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1 . In t roduct ion . The A n d r é - P o i n c a r é " p r o b l è m e du s c r u t i n " [9] 
can be s ta ted as fo l lows: In an e lec t ion be tween two candida tes A pol ls 
m vo te s , B pol ls n, m > n . If the votes a r e counted one by one what 
is the p robab i l i ty that A leads B throughout the count ing? Many 

d e r i v a t i o n s and i n t e r p r e t a t i o n s of the solution ;— have been given 
m +n 

and a convenient s u m m a r y of me thods t i l l 1956 can be found in F e l l e r [1] , 
So n u m e r o u s a r e the g e n e r a l i z a t i o n s of bal lo t p r o b l e m s and the i r 
appl ica t ions s ince th is date that we do not even a t t empt an e n u m e r a t i o n 
h e r e . However , it does not s e e m to be r ea l i zed that m a n y r e s u l t s on 
"bal lo t t h e o r e m s " a r e d i r e c t l y appl icable to o ther e n u m e r a t i o n p r o b l e m s . 
In this p a p e r we d e r i v e va r ious r e s u l t s on la t t ice paths with d iagonal 
s t eps by a uni form t r e a t m e n t based on F e l l e r [1] and Narayana [6, 7] , 
The fo rmu lae obtained by this unified method r e p r e s e n t both a 
s impl i f ica t ion and gene ra l i z a t i on of r e c e n t l y publ ished fo rmu lae , eg . 
by Rohatgi [10] and Stocks [11] . Indeed as wil l be evident f rom our 
approach , m a n y o ther r e s u l t s on la t t ice pa ths with d iagonal s t eps can 
be der ived with g r e a t e a s e using the wel l known techniques for ba l lo t 
t h e o r e m s . 

In sec t ion 2 we indica te e s s e n t i a l l y two different p roofs of a 
"bal lot p r o b l e m with t i e s " and apply it to c e r t a i n e n u m e r a t i o n p r o b l e m s 
for la t t i ce pa ths with d iagonal s t eps in the p l ane . Without appeal ing 
de nouveau to the re f lec t ion p r inc ip l e or to spec ia l ized r e s u l t s on 
convolut ions we show in the next sec t ion that m a n y of t hese r e s u l t s can 
be extended d i r e c t l y to t h r e e or m o r e d i m e n s i o n s . We conclude with a 
s t a t e m e n t of the "dual i ty p r i n c i p l e " (Fe l l e r [1], Narayana [5]) for la t t ice 
pa ths with d iagonal s t eps , and br ie f ly indicate how m a n y c l a s s i c a l r e s u l t s 
could be gene ra l i zed in a s i m i l a r fash ion . Such g en e ra l i z a t i o n s p rov ide 
fu r the r c o m b i n a t o r i a l r e s u l t s on la t t ice pa ths with d iagonal s t e p s . 

2 . The bal lot p r o b l e m with t i e s . Consider the following ba l lo t 
p r o b l e m , which for r = 0 r e d u c e s to the c l a s s i c a l "p rob l ème du s c r u t i n " : 
Le t candidate A pol l m - r vo tes , candidate B pol l n - r votes and 
let a fu r the r r vo tes be counted for both A and B . These r votes 
r e p r e s e n t t i e s , and so the to ta l number of vo tes for A , B a r e m , n 
r e s p e c t i v e l y , where of c o u r s e m > n and 0 < r <_ n . What is the 
p robab i l i ty that A leads B throughout the counting? 
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We give two proofs that the required probability is 
m + n - r 

if 0 < r < n . Our first proof follows almost verbatim the classical 
proof of Poincaré [9], Feller [1], while the second utilizes the simple 
idea of "placing balls into cells" used in occupancy problems. It will be 
seen in sections 3 and 4 that the methods used in our second proof are 
particularly useful in solving certain lattice path enumeration problems 

in three or more dimensions and indeed in generalizing many classical 
results involving enumeration of lattice paths. Following the second 
proof we illustrate more explicitly the ways in which A can hold a lead 
over B throughout the count by applying occupancy techniques 

introduced by Narayana [6]. A few remarks and a corollary conclude 

the section. 

We now state formally as Theorem 1 the ballot problem with ties. 

THEOREM 1. The probability that A leads B throughout the 

counting when A has m votes, B has n votes, m > n and 

0 < r < n votes are ties is • 
— — m + n - r 

Proof 1 . We prove the theorem for 0 <_ r < n, noting that the 
case r = n is trivial and can be easily established. Let a vote for A 
be represented by a unit horizontal step, a vote for B by a unit 
vertical step and a vote for both A and B by a diagonal step. Surely 
the number of distinct paths from (0, 0) to (m, n) with m - r horizontal 

n i i \ ( m + n - r ) '. 
steps , n- r vertical steps and r diagonal steps is (m, n, r) = rr—: ——; 

r (m-r)l (n-r)l ri 
Define four mutually exclusive and exhaustive types of paths from 
(0, 0) to (m, n) as follows: 

(1) An a path starts with a unit vertical step. 

(2) A (3 path starts with a unit horizontal step and then at 
some other step touches the line y = x . 

(3) A y path starts with a diagonal step. 

(4) A ô path starts with a horizontal step and remains below 
the line y = x . 

The number of a paths is equivalent to the number of paths from (0, 1) 
to (m, n) with (n - r - 1) vertical steps, (m - r) horizontal steps and 

(m + n - r - 1 ) '. 
r diagonal steps which is , r-—; — . Using the reflection 

(m - r ) I (n - r - 1 ) '. r 1 
principle which the probability literature attributes to D. André (1887) 
we see that the (3 paths are in 1:1 correspondence with the a paths 
and hence are the same in number. The number of y paths is 
equivalent to the number of paths from (1,1) to (m, n) with (m - r) 
horizontal steps, (n - r) vertical steps and r - 1 diagonal steps which 
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(m + n - r - 1 ) '. 
is •— —— —- . Thus the number of 6 paths is 

(m - r ) i (n - r ) l (r - 1)'. 

(1) 
( m + n - r ) 1 . 2 ( m + n - r - l ) i ( m + n - r - 1 ) 1 

( m - r ) l ( n - r ) l r'. ( m - r ) l ( n - r - 1 ) ' . r l ( m - r ) l ( n - r ) l ( r - l ) l 

on dividing (1) by the tota l number of pa ths (m, n, r) we see that the 

r e q u i r e d p robab i l i t y is . Our f i r s t proof is c o m p l e t e . 
^ m + n - r 

Proof 2 . The number of pa ths to (m - r , n - r) lying below the 
line y = x and having only ho r i zon ta l and v e r t i c a l s teps is by the 
c l a s s i c a l ba l lo t p r o b l e m 

m + n - 2r 

m + n - 2r \ m - r 

Since each pa th to ( m - r , n - r ) p a s s e s through m + n - 2 r + l la t t ice 
po in t s , which for convenience , we r e f e r to as ce l l s , we see that t he r e 
a r e m + n - 2r ce l l s in which the r diagonal s t eps , or a l t e rna t ive ly 
b a l l s , can be p l aced . The excluded ce l l is of c o u r s e the o r i g i n , s ince 
s t a r t ing with a d iagonal s tep v io la tes the condit ions of the bal lot p r o b l e m . 
The number of ways of placing r d iagonal s teps into ( m + n - 2r) ce l l s 
is 

m + n - r 
(3) 

Hence the to ta l number of paths to (m, n) sat isfying the condit ions 
of the t h e o r e m is f rom (2) and (3) 

(4) 
m + n - 2r 

Div is ion of (4) by the to ta l number of pa ths (m, n, r ) y ie lds the 
m - n 

r e s u l t as be fo re . 
m + n - r 
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We c a n b e m o r e s p e c i f i c a b o u t t h e s t r u c t u r e of t h e p a t h s f r o m 

(0, 0) to ( m , n) u s i n g t h e i d e a of p a r t i a l o r d e r s t h r o u g h t h e r e l a t i o n 

of d o m i n a t i o n i n t r o d u c e d b y N a r a y a n a [6 , 7 ] , I g n o r i n g d i a g o n a l s t e p s , 

w e d e f i n e a t u r n a s a h o r i z o n t a l s t e p o r s t e p s f o l l o w e d b y a v e r t i c a l 

s t e p o r s t e p s . N o t e t h a t a s e q u e n c e of v e r t i c a l s t e p s f o l l o w e d b y o n e 

o r m o r e h o r i z o n t a l s t e p s i s no t a t u r n . In an e x t e n s i o n of t h e " p r o b l è m e 

du s c r u t i n " , N a r a y a n a [7 , p . 9 4 ] , h a s s h o w n t h a t t h e n u m b e r of p a t h s 

w i t h k t u r n s and no d i a g o n a l s t e p s to ( m - r , n - r ) s u c h t h a t e a c h 

p a t h l i e s e n t i r e l y b e l o w t h e l i n e y = x i s 

(5) 

A . m - n + 1 / 
n - r - 1 \ | m - r - i 

k - 1 
2 

i = 2 
k - 1 

/ 
t , m - n + 1 

n - r - 1 / m - r - i 

2 

i = 2 

k - 2 

With t h i s r e s u l t in h a n d w e s t a t e t h e f o l l o w i n g 

T H E O R E M 2 . T h e n u m b e r of p a t h s f r o m (0 , 0) jto_ ( m , n) l y i n g 
b e l o w t h e l i n e y = x w i t h r (0 < r < n) d i a g o n a l s t e p s and k > 1 t u r n s 
i s 

(6) 

P r o o f . A p p l y i n g t h e w e l l k n o w n i d e n t i t y 

n 

v = 0 

fa + 1 

r + 1 

1 a - n 

r + 1 

w e s e e t h a t (5) r e d u c e s to 

(7) 

r n - r - 1 

k 

m - r - 1 

k - 1 

M u l t i p l y i n g (7) by t h e n u m b e r of w a y s of p l a c i n g r b a l l s i n t o m + n - 2 r 
c e l l s we s e e t h a t t h e r e q u i r e d n u m b e r of p a t h s i s g i v e n by ( 6 ) . 

R e m a r k s . 1 . S i n c e i t i s a t r i v i a l m a t t e r to c a l c u l a t e t h e n u m b e r 
of p a t h s to ( m , n) w i t h r = n d i a g o n a l s t e p s , w e h a v e n o t s t a t e d t h i s 
c a s e h e r e . 
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2 . S u m m i n g (6) o v e r k f r o m 1 to n - r y i e l d s , a f t e r s o m e 

i • r • . ( m + n - r - 1 ) I ( m - n) . . . . . . . . 
s i m p l i f i c a t i o n , ;—; r-—. — p a t h s to ( m , n) w i t h r d i a g o n a l 

r I ( m - r ) i (n - r ) i 
s t e p s , a s i n ( 4 ) . 

3 . C l e a r l y T h e o r e m 2 r e p r e s e n t s a c o n s i d e r a b l e g e n e r a l i z a t i o n 
of t h e b a l l o t p r o b l e m ( w i t h o u t u s i n g t h e r e f l e c t i o n p r i n c i p l e ) . 

A s a s a m p l e of o t h e r r e s u l t s w h i c h f o l l o w i m m e d i a t e l y f r o m 
T h e o r e m 2 w e n o w s t a t e a c o r o l l a r y w i t h a n i d e a of t h e p r o o f b r i e f l y 
i n d i c a t e d . 

C O R O L L A R Y 1 . T h e n u m b e r of p a t h s f r o m (0 , 0) _to (n, n) l y ing 
e n t i r e l y b e l o w t h e l i n e y = x ( e x c e p t of c o u r s e f o r t h e end p o i n t s ) w i t h 
(a) k t u r n s (k >_ 1 ) , (b) r d i a g o n a l s t e p s (0 < r < n - 2) i£ 

(2 n - r - 2 | f n - r - 2 | / n - r - l \ / n - r - 2 \ / n - r - 1 \ 

O b s e r v e t h a t a p a t h s a t i s f y i n g t h e a b o v e r e q u i r e m e n t s m u s t 
end w i t h a v e r t i c a l s t e p s o t h a t w e a r e e s s e n t i a l l y d e a l i n g w i t h p a t h s 
b e l o w t h e d i a g o n a l to (n, n - 1 ) . 

We r e m a r k t h a t (8) c l e a r l y r e p r e s e n t s a g e n e r a l i z a t i o n of M o s e r 
and Z a y a c h k o w s k i [4 , p . 2 2 5 , e q . 2 . 8 ] a s c a n b e s e e n b y s u m m i n g (8) 
o v e r a l l k and t h e n o v e r a l l r . S i m i l a r l y c l o s e d e x p r e s s i o n s c a n b e 
o b t a i n e d f o r Q ( m , n) and Q ' ( m , n) d e f i n e d b y R o h a t g i in [ 1 0 ] f o r a l l 
c a s e s m >_n . 

3 
3 . L a t t i c e p a t h s in E w i t h c u b e d i a g o n a l s t e p s . In t h i s s e c t i o n 

w e i l l u s t r a t e t he s i m p l i c i t y w i t h w h i c h t h e " b a l l s i n t o c e l l s " t e c h n i q u e 
c a n b e u s e d to s o l v e l a t t i c e p a t h p r o b l e m s of a m o r e g e n e r a l n a t u r e 
t h a n t h o s e d i s c u s s e d i n t h e p r e v i o u s s e c t i o n . In t h r e e d i m e n s i o n s , a 
d i a g o n a l s t e p m a y b e t a k e n a s a c u b e d i a g o n a l . E a c h l a t t i c e p a t h h a s 
s t e p s of t h e f o l l o w i n g t y p e s : 

1) x - i n c r e a s i n g o n l y , e . g . [ ( m , n, k ) , ( m + 1 , n, k ) ] , 

2) y - i n c r e a s i n g o n l y , e . g . [ ( m , n, k ) , ( m , n + l , k ) ] , 

3) z - i n c r e a s i n g o n l y , e . g . [ ( m , n, k ) , ( m , n, k + l j ] 

4) C u b e d i a g o n a l , e . g . [ ( m , n, k ) , ( m + 1 , n + 1 , k + 1 ) ] . 

W i t h o u t a p p e a l i n g to t h e r e f l e c t i o n p r i n c i p l e w e n o w p r o v e a 
t h e o r e m w h i c h g e n e r a l i z e s t h e t h e o r e m s in S t o c k s [ 1 1 ] , a n d c o n c l u d e 
t h i s s e c t i o n w i t h a f e w c o r o l l a r i e s and r e m a r k s . 
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THEOREM 3. The n u m b e r of pa ths f r o m (0, 0, 0) to 
(m, n, k) , m > n, with r cube d iagonal s t eps such that each componen t 
of each path l ies e n t i r e l y to the (m, 0, 0) s ide of the d iagona l p lane y = x 
is 

(m - n) ( m + n + k - 2r - 1) 
(9) 

( m - r ) I ( n - r ) i (k - r ) i r 1 

Proof . The n u m b e r of pa ths to (m - r , n - r , 0) lying e n t i r e l y 
to the (m, 0, 0) s ide of the d iagona l p lane y = x is by the c l a s s i c a l 
ba l lo t p r o b l e m 

m + n - 2r 
(10) — 
v m + n - 2r 

Now k - r v e r t i c a l s t eps can be p laced into m + n - 2r ce l l s in 

(11) 

w a y s . Hence by (10) and (11) the n u m b e r of pa ths to (m - r , n - r , k - r ) 
without cube d iagona l s t eps is 

m - n / m + n - 2r \ / m + n + k - 3 r - l 
(1 Z) , 

m + n - 2r 1 m - r M k - r 

P l ac ing r cube d iagonal s t eps into the ava i l ab le ( m + n + k - 3r) ce l l s 
in 

m + n + k - 2 r - l 
(13) 

ways , we see f rom (12) and (13) that the to ta l n u m b e r of pa ths to (m, n, k) 
sa t isfying the s ta ted condi t ions is 
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m - n | m + n - 2 r | | m + n + k - 3 r - l | / m + n + k - 2 r - l 

< 1 4 ) , n i 

m + n - 2r \ m - r / \ k - r M r 

A s imple computa t ion r e d u c e s (14) to (9). 

As a s amp le of o ther r e s u l t s which follow i m m e d i a t e l y f rom 
T h e o r e m 3, we now s ta te two c o r o l l a r i e s with an idea of the i r proofs 
br ie f ly ind ica ted . 

COROLLARY 2. The number of paths f rom (0, 0, 0) _to (n n, n) 
with r cube d iagonal s teps such that, excepting of c o u r s e the end points , 
each component of each path l ies en t i r e ly to the (n, 0, 0) s ide of the 
d iagonal plane y = x j_s_ 

(3n - 2r - 2) I 
( 1 5 ) (n - r ) 2 [(n - r - 1 ) : ] 3 r* 

The proof is i m m e d i a t e if one o b s e r v e s that the r e q u i r e d n u m b e r 
of paths is equivalent to the number of pa ths to (n, n - 1 , n) lying en t i r e ly 
to the (n, 0, 0) s ide of the d iagonal plane y =x . 

COROLLARY 3. The number of paths f rom (0, 0, 0) to (m, n, k), 
m _> n, such that no path has a component on the non-(m, 0, 0) s ide of 
the d iagonal p lane y = x _is_ 

(m - n + 1) (m + n + k - 2r) I 

(m - r + 1)1 (n - r ) i (k - r) i r». 

To p r o v e C o r o l l a r y 3 o b s e r v e that the r e q u i r e d number of paths 
is equivalent to the number of pa ths to (m + 1, n, k) lying en t i r e ly to 
the ( m + 1 , 0, 0) s ide of the diagonal p l ane . 

R e m a r k s . 1. Summing (15) over r f rom 0 to n - 1 yields a 
m u c h s i m p l e r e x p r e s s i o n than that obtained by Stocks [11, p . 656] for 
the n u m b e r of paths to (n, n, n) with components to the (n, 0, 0) s ide 
of the d iagonal p l a n e . A l i t t le e l e m e n t a r y a lgebra , however , s impl i f ies 
Stocks e x p r e s s i o n to o u r s . 

2 . Setting m = n = k in (16) and summing over r f rom 0 to n 
c l e a r l y s impl i f ies another e x p r e s s i o n obtained by Stocks [11, p . 658] , 
for the n u m b e r of pa ths to (n, n, n) not c r o s s i n g the diagonal p l a n e . 
Again, it is a s imple m a t t e r to show equivalence of his e x p r e s s i o n to 
o u r s . 
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4. Conclus ion . It is c l e a r that by using T h e o r e m 1 of N a r a y a n a 
[7], which is valid a l so in h igher d i m e n s i o n s , we can obtain o ther 
r e s u l t s pe r t a in ing to e n u m e r a t i o n of la t t ice p a t h s . Our fo rmula t ion is 
a l so c o n s i s t e n t with the dual i ty p r inc ip l e for bal lo t p r o b l e m s as in 
Na rayana [5] and F e l l e r [1] . Since this can be ver i f ied eas i ly a r e s u l t 
on f i r s t p a s s a g e s with t ies can be fo rmula ted as fo l lows: Let us 
a s s u m e that each s tep in a ba l lo t p r o b l e m with t ies t akes a unit of t i m e . 
By dual i ty we see i m m e d i a t e l y that the p robab i l i ty that a f i r s t p a s s a g e 

m - n . 
through m - n o c c u r s at t ime m + n - r is w h e r e m > n > r . 

m + n - r ~ 
We s u s p e c t that the s a m e technique can be applied to o ther r e s u l t s in 
Chapter 3 of F e l l e r [1] as well but it does not s e e m wor thwhi le to do so . 
Of c o u r s e the ba l l s into ce l l s technique p r o v i d e s an a l t e r n a t i v e e x p r e s s i o n 
for the m a i n r e s u l t in [4] us ing, for example , the r e s u l t s of G r o s s m a n [2] . 

P e r h a p s e s s e n t i a l l y new r e s u l t s can be obtained by t ry ing to extend 
this technique to fu r the r r e f i n e m e n t s of the bal lot p r o b l e m , for example , 
'An Analogue of the Mul t inomia l T h e o r e m ' by Na rayana [8] . This a p p e a r s 
to have been p a r t i a l l y s tudied by Mohanty and Handa [3] . 

Acknowledgement . We a r e gra te fu l to N . R . C. Ottawa for 
suppor t ing this r e s e a r c h . 
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