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REMARKS ON THE CURVATURE OF HYPERSURFACES IN C"
TAKESHI SASAKI AND KIYOSHI SHIGA

§1. Introduction

In this paper we shall study the global condition of curvatures of
hypersurfaces in the complex Euclidean space. S. Bochner ([1]) and
E. Calabi ([2]) have already investigated kéhler embeddings (i.e. holo-
morphic and isometric embeddings) of a kiahler manifold into the com-
plex Euclidean space. However, it seems that they did not discuss the
relation between the embeddability and the curvature.

It is well known that both the complex line and the unit disc can
be embedded holomorphically in the two dimensional complex Euclidean
space as a closed complex submanifold. While there is no complete
kidhler structure on the complex line, whose curvature function is
bounded by a negative constant from above. Therefore the complex
line cannot be immersed in C? so that the curvature of the induced
metric, if complete, would be bounded from above by a negative con-
stant. As for the unit disc we shall encounter the same situation
(Theorem 1). The proof will be given by considering the Gauss map
associated with the immersion and this argument can be also applied
to the embedding problem of hypersurfaces in C™.

§2. Curves in the complex Euclidean space

Let C” be the n-dimensional complex Euclidean space and ¢:C — C”
be an immersion of a complex curve C. First we shall define the Gauss
map. The tangent space of C* at p:T,(C") can be canonically identified
with C" through the differential ¢, of ¢. Denote by P*' the complex
projective space, i.e. the set of all complex lines in C*. Then we can
define the map

¢:C— P!
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by ¢() = ¢,T,(C) e P** for peC, which is called the Gauss map asso-
ciated with the immersion ..

Let d3® (resp. ds?) be the Fubini-Study metric on P"' (resp. the
metric on C induced by ¢). These two metrics have a remarkable rela-
tion with the Gauss map ¢, which we shall state in the following. Fix
a point peC. In the neighbourhood U of «(p) we may take z, as the
local coordinate of «(C) when (z, ---,2,) is the linear coordinate of C™
(make an appropriate unitary transformation, if necessary, on C?%).
Hence there exist holomorphic functions f,, ---,f, such that «C) N U

= zeUlz = fu@), 12, = fa()}. Then T,(C) = c{gaz._ + U _3_},

i=2 02, 0%
This means that, if we denote by [z, - - -, 2,] the homogeneous coordinate
of P*!,
s =12, ..., 2Da] (1)
02, 07,

Therefore ds® = hdz,dz,, where h = 1 + i 2—2’ ZL The Gauss curvature
j=2 1 Zl

£ of this metric is given by
1

= — log k. 2
¥ 7 9a97 B (2)

On the other hand the Fubini-Study metric is given by

2 n —_ [
st = 4.9 _ log(l + > zjz,)dzidzk (3)
02,0 i=2

2102

on the open set {z, # 0} in P! (cf. [3], p. 160). Hence by (1) we get

p*ds® = 4a a; log (1 + 3 a_fi%)dzld_z1

2,0%, =2 02, 0%,

~ 4l< & 1og h)hdza‘zi (4)
h \09z,0%,

= —4rds?.

This is the so-called Rodrigues’ formula.
In this situation we shall prove

THEOREM 1. Let C be a complete kihler manifold of dimension 1.
Assume there exists o negative constant —k (k> 0) such that the Gauss
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curvature is less than —k. Then C has no kdhler immersion into C*:.

Proof. Assume C has a kihler immersion into C?%. For the as-
sociated Gauss map ¢ the relation (4) holds. Since ds* is complete and
£ < —k <0, ¢*ds* is a complete kdhler metric on C. It is obviously of
constant positive curvature and ¢ is a local diffeomorphism. Therefore
C must be compact, which is a contradiction, and hence the theorem is
proved. '

§3. Hypersurfaces in the complex Euclidean space

We shall define the Gauss map of a hypersurface in C**'. Let
¢: S — C*?! be an immersion of a complex manifold S of dimension n. If
we take appropriately the linear coordinate (z,, ---,2,,) of C**, S can
be locally identified with the hypersurface

{zecnﬂlznﬂ=f(zly""zn)} (5)

for some holomorphic function f of (2, ---,2,). The induced metric ds?
on S is given by
ds* = dadz, + -+ + dz,dz, + dfdf

Tydz.dz, (6)
= ;: (045 + JoS Pdzdz,

with respect to the local coordinate (z,, - - -, 2,), where f; = —g—f— Let G,
2

be the Grassman manifold of all hyperplanes in C**'. The elements of
G, can be written as follows. To every n X (n + 1)-matrix Z of rank
n there corresponds a hyperplane determined by 7 column vectors of

Z. Writing Z = (%,"), where Z, is a n X n-matrix and T is a row vec-

tor, we consider the open set U of G,, defined by det Z, = 0. In this
respect every element of U is determined by one and only one matrix

of the form (é), where I is the unit matrix, and T gives a local co-
ordinate of U. Then the Fubini-Study metric form @ on U is given by
@ = —4i97 logdet (I + :TT) , (7)

(cf. [3], p. 161).
Now for the hypersurface S we define the Gauss map
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6:S—>G,,

by ¢(®) = ¢,T,(S). This definition is essentially the same one defined
by A. Vitter [4]. Since T,(S) is spanned by n-vectors
d

0
2+
oz T 02ni

’ i=1”",na

¢ can be written as

¢(z1""9zn)=(f1""’fn) (8)

with respect to the above-mentioned coordinate of G,;. On the other
hand the Ricci form p of the induced kihler metric ds* is

p = —2i90 log det (3,; + f,f,) . (9)
Therefore
¢*0 = —2p. (10)

THEOREM 2. Let S be a complete kdihler manifold of dimension n.
If there exists a megative constant —k (k> 0) such that p < —ko,
where o (resp. p) is the kdhler (resp. Ricci) form of S, then S has no
kdhler tmmersion into C™*.

Proof. Assume S is immersed in C"*' and let ¢: S — G,,, be the
associated Gauss map. Then by (10) and the assumption we have ¢*@
> 2kw. Hence ¢ is non-degenerate and ¢*@ defines a complete kihler
metric on S. Since @ is of constant holomorphic sectional curvature,
S can be covered by a complex space form of positive curvature.
Therefore S must be compact, which is a contradiction.

By Theorem 2 we know that the n-dimensional complete kihler
manifold cannot be immersed in C**' if the holomorphic bisectional
curvature is bounded by a negative constant from above, because every
Ricci curvature is the sum of holomdrphic bisectional curvatures. More
generally we have

COROLLARY. Let S be a complete kihler manifold of dimension n.
If there exists a negative constant —k (k> 0) such that every holomorphic
sectional curvature of S is less than —k, then S has no kihler immersion
into C"*1,
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Proof. Assume S has a kidhler immersion ¢: S — C"*'. If we take
a generic hyperplane H, then ¢:S N ((H) — H is also a kihler immer-
sion. Continuing (n — 1)-times this procedure we have a 2-dimensional
linear subspace L C C**! such that (: S N (L) — L is an immersion
of a curve in L. Since the holomorphic sectional curvature of a sub-
manifold does not exceed that of the ambient space, the Gauss curvature
of the induced metric on S N }(L) is less than —Fk, which contradicts
to Theorem 1.

Added in proof (August 7, 1978). After this paper was submitted
to publication, the authors were informed of, kindly by H. Wu, the
analogous results of P. Yang which have announced in Proc. of Symp.
in pure Math. 30-II (1977), 135-137. Also see his paper in J. of Dif-
ferential Geometry (to appear).
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