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Abstract
We prove that Thompson’s group 7" and, more generally, all the Higman—Thompson groups 7}, have quadratic Dehn
function.

1. Introduction

In 1965, Richard Thompson defined the three groups F < T < V that are now known as Thompson’s
groups. They have been studied extensively in the last fifty years, as they arise naturally in many different
areas of mathematics (geometric group theory and homotopy theory, to name a few). For a historical
overview on Thompson’s groups, we refer to the excellent survey by Cannon, Floyd and Parry [8].

Different points of view mean that Thompson’s groups can be defined in many different ways. For
example, one can define them combinatorially, as groups of certain partial automorphisms of a binary
tree, or dynamically, as subgroups of homeomorphisms (with possibly some discontinuities, in the case
of V) from the circle to itself.

Despite receiving a lot of attention, many questions about these groups are still open, the most famous
arguably being whether F' is amenable.

Being finitely presented groups, an interesting problem is computing their Dehn functions. Indeed,
the Dehn function is a natural quasi-isometric invariant associated to finitely presented groups; geomet-
rically, it can be seen as the isoperimetric function associated to the presentation complex of the group.

Equivalently, one can also interpret the Dehn function combinatorially as the number of relations
from the presentation that one needs to apply to reduce a word of length n representing the identity to
the empty word. In this sense, it is also related to the complexity of the word problem; for example, the
latter is decidable if and only if the Dehn function is computable.

Note that the Dehn function of a finitely presented group is always either linear, in which case the
group is hyperbolic [12], or it is at least quadratic [18].

The Dehn function of Thompson’s group F was proven by Guba [16] to be quadratic. While the lower
bound follows easily from the fact that F contains Z as a subgroup and is therefore not hyperbolic, the
upper bound required a lot of work. Gersten first managed to prove an exponential upper bound [10]
that was brought down to sub-exponential [15], then to n° [13], and finally to quadratic [16].

Thompson’s groups T and V are also not hyperbolic, so their Dehn functions are at least quadratic.
In fact, both are conjectured to have quadratic Dehn functions (see, for example, [21]). It was proven by
Guba [14] that the Dehn functions of 7 and V have polynomial upper bounds of n” and n'!, respectively.
The upper bound for T was later improved to n° [20].

In this paper, we prove the conjecture for Thompson’s group 7.
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Theorem A. The Dehn function of Thompson’s group T is quadratic.

The proof relies on the fact that F has quadratic Dehn function.

If in the combinatorial definition of Thompson’s groups one replaces the binary tree with an n-ary
tree, one gets three families of groups F,, T, V,,. The family V,, was introduced by Higman [17], while
later, Brown [3] naturally extended the definition to F,, and T},; these groups are sometimes referred to
as Higman—Thompson groups.

The same techniques used for proving Theorem A apply also for the family 7,.

Theorem B. The Dehn function of the Higman—Thompson group T,, is quadratic.
Here, we exploit the fact that by a result of Zhang [22], the groups F}, have quadratic Dehn functions.

1.1. Strategy of the proof

Thompson’s groups F and T both have a finite and an infinite generating set that are well established in
the literature; the advantage of the infinite one is that it admits a more symmetric (infinite) presentation.

Both groups admit normal forms, sometimes called pg and pcgq factorization (see [8, Corollary 2.7,
Theorem 5.7]), both of which use the infinite presentation; Guba used this normal form to prove that F
has quadratic Dehn function. For 7, the situation is slightly more complicated: if we rewrite the normal
form of an element of 7 in terms of a finite generating set, the resulting word may be much longer than
the actual norm of the element with respect to the word metric. Therefore, we introduce two different
normal forms for F' and T that use finite generating sets.

We look at Thompson’s groups from the dynamical point of view, so T is viewed as a certain subgroup
of orientation-preserving self-homeomorphisms of the circle. If we parametrize the circle as the interval
[0, 1] with the endpoints identified, then F can be described as the subgroup of elements of T that fix
the point 0 = 1. By considering the subgroup of elements that fix both 0 and % we get a subgroup
H < F that is naturally isomorphic to F' X F.

We choose a finite generating set for H. From this, we construct a finite generating set for F by adding
an element Xy € F that does not fix % Similarly, from the generating set for F, we construct a generating
set for T by adding the rotation of the circle Cy € T of order two. By studying the dynamics of these
groups H < F < T on the circle, we can prove that every element of F is represented by a word with
at most one instance of X, and every element of T is represented by a word with at most one instance
of Cp. Such words are our chosen normal forms for ' and T’; these are not unique, but this is not an
issue for our purposes.

By a standard argument, it suffices to show that all triangular loops in the Cayley graph where the
edges are normal forms have quadratic area. To perform this computation, we exploit the fact that in a
triangular loop, almost all the letters are generators of H. Since Cj stabilizes {0, %} it normalizes H; in
fact, the generating set chosen for H is invariant under conjugation by Cy. So we can commute the letter
Cy with every generator of H, by replacing the latter with its conjugate. This allows us to eliminate all
instances of C in the word, and then we conclude using that the Dehn function of F is quadratic.

For Theorem B the strategy is similar, except now we consider the subgroup of F,, that fixes all the
points % R "T_l and we work with the rotation of order n.

Note that one can prove Theorem B directly without proving the particular case for Thompson’s
group T = T,. However, we choose to first give the proof for Theorem A, as the reader might be
more familiar with Thompson’s groups F and 7 than their generalizations, and the former have more
established conventions for their generating sets. This makes the proof of Theorem A more explicit and
hopefully easier to read, and in turn it helps to understand the proof of Theorem B.

1.2. Structure of the paper

We start in Section 2 by recalling the definition of Dehn function, and we introduce Thompson’s group
F and T, together with their generating sets, presentation, and some useful properties. In Section 3, we
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show that F' admits a normal form with at most one instance of the generator Xy, and in Section 4,
we introduce the normal form for 7 that we use to prove Theorem A. In Section 5, we generalize
all the arguments in the previous sections to prove Theorem B. We conclude with some remarks in
Section 6.

2. Preliminaries

We start by fixing some notation. Let G be a finitely generated group, and S = {sy, ..., sx} be a finite
subset of G. If w is a word in the alphabet S U S~!, then we write w(S) or w(sy,...,sx) to make the
alphabet explicit. We denote the length of w by |w|. If g € G, and § is a generating set, we denote
by |lglls the minimal length of a word representing g (that is, the distance of g from the identity with
respect to the word metric). If the generating set is clear, we also write ||g||G-

We say that a word w(S) is null-homotopic if it represents the trivial element of G. If G has a finite
presentation (S|R), and w is a null-homotopic word, then w can be written as a product of conjugates
of k relations, for some k € N; we call the minimum such k the area of w, and denote it by Area(w).

The Dehn function of G encodes the growth of the area in terms of the length of the word. More
precisely, it is a function d : N — N defined by

66 (N) = max{Area(w) : w null-homotopic, |w| < N}.

The Dehn function as defined above depends on the chosen presentation for G; to solve this problem,
one introduces the following equivalence relation.

If f,g: N — N, we say that f < g if there exists C > 0 such that for all N € N, we have
f(N) < Cg(CN+C)+CN+C.If f < g < f, we write f = g; different presentations of the same
group (and more generally of quasi-isometric groups) have equivalent Dehn functions. A group G has
quadratic Dehn function if §G =< (N — N?).

Throughout the paper, we identify the circle with the interval [0, 1] with the endpoints glued together.
Thompson’s group T is the group of self-homeomorphisms of the circle that send dyadic rationals to
dyadic rationals, are linear except on finitely many dyadic rationals, and the derivative is a power of 2
(with integer exponent) wherever it is defined. The subgroup of T consisting of the homeomorphisms
that fix the point 0 is Thompson’s group F. We refer to [8] for an introduction on these groups.

Let Xy, X1, ... denote the standard generators of Thompson’s group F. They are defined as follows:
x if0<x<1- 3,
Loxedl o if1- L <x<1-4L
e I e
X = 5 1f1—Wstl—2k+2,
2x -1 ifl -3z <x <L

Thompson’s group F' admits both an infinite presentation
(X0, X1,...|X;Xi = XiXj4 foralli < j),
involving all the X;, with i/ € N, and a finite one with two generators Xy, X, given by
(Xo. X1l [XoX7 ", X5 X1 Xol, [XoX; ", X5° X1 X31).

In particular, all the other generators can be expressed in terms of the X; by the formula
Xiv1 = X' X1 X[,
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Co Y Y,

Figure 1. Rectangular diagrams for the generators St.

To obtain a generating set for 7, we need to add another homeomorphism that does not fix 0. To this
end, let Cy be the homeomorphism defined by

1 1

x+5 ifO0<x<>

Co(x) = 2] o1 2
x—3 if3<x<1

In other words, Cj is the rotation of the circle of order two.

Remark 2.1. One can also define elements C; of order i +2 for alli > 0, as done in [8], and get an infinite
presentation. To obtain a finite generating set, it suffices to add only one of the C; to the generators
of F, and the usual choice is to use C; instead of Cy. To translate between the presentations found in the
literature and the one we use here, it is helpful to keep in mind that Cy = X 1Co.

We also define Y; := CyX;Cp fori > 1. Since X; has % as a fixed point for i > 1, it follows that ¥; € F.
In this paper, we choose Sr := {XZ!, X;—'l, Xzil, Ylil, Yzil} as a generating set for F, and S7 := Sp U{Cyp}
as a generating set for 7. In Figure 1, we have drawn the rectangular diagrams for the generators: the
top border represents the domain, while the bottom border represents the codomain (see [8] for more

details).

Lemma 2.2. Thompson’s group F admits the following presentation:
(SFIY1, X1, [Y1, Xal, XoXa = X1 X0, Y1 = X0 X, ' Xy Yo = XX X5 ' X' X 1),

Proof. By using the rectangular diagrams, one can check that the relations hold in F. Moreover, one
can use the last three relations to express X»,Y1,Y> in terms of Xy, X;; after doing this, it turns out
that the remaining two relations are conjugate to [XOXI_I, XO‘IXIXO], [X()Xl_l, X(;ZXI XOZ], so the above
presentation is equivalent to the standard presentation for F. O

The reason why we introduced these additional generators is that {X;, X>} and {Y},Y>} generate
two subgroups of F that are both isomorphic to F itself. More generally, given two dyadic numbers
0 <a < b < 1with b — a = 27% for some integer k, we may consider the subgroup of F consisting of
homeomorphisms that are the identity outside (a, b); denote this group by F|[a, b].

Theorem 2.3 [4, Theorem 3.1.3, 5.1.1]. For all dyadic numbers 0 < a < b < 1, the subgroup F|a, b]
is isomorphic to F and undistorted.

In particular, X, X, generate F [%, 1], while Y7, Y, generate F O, %]; the element Cy € T conjugates
F[O0, %] to F [%, 1] and vice versa, as we can see from the following.
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Lemma 2.4. Thompson’s group T is generated by the elements St and satisfies the following relations:

L 1, X1],

2. [V, X2,

3. XoX2 = X1 Xo,

4.7 = XXX,

5. X,'aXo = X7 X' X
6. Cx=1,

7. (CoXo)® =1,

8. C()Xz = YZCO,

9. C()Xl = Y1C0.

Proof. The first five relations are the relations from F, while the last four can be checked directly by
composing the homeomorphisms. O

Remark 2.5. It is possible to show that the above relations yield a presentation for 7, as they can be
obtained by manipulating the finite presentations for 7 found in the literature [8, 7], but showing this
equivalence by hand is a bit tedious. Luckily, we can avoid doing this computation: while proving that
the Dehn function of T is quadratic, we actually show that for some constant C > 0, any null-homotopic
word of length 7 in the generating set S7 can be reduced to the trivial word by applying at most C - n?
relations (1)-(9), which implies that the above is a presentation for 7.

3. A normal form for F

Except for Xy, the generators for F interact quite nicely with Cy, as CoX; = Y;Cy for i > 1. The aim of
this section is to show that every element of F' can be expressed as a word in the generators Sr with at
most one instance of Xy (or its inverse). This defines a normal form for F, which will be very useful
when computing the Dehn function of 7.

Before doing so, we need some estimates on the word metric of F. An efficient way to estimate the
word length is obtained by looking at the so-called reduced tree diagrams for elements in F [5]. We
translate this notion in terms of self-homeomorphisms of the interval.

Given f € F, there exist subdivisions 0 =xg < --- <xp =land 0 =yy < --- < yr = 1, with every
interval [x;,x;41] and [y;, yi+1] of the form [ 7, “2—31], such that f sends x; to y; and is affine on every
[x;, x;+1]. If the subdivision is minimal, then the number of intervals k is quasi-equivalent to the norm
Il fllF; thatis, £k — C < ||fllr < Ck + C for some constant C > 0 independent of f.

From this, we get the following lemmas.

Lemma 3.1. There exists a constant C > 0 such that the following holds. Let 0 < a = % <lbea
dyadic number, with d odd. There exists an element f € F such that f(a) = % and ||fllr < C-k+C.

Moreover, all f € F with f(a) = % satisfy || fllg = %k -C.

Proof. There is a subdivision xo < --+ < xg41 where x; = a for some j; this can be constructed by
iteratively bisecting the interval containing a. Then choose a subdivision yy < --- < yg41 such that
yj = %; the map associated to these subdivisions satisfies the requirements.

For the second statement, let f € F be any map with f(a) = %, and choose subdivisions associated
tof. Since % is a point of the second subdivision (unless f is the identity), then a must be a point of the first
subdivision, and so the two subdivisions must have at least k + 1 intervals; from this, we conclude. 0O

Lemma 3.2. There exists C > 0 such that the following holds. Let 0 < a = 2% < 1 be a dyadic number,

with a # % and d odd. There exists an element f € F with f(a) = % that can be represented as a word
of length at most C - k of the form
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Xo - w(X1, X2) ifa>
X' w(Y,Ya) ifa <

= =

Proof. If a > %, by Lemma 3.1, we can obtain an element of F that sends 2a — 1 to %: by rescaling with
X %(x +1), wegetg € F[%, 1] with ||g||F[%,]] <C(k-1)and g(a) = %. If w(X1, X») is a shortest
representative for g, then Xow (X, X») satisfies the hypotheses.

Ifa < %, the construction is analogous by choosing g € F|O0, %] with g(a) = %, and using
X;'w(¥,Ys). O

We are now able to show that elements of F can be represented by words that have at most one
instance of the letter Xj.

Proposition 3.3. Let f € F. Then f is represented by a word w(S) of the form

w=v(X1,X2) - Xy' - u(Y1,Y2) iff'(4) <3
w=u(¥1,Y2) - Xo - v(Xi, X2) i3 >3
w=v(X1,X2) - u(Y1,Ys) iff (=1

Moreover, the word w can be chosen of length bounded above by C - || f||r, for some constant C
independent of f.

Proof. Leta = 2% = f’](%); assume that a > % Let f; be the function with fj(a) = % given by

Lemma 3.2, represented by the word Xow (X1, X») of length at most C - k. By Lemma 3.1, this means
that the length of w is bounded linearly in terms of || f||¢.

Since f; o f~! fixes %, then it belongs to the subgroup F[O0, %] X F[% 1], which is undistorted by
Theorem 2.3. There exists f, € F[O0, %], fz € F[%, 1], such that f; o f~! = f3 0 f>; let wo(Y},Y>) and
w3 (X1, X») be words representing f> and f3, with

wal + w3l < C" -l fio f7HF < € (If Nl + 1Lfillr),

so the length of both w, and w3 is bounded by a linear function of || f||r.
So f = f2—1 o f3“ o fi is represented by

wy' (Y1, Y2) - w3 (X1, X2) - Xo - wi (X1, Xa).
Finally, since for € € {+1} we have
XX = XoX£, X X0 = XoXF = XoX; ' X5 X,
we obtain that wgl (X1, X)Xy = Xow4 (X1, X») for some word wy. Therefore, f is represented by
w5 (Y1,Y2) - Xo - wa(X1, Xa),

with w4 bounded by a linear function of || f||.

If ! (%) < %, then f (%) > %, so the result follows by applying the above on f~!, and then taking
the inverse at the end.

If f(%) = %, then we conclude by noting that f € F[O0, %] X F[%, 1] and by using that the latter is an
undistorted subgroup of F by Theorem 2.3. O

4. The Dehn function of T

The estimates for the word length based on tree diagrams hold for Thompson’s group T as well (see [7]).
In particular, by the same arguments, we get the following.
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Lemma4.1. There exists C > 0 such that forevery f € T, if f(0) = % with d odd, then || fllr > %k—C.

Proposition 4.2. There exists C > 0 such that every f € T \ F is represented by a word
w = M(SF) . C() . V(SF),

such that lw| < C - || fllr-

Proof. Leta = % := f71(0). Let f; € F be the element that sends a to % given by Lemma 3.1. By
Lemma 4.1, and since F is undistorted in 7 [7, Corollary 5.2], we have || fi|[r < C’||f|lr + C’ for some
constant C’.

Now f> == f o fl‘1 o Cy fixes the point 0, so it belongs to F’; moreover,

IAllr < C7IIflle < C7(Ifllr + L fillr +1).

Since f = f> o Cy o fi, we may conclude by choosing short representatives wi(Sg), w2 (Sf) for

S, fo. ]

We have shown that each element of T is represented by a word containing at most one letter C,
and whose length is bounded by a linear function of the norm of the element; we can employ these nice
representatives to compute the Dehn function of 7.

A standard argument, employed for example in [11, 9, 1], shows that it suffices to bound the area of
triangular loops. This fact can be stated generally as follows:

Proposition 4.3. Let G = (S|R) be a finitely presented group, and for each g € G, choose a subset Wy
of words in S that represent the element g. Suppose that there exists C > 0 such the following hold:

o forevery g € G, there isw € Wy with |w| < C - |Igllg;
o for every null-homotopic word w = wiwows, with w; € Wy, for some elements g1, g2, g3, we have
that Area(w) < Clw|>.

Then the Dehn function of G is quadratic.

The set W, should be thought as some preferred word representatives for g. In our setting, the set W,
consists of the word representatives for g € T that have at most one Co; they exist by Proposition 4.2.

The proposition can be proven by subdividing a Van Kampen diagram for a generic loop into
triangular cells, as explained in [9], or even directly by induction [1, Theorem 5.9]. Note that it is non-
restrictive to prove the proposition for the case |W,| = 1 (that is, when using a unique normal form) as
restricting every Wy to a singleton can only weaken the hypotheses.

This simplifies our work considerably, as it suffices to compute the area of null-homotopic words
containing up to three instances of Cy. Note that a word containing exactly one instance of Cy cannot
be null-homotopic, as it cannot send the point O to itself. So there are just two cases to check.

Proposition 4.4. There exists C > 0 such that every null-homotopic word of the form
w=Co-wi(SF) - Co-w2(SF)

has area at most C - |w|>.

Proof. Let f, € F be the element represented by w, and Cowl‘lCo. Since CowCy fixes the point L
then f> can be represented by a word u(X;, X»,Y],Y>) of length bounded by C|w,|, for some C > 0.
Therefore, using 5 7 ((C+1) - |w;|) many instances of relations (1)—(5), we can replace w, by u, obtaining
the word

Co-wi(SF) - Co - u(Xy, X2,71,15).
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Now using relations (8), (9), we can shift all letters in u to the left of Cy, obtaining
Co - wi(SF) - u(Y1, Y2, X1, Xa) - Co,

where with u(Y1,Y», X1, X»2), we denote the word obtained by u(X, X»,Y1,Y>) replacing X; ~» Yy,
X5 ~» Yo, Y1 » Xy and Yo ~» X, (note that CoX; = Y1 Cy is conjugate to CpY; = X;Cy, since Cy is an
involution). After conjugating by Cp, we get a word in Sr. The result follows from the fact that F has
quadratic Dehn function [16]. O

Proposition 4.5. There exists C > 0 such that every null-homotopic word of the form
w =Co-wi(SF) - Co-wa(SF) - Co - w3(SF)

has area at most C - |w|?.

Proof. Let f, € F be the element represented by wy. If fz(%) = %, then it would follow that w(0) = %,
so w did not represent the identity of 7. Therefore, assume that fz_l (%) > % (the other case is equivalent
by taking the inverse of w), and let u(Y1,Y>2) - Xo - v(X1, X2) be the representative for f, given by
Proposition 3.3.

We can replace wy by u - Xj - v using a number of relations that is at most quadratic in |w»|, since
the Dehn function of F is quadratic. We obtain

Co-wi(SF) - Co-u(Y1,Y2) - Xo - v(X1, X2) - Co - w3(SF).
Now use relations (8), (9) to shift u to the left of Co, and v to the right of the other Cp. We get
Co-wi(SF) -u(Xy,Xz2) - Co - Xo - Co - v(Y1,Y2) - wa(SF).

Using (C()X())3 = 1, we have that CyXyCy = Xy IC()XO‘ 1 After this substitution, the word contains only
two Cy letters, so we conclude by the previous lemma. O

The proof of Theorem A is now complete.

5. Higman-Thompson groups

We now generalize the result to the Higman-Thompson groups 7;,. They are defined for n > 2 as
the groups of piecewise-linear homeomorphisms of the circle [0, 1]/~, whose singularities are n-adic
numbers (that is, of the form -% for some a, b € N) and with derivative at every other point of the form
nk for some k € Z [3, Section 4B]. The subgroup of T}, of homeomorphisms that fix 0 is denoted by F,,.
These are generalizations of T and F, since T =T, and F = F,.

It is convenient to keep in mind the description of elements of F,, as tree diagrams [6]. Every finite
rooted n-ary tree is in natural correspondence to a subdivision of [0, 1] in intervals of the form [-%, an—tl] .
Given two finite rooted n-ary trees with the same number of leaves, we may construct a unique map
f € F, that sends the i-th interval of the first subdivision to the i-th interval of the second subdivision
via an affine function. This pair of trees is usually referred to as a tree diagram for f.

Given a tree diagram, one may choose an integer i and append an n-caret (i.e., an n-ary tree with
only the root and n leaves) to the i-th leaf on both trees; doing so does not change the associated map.
A tree diagram is called reduced if it is not obtained from another tree diagram by applying the previous
operation.

The word length of an element f € F), can be estimated by using the number of carets N( f) appearing
in either tree of the reduced diagram.
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Figure 2. The tree diagram for the glide v; ;.

Theorem 5.1 [6, Theorem 5]. There is a constant C > 0 such that for all f € F,, then

SN < 17, < CNCP.

For n-adic rationals 0 < a < b < 1, denote by F,[a, b] the subgroup of F, that contains all
homeomorphisms that are the identity outside (a, b). To ease notation, for i € {1,...,n}, we also
denote with F.") the subgroup F, (=L 4].

Lemma 5.2. Foreveryi € {1,...,n}, the subgroup F,Ei) is isomorphic to F,, and undistorted inside F,.

Proof. The isomorphism is induced by linearly rescaling [0, 1] to [%, %]. This sends the map f € F,

with associated tree diagram (77, 7;) to the map f’ € F,Ei) with tree diagram (7, 7)), where for
J € {1,2}, the tree 7 is obtained by attaching the root of 7; to the i-th leaf of an n-caret.

In particular, N(f’) = N(f) + 1, so by Theorem 5.1, we get that the map above is a quasi-isometric
embedding (i.e., the subgroup is undistorted). O

Denote by 7 [{] the tree obtained by attaching an n-caret to the i-th leaf of another n-caret. Following
[3, Section 4.11], define for i, j € {1,...,n} the glide y; ; € F, as the element with associated tree
diagram (7 [i], 7 [j]), and let y; := y; ;41 fori € {1,...,n — 1}. Let p € T, be the rotation of order n
defined by x — x + % (mod Z).

Remark 5.3. When comparing with [3], be careful that we are using the convention that maps are
applied from right to left, while in [3], they are applied from left to right.

Moreover, Brown considers a more general class of groups 7}, ,, that one may interpret as self-
homeomorphisms of the circle described as the interval [0, r]/~. Here, we are looking in the special
case n = r: it is easy to see that 7, = T,,.1 = T, ,, by rescaling.

Remark 5.4. In the case n = 2, then y; = X ! with respect to the notation in the previous section.

Both F,, and 7, are finitely presented. We will not need the explicit presentation to compute the Dehn
function; below, we recall some useful properties.

Lemma 5.5. The following hold.

Yi.kYij =VYik’

pyip~ =y forie {1,...,n=2};

P~ v P = viop T i fork € {1, n = 1)
pF,El)p‘l = F,Slfrl)fori e{l,...,n—1};

pr(ln)p—l — Fr(ll_)’.

Y E i BY;

ViFrng)?’i_l c Fr(Ll+l)'

NNk L=

Proof. Most of the computations are straightforward. For (3), one may either check the equality directly
using tree diagrams or obtain it from expression (iv) in [3, Section 4.11], where in our case, r = n.
For (6) and (7), we use that yi_l([ﬂ iy =&l =y #] and y; ([ L, &) = [% - L e g

n’n n’>n n’> n n2’> n
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We now generalize the arguments in Section 3 to the case n > 2. The only substantial difference is
that we need to be careful, as the action of F,, is not transitive on the n-adic numbers. The following
lemma is well known to experts, but we provide a proof for the convenience of the reader.

Lemma 5.6. Let x = -,y = % be two n-adic numbers in (0, 1). There exists f € F,, with f(x) =y if
and only ifa = b (mod n — 1).

Moreover, if such an f exists, it can be chosen such that || f||r, < C(k +¢), for some constant C > 0
independent of x and y.

Proof. We may assume that a and b are not multiples of n, as dividing by n does not change the residual
class modulon — 1.

Say that an n-ary tree contains an n-adic rational g if g is an endpoint of the corresponding subdivision.
For such a tree, the leaves left (right) of g are the leaves corresponding to intervals that are to the left
(right) of g.

‘We show that if a tree contains x, the residual class modulo n — 1 of the number of leaves left of x is
the same as a. To this end, consider the minimal n-ary tree 7, that contains x. It is immediate to note
that the number of leaves to the left of x is the sum of the digits of x written in base n; this has the same
residual class modulo n — 1 as a. Every other tree that contains x is obtained by attaching carets to 7;
since attaching a caret increases the number of leaves by n — 1, the residual class modulo n — 1 of the
number of leaves left of x is the same as a for every tree containing x. Similarly, the number of leaves
left to y in a tree containing y is congruent to b modulo n — 1.

If f € F sends x to y, we can find a tree diagram (7, 7”) for f. By possibly attaching carets, we may
assume that 7 contains x and 7 contains y. Since x is sent to y, the number of leaves of T left of x
coincides with the number of leaves of 7" left of y, and so a = b (mod n — 1).

Vice versa, assume ¢ = b (mod n — 1) and consider the minimal trees 7, and 7,: they have,
respectively, k and ¢ carets. Let L, and R, be the number of leaves, respectively, left and right of x in
T, and Ly, Ry be the number of leaves left and right of y in 7.

If n—1 divides a—b, then it also divides Ly — Ly by the arguments above. Since Ly+Rx = Ly+R, = 1
(mod n — 1), then n — 1 also divides R, — Ry,.

L,-L, . . Ly-L
If Ly < Ly, we attach 2 —— carets to the left of x in T ; otherwise, we attach — > to the left of y

in T,. After that, the numbers of leaves to the left of x in 7, and to the left of y in 7, coincide and are
equal to

max{Ly,Ly} < Ly+Ly—1.

We perform the same procedure on the right. In the end, we obtain two trees forming a tree diagram
(T, Ty’). The map associated to it sends x to y by construction; the tree diagram has at most L, + R, —

1+ Ly + Ry — 1 leaves and therefore at most k + ¢ carets, so the estimate follows. m]

Let S; = {s1.1,...51.¢} be a finite set of generators for the subgroup F,(,l), and for k € {1,...,n},
let Sx = {Sk.1.....Sk.c} be a generating set for F\© defined by s;; = p*~'s1..0~*D. Let Sg, be
S1U-US, Uy, v ) and St = SE, U {p*').

Proposition 5.7. The set Sf, generates F,. Moreover, there exists a constant C > 0 such that every
element f € F, is represented by a word w(SF,, ) of length at most C - || f ||, with the following property:
forevery k € {1,...,n— 1}, there is at most one instance ofy,fl, and y;fl appears in w if and only if

HOEES
Proof. Note that if f fixes all the points of the form %, then the result follows from the fact that

FY x - x F\" is undistorted inside F, by Lemma 5.2.
Otherwise, let k € {1,...,n — 1} be the least such that f (f) # f It suffices to prove the following
claim.
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Claim. We can decompose f as either f’ oy o fi or fi o y;l o f’, where f’ fixes ﬁ fori e {1,...,k}
and fi € " with || fill < CIIf].

Indeed, if we assume the claim, we may apply it first on f, then on f’, and so on, until we obtain
a decomposition of f into a product of some f; € F,Ek) and some y,fl (in some order), with each y,fl
appearing at most once. The last part of the statement of the proposition follows from the fact that yy is

the only generator that does not fix %
k

Let us prove the claim. By possibly replacing f with its inverse, we may assume that f~! (%) <

: k-1 . ~1(k k=1 P k=1, d
Since f fixes %=, then it also means that /= () > %= We can write /7 (5;) as == + .

By Lemma 5.6, we get that d = 1 (mod n — 1). Using the same lemma, we may construct f € F,Ek)
that sends f~! (%) to % + #, and this can be chosen with norm bounded linearly in terms of ¢, and
therefore in terms of || f|r,, by Theorem 5.1 and Lemma 5.2.

So f’:= f o f! oy;! fixes the point £, and clearly also fixes £ fori < k. Therefore, we get

f=rf"ovo fx,
as required. O
Proposition 5.8. Every f € T, is represented by a word of the form
Ww(SE,) - p™ -y v (S,

for some k € {0,...,n—1}, some m € {1,...,n}, and some glide y € F, (possibly the trivial one).
Moreover, w and v can be chosen of length at most C - || f||r,, for some constant C > 0 independent of f.

Proof. If f € F,, then the result follows from the fact that F}, is undistorted in 7}, [19].

Otherwise, let f‘l(O) = % + % # 0, with :_f < %, and let k be the unique integer in {1,...,n— 1}
sothatk = a+b (mod n—1).If b = 0, we are done as f = f’ o p~@ for some f’ € Fy, so assume b # 0.
Let fu41 € Fn(‘”l) be a function sending % + % to % + n%, where ¢ € {1,...,n—1} with b = ¢

(mod n - 1). We now choose a glide y that sends 3 + -5 to %; one possible choice is

o either y,41.0,ifa+c =k,
o oryg1ifa+c=k+n—-1.

This can be checked by looking at tree diagrams for yx 1 and y .

In conclusion, the map f o f.], o y™! o p* stabilizes the point 0, so it is equal to some f’ € F,.

So we have obtained
f=fopFoyo fuu.

and we conclude by choosing representatives for the elements f,; € F,Ea”) ,f € Fy.
The estimate follows from the fact that we can choose f,+; with small norm thanks to Lemma 5.6,
and from the fact that F,, is undistorted inside 7, [19, Theorem 3.7]. O

As done for T, since every f € T, is represented by a word of linear length in || f||7,, containing at
most one power of p, by applying Proposition 4.3 we only need to check that the words containing at
most three powers of p have quadratic area.

Proposition 5.9. Let

w=p K wi(SE,) - p* - wa(SE,)

be a null-homotopic word, where k,k, € {0,...,n—1}. Then k| = ky and Area(w) is quadratic.
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Proof. If k1 = ko = 0, the result follows from the fact that F,, [22] has quadratic Dehn function.
Otherwise, both k| and k, must be nonzero, or the resulting word could not have 0 as a fixed point (and
would not be null-homotopic).

Let f; be the element of F,, represented by w. Since w is null-homotopic, the map p~*' f; p¥2 belongs
to Fy,, so in particular, f; (%) = %, from which we get by Lemma 5.6 that k| = k =: k.

By [22], we can replace w; with a word w3 of the form given by Proposition 5.7 using a quadratic
amount of relations. Since f; fixes % the word w3 does not contain the generator y,fl (i.e., every letter
of wj fixes the point %).

So for every letter s of w3, the conjugate p~* - s - p* is still an element of F,,. So we can shift the p¥
to the left, using that for every letter s in w3, then spk = pks’ for some s’ € F,,.

After using a number of relations that is linear in |w3|, the powers of p cancel, and we are left with a
word in Sr, that has quadratic area by [22]. O

Proposition 5.10. Let
_ ki ky k3
w=p" - wi(SF) - p? - wa(SF) - p° - w3(SF)

be a null-homotopic word, where ki, k,, ks € {1,...,n— 1}. Then Area(w) is quadratic.

Proof. By Proposition 5.8, we can rewrite pX - w(SF, ) as wq(Sg,) - p¥1 -y - ws(S,,). This can be done
with a quadratic amount of relations by Proposition 5.9.
Now we shift ws to the right of p*2, obtaining

wa(SE,) - Py - o ws(Smer) - wa(SE) - P - w3(Sk),

where the index m — k is to be intended mod n.

Now by Proposition 5.8, we can replace p¥1yp*2, that has length at most 3n (a constant), by some
word we (S Fn)phW7(S F,); the number of relations we need is bounded above by a constant that does
not depend on w. After doing this, we conclude by the previous lemma. O

We now apply Proposition 4.3, where W,, is defined as the words representing g € T, of the form
given by Proposition 5.8; the area of all triangular diagrams is quadratic by Propositions 5.9 and 5.10.
The proof of Theorem B is complete.

6. Final remarks

Higman and Brown defined more generally groups F,, ,,T,, [3] and V,, . [17] forn > 2 and r > 1.
Brown shows that F,, , = F, for all » > 1, but the same cannot hold for 7,, ,-, for example, because the
order of torsion elements in 7}, satisfies some restrictions [19] while in T}, ,, there is always a torsion
element of order r.

It is very likely that the same techniques can be used to prove that the Dehn function of 7}, , is
quadratic; however, one should make sure that all the technical lemmas involving distortion still hold in
the more general case. In particular, we could not find a reference in the literature proving that F,, , is
undistorted in 7}, ;.

However, the situation seems intrinsically more difficult when trying to prove that the Dehn function
of V is quadratic. First, unlike what happens for F' and T, the word metric cannot be estimated as nicely
in terms of the reduced tree diagram: the best result one can get [2] is that

SN <1 flly < CNCP g (),

where N(f) denotes the number of carets for a reduced tree diagram for f. The second obstacle is that,
while elements of T can be expressed by a word containing at most one instance of Cy, a similar result

https://doi.org/10.1017/fms.2025.10075 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10075

Forum of Mathematics, Sigma 13

cannot hold for V, as the number of discontinuities for a function f € V gives a lower bound for the
number of generators not belonging to T in a representative of f.
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