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§0. Introduection

A classical, still unsolved problem, is the following: is every connected curve
AC P’ a set-theoretic complete intersection? It is clear that if A is a set-
theoretic complete intersection then:

a) The algebraic cohomology groups HZ(PB\A, %) vanish for every coherent

algebraic sheaf F on P°.

b) The analytic cohomology groups H*(P°\ A, %) vanish for every coherent

analytic sheaf  on P°\ A.

This was one particular motivation for the theory developed by Hartshorne in
[8] and which has proved the following result in the algebraic case: f A € P" is a
closed connected analytic subset (possible singular) of positive dimension then
for every coherent algebraic sheaf F on P” the algebraic cohomology group
H" ' (P"\ 4, %) vanishes. In particular a) has a positive answer.

Barth in [2] considered the analytic analogue of Hartshorne’s theorem and
proved the following partial result: If A € P” is a closed connected analytic sub-
set of positive dimension and ¥ is any coherent analytic sheaf on P”\A then the
topological dual of the analytic cohomology group H" '(P"\ A, %) vanishes (2],
Satz 2). Unfortunately this result gives no information on the vanishing of
H" " (P"\ A, %) if we do not know that it is separated in the canonical topology.
However, if A is smooth, then by the results in [3] and [1] it follows that
H"—I(P"\A, %) has finite dimension, hence for connected smooth A the above re-
sult of Barth shows that H" '(P"\ 4, %) = 0.

As remarked by Barth in [2] the difficulty for singular A € P” is that one
does not know if H" "(P*\ A, %) has finite dimension and he conjectured that
this would be always true. The aim of this paper is to give a positive answer
to Barth’s conjecture (Theorem 4.2). In fact we prove more general results
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(Proposition 3.11, Theorem 4.1) giving criteria of cohomological (n — 1)-
convexity for some Zariski open sets in #-dimensional compact complex spaces and
which in particular imply that dimCH"—l(P"\A, F) < o if F € Coh(P"\ A).

By the finite dimensionality of H" '(P"\ 4, %) and by the already mentioned
result of Barth ([2], Satz 2) it follows:

MaIN THEOREM. Let A C P” be a closed analytic subset without isolated points,
k = 1 the number of conmected components of A and F a cohevent analytic sheaf on
P"\ A. Then we have for the analytic cohomology groups:

dimcH" ' (P"\ A, %) = (k — )dimcH (P"\ A, Hon(F, H)) < o

(K is the canomical sheaf of P"). In particular H""(P"\ A, F) vanishes for connected A.

This result shows that b) has also a positive answer, therefore one cannot
construt a counter-example to the complete intersection problem by finding a con-
nected curve A € P® and % € Coh(P’\ A) with non-zero analytic cohomology
H*(P°\A, %).

Let us remark that for coherent algebraic sheaves the finite dimensionality of
H"'(P"\ A, %) has been obtained also by M. Peternell [15] proving a compari-
son theorem and using Hartshorne’s result. Of course, there are a lot of coherent
analytic sheaves on P"\ A which are not algebraic.

Acknowledgement. The author is grateful to Deutschen Forschungsgemeins-
chaft for financial support and to Humboldt University-Berlin and Bergische
University-Wuppertal for their hospitality during this research.

§1. Preliminaries

We collect in this section some results and definitions which will be needed
throughout this paper. All complex spaces are assumed to be reduced and with
countable topology. If U is an open subset in C”, a function ¢ € C*(U, R) is cal-
led g-convex iff its Levi form L(¢) has at least (m — g + 1) positive (> 0)
eigenvalues at any point of U. Using local embeddings this notion can be easily ex-
tended to complex spaces [1]. A complex space X is called g-convex if there exists
a C” function ¢ : X— R which is g-convex outside a compact subset K C X and
such that ¢ is an exhaustion function on X, i.e. {¢p < ¢} S C X for every ¢ € R. If
K may be taken to be the empty set then X is called g-complete.

The most general example of g-completeness is given by the following result
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[14]:

THEOREM 1.1. Let X be a complex space of pure dimension n without compact
trreducible components. Then X is n-complete.

A complex space is said to be:

a) cohomologically q-convex 1f dimcH ‘X, F) < o for any 1 2 q and any
# € Coh(X)

b) cohomologically q-complete if H' (X, F) =0 for any i > q and any F €
Coh(X)

The main vesults of Andreotti and Grauert in [1] can be stated as follows:

THEOREM 1.2. Let X be a complex space. Then:

a) X 1s g-convex = X 1s cohomologically q-convex

b) X is g-complete = X is cohomologically q-complete

It is also shown in [18] that the cohomological g-convexity and the cohomolo-
gical g-completeness are invariant under finite surjective morphisms, i.e. one has:

ProposiTION 1.1. Let @:X— Y be a finite surjective morphism of complex
spaces. Then:

a) X is cohomologically q-convex iff Y is cohomologically q-convex.

b) X is cohomologically q-complete iff Y is cohomologically q-complete.

If # is an arbitrary coherent sheaf on a complex space X we consider on
Hi(X, %) the canonical topology coming from the topology of compact converg-
ence of cocycles. An open subset D of a complex space X is said to be a g-Runge
in X if for any compact subset K C D there is a g-convex exhaustion function
¢ : X— R (which may depend on K) such that K € {x € X| ¢(x) < 0} cC D.

In [1] the following approximation result is proved:

TueoreM 1.3, If F € Coh(X) and D C X is q- Runge then the restriction map
HUX, %) — H" (D, %) has dense image.

One has the following topological property for g-Runge domains [19]:

TueoREM 1.4. If X is an n-dimensional complex space and D C X is q-Runge
then the velative homology groups H,(X, D ; C) vanish fori = n + q.
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In general this topological condition is only necessary and it is not sufficient
to guarantee the analytic approximation but, for #-Runge domains in non-compact
n-dimensional complex spaces, one has the following purely topological character-
ization [5] (which is a generalization of Theorem 1.1):

THEOREM 1.5. Let X be a complex normal space of pure dimension n without com-
pact connected components and D C X an open set. Then the following conditions are
equivalent :

1) D is n-Runge in X

2) For every F € Coh(X) the restriction map H" (X, F) > H" (D, ¥) has
dense image

3) The natural map H,, (D, C) — H,, (X, C) is injective

4) X\ D has no compact connected components.

Remark 1.1. a) A similar result holds for non-normal complex spaces but
then one has to replace “compact connected components” by “compact irreducible
components” according to the following definition: a locally closed subset F'C X
has no compact irreducible components if F = v ' (F) has no compact connected
components, where v : X— X is the normalization of X. However in this paper we
shall need the above theorem only for normal complex spaces.

b) The implication 4)= 2) is also proved in [16] for the sheaves ¥ = Q°
p = 0 of holomorphic differential p-forms on X.

In the study of the cohomology of P*\ A we shall need the following result
(115], Theorem 1):

LemMa 1.1. Let A € P" be a closed analytic subset of pure dimension d = 1.
Then there exist:

1) an irreducible projective algebraic space X of dimension n together with a finite
surjective holomorphic map @ : X — P”

2) closed analytic subsets Sy, A,,. .., A, of X and a linear subspace H C P of
dimension d

3) automorphisms ¥,..., U, of X
such that

a) S,= 0 '(H), AU -~ UA, =¢ (A

b) T, (A) =S, foreveryi = 1,..., 7

Remark 1.2. In Lemma 1.1 the sets 4,,..., 4, are the irreducible compo-
nents of @ '(4), r = deg A and ¢ '(A) is connected if A is connected, but we
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shall not need these facts.

In our proof of the Main theorem some properties of semianalytic sets, or
more generally of subanalytic sets, will play an important role. We recall the fol-
lowing:

DermNITION 1.1. A subset E of a real-analytic manifold M is said to be semi-
analytic if for any point £ € M there exist an open neighbourhood U of x and
finitely many real-analytic functions g;;; f, t=1,...,p7=1,..., g on U such
that EN U= UL (U {g, >0} N {f,=0}).

It is known [11] that given a locally finite family {E,} of semianalytic sets in
a real-analytic manifold M there exists on M a locally finite triangulation com-
patible with {E,}.

The class of semianalytic sets is closed to finite unions and intersections, to
difference and adherence but it is not closed to proper real-analytic projections.
For that reason it was introduced the larger class of subanalytic sets [10].

DEFINITION 1.2. A subset E of a real-analytic manifold M is said to be sub-
analytic if each point of M admits an open neighbourhood U such that E N Uis a
projection of a relatively compact semianalytic set (i.e. there is a real-analytic
manifold N and a relatively compact semianalytic subset A of M X N such that
E N U= 7(A) where m: M X N— M is the projection).

It is known [4] that the following conditions are equivalent:

1) E is subanalytic

2) Every point of M has an open neighbourhood U such that
EN U= U’_(f,(A,) \f,(A,)) where, for each i=1,..., pand j=1,2 A, is
a closed analytic subset of a real-analytic manifold Ny, f;: N;— U is
real-analytic and f;; |A”, :A;;— U is proper.

THE CURVE SELECTION LEMMA [10). Let M be a real-analytic manifold, A < M a
subanalytic set and x € A\A. Then there exists a Sfundamental system of open neigh-
bourhoods U of x in M such that for any point y € U N A there is a real-analytic
map ¢ : (— 1,1) = M with ¢(0) = x and y € ¢((0,1)) € U N A.

Let mow A be a k-dimensional real-analytic submanifold of the affine space R”
(not mecessarily closed) which is subanalytic. Consider the tangent map T :A— G,(n),
where G,(n) is the Grassmannian of k-planes in R", given by x— T, A, x € A. Then
it is known [6] that T is a subanalytic map, i.e. its graph is a subanalytic set in R" x
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G,(n).

Let Z be a Whitney stratified subset of a smooth manifold M and f : M— N
a smooth map such that:

a) f|, is proper

b) for each stratum A of Z, the restriction f IA :A— N is a submersion.

A map with these properties is called a proper stratified submersion. One
has:

THEOREM 1.6 (Thom’s first isotopy lemma [7]). Let f : Z— R" be a proper stra-
tified submersion. Then there is a stratum preserving homeomorphism h:Z— R" X
(f7H0) N 2) which is smooth on each stratum and which commutes with the projec-
tion to R”.

If X is a triangulable space and A C X a closed triangulable subspace then it
is easy to see [17] that the following conditions are equivalent:

i) the inclusion A <, Xis a weak homotopy equivalence

ii) the inclusion ¢ is a homotopy equivalence

iii) A is a deformation retract of X

iv) A is a strong deformation retract of X.

By this remark and by the triangulation theorem for semianalytic sets [11] it
follows immediately:

LEMMA 1.2, Let ACWCTCV be closed semianalytic sets 1in the
real-analytic mawifold M such that W is a strong deformation retract of V and A is a
strong deformation retract of T. Then A s a strong deformation retract of V.

Since the proof of the Main theorem is very long and technical, we give some
general ideas about the steps of the proof. First, by the invariance of cohomologic-
al g-convexity under finite surjective holomorphic maps (Proposition 1.1) and by
Lemma 1.1 we only have to consider the following situation: a compact complex
space X of dimension # is given together with a closed analytic subset A = A, U
+++ UA, such that on X\ A there is an exhaustion function of the type ¢ =
max(g,, . . ., ¢,) where ¢, are ( — 1)-convex on X\A, and exp(— ¢,) are
real-analytic on whole X. It is easy to see, by the bumping method of Andreotti
and Grauert [1], that on such a space the relatively compact sublevel sets
{¢ < ¢} have finite dimensional cohomology in degree (#» — 1) for every ¢ € R
(Lemma 3.4), but the difficult step is to get an approximation result for
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(n — 2)-cohomology classes, and, in fact, this approximation holds only for ¢
sufficiently large. To see how large the constant ¢ must be chosen we use essen-
tially the Curve selection lemma and some properties of semianalytic and suban-
alytic sets. This is possible because the functions exp(— ¢,) are assumed to be

real-analytic on whole X. We show that for large ¢ some sets B;;, considered in

ij1
the proof, have no compact connected components and, in view of Theorem 1.5,
from this topological condition, we get locally an approximation for (% — 1)-
cohomology classes. But, by Mayer-Vietoris sequence, this can be related to an
approximation for (# — 2)-cohomology classes because the functions @; are n—1)-

convex.

§2. Some real-analytic lemmas

We prove in this section some lemmas about real-analytic functions which
will be needed to have a topological control for the bumping used in the next para-
graph.

LemmA 2.1. Let X be a real-analytic compact manifold and let A;, A, © X be
closed amalytic subsets such that A, = {¢ = 0}, A, = {¢p = 0} where @, ¢ are real
analytic functions on X and ¢ 2 0, ¢ 2 0. Then there exists a sufficiently small con-
stant ¢, > 0 such that at any point £ € {¢ <cp, ¢ < ¢} \ (4, U A,) there is no a
relation of the type d,¢ = ad ¢ with a < 0.

Proof. Let P'(R) be the real projective space of dimension 1 and let [A,
A,] be the homogeneous coordinates of a point in P'(R). We define M = {(z, [Aos
ADEXXPR) |z€ X\ (A UA), A4 <0, Ad,0 = A,d,¢}. Clearly M is a
semianalytic subset of X X P (R). Assume that the statement of Lemma 2.1 is not
true. Then there exist a sequence of points z, € X\ (4, U A4, z,—z, €A N
A, and constants a, < 0 such that d, ¢ = a,d, ¢. Hence (z,, [1, @,]) € M and
we may suppose that (z,, [1, @,]) = (x,, p,). Then (x,, p) € M\ M and by the
Curve selection lemma for semianalytic sets there is a real-analytic map 7: (— 1,
1) — X x P'(R) with 7(0) = (x,, pp) and 7((0, 1)) € M. Let 7(2) = (z(2),
2(7)) be the components of 7, hence 2(7) € X, 1(2) = [1,(2), 3,(D)] € P'(R),
z2(0) = z,, 2(0) = p, and for any 0 < z < 1 (z(c), A(r)) € M. By the definition
of M it follows that for any 0 <7<1 we have x(r) € X\ (4, U 4,),
2,0 2,(r) <0 and

1) 2,(Dd,0p = A4,(Dd,n P
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Since - (9°2(®) = (dyn9) G(D) and e (Pe2()) = (dyep$) ()
applying 1) to Z(z) we get

2) 2(0) o (9°2(®) = 4, = ($2(D)

d
But if 7 > 0 is sufficiently small then % (p-x(7)) >0, ac (¢ ex()) > 0 (this

follows from the following simple remark: if f :(— 1,1) = R is real-analytic,
f(0) =0, f(©) >0 for > 0 then f'(z) > 0 for 7 > 0 sufficiently small). This
gives a contradiction in 2) because A,(7) 4, (z) < 0 and A,(7), 4,(7) do not vanish
simultaneously. Thus Lemma 2.1 is completely proved.

Taking A, = A, and ¢ = ¢ in Lemma 2.1 we get:

CoroLLARY 2.1. Let X be a real-analytic compact manifold and A C X a closed
analytic set such that A = {¢ = 0} where ¢ is a real-analytic function on X and
@ 2 0. Then there exists a sufficiently small constant ¢, > 0 such that d,o ¥ 0 at
any point x € {¢ < ¢} \ A.

LemMa 2.2. Let X be a real-analytic compact manifold, A € B C X closed an-
alytic subsets and ¢ = 0 a real-analytic function on X with A= {¢ = 0}. Then
there exists a sufficiently small constant ¢, > 0 such that A is a strong deformation ve-
tract of B N {o < ¢} foramy 0 < ¢ < ¢,

Proof. Let 2. be a subanalytic Whitney regular stratification of B with
real-analytic strata [10]. From the subanalyticity of the tangent map it follows
that if S € X then the set {x € S|d,0 = 0 on T,S} is subanalytic in X. By the
Curve selection lemma there is an open neighbourhood V of A in X such that for
any S€ X and any £ € SN (V\A) d,o # 0. We choose ¢, > 0 sufficiently
small such that {¢ < ¢} € V. By Thom's first isotopy lemma it follows that for
any 0 < b < ¢ < ¢, the set BN {¢ < b} is a strong deformation retract of B N
{¢ < ¢} because BN {p = b} is a strong deformation retract of BN {b < ¢
< ¢}. Since (B N {¢ < ¢}, A) is a polyhedral pair [11] and by Lemma 1.2 we get
that A is a strong deformation retract of B N {¢ < ¢} for any 0 < ¢ < ¢, as de-
sired.

LEMMA 2.3. Let X be a real-analytic compact manifold, A,, A, © X closed an-
alytic subsets and @, ¢ C* functions on X which are real-analytic in a neighbourhood
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of A, UA, with A, ={p=0},A,={0p =0 and ¢ 20, ¢ =20. Let H= {p
<1, ¢9<1,L=A4n{¢<1},L,=A4,N {¢ <1} and assume that:
1) dy # 0 for every x € {¢p < 1} \ A, and d,¢p # O for every x €
¢ <1\ A4,
2) at any point x € H\ (L, U L,) there is no a relation of the type d,¢ = Ad,¢
with A <0
Then each of the sets L, and L, is a strong deformation retract of H.

Proof. We show that L, is a strong deformation retract of H (for L, the
proof is similar). The real-analyticity of ¢ and ¢ near A, U A,, the triangulation
theorem for semianalytic sets [11] and Lemma 1.2 show that it is enough to prove
the following: for any 0 < a < b <1 the set H, = HN {¢ < a} is a strong de-
format1on retract of H, = H N {¢ < b}. We define H,, = H N {a < ¢ < b} and

» = {¢ =1} N H,, By the condition 2) we know that at any point x € P,
there is no a relation of the type d,¢ = Ad,¢ with A < 0. Using a partition of un-
ity it follows that there exists a metric {g”} on the cotangent bundle of X such
that <d,¢, d,¢> > 0 if £ € P,,. This metric induces a riemannian metric {g;;} on
the tangent bundle of X such that <d¢, d¢> = {grad ¢, grad ¢ where
grad ¢, grad ¢ are considered with respect to this riemannian metric (in local

i 0
coordinates x, ..., &, gradf has components Zg”%). Therefore {grad,o,
7 7
grad,¢> > 0 at any point x € P,,. Let p: X— R be a C~ function which is
1
equal to —————— in a neighbourhood of {a < ¢ < b} and consider on X the
lgrad ¢ |

vector field Z defined by Z, = p(x)grad,¢. Then Z generates a l-parameter
group of diffeomorphisms 7,: X— X, t € R [13]. We set 7({, x) = 7,(x). For fix-
ed x € X consider the function t— ¢ (7,(x)). If y, = 7, () lies in the set {a < ¢
< b} then

_ < dy, (x)

tﬁo(rt(x)) ‘ " grady0<p> =+1

Thus the map t— ¢(,(x)) is linear with derivative + 1 if @ < ¢ (7,(x) < b. It
follows that {(0 = @} is a strong deformation retract of {a < ¢ < b} by the homo-

topy F:{la< ¢ <b X [0,1]—~{a< ¢ < b} given by Flx,t) = r(tla— o),
). Setting
_jxifel@ <a
Rz, 5 = {F(x, Difa< ol <
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we get that {¢ < a} is a strong deformation retract of {¢p < b}.
Consider now for a fixed £ € X the function ¢t— ¢(7,(x)). If y, = 7, (2) lies in
the set P,, then

%qb(r,(x)) ‘,-, = <drzi# o grad,,ogb) = (Z,, grad, ¢ >0

therefore the function ¢— ¢ (7,(x)) is strictly increasing in a neighbourhood of ¢,
It follows that, for a fixed x € H,,, the trajectory 7(f, x) a <t < B lies in H,,
as soon as this trajectory is contained in {@ < ¢ < b}. Hence the homotopy map
R induces also a strong deformation retract of H, onto H,, and thus the proof of
the lemma is complete.

LEmMMA 2.4. Let X be a compact real-analytic manifold, A,, . .., A, closed analy-
tic subsets of X, A=A, U---U A, and f,,. .., f, real-analytic functions on X such
that A;, = {f, =0} and f; = 0 for everyi = 1,..., r.

Then there exists a constant ¢, > O sufficiently small with the following property:
(P) foramyt,...,7,€ Cy (X\A), 7, 20,...,17,>0, there exists a sufficiently
small constant 2, = Ay(z,,. .., T,) > 0 such that for any constants 0 < p; < A, i =
1,..., 7 the set A; N A, is a strong deformation retract of the set C(t;, T, pty, 1t;,
0 = {z € X| (@)™ < c,fj(x)e”’r’(z) <cforany i,7=1,...,7 and any
0<c¢<g,

Proof. Clearly we may assume ¥ = 2. We choose a constant ¢, > 0 sufficient-
ly small such that, denoting H = {f; < ¢,, f, < ¢,}, the following conditions are
satisfied:

1) d,f, # 0 for every x € {f, < ¢} \A, and d,f, # 0 for every z € {f,
< ¢} \A4,

2) at any point £ € H’\ (4, U A,) there is no a relation of the type d,f, =
Ad,f, with A < 0

3) for every 0 < ¢ < ¢, the set A; N A, is a strong deformation retract of
A NA{f,<ch

The existence of ¢, follows from Lemma 2.1, Lemma 2.2 and Corollary 2.1.
We prove that this ¢, satisfies our property (P). Let 7,, 7, € C, (X\A4), 7, = 0,
7, 2 0 and we have to choose the constant A4, = A,(z;, 7,) > 0. The constant 4, is
chosen sufficiently small such that for any 0 < g; < Ay, 0 < g, < A, the func-
tions f,(2) ™, £,(2) "™ satisfy the conditions 1) and 2) on the set H’ N
{supp 7, U supp 7,}. By the condition 3) and Lemma 2.3 it follows that the set
A, N A, is a strong deformation retract of C,(7y, T, Uy, Uy, €) for any 0 < ¢
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< ¢y, 0 < gy < Ay, 0 < p, < A, which proves Lemma 2.4,

§3. Some other technical results

Beginning with this paragraph by an analytic subset of a complex space we
mean a complex analytic subset.

Lemma 3.1. Let X be a compact normal complex space of pure dimension n and
A, ..., A, closed analytic subsets. We set A=A, U -+ UA, and Y, = X\A, i =
1,..., 7. We suppose that on each Y; an (n — 1)-convex exhaustion function ¢, : Y,
— R is given. We define D, = {¢, <0}, Y=X\A=Y¥V,Nn---NY,D=DN
-+ N D, B;=Y,UY,\ (D, UD, and we assume that for every 1 < i, < 7 the
set By; has no compact connected components.

Then 1t follows :
a) the natural map H,, (D, C) — H,,_ (Y, C) is bijective
b) the natural map H,,_,(D, C) — H,, ,(Y, C) is injective.

Proof. We first remark that by our hypothesis “B;; has no compact connected
components” it follows that the map H,,_,(D, U D,, C) — H,,_,(Y; U Y, C) is
injective and the map H,,(D; U D,, C) — H,,(Y, U Y}, C) is bijective for any i, j
e {1,..., 7} (e.g. by Theorem 1.5).

Let us prove a). We show by induction on k that for any 7,,..., i, € {1,...,
7} the map Hy,_ (D, N --» N D, ,C)— H,, (Y, N -~ NY,,C)is bijective.
If kK = 1 this is clear because H,,_,(D,, C) = H,,_,(Y,, C) = 0 by Theorem 1.4.
If kK = 2 we consider the following commutative diagram with exact lines given by
the Mayer-Vietoris sequence:

0 0 0 0
l I Il I
= H,(D,C)®H,(D,C)~ H,(D,UD,C)~H, D,NnD,C) ~H,_(D,C)DH,_D,C) -
| ) | |8 |
= 1,(Y, O ® 1, (Y, €)= H,(Y,UY, )~ H, (Y, Y, C) = H, (¥, C)DH, (¥, C)—
Il Il Il I
0 0 0 0
Since « is an isomorphism it follows that 8 is an isomorphism too.
Suppose now that k 2 3. To simplify the notation we put ¢, =1,..., 4, = k. To
apply the induction hypothesis we write:
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Dn---ND_ND,=D;,N--ND_)NWD,N---ND
nn---nvyv.,ny,=n----nNnY_)NnNE,n- --nNYr
and
(o,n---nND,_)UD,N---ND)=(D,N---ND,_) N (D UD)
y,n---nYy_D)uEp,n---nNnrY)=,Nn---NY_)N,UY).
By the Mayer-Vietoris sequence we get the commutative diagram with exact lines:
0
Il
-—-H,(D,n---nD_)N(DUDY,C) —H,_ (DN--ND,C)—
! le
- /(N nY,)n Uy, 0 —»H, (Y,n---NnY,C—
|
0
H,.,D.n--nD,,C®H,,D,n-nD,C)~ H, (D,N--ND,_)N(D,UD,),C —-

L ¥
Hy (Y, 0N Y, OB H,, (0N Y, 0= H, (,n- 0¥ )N ({TUL,C—

By induction % is an isomorphism therefore g is injective. To prove that g is
surjective it suffices to show that j is injective. To see this we consider the follow-
ing commutative diagram given by the Mayer-Vietoris sequence:

ﬂ
= Hy,(D,N - N D, C) ®H,, (D, UD, C) = H,(D,N -~ ND_) U(DUD,C)~
Im L
- H,(Y,n--nY_,COH, Y, UY,C) -H,(,n---nY_)U{F,UYr),C~-
I
0

Hy, (DN - N D) N (D,UDy,C) = H,_,(D,N - ND,_,C) EBHzn—l(Dl UD, €)=

b )
H, (N NV )nTUY,C —H, (,n-nY_ ,00H, (,UY,C) -

Clearly m is an isomorphism and # is injective. On the other hand the map
H,,_,(D,N---N0ND,_,C—H, (Y, N Y._,C)is bijective by induc-
tion and the map H,,_ (D, U D,, C)— H,,_,(Y; U Y,, C) is injective as re-
marked at the beginning of the proof. It follows that p is injective, and from the
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commutativity of the diagram, j is injective too. Thus a) is completely proved.

We now verify b) proving by induction on k that the map HZ,,_Z(D,-l n---nN
D;, C) = H,, (Y, N - NY,C)is injective for any i,..., 5 € {1,..., 7}
If k = 1 the injectivity is clear because D, is (# — 1)-Runge in Y; and we can ap-
ply Theorem 1.4.
If ¥ = 2 we consider the diagram given by the Mayer-Vietoris sequence:

0 0
Il I
=M, (0,0 OH,.,D,C)~ H,D,UD,C)~H,,D;ND,C) —H,,D,C)®H,,D,C) -
| PR I
= Hyy (1, 0) @HZn-—l(Yj' C)— Hy,, (1, U YuC)"HZn—z(Y: ny, C) = H,,(Y,C) ®H2n-z(ij C-
I Il
0 0
Note that H,, (D, C) = H,, (D, C) = H,,_,(Y,, C) = H,,_(Y;,C) =0 by
Theorem 1.4 because D,, D,, Y;, ¥; are (n — 1)-complete. Also by Theorem 1.4
the maps H,,_,(D;, C) — H,,_,(Y;, C) and H,, ,(D;, C) — H,,_,(Y;, C) are in-
jective, therefore ¢ is injective too. The map a is injective by the remark at the be-
ginning of the proof. If follows that b is injective.
Suppose now that £ 2 3 and to simplify the notations we put i, =1,..., ¢, = k.
As in a), in order to apply the induction hypothesis, we write:
DnNn---nNnD_,ND,=MD,N---ND,_)NWD,N--+-ND
yn---ny_,nvy.=n---ny_)n,n---nNY
and
(o,Nn---nND_P)UD,N---NDY)=WD,N--ND,_)NI(D,VU D,
y,n---nNYy_)u@n---ny)=Fn- --NnY_)n{UY.

Consider the following diagram given by the Mayer-Vietoris sequence:

~H, (D0 ND,,C)BH, (D,nND,C) ~H, (DN nD_)NDUD),C~
b |

ol (K00 Y, OB, (00 Y, 0 = H, (,n- 0T, )n(UY),0-

H,,D,n--NnD,C)—H,,D,n-ND,_,C)BH, ,(D,N--ND,C)—"

Lo lv
Hy, (¥, N NY,C) = H, (1,0 N, Q) H,,(,n - NY,C -
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The map # is bijective by a) and w is injective by induction. On the other hand at
a) it was shown that the map j is injective. It follows that v is injective and thus
the proof of Lemma 3.1 is complete.

Before stating the next lemma we introduce some notations. Let U = (U)),,
be a countable Stein open covering of a complex space X such that U is a base of
open sets for the topology of X. If F € Coh(X) we denote by C°(U, ¥) the
Fréechet space of Cech cochains, 8 = 0°: C* (U, F) — C**' (U, %) the coboundary
operator, Z’ (U, ¥) = ker & the Fréchet space of cocycles, B*(U, ) = im 6*~*
the space of cobords, H*(X, %) = H* U, %) = Z* (U, %) /B (U, #) the coho-
mology of X with values in &%, with the quotient topology, which clearly does not
depend on . If D C X is an open set we define U |, = {U, € U | U, € D}.

It is easy to verify that the following conditions are equivalent:

i) The restriction map H*(X, %) — H”(D, #) has dense image

ii) The restriction map VASCIRE: S AR C)) |, #} has dense image for every

covering U as above

iii) The restriction map Z° (U, %) — Z* (U |, #) has dense image for one

covering U as above.

LemMma 3.2, Let X be a complex space such that X = D, U D, where D,, D, <
X are open sets and let F € Coh(X). Consider the Mayer- Vietoris sequence :

H'(D, N D, % — H*'(D, U D,, $) — H*'(D, F) ® H'(D,, %)
and assume that for some 1 H™(D,, %) = H*'(D,, %) = 0.

; u¥* .
Then the map H' (D, N D,, F) — H™ (D, U D,, F) is open.
Proof. Let U = (U,),c; be a countable Stein open covering of X such that U

is a base of open sets for the topology of X and such that the following condition
is satisfied:

c) U,,oﬂ e N Unq¢¢=> Un,,U U UnqCDlor U,,OU <.+ U U,,‘ICD2
This condition can be written also as follows:
nerf % = nerf U |, U nerf%|,

We show that the map #" : H' (U ’Dlnbz’ F)— H'"' (U, %) is induced by a con-
tinuous linear map u:Z (U |D1rwz' F) — Z"™ (U, F) between cocycles. Let 7 €
Z' |DInD2, F)and let 7, € C'(U |D1, %) be the extension of 7 to D, by zero, i.e.
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7 (n .. n) = T(no,---r n’) if U”o""’ U”i & %|D10D2
LR T 0 otherwise
Then 07, € AAC)) IDI’ %) and we define u(y) to be the extension of d7, to X by
Zero, 1.e.
or) (ng, ..., n, iftv,,...,U, €U
w(@) (ng,. .., 0y, = {( 7 (1, ) if Uy, i I,
0 otherwise

Clearly u(y) € ct' @, %) but, by condition C), it follows easily that in fact
u(y) € Z"" (U, F). From the definition of # it is obvious that #* is induced
(modulo a sign) by #, hence we have the commutative diagram

Z' Uy, )= Z' @, F)
! !

U

H' Uy p, F)— H U, F)

By our hypothesis u” s surjective. Therefore the linear continuous map §:
Z'WUlpp, PO C' WU F)—Z U F) defined by sGDp) = u(p) — 6P
is surjective. By the open mapping theorem s is open, hence %~ is also open. The
proof of Lemma 3.2 is complete.

LeEMMma 3.3. Let U be a Stein normal space of pure dimension n, ¢y, ..., ¢,
(n — 1)-convex functions on U and define D = {¢, <O0,..., ¢, <0} Let also ¢,
< @, be an (n — 1)-convex function on U and put V= {¢, <0, ¢, <0,..., ¢,

< 0}. Assume that the following topological condition is satisfied:

the map H,, ,(D, C) = H,,_,(V, C) is injective.
Then for every F € Coh(U) the restriction map H' 2V, % — H" (D, %) has de-
nse image.

Proof. We define A= {p, <0}, A ={¢, <0}, B={9,<0,..., ¢, <0},
hence D=ANB,V=A" N B. Then A, A" are (# — 1)-Runge domains in U
since U is Stein and ¢,, ¢, are (# — 1)-convex functions on U. In particular
H,, (A, C) = H,, (4, C) = 0 by Theorem 1.4. Also it follows easily by induc-
tion, using the Mayer-Vietoris sequence and Theorem 1.4, that H,, (B, C) = 0.
We consider now the following commutative diagram given by the Mayer-Vietoris
sequence for homology:
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0 0

Il Il

--—H, (4, CDH,_B,C) —H,,_(AUB,C)—H,, ,(D,C)—"-"-
l L 1
-—H, (A, C)DH,, (B, C—H, (AUB,C)—H, (V,C—---

I I

0 0
By hypothesis v is injective, hence # is injective too. From Theorem 1.5 it follows
that the restriction map p,: H" 7 (A UB, % — H" (AU B, %) has dense im-
age. Note also that by Theorem 1.3 the restriction map p,:H" (4, F) —
H" (A, %) has dense image because A is a (# — 1)-Runge domain in U D A
On the other hand H" (A, %) = H" (A, F) = 0 since A, A’ are (n —1)-
complete and, by induction, using the Mayer-Vietoris sequence and Theorem 1.1,
it follows that H* (B, %) = 0.
We write now the Mayer-Vietoris sequence for cohomology in the following com-
mutative diagram:

0 0
| Il

—H"'A, 9 QH""B,H-H""(V,5)~H A UB,FH-H"U5HSHB,F)—

o o e J
SHW P OH B, P~ B0, HDSHAUB,F ~H"(U,F OH B, — -

I I
0 0

In this diagram p, @ id and p, have dense images and u”is open by Lemma 3.2. It
follows that p, has also dense image, which proves our Lemma.

Remark 3.1. The condition of normality is not necessary in the above lemma
because, as remarked in §1, the first 3 conditions in Theorem 1.5 are equivalent

also for non-normal complex spaces.

LEMMA 3.4. Let Y be a complex space of dimension n and ¢;: Y—R 1=1,. ..,
v (n — 1)-convex fumctions. Assume that ¢ = max(¢,, ..., ¢,) is an exhaustion
function on Y and define Y, = {¢ < c}c € R. Then for every F € Coh(Y) the restric-
tion map H' (Y, F)— H" (Y, F) is surjective. In paricular dimCH”_l(Yc, 73]
< oo,

Proof. We make first the following remark: Let U be a Stein space of dimen-
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sion #, ¢y,..., ¢,: U= R (m — 1)-convex functions, ¢ = max(¢,,..., ¢,) and
define V= {¢ < 0}. Then Vis a finite intersection of (# — 1)~complete domains
and it follows by induction, using the Mayer-Vietoris sequence, that H* " (V, %)
= 0 for every % € Coh(U).

We come back now to the proof of Lemma 3.4. It is enough to show, by ([1],
Lemme p. 241), that for any @ € R there exists 8 > a such that the restriction
map H N (Y,, %) ~“’H"_I(YT, %) is surjective for every a < y < . To see this
we use the “bumping method” of Andreotti-Grauert in [1]. We consider Stein open
subsets U;1=1,...,m, U, ©C Y, such that {p =a} < U, U -+ U U, and we

choose 6, € C, (U, R), 6, >0i=1,...,m with 2., 6,(x) > 0 at any point
x € {p =a}. Let also ¢ >0,...,¢, >0 be sufficiently small constants such
that all the functions ¢,, = ¢, —&,60,— ... —¢b, i=1,..., v t=1,..., mare

(n — 1)-convex on Y.

We define Dy(¢) = X, D,(¢c) = {9 — 6,6, < ¢},..., D,(0) = {p —e,0,— ... —
€0, < ¢} for ¢ € R. Since D,,,(c) \ D,;(¢c) < U,,,, the Mayer-Vietoris sequence
and the remark at the beginning of the proof, show that the restriction maps
H"'(D,, (0, ) = H"(D,(c), F) are surjective for i =1,..., m — 1. There-
fore H" (D, (c), ) — H"'(Y,, F) is surjective too. Suppose now that ¢ = a.
In this case {¢ < @) € D,,(a), hence there is 8> a with Y, € D, (). f a <7
< BB then we have the inclusions ¥, € ¥, © D, (@) < D, (7) and it follows that
the restriction map H"—l(YB, F) —"Hn_l(Yr, F) is surjective, which proves our
lemma.

LEmma 3.5. Let X be a compact normal complex space of pure dimension n, A, .. .,
A, closed analytic subsets, A=A, U -+ U A,. We assume that on each X\ A; an (n
— 1)-convex exhaustion function @;: X\ A,— R is given and define ¢: X\A—
R by = max(g,,..., ¢,). We suppose that the following hypothesis (H) is satisfied :
There exists a constant oy > 0 sufficiently large with the following property: (P') for
any Ty,..., 7, € Co(X\A), 1,2 0,..., 7, 2 0 there is a sufficiently small constant
ATy, . .., T,) > 0 such that for all constants 0 < g, < A, 1= 1,. .., 7 the set
B,(t;, T, iy 11, ©) = (X\A) U (X\A)\ (Ixr € X\ 4] 9,(®) — p,7,(x) <} U
{x € X\A,|¢,(x) — ;@) <c}) has no compact connected components for every
¢ > . Then, under these assumptions, it follows that for every F € Coh(X\ A) and
any ¢ > @, the restriction map H™'X\A F—H Ko<, F) is bijective. In
particular X \ A is cohomologically (n — 1) -convex.

Remark 3.2. We shall see later (Lemma 3.10) that the hypothesis (H) is al-
ways satisfied if the functions exp(— ¢,) are real-analytic on whole X. This will
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follow from our results in §2.

Proof of Lemma 3.5. In view of Lemma 3.4 and by the approximation result
in ([1], p. 250) it is enough to show that for any a > «, there is 8 > a such that:
1) For any 7y with o < 7 < B the restriction map Hn_z(XB, F)— Hn_Z(X,, %)
has dense image
2) The restriction map Hn_l(XB, F)— H" (X, %) is bijective
where X, = {x € X\ A| o) < ¢}.
So let & > a, be fixed and we have to choose $.

We choose a Stein open covering {U} j=1,...,mof {¢p = a}, U, CC X\A,
U Nni{p<a) =4
Let also 6, € C;(U), 6,20 j=1,..., m be such that 2}~ 6,(z) > 0 at any

point x € {¢ = a}.

From the (# — 1)-convexity of the functions ¢,, ¢ =1,..., 7 there is an k, > 0
sufficiently small such that for any ¢;, 0 < ¢; <k, j=1,..., m all the functions
=@, —&b—...—¢b,i=1,...,rt=1,..., mare (n — 1)-convex on
X\A4,i=1,..,rLete = (&,...,¢€,) befixed0 <&, <k, i=1,..., m

For every & € R we define the open sets D, (e, hh) T X\Aj=1,...,m k=

0,..., 7 as follows:

For j=1 D, (&, ) ={¢, <h,..., ¢, <h}, D, h ={p, — €6, <h, o,
<h...,0,<h D, B =g —e6<h o —cb <h,. .. ¢ —c¢b
< h}.

In general for arbitrary j and k& we define

Dj,k({i', h) = {@1 - 8101— eee E;ﬂj < h,. ey O T 8;01 - ... T 5;01 < h, Drr1
—&b,— ... &b, <h...,0 —&b — ...~ b, <h

Hence we have the equalities:
D, (e, h ={p< n =X,
D, (&, h) =D, (e, h) ={p—¢e6,<h},..., D, h

=D h) ={p—¢€b,— ... €6, <hh,...,

D, (& h={¢p—¢b—..—¢,0,<h

and the sequence of inclusions:

{o<h} =D, nc - C D, (&, h) =D, (e, h) <+ <D, (¢, h
=D, (¢, h) < --- <D, (¢ h).

Since all the functions &6, + ... + €6, belong to C, (X\ A) it follows by our
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hypothesis (H) and by Lemma 3.1 that there is some 0 < 7 < 1 sufficiently small
such that:
a') H,, (D, (z¢’, h), C) — H,,_,(X\ A, C) is bijective
b) H,,_,(D,  (ze’, h), C) = H,, ,(X\ A, C) is injective
ifth>a,j=1,...,mk=0,...,7
We fix this 7 > 0 and we put ¢ = 7¢" and D, (e, #) = D, ,(h) (from now on ¢ will

remain fixed). Clearly all the functions ¢,, = ¢, — &0, — ... —¢b,i=1,...,
rt=1,...,m are (w — 1)-convex on X\ A, and the conditions a’), b’) can be
written:

a) H,,_,(D,,(h), C) — H,,_,(X\A, C) is bijective

b) H,,_,(D;,(h), C) — H,,_,(X\ A, C) is injective

ifth>a,7=1,...,m k=0,..., 7.

We have {¢ < &} < D,,,(a) because 2}~ 6,(x) > 0 at any point € {¢p =
a}, therefore there is some B > a with X, = {¢ < B} € D,,,(a). We shall prove
that this 8 satisfies our conditions 1) and 2) stated at the beginning of the proof.

Step 1. We show the density of the image of the restriction map

™ H"D,,, (), F) — H"*(X,, F) for every h > a,

By the conditions a) and b) we get:
a,) H,,_,(D,,(h), C)— H,,_(D,,,,(h), C) is bijective
b)) H,,_,(D;,(h), C)— H,,_,(D,,,,(h), C) is injective
if h > a
Since supp 6, € U, j =1,..., m it follows that D, ,,, () \ D, ,(h) < U, therefore
Djri(W) = D; () U (D, () N T)).

We consider the Mayer-Vietoris sequence for homology:
0
Il

T HZn—l(Dj,k(h)! C) @ H2n—l(Dj,k+l(h) n Up c - H2n—1(Dj.k+1(h)v ) R
HZn—Z(Dj,k(h) n Uj, C) - HZn—Z(Dj,k(h)’ C) @ HZn—Z(Dj,k+1(h) n Ujr C) -
Hyyy(D; s (), C) =+

It is easy to see (by induction and by Mayer-Vietoris sequence) that
H,,_(D;,.,(h) N U, C) = 0 because D, ,,,(h) N U, is a finite intersection of (n
— 1)-Runge domains in the Stein space U,

From the exactness of the above sequence and by the conditions a,) and b,) it fol-
lows that the map H,, ,(D,,(h) N U, C) = H,,_,(D,;,,,(h) N U, C) is injec-
tive.

In view of Lemma 3.3 the restriction map H"*(D,,,,(W N U, F) —
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H"*(D,,(h) N U,, ) has dense image.
We consider now the Mayer-Vietoris sequence for cohomology:

= H"D, . (W), F) = H' (D, W), F) ®H" D, ,..(W) N U, F) —
H"D,, (W N U, F)—H" D, ,,,(W), F) —--

Since the map H" (D, (h), ) @ H" *(D,.,(W N U, %) — H" (D, () N
U,, #) comes from a map of cocycles and has finite dimensional cokernel (by Lem-
ma 3.4 dimCH"—l(Dj,kH(h), %) < o0) it follows that this map is quasi-open (i.e.
open onto its image). Since we have shown that the restriction H" (D, ,,,(R) N
U, %) — Hn_z(Dj,k (k) N U, #) has dense image it follows that Hn_z(Dj,kH(h),
F) — H"_Z(Dj,k(h), %) has also dense image which proves Step 1.

Step 2. We verify the condition 1) stated at the beginning of the proof.
Let 7 be such that @ < 7 < . By the definition of 8 we have X, € D,, (a), hence
the inclusions X, € X, C D,, (@) C D,,,(y) and by Step 1 H* *(D,, (1), ) —
H"_Z(X,, #) has dense image because 7 > a, Therefore the restriction map
H"*(X,, %) > H"*(X,, #) has dense image too.

Step 3. We verify the condition 2) stated at the beginning of the proof.
By Lemma 3.4 (the surjectivity assertion) it is enough to show that the restriction
map H"—I(Dm,,(a), F)— H"—I(Xa, %) is injective. Exactly as in Step 1 we have
only to verify the injectivity of the maps H"_I(Dj,kﬂ(a), F) -’Hn_l(D,-,k(a), F).
To see this we consider the Mayer-Vietoris sequence:

u
= H"(D,, (), F) ®H"D,,,,(@ N U, F—H D, (@ N U, F—

H" (D, (@, F) = H'' (D, (@), F) DH" (D, ., (@) N U, F)—---

|
0

One has H" (D, ,,,(@) N U,, ) = 0 because D, ,,,(a) N U, is a finite intersec-
tion of (# — 1)-Runge domains in the Stein space U;. Also by Step 1 we know
that % has dense image. On the other hand H" (D, ,,,(@), %) is finite dimension-
al by Lemma 3.4, therefore # must be surjective. It follows that the restriction
map H"—I(Dj,kﬂ(a), F) — H"_I(Dj,k(a), %) is injective, which proves the asser-
tion of Step 3. Thus the proof of Lemma 3.5 is complete.

Lemma 3.6, Let A C P” be a closed analytic subset without isolated points. Then
there exist:

1) a projective algebraic space X of pure dimension n together with a finite surjec-
tive holomorphic map ¢ : X — P"

2) closed analytic subsets Ay, ..., A, of X
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3) ample line bundles L,, ..., L, on X and for each bundle L, sections s, , . . .,
S, ETX, L) ky<n—1
such that:

a) 94 =AU - UA4,

b) A, =15, =...=5, =0 i=1,...,7

Remark 3.3. By taking the normalization of X we always may assume in the
above lemma that X is normal.

Proof of Lemma 3.6.

Step 1. We assume that A has pure dimension d 2 1. We can apply Lemma
1.1 and we take L, = (¢°¢,) " (Opn(1)).

Step 2. We prove the following statement:
Let A= A, U A, with A,, A,closed analytic subsets of P” without isolated points.
Assume that for each A, j = 1,2, there exists (X, ¢;, A, L’;, sf,t) with the prop-
erties stated in Lemma 3.6. Then there exists (X, ¢, 4;, L,, s,,) associated to A
and which satisfies the conditions of Lemma 3.6.

To see this we consider the commutative diagram:

X
by N\
X, X,
NS
Pn
where X = X| Xp.X, is the reduced fiber product, i.e. X = {x = (z,, x,) € X, X
X, | ¢,(x) = ¢,(x,)} and ¢ = ¢,°pr, = ¢,°pr,. Clearly X has pure dimension #
and ¢, pr,, pr, are finite surjective morphisms. If we write ¢~ (4) = ¢"'(4,) U
¢ (4 = pr; (¢; (4)) U pr; (¢, (4)) = pr; (U, A) U pr; (U, A) then ev-
erything is clear because pr,, pr, are finite surjective morphisms, hence pr;k(Lt»),
pry (L%) are ample line bundles on X. This ends the proof of Step 2. Obviously
Lemma 3.6 follows from Step 1 and Step 2 by an induction argument.

LemMA 3.7. Let D © C" be defined by D={z=(z,,...,2) €C"||z [ +
cee |zq [> % 0} where 1 < q < nois a fived positive integer, and let ¢ : D— R be
given by ¢(2) =log(lz >+ ... +] z, ). Then for every z € D there is a complex
linear subspace M, C T,D = C" with diimM, = n — (g — 1) such that the Levi form
L(p),(w) = 0 for any w € M,.
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Proof. We put s = |z P+ ... +] FA |>. By a direct computation it follows
that:

1
— (X | 2w, — 2w, B
s© g

L(p),(w) =

Let z= (z,,..., 2,) € D be fixed and let 1 < ¢ < g be such that z; # 0. We de-
fine M, by the following (¢ — 1) equations in T,D = C":

zw, — 2w, =0,...,zw,_; —2_w,=0,zw,, —2z,w=0,...zw —zw =0

Clearly M, satisfies the required conditions.

LEMMA 3.8. Let X be a complex space, U T X an open subset, fi, ..., f, €
OD) with {z€ Ul fi(x) = ... = f(x) =0} = @ (empty set) and ¢ a 1-convex
function on U. Then ¢ — log(| £, P+ ...+ lfq [2) is q-convex on U.

Proof. Obviously we may assume that U is an open subset of C”. Let £,,. . .,
t,, be the coordinates on C”. If we consider the embedding U < C* x Uc C" n
=g+mgivenby t= (t,..., t,)—= (f(D,..., (D, t,..., t,) then Lemma 3.8
follows immediately from Lemma 3.7;

Lemma 3.9. Let X, Y be locally compact Hausdorff spaces and w: X — Y a con-
tinuous map which is proper and surjective. Let A C Y be a locally closed subset and A
=r"'(4).

Then the following statements hold :

1) If A has no compact conmnected components then A has no compact connected

components

2) Assume additionally that ™ has connected fibers. Then the condition “A has no

compact connected components” 1mplies “A has no compact commected compo-
nents”.

The proof of this lemma is a simple exercise of topology and so it is omitted
(see e.g. [5]).

LemMa 3.10. Let X be a compact complex space of pure dimension n, A, ..., A,
closed analytic subsets, A=A, U -+ UA, and foreach i =1,..., 7 let ¢;: X\ A,
— R be an exhaustion function such that exp(— ¢@,) is real-analytic on X. Then
there exists a sufficiently lavge constant oy > O with the following property:

(P) foramyt,..., 7, € Co (X\A), 7, =0,..., 7, = 0 there is a sufficiently small
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constant Ay = Ay(Ty,. .., T,) > 0 such that for all constants 0 <y, < A, i=1,...,
v the set

B, (t;, Tt 11, ©) = (X\A4) U (X\A4)\ ({z € X\A4,| ¢;(x) — p;7,(x) < ¢}
Uz e X\4,] ¢, — ;0 < c})

has no compact connected components if ¢ > a,.

Proof. 1f we set f, = e " then f; are real-analytic on X, f, > 0, A, = {f, = 0}
and By (t,, 7, i, 1, © = {x € X| fi(2) 7 <™, (@)™ < eI\ (4 N A).
With the notation in Lemma 2.4 By, (¢, ©;, tt;, ttj, © = Cy(zy, T sy 115, € )\ (4
N A). Let w: X— X be a resolution of singularities [9] and define A, = 7' (4,),
A=UA,f,=f-m, T, = 7;°m and the corresponding sets B,j, C,,. By Lemma
2.4 there is a constant ¢, > 0 sufficiently small with the property (P). Since fl,- N
A, is a strong deformation retract of C,(%;, &, tt;, &, € ), ¢ > — log ¢, = @, it
follows in particular the surjectivity of the map H,(4, N 4,, C) — H,(C(%,, %,
Ui 1), ¢ %), C) which implies that the set B,j(f,, Tjy Wiy Uy €) = C‘,-]('E,-, Ty Uiy L)
eO\U, n A,) has no compact connected components. By Lemma 3.9 the set
B, (z;, 7,, 1, 1, ©) also has no compact connected components. Therefore the con-
stant oy = — log ¢, satisfies the conditions required in our lemma.

Remark 3.4. It follows by our proof that the sets B,,(z,, 7,, tti, 1, ©) ¢ > @,
have no compact irreducible components.

ProrosiTioN 3.1 Let X be a compact normal complex space of pure dimension 0,
A, ..., A, closed analytic subsets, A=A, U - -+ UA, and assume that for each
i=1,..., 7 there exists an (n — 1) -convex exhaustion function ¢,: X \ A, — R such
that exp(— @,) is real-analytic on X. Then X\ A is cohomologically (n — 1) - convex.

Proof. 1t is a direct consequence of Lemma 3.5 and Lemma 3.10.
Remark 3.5. In fact the condition of normality is not necessary in the above
proposition as one can easily see by replacing in the previous lemmas “compact

connected components” by “compact irreducible components” and dropping the
normality assumption on X.

§4. Proof of the main results

THEOREM 4.1. Let X be a compact projective algebraic space of pure dimension n,
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Ay, ..., A, closed analytic subsets, A=A, U --- U A,. Assume that there exist am-
ple line bundles L,, ..., L, on X and for each bundle L; sections iy, ..., Sy, €
I'X,L), k;<n—1suchthat 4, ={s;;= ... =5, =0 i=1,..., 7.

Then X\ A is cohomologically (n — 1) -convex.

Proof. By Proposition 1.1 and the invariance of ampleness under finite
surjective morphisms we may assume that X is normal. Also, replacing L, by a
sufficiently large power of it, we may assume that L, is very ample. Hence there is
an embedding X <& P such that L, = p] (BpN(1)) and thus we have on L; a
real-analytic metric induced by the standard metric of positive curvature on
OpN(1). Let h; be this metric on L,. Let (U,), be an open covering of X such that
all the line bundles L; are trivial when restricted to U, and let #; = (h;,), be the
local representation of the metric %;, hence — log h;, are l-convex functions on
U,. If (g, are the transition functions for L, then %;, = | g, 4o Izhi,ﬂ. Let also
(s;;.4) be the local representations for the sections s;; 7 = 1,..., k; corresponding
to (U,). Hence S, = & asSijs
If we set f; = h;, Z;‘Ll [S;a * then f, is well-defined, is real-analytic on X, f, >

0, A, = {f, = 0}. On the other hand by Lemma 3.8 the function ¢; = — log f; is
(n — 1)-convex on X\ A, Now Theorem 4.1 is a direct consequence of Proposi-
tion 3.1.

THEOREM 4.2. Let A € P” be a closed analytic subset without isolated points.
Then P"\ A is cohomologically (n — 1) - convex.

Proof. This follows directly by Theorem 4.1, Lemma 3.6 and Proposition 1.1.

We recall the main result in [2]:

THEOREM 4.3 ([2], Satz 2). Let A C P” be a closed analytic subset without iso-
lated points, F € Coh(P"\A), X the canonical sheaf of P", k = 1 the number of
connected components of A. Then one has:

dim Ext;(P"\A; % ; %) = dimH, (P"\ A, Hon(F, X))
= (k — DdmH (P"\ A, Hom(F, X)) < 0.

By Theorem 4.2, Theorem 4.3 and Serre duality it follws:

MaIN THEOREM. Let A © P” be a closed analytic. subset without isolated points, k
> 1 the number of connected components of A and F € Coh(P"\ A).
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Then we have for the analytic cohomology groups:

dimcH" 7 (P"\ 4, %) = (k — 1) dim H (P"\ 4, Hom(F, X)) < oo

(K is the canomical sheaf of P"). In particular H"*(P"\ A, ) vanishes for connected A.
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