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W
2,p
ω -Solvability of the Cauchy–Dirichlet

Problem for Nondivergence Parabolic
Equations with BMO Coefficients

Lin Tang

Abstract. In this paper, we establish the regularity of strong solutions to nondivergence parabolic equa-

tions with BMO coefficients in nondoubling weighted spaces.

1 Introduction

Barmanti and Cerutti [4] studied the global regularity of the strong solution to the

following Dirichlet problem on the second-order parabolic equation in nondiver-

gence form:

(1.1)





Lu = ut −
∑n

i, j=1 ai j(x)ux ′
i x ′

j
= f a.e. in ΩT ,

u(x) = 0 on ∂Ω× (0,T),

u(x ′, 0) = 0 in Ω,

where x = (x ′, t) = (x ′
1, . . . , x ′

n, t) ∈ R
n+1 and ΩT = Ω× (0,T) (Ω is a bounded do-

main C1,1 of R
n); the coefficients {ai j}n

i, j=1 of L are symmetric and uniformly elliptic,

i.e., for some ν ≥ 1 and every ξ ∈ R
n,

(1.2) ai j(x) = a ji(x) and ν−1|ξ|2 ≤
n∑

i, j=1

a ji(x)ξiξ j ≤ ν|ξ|2

with a.e. x ∈ ΩT and ai j ∈ VMO (the space VMO, introduced by Sarason in [12], is

the space of the functions in the John–Nirenberg space BMO whose BMO norm over

a ball vanishes as the radius of the ball tends to zero). A different approach to diver-

gence form parabolic equations with BMO coefficients was developed by Byun [3].

On the other hand, the weighted theory always plays an important role in partial

differential equations; see [7, 10, 17]. In this paper, we are interested in global regu-

larity in nondoubling weighted spaces of strong solutions to nondivergent parabolic

equations with parameter λ ≥ 0 defined by

(1.3) Lλu = ut −
n∑

i, j=1

ai j(x)ux ′
i x ′

j
+ λu = f a.e. in ΩT .
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It is worth pointing out that Krylov [14–16] established the Lp theory of parabolic

equations with parameter λ ≥ 0. It also should be pointed out that we obtain non-

doubling weight results, which are not only new, but also generalize some well-known

results in some sense; see [4, 17].

The paper is organized as follows: Section 2 contains some definitions and lem-

mas. In Section 3, we obtain weighted interior estimates for the solution to (1.3). The

boundary weighted estimates for the solution to (1.3) are obtained in Section 4. By a

standard procedure, we can obtain its global weighted estimates in Section 5.

2 Some Definitions and Lemmas

Throughout this paper we will use x, y, . . . to indicate points in R
n+1 and x ′, y ′, . . .

for points in R
n corresponding to the first n coordinates, i.e., we will write x =

(x ′, t) = (x ′
1, . . . , x ′

n, t).

The parabolic distance was introduced by Fabes and Riviere [8]:

ρ(x) =

√
|x ′|2 +

√
|x ′|4 + t2

2
, d(x, y) = ρ(x − y).

A ball with respect to the metric d centered at x0 = (x ′
0, t0) and of radius r is simply

an ellipsoid

B(x0, r) =
{

x ∈ R
n+1 :

|x ′ − x ′
0|2

r2
+

(t − t0)2

r4
< 1

}
.

Obviously, the unit sphere with respect to this metric coincides with the sphere in

R
n+1, a.e. ∂B(0, 1) = Sn+1

= {x ∈ R
n+1 : |x| = (

∑n
i=1 x ′2

i + t2)
1
2 = 1}.

Let us first recall the definitions and some properties of BMO and VMO spaces.

We say that f ∈ L1
loc is in the space BMO(R

n+1) if the BMO seminorm

‖ f ‖∗ = sup
B

1

|B|

∫

B

| f (y) − fB| dy < ∞,

where B ranges over all balls in R
n with radius r, and centered at some point x and

fB =
1
|B|

∫
B

f (y) dy. Then ‖ f ‖∗ is a norm in BMO modulo constant functions under

which BMO is a Banach space.

For f ∈ BMO and r > 0 define the VMO modulus of f

η f (r) = sup
ρ≤r

1

|Bρ|

∫

Bρ

| f (y) − fBρ
| dy,

where Bρ ranges over all balls in R
n with radius ρ. We say that f ∈ BMO is in the

space VMO(R
n+1) if η f (r) → 0 as r → 0.

The space BMO(Ω) and VMO(Ω) can be defined by taking B ∩ Ω and Bρ ∩ Ω

instead of B and Bρ in the definition of ‖ f ‖∗ and η f (r).

Having a function f defined in Ω and belonging to BMO(Ω), if Ω is a bounded

Lipschitz domain, we may then extend it to R
n+1 and the BMO norm of the extension
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could be estimated by the BMO norm of the original function; see [11]. If, in addi-

tion, f ∈ VMO(Ω), then we can extend it preserving its VMO-modulus, as follows

by the results of [18].

A weight will always mean a positive function which is locally integrable. We say

that a weight ω belongs to the Muckenhoupt class Ap for 1 < p < ∞ (see [9]), if

there is a constant C such that for all balls B = B(x, r)

( 1

|B|

∫

B

ω(y) dy
)( 1

|B|

∫

B

ω− 1
p−1 (y) dy

) p−1

≤ C.

Definition 2.1 A function k(x) is said to be a parabolic Calderón–Zygmund (PCZ)

kernel in the space R
n+1 if

(i) k is smooth on R
n+1 \ {0};

(ii) k(rx ′, r2t) = r−(n+2)k(x ′, t) for each r > 0;

(iii)
∫
ρ(x)=r

k(x) dσ(x) = 0 for each r > 0.

A parabolic Calderón–Zygmund operator T with PCZ kernel k is defined by

T f (x) = pv

∫
k(x − y) f (y) dy.

We define the commutator of T by [T, a] f = aT f − T(a f ). We have the following

well-known result.

Lemma 2.2 ([8]) Let a ∈ BMO, 1 < p < ∞, and ω ∈ Ap. If T is a parabolic

Calderón–Zygmund operator, then there exists a positive constant C such that

‖T f ‖p,ω ≤ C‖ f ‖p,ω and ‖[T, a] f ‖p,ω ≤ C‖a‖∗‖ f ‖p,ω.

Definition 2.3 A function k(x, y) is said to be a variable parabolic Calderón–Zyg-

mund kernel in the space R
n+1 if

(i) k(x, · ) is PCZ kernel a.e. x ∈ R
n+1;

(ii) supy∈Sn+1 |( ∂
∂y

)βk(x, y)| ≤ Cβ independent of x.

A variable parabolic Calderón–Zygmund operator T is defined by

T f (x) = p.v

∫
k(x, x − y) f (y) dy.

Similarly, we define the commutator of T by [T, a] f = aT f −T(a f ). Using the same

spherical harmonic expansion as in [4], by Lemma 2.2 we have the following lemma.

Lemma 2.4 Let a ∈ BMO, 1 < p < ∞, and ω ∈ Ap. If T is a variable parabolic

Calderón–Zygmund operator, then there exists a positive constant C such that

‖T f ‖p,ω ≤ C‖ f ‖p,ω and ‖[T, a] f ‖p,ω ≤ C‖a‖∗‖ f ‖p,ω.

https://doi.org/10.4153/CJM-2011-054-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2011-054-7


220 L. Tang

Let R
n+1
+ = R

n+1 ∩ {x ′
n ≥ 0}, R

n+1
− = R

n+1 ∩ {x ′
n ≤ 0},

Ct = {u ∈ C∞
0 (A) : u(x ′, 0) = 0, with A = R

n+1 ∩ {t ≥ 0}},

Ct,x ′ = {u ∈ C∞
0 (B) : u(x ′, 0) = 0, f for t = 0 ∨ x ′

n = 0, with B = A ∩ R
n+1
+ }.

Note that A and B being closed, functions in the above spaces do not need to have

derivatives vanishing at the boundary.

Let us now turn to equation (1.3). Throughout the paper the coefficient ai j(x) will

satisfy (1.2) a.e. in a smooth cylinder QT ⊂ R
n+1 and will belong to L∞(QT).

Now for fixed x0 ∈ QT , consider the constant coefficients operator with parameter

λ ≥ 0

L0
λu = ut −

n∑

i, j=1

ai j(x0)ux ′
i x ′

j
+ λu

obtained by Lλ freezing the coefficients at x0. It is easy to see that the fundamental

solution of the operator L0
λ is given by the formula

γ0
λ(y) =

1

(4πτ )n/2
√

det a0

exp

{
−
∑n

i, j=1 A
i j
0 y ′

i y ′
j

4τ
− λτ

}

for τ > 0, zero otherwise, where a0 = {ai j(x0)} is the matrix of the coefficients of L0
λ

and A0 = {A
i j
0 } = a−1

0 is its inverse matrix. Hereafter we denote by Diγ
0
λ and Di jγ

0
λ

the derivatives ∂γ0
λ/∂yi and ∂2γ0

λ/∂y j∂yi . In (1.3), the coefficients of the operator

Lλ depend on x. To express this dependence in the fundamental solution we define

γx
λ(y) =

1

(4πτ )n/2
√

det a(x ′)
exp

{
−
∑n

i, j=1 Ai j(x)y ′
i y ′

j

4τ
− λτ

}

for τ > 0, zero otherwise, where a(x) = {ai j(x)} is the matrix of the coefficients of L

and A(x) = {Ai j} = a−1(x) is its inverse matrix.

We remark that Di jγ
0
0 (y) is a parabolic Calderón–Zygmund kernel.

For the parabolic equation with parameter λ ≥ 0, we have the following result.

Lemma 2.5 Let λ ≥ 0. Suppose γx
λ(x − y) is the fundamental solution to

∂t u −
n∑

i, j=1

ai j(x)Di ju + λu = 0

in R
n+1. Let u ∈ Ct . Then for x ∈ supp u, the interior representation formula

ux ′
i x ′

j
(x) = p.v.

∫

Rn+1

Di jγ
x
λ(x − y)

{ n∑

h,k=1

[ahk(x) − ahk(y)]uy ′
i y ′

j
(y) + Lλ(y)

}
dy

+ Lλu

∫

Sn+1

Diγ
x
λ(y)nidσ(y)
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holds, and

|γx
λ(x − y)| ≤ CN

(1 + |λ|1/2ρ(x − y))N

1

ρ(x − y)n
,

|Diγ
x
λ(x − y)| ≤ CN

(1 + |λ|1/2ρ(x − y))N

1

ρ(x − y)n+1
,

∣∣Di jγ
x
λ(x − y)

∣∣ ≤ CN

(1 + |λ|1/2ρ(x − y))N

1

ρ(x − y)n+2

hold for any N > 0, where CN is a constant depending only on n, N, and ν in (1.2).

We also give the following boundary representation formula.

Lemma 2.6 Let u ∈ Ct,x ′ . Then for x in the support of u, the following holds:

ux ′
i x ′

j
(x) = lim

ǫ→0

∫

R
n+1
+ ∩{ρ(x−y)>ǫ}

Di jγ
x
λ(x − y)

×
{ n∑

h,k=1

[ahk(x) − ahk(y)]uy ′
i y ′

j
(y) + Lλ(y)

}
dy

+ Lλu

∫

Sn+1

Diγ
x
λ(y)nidσ(y) − Iλi j(x),

where

Iλi j(x) =

∫

R
n+1
+ ∩{ρ(x−y)>ǫ}

Di jγ
x
λ(T(x) − y)

×
{ n∑

h,k=1

[ahk(x) − ahk(y)]uy ′
i y ′

j
(y) + Lλ(y)

}
dy for i, j = 1, · · · , n − 1,

Iλin(x) = Iλni(x) =

∫

R
n+1
+

n∑

l=1

Bl(x)Dilγ
x
λ(T(x) − y){· · · }dy, for i, j = 1, . . . , n − 1,

Iλnn = Iλni(x) =

∫

R
n+1
+

n∑

l,r=1

Bl(x)Br(x)Dlrγ
x
λ(T(x) − y){· · · } dy,

where T(x) = x − 2x ′
n

a(x)
ann(x)

and a(x) is the (n + 1)-dimensional vector

[a1,n(x), . . . , ann(x), 0]

constructed with the coefficients of Lλ, where Bi(x) is the i-th component of the vector

B(x) = T(en; x) and ni is the i-th component of the outer normal to the surface Sn+1.

(The expression between braces is always the same).

Adapting the same arguments of [4], we can prove Lemmas 2.4 and 2.5. We omit

the details here.
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3 Weighted Interior Estimates

Let W
2,p
ω (R

n+1) be the Sobolev space of functions u such that

u, ut , ux ′
i
, ux ′

i x ′
j
∈ Lp

ω(R
n+1).

Obviously, Ct ⊂ W
2,p
ω (R

n+1).

Theorem 3.1 Let 1 < p < ∞, λ ≥ 0, and ω(x) = (1 +
√
λρ(x − x0))γµ(x) with

x0 ∈ R
n+1, γ ∈ R, and µ ∈ Ap. Then there exist positive constants η and C independent

of λ and x0 such that for all u ∈ Ct ,

∑

|ν|≤2

‖λ1−|ν|/2Dνu‖p,ω + ‖ut‖p,ω ≤ C‖(λ + ∂t − A)u‖p,ω,

provided that ‖a‖∗ := max|β|=2{‖aβ‖∗} ≤ η, where A =
∑n

i, j=1 ai j( · )Di j .

Remark 1 If λ > 0 and γ ≤ −(n + 2), then ω(x) = (1 +
√
λρ(x − x0))γ is a

nondoubling weight.

To prove Theorem 3.1, we need the following several results.

Lemma 3.2 ([8]) Let h ∈ C∞(R
n+1 \ {0}) be a homogeneous function of degree 0.

Set T f = F−1kF f for f ∈ L2(R
n+1). Then there exists a homogeneous function k ∈

C∞(R
n+1 \ {0}) of degree −n − 2 with

∫
Sn+1 k(x) dσ(x) = 0 such that

T f (x) = c f (x) + lim
ǫ→0

∫

ρ(y)>ǫ

k(y) f (x − y) dy.

Moreover, c and the derivatives of k can be estimated in terms depending on k only.

Lemma 3.3 Let u ∈ C∞
0 (R

n+1). If |ν| < 2, then

Dνu(x) =

∫

Rn+1

Dνγx
λ(x − y)(λ + ∂t − Ax)u(y) dy.

Moreover, for |ν| = 2,

Dνu(x) = pv

∫

Rn+1

kν(x, x − y)(λ + ∂t − Ax)u(y) dy + cν(x)(λ + ∂t − Ax)u(x)

−
∫

Rn+1

λγx
λ(x − y)

(
pv

∫

Rn+1

kν(x, x − y)(λ + ∂t − Ax)u(z)dz

)
dy

− cν(x)

∫

Rn+1

γx
λ(x − y)(λ + ∂t − Ax)u(y) dy.

Here cν ∈ L∞(R
n+1) and kν is a variable parabolic Calderón–Zygmund kernel.
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Proof First note that Fu = (λ + iτ + Ax0
(ξ))−1F(λ + ∂t + Ax0

)u holds for arbitrary

x0 ∈ R
n+1. The first part of the assumption follows easily by setting x0 = x since, by

Lemma 2.5, Dνγx0

λ is in L1(R
n+1) for every |ν| < 2.

Hence, we turn to the case where |ν| = 2 and see that

FDνu = ξν(λ + iτ − Ax0
(ξ))−1

F(λ + ∂t − Ax0
)u

= ξν(iτ − Ax0
(ξ))−1

F(λ + ∂t − Ax0
)u

+ (ξν(λ + iτ − Ax0
(ξ))−1 − ξν(iτ − Ax0

(ξ))−1)F(λ + ∂t − Ax0
)u

= ξν(iτ − Ax0
(ξ))−1

F(λ + ∂t − Ax0
)u

− λ(λ + iτ − Ax0
(ξ))−1ξν(iτ − Ax0

(ξ))−1)F(λ + ∂t − Ax0
)u.

Applying F−1 and using Lemma 3.2, we get for all x ∈ R
n+1 that

Dνu(x) = pv

∫

Rn+1

kν(x0, x − y)(λ + ∂t − Ax0
)u(y) dy + cν(x0)(λ + ∂t − Ax0

)u(x)

−
∫

Rn+1

λγx0

λ (x − y)
(

pv

∫

Rn+1

kν(x0, y − z)(λ + ∂t − Ax0
)u(z) dz

)
dy

−
∫

Rn+1

λγx0

λ (x − y)cν(x0)(λ + iτ − Ax0
)u(y) dy.

Setting x0 = x now yields the claim.

For f ∈ S we set

T1 f (x) := pv

∫

Rn+1

kν(x, x − y) f (y) dy,

[T1, a] f (x) := pv

∫

Rn+1

kν(x, x − y)(a(x) − a(y)) f (y) dy,

T2 f (x) :=

∫

Rn+1

λγx
λ(x − y) pv

∫

Rn+1

kν(x, y − z) f (z) dzdy,

[T2, a] f (x) :=

∫

Rn+1

λγx
λ(x − y) pv

∫

Rn+1

kν(x, y − z)(a(x) − a(z)) f (z) dzdy,

for |ν| = 2, and

Tν
3 f (x) =

∫

Rn+1

λ
2−|ν|

2 Dνγx
λ(x − y) f (y) dy,

[Tν
3 , a] f (x) =

∫

Rn+1

λ
2−|ν|

2 Dνγx
λ(x − y)(a(x) − a(y)) f (y) dy,

for |ν| < 2, where a is assumed to be in BMO.
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Lemma 3.4 Let |ν| < 2. Let 1 < p < ∞ and ω ∈ Ap. The operators T2, Tν
3 ,

and [T2, a], [Tν
3 , a], respectively, are bounded in L

p
ω . Furthermore, the norms of these

operators can be estimated by

‖T2‖ + ‖Tν
3 ‖ ≤ C and ‖[T2, a]‖ + ‖[Tν

3 , a]‖ ≤ C‖a‖∗,
where the constant C can be chosen to be Ap-constant.

Proof We consider first Tν
3 . By Lemma 2.5, we have |Tν

3 f (x)| ≤ CM f (x), where M

denotes the parabolic Hardy–Littlewood maximal operator.

From this, we obtain that

(3.1) ‖Tν
3 f ‖p,ω ≤ C‖ f ‖p,ω,

where the constant C is Ap-constant and independent of λ. We now turn our atten-

tion to T2. Using the same spherical harmonic expansion as in [4], we obtain that

T2 f (x) =

∞∑

m=1

gm∑

k=1

bk,m(x)

∫

Rn+1

λγx
λ(x − y) pv

∫

Rn+1

Yk,m(y − z)

ρ(y − z)n+2
f (z) dzdy,

where
Yk,m(y−z)

ρ(y−z)n+2 is a parabolic Calderón–Zygmund kernel.

Hence, by Lemma 2.2, we have

(3.2) ‖T2 f ‖p,ω ≤
∞∑

m=1

gm∑

k=1

‖bk,m‖∞‖ f ‖p,w ≤ C‖ f ‖p,ω,

where we used the fact that
∑∞

m=1

∑gm

k=1 ‖bk,m‖∞ ≤ C ; see [4].

By (3.1) and (3.2), using [2, Theorem 2], we obtain that

‖[T2, a]‖p,ω + ‖[Tν
3 , a]‖p,ω ≤ C‖a‖∗‖ f ‖p,ω.

Proposition 3.5 Let 1 < p < ∞ and ω ∈ Ap.Then there exist positive constants η

and C such that for all u ∈ W
2,p
ω (R

n+1) and λ ≥ 0
∑

|ν|≤2

‖λ1−|ν|/2Dνu‖p,ω + ‖ut‖p,ω ≤ C‖(λ + ∂t − A)u‖p,ω,

provided that ‖a‖∗ ≤ η. The constants C and η only depend on the Ap-constant of ω.

Proof We recall the representation formulas in Lemma 3.3. Let |γ| < 2; for u ∈
C∞

0 (R
n+1) we write

λ1−|γ|/2Dνu(x) =

∫

Rn+1

λ1−|γ|/2Dνγx
λ(x − y)((λ + ∂t − A) + (A − Ax))u(y) dy

=

∫

Rn+1

λ1−|γ|/2Dνγx
λ(x − y)(λ + ∂t − A)u(y) dy

+

∫

Rn+1

λ1−|γ|/2Dνγx
λ(x − y)

∑

|β|=2

(aβ(x) − aβ(y))Dβu(y) dy

= (T
γ
3 (λ + ∂t − A))u(x) +

∑

|β|=2

([T
γ
3 , aβ]Dβ)u(x).
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By Lemma 3.3, we have

(3.3) ‖λ1−|γ|/2Dνu‖p,ω ≤ Cν‖(λ + ∂t − A)u‖p,ω + C‖a‖∗
∑

|β|=m

‖Dβu‖p,ω.

Noting that cγ ∈ L∞, for |ν| = 2 we get

Dνu(x) =
(

T1(λ + ∂t − A)u + cγ(λ + ∂t − A)u

− T2(λ + ∂t − A)u − cγT0
3 (λ + ∂t − A)

)
(x)

+
∑

|β|=2

([T1, aβ]Dβu − [T2, aβ]Dβu − cγ[T3, aβ]Dβu)(x).

By Lemmas 2.4 and 3.3, for |ν| = 2 we have

(3.4) ‖Dνu‖p,ω ≤ Cγ‖(λ + ∂t − A)u‖p,ω + C‖a‖∗
∑

|β|=2

‖Dβu‖p,ω.

Combining (3.3) and (3.4), we obtain that

∑

|γ|≤2

‖λ1−|γ|/2Dνu‖p,ω ≤ C‖(λ + ∂t − A))u‖p,ω,

if C‖a‖∗ < 1.

Proposition 3.6 Let 1 < p < ∞, p ′
= p/(p − 1), λ ≥ 0, and

ω(x) = (1 +
√
λρ(x − x0))pγ1ρ(x − x0)pγ2

with x0 ∈ R
n+1, γ1 ∈ R, and γ2 ∈ (−(n + 2)/p, (n + 2)/p ′)). Then there exists positive

constants C and η such that for all u ∈ Ct

∑

|ν|≤2

‖λ1−|ν|/2Dνu‖p,ω + ‖ut‖p,ω ≤ C‖(λ + ∂t − A)u‖p,ω,

provided that ‖a‖∗ ≤ η. The constants C and η only depend on p, γ1, γ2 and η.

Proof As in the proof of Proposition 3.5, let |ν| < 2. We write for u ∈ C∞
0 (R

n+1)

λ1−|ν|/2Dνu(x) = (Tν
3 (λ + ∂t − A))u(x) +

∑

|β|=2

([Tν
3 , aβ]Dβ)u(x)

:= I1 + I2 .

By Lemma 3.4, we have

(3.5) ‖ I1 ‖p,ω ≤ Cγ‖(λ + ∂t − A)u‖p,ω, ‖ I2 ‖p,ω ≤ C‖a‖∗
∑

|β|=m

‖Dβu‖p,ω.
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From Lemma 2.5, we write for u ∈ Ct

ux ′
i x ′

j
(x) = pv

∫

Rn+1

Di jγ
x
λ(x − y)

{ n∑

h,k=1

[ahk(x) − ahk(y)]uy ′
i y ′

j
(y)

}
dy

+ pv

∫

Rn+1

Di jγ
x
λ(x − y)(λ + ∂t − A)u(y) dy

+ (λ + ∂t − A)u(x)

∫

Sn+1

Diγ
x
λ(y)nidσ(y)

:= II1 + II2 + II3 .

Obviously, let ω be as in Proposition 3.6. Then we have

‖ II3 ‖p,ω ≤ C‖(λ + ∂t − A)u‖p,ω.

Note that λ(λ + ∂t − Ax)−1 f (x) = pv
∫

Rn+1 λγ
x
λ(x − y) f (y) dy. Let ω ∈ Ap. Then

‖λ(λ + ∂t − Ax)−1 f ‖p,ω ≤ C‖ f ‖p,ω , so

‖(∂t − Ax)(λ + ∂t − Ax)−1 f ‖p,ω ≤ C‖ f ‖p,ω.

Hence,

(3.6) ‖Di j(λ + ∂t − Ax)−1 f ‖p,ω ≤ C‖(∂t − Ax)(λ + ∂t − Ax)−1 f ‖p,ω ≤ C‖ f ‖p,ω.

Here we used the fact that ‖Di j(∂t − Ax)−1 f ‖p,ω ≤ C‖ f ‖p,ω . Note that

Di j(λ + ∂t − Ax)−1 f (x) = pv

∫

Rn+1

Di jγ
x
λ(x − y) f (y) dy.

By (3.6) and using [2, Theorem 2], we obtain

(3.7) ‖ II1 ‖p,ω ≤ C‖a‖∗
∑

|β|=2

‖Dβu‖p,ω, ‖ II2 ‖p,ω ≤ C‖(λ + ∂t − A)u‖p,ω.

For convenience, we define the operator Tν by for |ν| ≤ 2

T f (x) =

∫

Rn+1

λ1−|ν|/2Dνγx
λ(x − y) f (y) dy.

To prove Proposition 3.6, it suffices to prove that

‖T f ‖p,ω ≤ C‖ f ‖p,w,(3.8)

‖[T, a] f ‖p,ω ≤ C‖a‖∗‖ f ‖p,w,(3.9)

where ω is defined in Proposition 3.6.
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From Lemma 2.5, it is easy to see that

(3.10) |λ1−|ν|/2Dνγx
λ(x − y)| ≤ CN

(1 + |λ|1/2ρ(x − y))N

1

ρ(x − y)n+2

holds for any N > 0 and CN is a constant depending only on n,N.

We first prove (3.8), following [13]. Fix a ball B = B(x0, r). Write

f (y) =

∞∑

k=−∞

f (y)χAk
(y) :=

∞∑

k=−∞

fk(y),

where Ak = B(x0, 2k+1r) \ B(x0, 2kr).

Thus,

‖T f ‖p

L
p
ω(Rn+1)

≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2‖χAk

T f ‖p

Lp(Rn+1)

≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

(∥∥∥
k−2∑

j=−∞

χAk
T( f j)

∥∥∥
p

Lp(Rn+1)

)

+ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

( k+1∑

j=k−1

‖χAk
T( f j)‖p

Lp(Rn+1)

)

+ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

(∥∥∥
∞∑

j=k+2

χAk
T( f j)

∥∥∥
p

Lp(Rn+1)

)

≡ E1 + E2 + E3 .

For E2, by the Lp(R
n+1) boundedness of T (see (3.6) and (3.7)), we have

E2 ≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

( k+1∑

j=k−1

‖T( f j)‖p

Lp(Rn+1)

)
≤ C‖ f ‖p

L
p
ω(Rn+1)

.

For E1, note that when x ∈ Ak, j ≤ k − 2, and y ∈ A j , then 2ρ(y − x0) ≤ ρ(x − x0).

Therefore, for x ∈ Ak and any N > 0, by (3.10) we have

∣∣T( f j)(x)
∣∣ ≤ CN

∫

Rn+1

| f j(y)| dy

(1 + ρ(x − y))Nρ(x − y)n+2

≤ C(1 +
√
λ2k)−N 2−k(n+2)

∫

A j

| f (y)| dy

≤ C(1 +
√
λ2k)−N 2−k(n+2)2 j(n+2)/p ′‖ fχA j

‖Lp(Rn+1),

where 1/p ′ + 1/p = 1.
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From this, and taking N ≥ |γ1|, by Hölder’s inequality, we get

E1 ≤ C

∞∑

k=−∞

(1 +
√
λ2k)p(γ1−N)2kpγ2

×
( k−2∑

j=−∞

2−k(n+2)/p ′

2 j(n+2)/p ′‖ fχA j
‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)(1 +
√
λ2 j)(γ1−N)2 jγ2‖ fχA j

‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)(1 +
√
λ2 j)γ1 2 jγ2‖ fχA j

‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)‖ fχA j
‖L

p
ω(Rn+1)

) p

≤ C

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)p(γ2−(n+2)/p ′)‖ fχA j
‖p

L
p
ω(Rn+1)

)

×
( k−2∑

j=−∞

2−(k− j)p ′(γ2−(n+2)/p ′)
) p/p ′

≤ C

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)p(γ2−(n+2)/p ′)‖ fχA j
‖p

L
p
ω(Rn+1)

)

= C

∞∑

j=−∞

‖ fχA j
‖p

L
p
ω(Rn+1)

( ∞∑

k= j+2

2−(k− j)p(γ2−(n+2)/p ′)
)
≤ C‖ f ‖p

L
p
ω(Rn+1)

,

since γ2 < (n + 2)/p ′.

For E3, note that when x ∈ Ak, j ≥ k+2 and y ∈ A j , then 2ρ(x−x0) ≤ ρ(y−x0).

Therefore, for x ∈ Ak,

∣∣T( f j)(x)
∣∣ ≤ C

∫

Rn+1

| f j(y)| dy

(1 + ρ(x − y))Nρ(x − y)n+2

≤ C(1 +
√
λ2 j)−N 2− j(n+2)

∫

A j

| f (y)| dy

≤ C(1 +
√
λ2 j)−N 2− j(n+2)/p‖ fχA j

‖Lp(Rn+1),
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where 1/p + 1/p ′
= 1. From this, taking N ≥ |γ1|, we obtain

E3 ≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

×
( ∞∑

j=k+2

(1 +
√
λ2 j)−N 2− j(n+2)/p‖ fχA j

‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( ∞∑

j=k+2

2(k− j)(γ2+(n+2)/p)(1 +
√
λ2 j)γ1 2− jγ2‖ fχA j

‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( ∞∑

j=k+2

2−(k− j)(γ2+(n+2)/p)‖ fχA j
‖L

p
ω(Rn+1)

) p

≤ C

∞∑

j=−∞

‖ fχA j
‖p

L
p
ω(Rn+1)

( ∞∑

j=k+2

2(k− j)p ′(γ2+(n+2)/p)
) p/p ′

≤ C‖ f ‖p

L
p
ω(Rn+1)

,

since γ2 > −(n + 2)/p.

Hence,

‖T f ‖L
p
ω(Rn+1) ≤ C‖ f ‖L

p
ω(Rn+1).

It remains to prove (3.9), similar to the proof of (3.8). Fix a ball B = B(x0, r). Write

f (y) =

∞∑

k=−∞

f (y)χAk
(y) :=

∞∑

k=−∞

fk(y),

where Ak = B(x0, 2k+1r) \ B(x0, 2kr).

Then we have

‖[T, a] f ‖p

L
p
ω(Rn+1)

≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2‖χAk

[T, a] f ‖p

Lp(Rn+1)

≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

(∥∥∥
k−2∑

j=−∞

χAk
[T, a]( f j)

∥∥∥
p

Lp(Rn+1)

)

+ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

( k+1∑

j=k−1

‖χAk
[T, a]( f j)‖p

Lp(Rn+1)

)

+ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

(∥∥∥
∞∑

j=k+2

χAk
[T, a]( f j)

∥∥∥
p

Lp(Rn+1)

)

≡ F1 + F2 + F3 .
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For E2, by the Lp(R
n+1) boundedness of [T, a](see (3.5) and (3.6)), we have

F2 ≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

( k+1∑

j=k−1

‖[T, a]( f j)‖p

Lp(Rn+1)

)
≤ C‖ f ‖L

p
ω(Rn+1).

For F1, note that when x ∈ Ak, j ≤ k − 2, and y ∈ A j , then 2ρ(y − x0) ≤ ρ(x − x0).

Therefore, for x ∈ Ak and any N > 0, by (3.10) we have

∣∣[T, a]( f j)(x)
∣∣ ≤ C

∫

Rn+1

|a(x) − a(y)|
(1 +

√
λρ(x − y))Nρ(x − y)n+2

| f j(y)| dy

≤ C(1 +
√
λ2k)−N 2−k(n+2)

∫

A j

|a(x) − a(y)|| f (y)| dy

+ C(1 +
√
λ2k)−N 2−k(n+2)|a(x) − aB j

|
∫

A j

| f (y)| dy

≤ C(1 +
√
λ2k)−N 2−k(n+2)2 j(n+2)/p ′

× (‖a‖∗ + |a(x) − aB j
|)‖ fχA j

‖Lp(Rn+1),

where aB j
=

1
|B j |

∫
B j

a(y) dy.

From this, and taking N ≥ |γ1|, we get

F1 ≤ C‖a‖p
∗

∞∑

k=−∞

(1 +
√
λ2k)p(γ1−N)2kpγ2

×
( k−2∑

j=−∞

2−(k− j)(n+2)/p ′

(k − j)‖ fχA j
‖Lp(Rn+1)

) p

≤ C‖a‖p
∗

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)(1 +
√
λ2 j)γ1

× 2 jγ2 (k − j)‖ fχA j
‖Lp(Rn+1)

) p

≤ C‖a‖p
∗

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)(k − j)‖ fχA j
‖L

p
ω(Rn+1)

) p

≤ C‖a‖p
∗

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)p(γ2−(n+2)/p ′)‖ fχA j
‖p

L
p
ω(Rn+1)

)

×
( k−2∑

j=−∞

2−(k− j)p ′(γ2−(n+2)/p ′)(k − j)p ′
) p/p ′

≤ C‖a‖p
∗

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)p(γ2−(n+2)/p ′)‖ fχA j
‖p

L
p
ω(Rn+1)

)
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= C‖a‖p
∗

∞∑

j=−∞

‖ fχA j
‖p

L
p
ω(Rn+1)

( ∞∑

k= j+2

2−(k− j)p(γ2−(n+2)/p ′)
)

≤ C‖a‖p
∗‖ f ‖p

L
p
ω(Rn+1)

,

since γ2 < (n + 2)/p ′.

For F3, note that when x ∈ Ak, j ≥ k+2, and y ∈ A j , then 2ρ(x−x0) ≤ ρ(y−x0).

Therefore, for x ∈ Ak,

∣∣[T, a]( f j)(x)
∣∣ ≤ CN

∫

Rn+1

|a(x) − a(y)|| f j(y)| dy

(1 +
√
λρ(x − y))Nρ(x − y)n+2

≤ C(1 +
√
λ2 j)−N 2− j(n+2)

∫

A j

|a(x) − a(y)|| f (y)| dy

+ C(1 +
√
λ2 j)−N 2− j(n+2)|a(x) − aB j

|
∫

A j

| f (y)| dy

≤ C(1 +
√
λ2 j)−N 2− j(n+2)/p(‖a‖∗ + |a(x) − aB j

|)‖ fχA j
‖Lp(Rn+1).

From this, taking N ≥ |γ1|, we get

F3 ≤ C‖a‖p
∗

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

×
( ∞∑

j=k+2

(1 +
√
λ2 j)−N 2− j(n+2)/p( j − k)‖ fχA j

‖Lp(Rn+1)

) p

≤ C‖a‖p
∗

∞∑

j=−∞

‖ fχA j
‖p

L
p
ω(Rn+1)

( ∞∑

j=k+2

2(k− j)(γ2+(n+2)/p)( j − k)p ′
) p/p ′

≤ C‖a‖p
∗‖ f ‖p

L
p
ω(Rn+1)

,

since γ2 > −(n + 2)/p.

Hence, ‖[T, a] f ‖L
p
ω(Rn+1) ≤ C‖a‖∗‖ f ‖L

p
ω(Rn+1).

Proof of Theorem 3.1 Since ω1 ∈ Ap, there exists α > 1 such that ωα
1 ∈ Ap. So by

Proposition 3.5 we have

(3.11)
∑

|ν|≤2

‖λ1−|ν|/2Dνu‖p,ωα
1

+ ‖ut‖p,ωα
1
≤ C‖(λ + ∂t − A)u‖p,ωα

1
.

On the other hand, let ω2(x) = (1+
√
λρ(x−x0))γ with γ ∈ R. Using Proposition 3.6

with γ1 = γ and γ2 = 0, we have

(3.12)
∑

|ν|≤2

‖λ1−|ν|/2Dνu‖p,ω2
+ ‖ut‖p,ω2

≤ C‖(λ + ∂t − A)u‖p,ω2
.

Interpolating between (3.11) and (3.12), we obtain the desired result.
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4 Boundary Integral Operators Estimates

In this section L
p
ω norms will always be taken over R

n+1
+ , where

R
n+1
+ = {x = (x ′, t) : x ′

= (x ′
1, . . . , x ′

n) ∈ R
n, x ′

n > 0}.

For all x = (x ′
1, . . . , x ′

n, t), x ′
n > 0 we define x̄ = (x1, . . . , xn−1,−xn, t). Then there

exist two positive constants C1 and C2 depending on ν in (1.1) such that

(4.1) C1ρ(x̄ − y) ≤ ρ(T(x) − y) ≤ C2ρ(x̄ − y)

for every x, y ∈ R
n+1
+ (see [4]), where T(x) is the transformation introduced in Sec-

tion 1.

Lemma 4.1 Let 1 < p < ∞, a ∈ BMO and ω ∈ Ap. We define

R f (x) =

∫

R
n+1
+

| f (y)|
ρn+2(x̄ − y)

dy,

Ra f (x) =

∫

R
n+1
+

|a(x) − a(y)|| f (y)|
ρn+2(x̄ − y)

dy.

Then there exits a positive constant C such that

‖R f ‖p,ω ≤ C‖ f ‖p,ω and ‖Ra f ‖p,ω ≤ C‖a‖∗‖ f ‖p,ω.

The proof can be found in [4].

Lemma 4.2 Let 1 < p < ∞, λ ≥ 0, and ω(x) = (1 +
√
λ|x − x0|)pγ1 |x − x0|pγ2

with x0 ∈ R
n+1, γ1 ∈ R, and γ2 ∈ (−(n + 2)/p, (n + 2)/p ′). We define

Rλ f (x) =

∫

R
n+1
+

| f (y)|
(1 +

√
λρ(x̄ − y))Nρn+2(x̄ − y)

dy.

Then there exits a positive constant C such that for any λ ≥ 0 ‖Rλ f ‖p,ω ≤ C‖ f ‖p,ω .

Proof Fix a ball B = B(x0, r). As usual Bk = B(x0, 2kr) for any integer k; Bk
+ =

Bk ∩ {x ′
n > 0}. Then we can write f (x) as

f (y) =

∞∑

k=−∞

f (y)χA+
k
(y) :=

∞∑

k=−∞

fk(y),
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where A+
k = B+

k \ B+
k−1. Then, we have

‖Rλ f ‖p

L
p
ω(R

n+1
+ )

≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2‖χA+

k
Rλ f ‖p

Lp(R
n+1
+ )

≤ C

∞∑

k=−∞

(1 +
√
λ2k)γ1 2kγ2

(∥∥∥
k−2∑

j=−∞

χA+
k
Rλ( f j)

∥∥∥
p

Lp(R
n+1
+ )

)

+ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

( k+1∑

j=k−1

‖χA+
k
Rλ( f j)‖p

Lp(R
n+1
+ )

)

+ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

(∥∥∥
∞∑

j=k+2

χA+
k
Rλ( f j)

∥∥∥
p

Lp(R
n+1
+ )

)

≡ E1 + E2 + E3 .

For E2, by the Lp(R
n+1
+ ) boundedness of Rλ(see Lemma 4.1), we have

E2 ≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

( k+1∑

j=k−1

‖Rλ( f j)‖p

Lp(R
n+1
+ )

)
≤ C‖ f ‖p

L
p
ω(R

n+1
+ )

.

For E1, note that when x ∈ A+
k , j ≤ k− 2, and y ∈ A+

j , then 2ρ(y − x0) ≤ ρ(x − x0).

Therefore, for x ∈ A+
k and any N > 0, we have

∣∣Rλ( f j)(x)
∣∣ ≤ CN

∫

R
n+1
+

1

(1 +
√
λρ(x − y))Nρ(x − y)n+2

| f j(y)| dy

≤ C(1 +
√
λ2k)−N 2−k(n+2)

∫

A+
j

| f (y)| dy

≤ C(1 +
√
λ2k)−N 2−k(n+2)2 j(n+2)/p ′‖ fχA+

j
‖Lp(Rn+1).

From this, and taking N ≥ |γ1|, we get

E1 ≤ C

∞∑

k=−∞

(1 +
√
λ2k)p(γ1−N)2kpγ2

×
( k−2∑

j=−∞

2−k(n+2)/p ′

2 j(n+2)/p ′‖ fχA+
j
‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)(1 +
√
λ2 j)(γ1−N)2 jγ2‖ fχA+

j
‖Lp(Rn+1)

) p
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≤ C

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)(1 +
√
λ2 j)γ1 2 jγ2‖ fχA+

j
‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)‖ fχA+
j
‖L

p
ω(Rn+1)

) p

≤ C‖ f ‖p

L
p
ω(R

n+1
+ )

,

since γ2 < (n + 2)/p ′.

For E3, note that when x ∈ A+
k , j ≥ k+2, and y ∈ A+

j , then 2ρ(x−x0) ≤ ρ(y−x0).

Therefore, for x ∈ A+
k ,

∣∣Rλ( f j)(x)
∣∣ ≤ C

∫

R
n+1
+

| f j(y)| dy

(1 +
√
λρ(x − y))Nρ(x − y)n+2

≤ C(1 +
√
λ2 j)−N 2− j(n+2)

∫

A+
j

| f (y)| dy

≤ C(1 +
√
λ2 j)−N 2− j(n+2)/p‖ fχA+

j
‖Lp(Rn+1).

From this and taking N ≥ |γ1|, we obtain

E3 ≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

×
( ∞∑

j=k+2

(1 +
√
λ2 j)−N 2− j(n+2)/p‖ fχA+

j
‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( ∞∑

j=k+2

2(k− j)(γ2+(n+2)/p)(1 +
√
λ2 j)γ1 2− jγ2‖ fχA+

j
‖Lp(Rn+1)

) p

≤ C

∞∑

k=−∞

( ∞∑

j=k+2

2−(k− j)(γ2+(n+2)/p)‖ fχA+
j
‖L

p
ω(Rn+1)

) p

≤ C

∞∑

j=−∞

‖ fχA+
j
‖p

L
p
ω(Rn+1)

( ∞∑

j=k+2

2(k− j)p ′(γ2+(n+2)/p)
) p/p ′

≤ C‖ f ‖p

L
p
ω(R

n+1
+ )

,

since γ2 > −(n + 2)/p.

Hence, ‖Rλ f ‖L
p
ω(R

n+1
+ ) ≤ C‖ f ‖L

p
ω(R

n+1
+ ). Thus, the lemma is proved.

For the linear commutator on R
n+1
+ , we have the following lemma.

Lemma 4.3 Let 1 < p < ∞, a ∈ BMO, λ ≥ 0, and

ω(x) = (1 +
√
λρ(x − x0))pγ1ρ(x − x0)pγ2

with x0 ∈ R
n+1, γ1 ∈ R, and γ2 ∈ (−(n + 2)/p, (n + 2)/p ′). Then

‖[a,Rλ] f ‖L
p
ω(R

n+1
+ ) ≤ C‖a‖∗‖ f ‖L

p
ω(R

n+1
+ ),

where the constant C is independent of x0, f and λ.
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Proof Note that for any N > 0

[a,Rλ]| f |(x) ≤ Ta| f |(x) :=

∫

R
n+1
+

|a(x) − a(y)|
(1 +

√
λρ(x̄ − y))Nρn+2(x̄ − y)

| f (y)| dy.

Fix a ball B = B(x0, r). As usual Bk = B(x0, 2kr) for any integer k, B+ = B∩{xn > 0}.

Then we can write f (x) as

f (y) =

∞∑

k=−∞

f (y)χA+
k
(y) :=

∞∑

k=−∞

fk(y),

where A+
k = B+

k \ B+
k−1.

Then we have

‖Ta f ‖p

L
p
ω(R

n+1
+ )

≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2‖χA+

k
Ta f ‖p

Lp(R
n+1
+ )

≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

(∥∥∥
k−2∑

j=−∞

χA+
k
Ta( f j)

∥∥∥
p

Lp(R
n+1
+ )

)

+ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

( k+1∑

j=k−1

‖χA+
k
Ta( f j)‖p

Lp(R
n+1
+ )

)

+ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

(∥∥∥
k−2∑

j=−∞

χA+
k
Ta( f j)

∥∥∥
p

Lp(R
n+1
+ )

)

≡ F1 + F2 + F3 .

For F2, by the Lp(R
n+1
+ ) boundedness of Ta (see Lemma 4.1), we have

F2 ≤ C

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

( k+1∑

j=k−1

‖Ta( f j)‖p

Lp(R
n+1
+ )

)
≤ C‖ f ‖p

L
p
ω(R

n+1
+ )

.

For F1, note that when x ∈ Ak, j ≤ k − 2, and y ∈ A j , then 2ρ(y − x0) ≤ ρ(x − x0).

Therefore, for x ∈ Ak and any N > 0, we have

∣∣Ta( f j)(x)
∣∣ ≤ C

∫

R
n+1
+

|a(x) − a(y)|
(1 +

√
λρ(x − y))Nρ(x − y)n+2

| f j(y)| dy

≤ C(1 +
√
λ2k)−N 2−k(n+2)

∫

A+
j

|a(x) − a(y)|| f (y)| dy

+ C(1 +
√
λ2k)−N 2−k(n+2)|a(x) − aB j

|
∫

A+
j

| f (y)| dy

≤ C(1 +
√
λ2k)−N 2−k(n+2)2 j(n+2)/p ′

× (‖a‖∗ + |a(x) − aB j
|)‖ fχA+

j
‖Lp(Rn+1),
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where aB j
=

1
|B j |

∫
B j

a(y) dy. From this, and taking N ≥ |γ1|, we get

F1 ≤ C‖a‖p
∗

∞∑

k=−∞

(1 +
√
λ2k)p(γ1−N)2kpγ2

×
( k−2∑

j=−∞

2−(k− j)(n+2)/p ′

(k − j)‖ fχA+
j
‖Lp(Rn+1)

) p

≤ C‖a‖p
∗

×
∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)(1 +
√
λ2 j)γ1 2 jγ2 (k − j)‖ fχA+

j
‖Lp(Rn+1)

) p

≤ C‖a‖p
∗

∞∑

k=−∞

( k−2∑

j=−∞

2−(k− j)(γ2−(n+2)/p ′)(k − j)‖ fχA+
j
‖L

p
ω(Rn+1)

) p

≤ C‖a‖p
∗‖ f ‖p

L
p
ω(Rn+1)

,

since γ2 < (n + 2)/p ′.

For F3, note that when x ∈ Ak, j ≥ k+2, and y ∈ A j , then 2ρ(x−x0) ≤ ρ(y−x0).

Therefore, for x ∈ Ak,

∣∣Ta( f j)(x)
∣∣ ≤ CN

∫

R
n+1
+

|a(x) − a(y)|| f j(y)| dy

(1 +
√
λρ(x − y))Nρ(x − y)n+2

≤ C(1 +
√
λ2 j)−N 2− j(n+2)

∫

A+
j

|a(x) − a(y)|| f (y)| dy

+ C(1 +
√
λ2 j)−N 2− j(n+2)|a(x) − aB j

|
∫

A+
j

| f (y)| dy

≤ C(1 +
√
λ2 j)−N 2− j(n+2)/p(‖a‖∗ + |a(x) − aB j

|)‖ fχA+
j
‖Lp(Rn+1).

From this and taking N ≥ |γ1|, we get

F3 ≤ C‖a‖p
∗

∞∑

k=−∞

(1 +
√
λ2k)pγ1 2kpγ2

×
( ∞∑

j=k+2

(1 +
√
λ2 j)−N 2− j(n+2)/p( j − k)‖ fχA+

j
‖Lp(Rn+1)

) p

≤ C‖a‖p
∗

∞∑

j=−∞

‖ fχA+
j
‖p

L
p
ω(Rn+1)

( ∞∑

j=k+2

2(k− j)(γ2+(n+2)/p)( j − k)p ′
) p/p ′

≤ C‖a‖p
∗‖ f ‖p

L
p
ω(R

n+1
+ )

,
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since γ2 > −(n + 2)/p.

Hence, ‖Ta f ‖L
p
ω(R

n+1
+ ) ≤ C‖a‖∗‖ f ‖L

p
ω(R

n+1
+ ). Thus, the lemma is proved.

By Lemmas 4.1 and 4.2, we can obtain the following result.

Proposition 4.4 Let 1 < p < ∞, a ∈ BMO, λ ≥ 0, and

ω(x) = (1 +
√
λρ(x − x0))γµ(x)

with x0 ∈ R
n+1, γ ∈ R, and µ(x) ∈ Ap. Then

‖Rλ f ‖L
p
ω(R

n+1
+ ) ≤ C‖ f ‖L

p
ω(R

n+1
+ )

‖[a,Rλ] f ‖L
p
ω(R

n+1
+ ) ≤ C‖a‖∗‖ f ‖L

p
ω(R

n+1
+ ),

where the constant C is independent of f , x0 and λ.

By (4.1) and Proposition 4.4 and using the same spherical harmonic expansion as

in [4], we deduce the following result.

Theorem 4.5 Let 1 < p < ∞, a ∈ BMO, λ ≥ 0, and

ω(x) = (1 +
√
λρ(x − x0))γµ(x)

with x0 ∈ R
n+1, γ ∈ R and µ(x) ∈ Ap. If k is a variable PCZ kernel, define

T̄ f (x) =

∫

R
n+1
+

kλ(x,T(x) − y) f (y) dy.

Then

‖T̄ f ‖L
p
ω(R

n+1
+ ) ≤ C‖ f ‖L

p
ω(R

n+1
+ ) and ‖[a, T̄] f ‖L

p
ω(R

n+1
+ ) ≤ C‖a‖∗‖ f ‖L

p
ω(R

n+1
+ ),

where the constant C is independent of f , x0, and λ.

Finally, we give the boundary estimate in weighted spaces.

Theorem 4.6 Let 1 < p < ∞, λ ≥ 0, and ω(x) = (1 +
√
λρ(x − x0))γµ(x) with

x0 ∈ R
n+1, γ ∈ R and µ ∈ Ap. Then there exist positive constants η and C independent

of λ and x0 such that for all u ∈ Ct,x ′

∑

|ν|≤2

‖λ1−|ν|/2Dνu‖L
p
ω(R

n+1
+ ) + ‖ut‖L

p
ω(R

n+1
+ ) ≤ C‖(λ + ∂t − A)u‖L

p
ω(R

n+1
+ ),

provided that ‖a‖∗ := max|β|=2{‖aβ‖∗} ≤ η, where A =
∑n

i, j=1 ai j( · )Di j .
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Proof From Theorem 4.5, we obtain

(4.2) ‖D2u‖L
p
ω(R

n+1
+ ) ≤ C‖(λ + ∂t − A)u‖L

p
ω(R

n+1
+ ),

provided that ‖a‖∗ := max|β|=2{‖aβ‖∗} ≤ η. Note that the boundary representation

of u is as follows

u(x) =

∫

R
n+1
+

Gx
λ(x − y)Lλu(y) dy,

where

Gx
λ(x − y) = γx

λ(x − y) − γx
λ(T(x) − y) and Lλu = (λ + ∂t − A)u.

Obviously,

λ|Gx
λ(x − y)| ≤ CNλ

(1 +
√
λρ(x − y))Nρn(x − y)

,(4.3)

√
λ|DxGx

λ(x − y)| ≤ CN

√
λ

(1 +
√
λρ(x − y))Nρn+1(x − y)

.(4.4)

By (4.3) and (4.4), for µ(x) ∈ Ap, we then have

(4.5)
∑

|ν|≤1

‖λ1−|ν|/2Dνu‖L
p
µ(R

n+1
+ ) ≤ C‖M(Lλu)‖L

p
µ(R

n+1
+ ) ≤ C‖Lλu‖L

p
µ(R

n+1
+ ).

On the other hand, it is easy to see that for any x, y ∈ R
n+1
+

(4.6) λ|Gx
λ(x − y)| +

√
λ|DxGx

λ(x − y)| ≤ CN

(1 +
√
λρ(x − y))Nρn+2(x − y)

.

Adapting the same arguments in the proof of Lemma 4.2, by (4.6), we have

(4.7)
∑

|ν|≤1

‖λ1−|ν|/2Dνu‖L
p
ω1

(R
n+1
+ ) ≤ C‖Lλu‖L

p
ω1

(R
n+1
+ ),

ω1(x) = (1+
√
λρ(x−x0))γ with x0 ∈ R

n+1 and γ ∈ R. Interpolating (4.5) and (4.7),

we obtain

(4.8)
∑

|ν|≤1

‖λ1−|ν|/2Dνu‖L
p
ω(R

n+1
+ ) ≤ C‖Lλu‖L

p
ω(R

n+1
+ ),

where ω(x) = (1 +
√
λρ(x − x0))γµ(x) with x0 ∈ R

n+1, γ ∈ R and µ ∈ Ap. Finally,

we observe that ut = Lλu + ai jDi ju + λu, combining with (4.2), (4.5), and (4.8), we

have ‖ut‖L
p
µ(R

n+1
+ ) ≤ C‖(λ + ∂t − A)u‖L

p
µ(R

n+1
+ ).
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5 The Dirichlet Problem

Let W
2,p
0,ω (ΩT) be the closure in the W

2,p
ω norm of the space

C = {φ ∈ C∞(ΩT) : φ = 0 for t = 0 or x ∈ ∂Ω} .

In this section, we are interested in the Cauchy–Dirichlet problem

(5.1)

{
Lλu = f in ΩT ,

u ∈ W
2,p
0,ω (ΩT),

with f ∈ L
p
ω(QT), ai j ’s satisfying (1.2), ai j ∈ BMO(ΩT) and λ ≥ 0.

We first give the following result concerning interior estimates in weighted spaces.

Theorem 5.1 Let 1 < p < ∞, 0 ≤ λ < ∞, ω(x) = (1 +
√
λρ(x − x0))γµ(x) with

x0 ∈ R
n+1, γ ∈ R, and µ(x) ∈ Ap. There exist C and η such that B2r ⋐ Ω × R, and

u ∈ W
2,p
0,ω (ΩT). We have

λ‖u‖L
p
ω(B+

r ) +
√
λ‖Du‖L

p
ω(B+

r ) + ‖ut‖L
p
ω(B+

r ) + ‖Di ju‖L
p
ω(B+

r )

≤ C
(
‖Lλu‖L

p
ω(B+

2r) + r−1‖Du‖L
p
ω(B+

2r) + r−2‖u‖L
p
ω(B+

2r)

)
,

provided that‖a‖∗ ≤ η, where B+
r = Br ∩ {t ≥ 0} and the constants C and η are

independent of x0, λ and u.

We then give the following result concerning boundary estimates in weighted

spaces.

Theorem 5.2 Let 1 < p < ∞, 0 ≤ λ < ∞, ω(x) = (1 +
√
λρ(x − x0))γµ(x) with

x0 ∈ R
n+1, γ ∈ R, and µ(x) ∈ Ap. There exist C and η such that for supp u ⊂ Br, and

u ∈ W
2,p
0,ω (ΩT). We have

λ‖u‖L
p
ω(B̃+

r ) +
√
λ‖Du‖L

p
ω(B̃+

r ) + ‖ut‖L
p
ω(B̃+

r ) + ‖Di ju‖L
p
ω(B̃+

r )

≤ C
(
‖Lλu‖L

p
ω(B̃+

2r) + r−1‖Du‖L
p
ω(B̃+

2r) + r−2‖u‖L
p
ω(B̃+

2r)

)
,

provided that‖a‖∗ ≤ η, where B̃+
r = Br ∩ {x ′

n ≥ 0, t ≥ 0} and the constants C and η
are independent of x0, λ and u.

Adapting the same arguments in [4], by Theorems 3.1 and 4.6, we can obtain

Theorems 5.1 and 5.2, respectively. We omit the details here.

Using Theorems 5.1 and 5.2, we can establish well-posedness of the Dirichlet

problem (5.1) in weighted spaces.
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Theorem 5.3 Let 1 < p < ∞, 0 ≤ λ < ∞, ω(x) = (1 +
√
λρ(x − x0))γµ(x) with

x0 ∈ R
n+1, γ ∈ R, and µ(x) ∈ Ap. Then there exists a positive constant η and λ0

such that ‖a‖∗ ≤ η and λ ≥ λ0 = λ0(n, p, γ, β, µ, η, |Ω|,T). The Cauchy–Dirichlet

problem (5.1) has a unique solution u ∈ W
2,p
ω (QT) for every f ∈ L

p
ω(ΩT). Moreover,

there exists a constant C = C(n, p, γ, µ, η, |Ω|,T) such that

λ‖u‖L
p
ω(ΩT ) +

√
λ‖Du‖L

p
ω(ΩT ) + ‖ut‖L

p
ω(ΩT ) + ‖Di ju‖L

p
ω(ΩT ) ≤ C‖ f ‖L

p
ω(ΩT ).

We remark that our proofs could be modified in order to replace the smallness of

the BMO norm assumption by the VMO norm; see [4].
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