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HOMOLOGY OF BRANCHED COVERINGS OF 3-MANIFOLDS 

JOHN HEMPEL 

ABSTRACT. We give a relation between the homology groups H\(M) and H\{M) 
for a branched cyclic cover M —• M of arbitrary closed, oriented 3-manifolds which 
generalizes a classical result of Plans on covers of S3 branched over a knot and provides 
other quantitative information as well. We include a general "free calculus" procedure 
for computing homology groups of branched covers and reinterpret the results in this 
computational setting. 

1. Introduction. It is a theorem of Plans [P] that the first homology of an odd de
gree cyclic branched cover M of S3, branched over a knot, is always a direct double: 
H\(M) = A 0 A. This extends [VW] to cyclic covers of homology 3-spheres branched 
over links—modulo/?-torsion for primes p dividing the degree of the cover. Some inde
pendent information about the first betti number and torsion numbers prime to the degree 
for such covers (cyclic covers branched over links in homology 3-spheres) is given in 
[CM]. 

We have two goals in this paper. The first is to show that the arguments of [VW] 
and [CM] can easily be adapted to treat cyclic covers M —• M branched over a link 
in an arbitrary 3-manifold, M, and show that the change from H\(M) to H\(M) follows 
the same pattern. This allows us to give qualitative information about the homology of 
branched coverings which can be factored as a composition of cyclic coverings. Such 
covers include all solvable covers (in particular all abelian covers) and many irregular 
covers as well. 

The second is to describe a procedure for calculating the first homology of a general 
branched covering from a relative Jacobian matrix of free derivatives of a presentation of 
a certain group pair in much the same way (cf. [H2]) as one calculates the first homology 
of an unbranched covering from a Jacobian of a presentation of the fundamental group 
of the base. This procedure is mentioned briefly in [H3], but does not seem to be well 
known. We give a more complete description in Section 3. We then reinterpret the results 
on cyclic branched covers in terms of this computational procedure in a way that provides 
alternate arguments for the results, explains the significance of the steps in the procedure, 
and provides some additional qualitative information including some information about 
the /7-torsion of the homology for primes p which do divide the degree of the cover. 

We establish the following extensions of Plans' theorem. Definitions are given at the 
end of this section. The proofs are given in Section 2 and again in Section 4 in terms of 
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120 JOHN HEMPEL 

the computational procedure given in Section 3. Some pertinent examples are given in 

Section 5. 

THEOREM A. Let p:M —y M be a cyclic branched covering of closed, orientable 

3-manifolds branched over a link L C M and of prime degree d. 

If d is odd then: 

(1) fa (M) = fa (M) + (d - 1 )rfor some r > 0. 

(2) For each prime q ^ d 

(7-torsion (#i(Af)) = ^-torsion (H{(M)) 0 AXcm{Xgd{q)) 

for some group A; where gd(q) is the order of q in the multiplicative group Zj*. 

Ifd = 2 and the nontrivial covering transformation ofp has an orientation preserving 

square root then: 

(!') fa (M) = fa (M) + Irfor some r > 0. 

(2') For each prime q ^ 2 

g-torsion(//i(M)) = g-torsion(#i (M)) © A2 

for some group A. 

In all cases we have: 

(3) Suppose fa(M) = 0. If nontrivial branching occurs, then d-torsion (Hi(M)) is a 

quotient group of d- torsion [H\ (M)\ In any event the image of d- torsion [H\ (My\ 

in d-torsion (//j (Af)) has index < d. 

(4) IfL is connected, fa(M) = 0 and fa(M) > 0 then ^-torsion (H\(MJ) ^ 0 

Throughout we will regard each (finitely generated) abelian group A as being decom

posed as a direct sum of a free abelian group and cyclic groups of prime power order. 

Then for a prime q, ^-torsion (A) is just the sum of those summands whose orders are 

powers of q. The result of dividing A by all the ^-torsion summands for which q divides 

a fixed integer n is called the n-reduction of A and denoted «-red (A). A branched cov

ering will be called subsolvable if it can be factored as a composition of cyclic branched 

covers—and so can further be factored as a composition of cyclic branched covers of 

prime degree. Any regular branched cover with solvable covering group is subsolvable; 

but there are lots of irregular subsolvable branched covers. Theorem A clearly yields 

THEOREM B. Let p:M —• M be a subsolvable branched cover of odd degree n of 

closed, orientable 3-manifolds branched over a link L C M.Then: 

(1) fa (A4) = fa (M) + 2r, for some r > 0; 

(2) /i-red(//i(Af)) = «-red (//j(M)) ®A®A, for some group A; 

(3) Ifqa is the highest power of the prime q which divides n, then 

o(q-torsion(H{(Af))) > ^ - t o r s i o n ( 7 / , ( M ) ) ) / q a . 

Note that the inequality in (3) can be improved by a power of q for each degree q 

factor in some factorization of p which is actually branched. Also the conclusion also 
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HOMOLOGY OF BRANCHED COVERINGS OF 3-MANIFOLDS 121 

holds for even n if the covering transformation of the degree 2 factors all have orientation 
preserving square roots. However both of these conditions are hard to detect in general. 

Throughout this paper we will consider orientable 3-manifolds. A map 

p:M-+M 

of such 3-manifolds is a branched covering of degree d, branched over a link L C Int(M) 
provided that 

p \M - p-\L) : M - p-\L) ->M-L 

is a d sheeted covering space and each component, 7, of L has a closed neighborhood V 
such that for each component V of p~l(V) there are homeomorphisms h: B2 x Sl —+ V, 
h:B2xSl -^V with h(0 x Sl) = J and 

h-lopoh(z,ew) = (zn,eime) 

for some integers n, m > 0. The integer n is called the branching index of p at the 
component J = h(0 x 5l) of p~l(J). We use the expression true covering to describe a 
branched covering with all branching indices equal to one. 

The covering is called cyclic if it is regular and the group of covering transformations 
is cyclic. 

The monodromy of the covering is the homomorphism 

<p:7Ti(Af — L)—>Sd 

describing the action of TT\ (M — L) on a fiber p ~l
 (JCO), JCO G M — L. It completely deter

mines the covering: equivalence classes of connected degree d coverings of M branched 
over L are in one to one correspondence with transitive representations of ir\ (M — L) to 
Sd- The corresponding unbranched covering, 

p\M- p~\L)\M- p-\L)->M-L 

is determined by the condition: 

p*(nx{M-p-{{L)) = (^(StabO)). 

We will write permutations on the right, as exponents: / —• i^g\ 
If p G 7Ti (M — L) corresponds to a meridian of a component J of L then the lengths of 

the cycles of (f(p) are the branching indices of p at the components of p~l(J)—counted 
with some repetitions since m cycles of (p(p) (all of the same length) will correspond 
to a component, J, of p~l(J) if p\J.J —> J is an m sheeted covering. If the covering 
is regular, then all the branching indices over a fixed component of L are equal. The 
converse is false. 
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122 JOHN HEMPEL 

2. Proof of Theorem A. Conclusion 4 will be proved in Section 4. 
We remove an open regular neighborhood of the branch set L C M to obtain a sub-

manifold N of M and let N = p~l(N). Consider the diagram: 

1 > TTi(yV) -5U TTI(A0 • ( t : t d = \ ) > 1 

i I 
HX(M) - ^ HX{M) 

with horizontal exactness and vertical epimorphisms. Now [H\(M) : p*(//j(M))] divides 

[7ri(A0:«(7r,(W))] = d. 
Now if actual branching occurs, then since J is prime, it follows that some meridian 

[i of L in dN has p _ 1 (AO connected. Thus for any loop x in TV based at a point of fi there 
is some k such that jc/i* lifts to a loop in TV and so lies in pjj (71-1 (TV)). Since x and jty^ 
have the same image in H\{M), this establishes that pAH\{M)\ — H\(M). Conclusion 3 
follows easily from these observations. 

Now H\(M) is a module over the integral group ring Z C, C = {t : f1 = 1 ) and there 
is a transfer homomorphism a: H\(M) —* //1 (M) (cf. [F]) satisfying: 

(1) a o p ^ l + r + r2 + . . . + r^ - 1 =O(0 ; 
(2) p* o cr = multiplication by J. 
By (1) we see that multiplication by O(r) is zero on Ker(p*) and so 11—> £ = e27"/^ 

induces a factorization of the action of Z C on Ker(p*) through Z [£ ]—that is Ker(p*) is 
a Z [£ ]-module. Now we quote [CM; Theorem 2.5] that for a prime d the Z -rank of a 
finitely generated Z [£ ]-module is divisible by d — 1. This establishes conclusion (1). 

Let T denote the J-reduction of the torsion subgroup of H\ (M) and put 

K= {xe T:<b(t)-x = 0} , L={xeT:(l-t)'X = 0}. 

Now multiplication by d is an isomorphism on T. So given x G T, x = d - x\ for some 
JCI G f.Thenjc = jc-<D(f)-*i +O(0-*i, andjt-0(f)-jci G K— since/(f)-O(0 = /(l)-4>(f) 
for all/(f) G Z C, so <D2(f) = J • O(f). Thus T = K + L. IfxGKHL then f • JC = JC so 
0 = 0 (0 • x — d • JC; SO K PI L = 0. We have shown: 

(3) T= K&U 
(4) K is the J-reduction of the torsion subgroup of (Ker(p*)). 
(5) L is isomorphic to the J-reduction of the torsion subgroup of H\ (M). 
As above K is a Z [£ ]-module. Again we quote [CM; Theorem 2.5] that for an odd 

prime d and a prime g ^ d the ^-torsion subgroup of a finitely generated Z [£ ]-module 
has the form Agd{q) for some ^-torsion group, A. 

To complete the proof of conclusion (2) we must show that for d odd K is a direct 
double. This follows as in [VW] with slight modifications. We outline the argument for 
completeness. So we consider the linking form 

L:T®T^Q/Z 
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defined on the torsion subgroup T ofH\ (M). This is a symmetric, Z -bilinear, unimodular 
form which is invariant under the action of t and which decomposes orthogonally over 
the prime power decomposition of T. So L induces a unimodular form on the ^-reduction 
T of T. We further need to show that L decomposes orthogonally over T = K 0 L. So 
take x G K, y G L. Multiplication by d is an isomorphism on L; so y — d • y\ for some 
y i. Then 

Ux,y) = L(x,d.yi) 

= ^Ux,f-yt) 
= E A r ' ' X j , ) 

= L(<t>(t)-x,yi) 

= 0. 

Thus L is unimodular on K and we define a second form ( , ) on K by 

(x,y) = £ ( * , ( * - r 1 ) - ? ) 

This form is alternate, i.e. (JC, JC) = 0, and unimodular because t — t~x = t~x{\ —1)(\ +t) 
is an isomorphism on K—Ker(l — t) E L and 0 (0 = 1 mod(l +1) since d is odd. The 
proof of (2) is now finished by quoting the theorem of de Rham [dR] that a finite abelian 
group supporting such a form is a direct double. 

Now consider the case d — 2. We are assuming that the nontrivial covering transfor
mation, which we identify with t, has an orientation preserving square root s : s2 = t. 
Then H\{M) is a module over Z C\, C\ = ( s : s4 = 1), and we have a sequence 

of covering maps where the composition p\ op is a degree 4 cyclic covering with covering 
group Ci. 

Then Ker(p*) is annihilated by 1 + s2 and so is a module over Z [/]. It then follows 
as in [VW] that rank(Ker(p*)) is even. This establishes (1'). Compare with the alternate 
argument in Section 4. 

For (2') we proceed as above, noting that L is a unimodular form on K, but define 
( , ) on K by 

(x,y) = L(x,(s-s~l)-y). 

We need only check that s — s~l or, equivalently, that 1 — s2 is an isomorphism on K. If 
JC € K and (1 — s2) • x — 0, then since (1 + s2) • JC = 0 we have 2 • JC = 0. Since K has no 
2-torsion, x = 0. 

3. Presentations for the Homology of Branched Covers. In this Section we de
scribe a procedure for calculating the first homology of a covering of a 3-manifold 
branched over a link. It comes from relating this homology to a certain relative homol
ogy group of the associated unbranched covering combined with a general method for 
relating relative first homology of covering pairs to presentations of the corresponding 
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124 JOHN HEMPEL 

fundamental group pairs of the base through a relative form of the free differential cal
culus. 

Let G be a group and H a subgroup. A presentation for the group pair (G, H) (cf. [Hi ]) 
is a system 

* = \-*1 » • • • >xn+t» xn+l » • • • •> Xn+t • r\-> • • • •> rm+s> f*ra+l >••••> ^m+s / 

where 

presents G and 

( X i , . . . , Xfl+f : r\,..., r w + 5 / 

\ -*n+l » • • • » xn+t • ^Vn+1 > • • • » ^m+5 / 

presents / / in a way that is consistent with the inclusion H-+G. 
The relative Jacobian of such a presentation is the matrix 

7 = 

dr\/dx\ ••• dr\/dxn 

drm/dx\ ••• drm/dxn 

whose entries are the images in Z G of the free derivatives of the relators not involved 
with H with respect to the generators not involved with H. 

Suppose (M, B) is a finite CW-pair with M connected. The associated joined pair 
(M*,B*) is obtained from (M,B) by fixing a component of B and joining the remain
ing components of B to a basepoint in the fixed component by arcs whose interiors are 
disjoint from M. This gives a well defined joined fundamental group system (jr\(M*), 
ijt Tri (£*)). Clearly m (M*) = TTJ (M) * F where F is free of rank (30(B) - 1 and TTI (5*) is 
the free product of the fundamental groups of the components of B. 

Given a covering space p:M —• M with monodromy </?: n\(M) —-+ Sj and a retraction 
/ : M * —> M the covering M * —-> M* whose monodromy is </? o /jj is an extension of 
p: M —• M. In the following it will not matter which retraction/ is chosen, but in doing 
calculations a consistent choice must be made. 

In this section and the next we always regard the symmetric group Sj on d symbols as 
being a subgroup of GL{d, Z ) by identifying a permutation with the linear transformation 
which so permutes the standard basis vectors: 

if i—• (Spj) 

THEOREM 3.1. Let 

p.M^M 

be a d-sheeted covering space of a connected CW-complex M,B be a non-empty sub-
complex of M,B — p~l(B), and 

<p:iri(AT)-*SdCGHd,Z) 
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be the monodromy of an extension of p to a cover of M*. If J is the relative Jacobian 
matrix of a presentation of the joined fundamental group system (TT\ (M*), /# 7t\ (B*)\ then 
the m- d x n- d matrix of integers (f(J) presents H\(M, B) as an abelian group. 

PROOF. If J is the relative presentation for the pair (n\ (Af *), /# TT\ (#*)) arising from 
a cell structure on (Af*, #*), then as in [H2; Theorem 3.1] p(J) is the matrix of 

d:C2(M\B*)-^Cl(M\B*) 

in terms of the natural Z -bases arising from the lifted cell structure, and so presents 

Coker(3) = HX(M*,B*) 9* HX{M,B). 

By arguments of Fox [Fo] the relative Jacobians, J\, J2 of any two presentations are 
equivalent (see [Hi; Theorem 2.2 ff]) over ZTT\(M*). This induces an equivalence be
tween ip(J\) and (pih) and thus an isomorphism between the abelian groups which they 
present. • 

Now consider an orientable 3-manifold Af with a ^-component link L C Int(Af ). Re
move an open regular neighborhood of L from Af to obtain a 3-manifold N. Let /i = 
{/ii,..., [ik] be a system of meridians for L in dN. Let 

p:Af^Af 

be a degree d cover branched over L and with monodromy 

Let 
c(<^(/i)) = #of components of (p_1(/i)) 

= !>(¥> (/*/)) 

where c(< (̂/Xi)) is the number of cycles of the permutation < (̂/x/). With this notation we 
have 

THEOREM 3.2. Let J be the relative Jacobian of any presentation of the joined fun
damental group system \Tr\(N*),i$7r\(ii*)). Then ip(J) is a presentation matrix over Z 
of 

PROOF. Each meridian j*,- bounds a disk D, in M - Int(/V). Put D — U A- By 3.1 
f (J) presents H\ (N,p~x (n)) which by excision is isomorphic to 

Hi(NU p-\D),p-\DJ). 

The exact sequence 

0-»tfi(#U p-\D))-*Hi(NU p-l(D),p-\D)) -fffi(p-'(D)) — 0 
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and the observation that H\(M) = H\ [NU p~l(D)) completes the proof. • 

For the remainder of this section we assume that M is compact and dM (possibly 0) 

consists of tori. Then x(A0 = 0 and dN ^ 0 so we have a presentation 

TTI(A0 = (x\9...9xn+i : r i , . . . , r „ ) 

with one more generator than relations. We may further suppose that for 1 < / < k, xt is 

represented by the meridian /x/—properly joined to the base point. 

Now in forming the joined fundamental group system (71-1 (N*), /# TT\ (//*)) we add k— 1 

free generators, say v 2 , . . . , yk corresponding to the arcs joining / i 2 , . . . , /z* to a basepoint 

in / i i . 

The yi can be chosen so that /^7Ti(/x*) is freely generated by 

xuy2x2y2 >ykXkyk 

To present the pair we need named free generators for /jj7Ti(/x*). Call these z\,.. • ,z*. 

Then we add the relations: 

x\zil = l,y2x2y2
lz2

l = l , . . . , ^ ^ ^ 1 ^ 1 = 1 

We may assume that 7Ti(/x*) —• TT\(M*) is monic; otherwise some /i, bounds a disk in 

TV and the relation zi = 1 would be added in both the presentation of TT\(N*) and the 

presentation of i% (71-1 (//*)) and would not be involved in the relative Jacobian. Hence 

this relative Jacobian comes from taking free derivatives of the relations (old and new) 

with respect to the JC/'S and y/s. It is: 

dx\ 
3a . 
dx2 dxk dxn+\ 

0 0 

drn 

1 

drn m 

0 • 

. drn . 
^5x~k 

• 0 •• 

. drn 

dXn+l 

0 

0 

0 

0 

0 
0 yi 0 0 l -y2*2y2

l 0 

0 0 yk • 0 0 . . • l-ykxky?\ 

We may project to ir\ (N) by yt \—> 1 and then eliminate the last k rows and first k 

columns by row and column operations to get an equivalence over TTX\(N) between the 

above matrix and the n x n matrix 

(3.3) 
dxk+\ 

drn 

L dxk+\ 

dr\ dr\ 
dx2 

drn 

dxn+l 

drn 

dxn+\ 

(x2 - 1) 

^~V 

dxk 

drn 

dx~k~ 

(xk-\) 

ta-i) 

This has the form 

U0J1 
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where 7o is an n x (n + 1 — k) matrix. 
If we apply 3.2 to the augmentation map e: 7Ti(N) —* Z which maps each group 

element to 1 (and is the monodromy of the trivial cover), we see that e(J) presents 
Hx{M)@Zk-x. 

Since e(J\) — 0 we have 

LEMMA 3.4. e(70) presents H\(M). 

4. Theorem A Revisited. In this section we continue with the notation of the pre
vious section with the following additions. 

p:M-*M 

will be a cyclic cover of prime degree d branched over a k component link L C M 
corresponding to an epimorphism 

0:TTI(N)->C= (t:td = 1). 

We can identify the monodromy (p of this cover with the composition of 9 with the action 
of C on itself by right multiplication. 

We assume that branching occurs over each component of L and that L ^ 0. The case 
of a true cover (L = 0) is slightly different—see 4.5 below. Thus <p maps each meridian 
of L to a J-cycle and so 

c(<p(AO) = k. 

Let 
J=UoJi] 

be the n x n matrix over ZTT\(N) given in 3.3, and let 

J(t) = [Jo(tUl(t)]=[9(J0),0(Ji)] 

be its image over Z C. 
Let £ = ellTlld and consider the rings 

Z c A = Z K ] C A i = Z [ l / 4 { ] . 

The following is well known (see [H2; 3.4]) and doesn't require that d be prime. 

THEOREM4.1. There is a matrixW G GL(n-d, Aj) such that W(p(J)W~l istheblock 
diagonal 

D = 

7(1) 0 
0 JiO 

0 0 

0 
0 

J(td-l)l 

Now by 3.2 the abelian group presented by (p(J) is H\(M) 0 Z*_1. By 4.1 the Ai-
modules presented by (f(J) and D are isomorphic. We want to compare these modules 
as abelian groups. First we note 
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LEMMA 4.2. Let H be an abelian group presented by a matrix K of integers. Then 
the A] -modulepresented by K is Z -isomorphic to { d-red(H)} d~x. 

PROOF. This follows from the observation that as an abelian group Ai is free on 
l/d^/d,...,£,d-2/d. m 

Now consider the blocks /(£ ) , . . . , /(£ d~x) of D. A fortiori they present A-modules. 

LEMMA 4.3. The matrices /(£ ) , . . . ,/(£d~x) present mutually isomorphic A-mod
ules. 

PROOF. Since d is prime ( ^ C 7 , 2 < q < d — 1 induces an isomorphism of A 
which in turn induces the desired isomorphism. • 

Let K be the A-module presented by /(£ ). Using 3.4, 4.1, 4.2 applied to each of the 
matrices of integers if (J) and 7(1), and 4.3 we get a Z-isomorphism 

</-red[//i(M) elk~l]d~l = d-rtà[Hx(M) 0 Z W © K]d~x. 

This simplifies to 

LEMMA 4.4. As abelian groups we have an isomorphism 

J-red(//i(M)) ^ d-red(Hx (M) ® K) 

Recall that the above statement depends on the assumption that branching actually 
occurs. In the case of a true cover we modify the argument as follows. Take any 1-
component link L C M and regard the cover as being branched over L with trivial 
branching. So the monodromy is trivial on a meridian of L and so c((^(/i)) = d. One 
then continues the argument as above to obtain 

LEMMA 4.5. If M —• M is a true covering (cyclic of prime degree d) then we have 
an isomorphism of abelian groups 

d-ved(Hx(M)) 0 Z ^ ' ^ d-ved(Hx(M) 0 K) 

We now review the conclusions of Theorem A in the context of these calculations. 
Al. This follows directly from 4.1 and 4.3 by comparing the nullities of the matrices 

(f(J) and D; although the case of a true cover must also use 4.5. For a branched cover 
4.4 shows that 

/3,(M)-/3,(M) = nullity(7(0) 

In particular there is a generalized Alexander polynomial 

A = det(ry(y)) eZH\(N)9 rj : TTI(N) —• HX(N) abelianization 

whose vanishing under the specialization 

ZHi(N)-+ZC-+Z[£] 
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is necessary in order to have (3\(M) > (3\(M). By contrast, 4.5 shows that in the case of 
a true cover 7(£ ) is always singular. 

Al'. Let J\ be the relative Jacobian for a presentation of the pair (n\(N\), ijf 7ri(/ii)) 
associated with the manifold M\ = Mj C\. Note that px~

x(p,\) and (p\ o p)~l(^x) have 
the same number, say c, of components. Consider the block matrix 

[7(1) 0 O O - i 
o y ( - i ) o o 
0 0 7(0 0 

[ 0 0 0 7(-/)J 

Then nullity(D) = /3i(M) + c — 1 and for the submatrix D\ consisting of the first two 
blocks nullity(Di ) = (3\ (M) + c — 1. Then (1') follows from the observation that 7(0 and 
7(—0 have the same nullity. 

A2. There are two aspects to this statement. The part about the direct double comes 
from symmetry imposed by that of the linking form. The other comes from the fact that 
Ker(p*) is a A-module. In the present context we have that K is a A-module whose d-
reduction, by 4.4 or 4.5, is Z-isomorphic to the ^/-reduction of Ker(/9*). The advantage 
here is that we obtain a specific presentation for K. It is natural to ask whether K and 
Ker(p*) are isomorphic as A-modules. The answer is no, they are not even isomorphic 
as abelian groups, as example 5.4 shows. There is, however, some relation between the 
d-torsion of these modules as given in Lemma 4.6 below. 

A3. This is best proved as in the beginning of Section 2. Lemma 4.6 gives some 
additional information about the d-torsion subgroup H\{M). 

A4. If p is a true cover, then 7ri(M) maps onto ~Ld and the result is trivial. Otherwise 
we have k — 1 and so 7 = 7o. Since /3\(M) > 0, we must have det(7(£)) = 0 and thus 
0 (0 divides det(70(0)- Then d = O(l) divides det(70(l)) = o(Hx(M)). 

This is false for links with more than one component. See Example 5.5. 

LEMMA 4.6. In the case p has nontrivial branching there is a map 

e: Ker(p*) —• K = Z [£ ]-modulepresented by 7(£ ) 

such that d • Ker(e) = d • Coker(e) = 0. 

If H i (M) = 0 then Ker(e) = 0; if in addition L is connected then e is an isomorphism. 

PROOF. Let e: Z C —•> Z be the augmentation map and let A = Ker(e) be the aug
mentation ideal of Z C. Recall that in the case of a prime degree cyclic cover with actual 
branching c((/?(/x)) — k — m e number of components of L. 

From the arguments of Section 3 we get a commutative diagram with exact rows and 

https://doi.org/10.4153/CJM-1992-007-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1992-007-4


130 JOHN HEMPEL 

columns 

0 —> Rn — > [ZC]n en 

0 —• An — + [ZCf en 

Z" 

\ 
X 

1 
0 

h 
4 

H{{M)®Zk-x 

1 
0 

P.,\ 
i 

f/,(M)©Z 

1 
0 

k-\ 

The two vertical sequences on the right come from 3.1 and 3.2, together with the 
identification of the groups 

//i(M,/I) = HX(M) 0 Zk~l J/i(M,/i) = Hx(M)@Zk-\ 

The identification of the bottom right map with (p*,1) comes from the fact that p maps 
distinct components of p, to distinct components of ii. Thus 

Image(/i) = Ker(p*) 

consider the diagram 

An —> [ZCf c ZKl" 

1-w l ' « > 
An —> [ZCf c Z[£]" 

i 
X > 

1' 
E 

1-» 

1 
0 

i 
0 

1 
0 

Note that 
(1) For z G ZC , z • 0 (0 = e(z) • 0 (0 ; 
(2) £ | J3 : Si —• Z [£ ] is monic, since non-trivial elements of Ker(£ ) map to non-zero 

multiples of d under e. 
(3) Image(C) = rf-ZK],sincegiven/(0 G Z f ê ] > / ( 0 = C (^/(O-e(f(O)-O(O). 

The desired map is 
é? = E|/i(X):Ker(p*)-*£. 

Since C n(-#") = d • Z [£ f, Imaged) DdK^sod- Coker(^) = 0. 
If x G An and 77(je) G Ker(e), then £n(jt) = J(0 ' y for some y G Z[£f. Choose 

z G Sin such that (n(z) = d - y. Then 7(f) • z and d • JC both map to the same element 
of Z[£f and both are in Jln; so they are equal. Thus d - rf(x) = 0. This shows that 
d • Ker(e) = 0. 
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Now suppose that H\(M) — 0. For x and y as above, there is some w G Z C " with 
Cn(w) = y- Now 7(0 • w - x G Ker((") and so has the form ( ^ 0 ( 0 , . . . , r„<E>(0) for 
some r i , . . . , rn G Z. By assumption there is some (s\,...,sn) G Z n such that 7(1) • 
(si,...,sn) = (ri , . . . ,r„). 

Then for H>I = w — (siO(0, •. •, s«O(0), we have 7(0 • w\ = x. So r/(x) = 0. Finally 
if L is connected, E = e is an epimorphism of Ker(p*) — H\(M) to K m 

We conclude this section with yet one more interpretation of the connection with the 
module K and H\(M). Let 

- o 
0 

1 
0 

0 •• 
1 •• 

• o -
• 0 

0 
. - 1 

0 
- 1 

o .. 
- 1 • 

• 1 
• - 1 . 

be the companion matrix of the polynomial 1 + x + x2 + • • • + xd~x which we may also 
think of the matrix of the action, by multiplication, of £ on Z [£ ] in terms of the Z -basis 
1, £ , . . . , £ J - 1 . If we replace each occurrence of £ in/(£) by 5, we get an n • (d — 1) x 
n- (d— 1) matrix of integers which we denote by t/; (7). It is straightforward to show 

LEMMA 4.7. The abelian group presented by ip (J) is Z -isomorphic to K. 

Now the matrix ip(J) is obtained from J(t) by replacing each occurrence of t by the 
matrix of the action of t on Z C in the Z -basis 1, f,..., é"1 which f cyclically permutes. 
In terms of the equivalent Z -basis 

U, y-2A+t+- • + r 
: r f - l 

the matrix of t is 

Y = 

• o i 

0 0 
0 
1 

... o 

... o 
0 
0 

0 0 
- 1 - 1 

. o o 

0 
- 1 
0 

o-

. . . 1 

. . . _1 

. . . 1 

0 
1 
0 

xl>(j) 

.0 ••• 0 
1 
1. 

If we replace each occurrence of t in J(t) by this matrix we get something which, after 
permuting rows and columns we can identify by 

LEMMA 4.8. There is a matrix V G SL(n • d, Z ) such that 

V(p(J)V~l 

0 7(1) 
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This lemma could be used to give an alternate proof of the last part of Lemma 4.6; 
since an equivalence between 7(1) and / will induce an equivalence between V(f(J)v~l 

and ip(J). In general it seems to be weaker than 4.6; except that in certain calculations 
specific information about the nature of the upper righthand block marked * may be used 
to draw additional conclusions. 

5. Examples. 

5.1. For the g-fold cyclic cover Mq of S3 branched over the trefoil knot we have 

H{(M2) = Z3, #i(M3) = Z2 © Z2, H{(M6) = Z © Z. 

Since M^ is a 3-fold cyclic cover of M2 and a 2-fold cyclic cover of M3, this shows 
the necessity of the condition (3\ = 0 in conclusion A3. This also illustrates conclusion 
A4. 

5.2. Suppose M is a g-fold irregular dihedral cover of S3 branched over a knot L. Then 
a 2-fold cyclic branched cover M of M is a 2^-fold regular cover of S3 branched over L 
which is solvable—it can be factored 

M - > M i - • S3 

where M\ is the 2-fold cyclic cover of S3 branched over L and M is a g-fold cyclic true 
cover of Mi. It is well known that H\(M\) always has (finite) odd order. 

For q = 3 any closed, orientable 3-manifold can be represented as M as above. This 
can be used to illustrate the differences between even and odd degree cyclic covers—in 
particular that the existence of the square root is necessary for conclusions Al ' and A2'. 

5.3. Take the two component link L C S3 formed by linking two unknotted circles by 
r full twists as shown in Figure 1. 

The d-sheeted cyclic covers Mj of S3 branched over L corresponding to JC 1—> r, y\—> 
r 1 has (see [VW; Prop. 3.1]) 

Hl(Md)= Zr
d~2(BZrd 

for r prime to d this is 
Hl(Md)=Zr

d-l®ld. 

This nicely illustrates conclusion 2 of Theorem A; since for d prime gd(r) always divides 
d — 1, and so for appropriate r we can exhibit all possibilities. 

5.4. Take the link from 5.3 with r = 3 then 

//i(M3) = Z3 © Z9, //i(M9) = Z3
7 © Z27 

For the branched cover p: M3 —• S3 one calculates (say using 4.7) that 

K=Z9<$19 
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nn 
Figure 1. 

Thus the map e: Ker(p*) —> K need not be epic. 
Now consider that we also have a branched covering p: Mg —-> M3. By Theorem A 

p*: H\(M9) —> H\(M2>) must be epic. This forces 

Ker(p*) - Z3
7. 

Again we can calculate K for this cover by applying 4.7 to a presentation of TT\(M3 — 
branch set ) and get 

tf=z3
4ez9

2. 
Thus we see that e: Ker(p*) —> K need not be monic. 

5.5. Let L be a split link of (say) two components in S3. Then any branched cover M 
of S3 branched over L can be decomposed 

M = Mi#M2#52 xSl#- -#52 x S1. 

In particular /3i (M) > 0. 
Similar statements can be made in more general situations—e.g. /3\ (M) > 0 for every 

cyclic cover of S3 branched over a link which is split by a surface S such that H\ (S) —• 
HX(S3 -L) is trivial. 
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