

(iii) When Λ = 3, [ft' : ft] = l or 2. If [ft' : ft] = l, the theorem

follows from Theorem 1. If [ft' : ft] = 2, let ai = cu 3 = #i + #2 + * 3 and αt = ci,i

= (C3ΛΓ1 + C3ΛΓ2 + Xzfl&xi + C3#2 + ΛΓs. Then Kβi) + c(θt) = 1 + 2 = 3 and since a2

= C2,2 = Ci,2Ci,z/cίpl it follows ft'ίβi, #2, ΛD = ft'(£i,i, £i,2, £1,3) = £ ί So (βi, Λ 2)

is a primitive generating set of Us over ft(Cβ) and the theorem follows from

Theorem 2.

(iv) When n = 4, [ft' : ft] = 1 or 2. If [ft' : ft] = 1, the theorem fol-
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lows from T h e o r e m 1. When [ft' : k] = 2? let <2i = ci,ί? tf2 = ci,2, tf3 = Ci,3 T h e n

r(flfi) -f c(a2) + Kύk) = 1 + 2 + 1 and since β2 = c3 > 2 = CI,3CJ,.I/CI,I it follows ft'(αi,

#>, «ί, #3) = ft'(ci,i, ci,2, ci,3? Ci,i) -L\. So («i, # 2 ? as) is a primitive generat ing

set of L4 over ft(d) and the theorem follows from Theorem 2.

(v) When n = 5, Ik' : kl = 1 or 2 or 4. If [ft' : A] = 1, the theorem

follows from Theorem 1. When ίkf : ft] = 4, let αi = ci,δ, «2 = cj,2. Then K«ι)

+ c(a2) = 1 + 4 = 5 and it follows from a2 = c2Λ = ci,4ci,5/ci,i, α2' = ci,3, «•>" = c5,4

= cif4CifS/ci,2 that ^ ; ( α i , a2, a2, a2, a"1) = A'(ci,i, Cif2, Ci,3? Cif4, ci,δ) = L L So (au

a2) is a primitive generating set of Zi over k(ζ5), and the theorem follows from

Theorem 2. If Lk' : A] = 2 it is easily seen that one of the following three sets

(ci,5, Ci,2, c2,i), (ci,s, £1,2, Ci,3), (ci,5? 1̂,2, c3,i) becomes a primitive generating

set of L(ζ5) over A(C5).

(vi) When n = 6, [^; : kl = 1 or 2. When [ft' : A] = 1, the theorem

follows from T h e o r e m 1. When Lk': ft] = 2, let αi = ci,6, 02 = Ci,2, «3 = Ci,4, «i = Ci>5,

then c(aι) + : ( Λ 2 ) + K«3) + c(ad = 1 + 2 + 2 + 1 = 6, and it follows from a% = c5,4

= Cl,r>, Cl,β/Ci,3? (23 = ^5,2=^1,5, C\t%lCitl t h a t ft'(<Zl, ^2, ^2, «3, #3, « 4 ) = f t / ( C i , i , Ci,2,

ci,3, ci,4, cifδ, ^i.β) =^6. So (βi, aι, az, ad is a primitive generating set of L'6

over ft(C6)( =ft'(C3)) and the theorem follows from Theorem 2.

(vii) When n = 7, [ft' ft] = 1 or 2 or 3 or 6. If [ft' : ft] = 1, the

theorem follows from Theorem 1. In the case of X_k' : ft] = 6, let aι-cι,Ί, a2

= ci,3. Then c(ai) + K^2) = 1 + 6 = 7, and a2 = c2>3, α^ = c2f&, a"' = <:4,6, a2" = c4>5,

^ 2 " " = Ci,δ. I t fo l lows f r o m cίf2= d,6, Cιt-JCA,-O, ^1,4 = ^2,3, c 4 , 6 /c 2 > 6, Ci,i = ^2,6/c4 > 6,

Cl,3 t h a t ft'Ul, «2, «2, β " , 0 2 " , Λ2'", flί"") = ft'(Ci,l, Ci,2, £?l,3, Cl,4, ^1,5, Cl,6, d, 7)

= L', and (α J ? α2) is a primitive generating set of L7 over ft(C?) and the theorem

follows from Theorem 2. If [ft' : ft] = 3 or 2? we can find easily a primitive

generating set in (ci,7, ci f3, c2>3, c2,6, Ci.β, c4,5? 1̂,5) and the theorem follows

from Theorem 2.

In the following we give polynomials of x which are algebraically in-

dependent generators of Ln over ft for n -ύ 4 obtained easily from the above

primitive generators.

When n - 1 Xι.

i = l i = 1

3 3

i = 1
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4

-f X2 + Xz 4- XU Σ # / — 2(#i#3 + ΛΓ2#i)

This shows that Ln Π &[#i, ΛΓ2? . . . , xnl is purely transcendental integral

domain over k, when n = 1, 2, 4.
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